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Abstract: We study a portfolio selection problem in a continuous-time It6—Markov additive market
with prices of financial assets described by Markov additive processes that combine Lévy processes
and regime switching models. Thus, the model takes into account two sources of risk: the jump
diffusion risk and the regime switching risk. For this reason, the market is incomplete. We complete
the market by enlarging it with the use of a set of Markovian jump securities, Markovian power-jump
securities and impulse regime switching securities. Moreover, we give conditions under which the
market is asymptotic-arbitrage-free. We solve the portfolio selection problem in the It6—-Markov
additive market for the power utility and the logarithmic utility.

Keywords: Markov additive processes; Markov regime switching market; Markovian jump securities;
asymptotic arbitrage; complete market; optimal portfolio

1. Introduction

The portfolio selection problem is an important issue in financial mathematics. The problem is to
invest an initial wealth in financial assets so as to maximize the expected utility of the terminal wealth.
Markowitz (1952) for the first time used the quantitative methods for the optimal portfolio selection
problem and proposed the mean-variance approach for portfolio optimization. Explicit solutions for
the portfolio selection problem in continuous time were first given by Merton (1971, 1980).

Although Merton’s approach produces significant theoretical results, it has some shortcomings
coming from daily practice. The first is related to the assumption that the dynamics of a risky asset
follows a geometric Brownian motion. Many investigations (e.g., Black et al. (1972) and Merton (1976))
have suggested that this market model cannot describe perfectly some empirical behaviors of financial
markets, such as the asymmetry and heavy-tailedness of the distribution of returns of a time-varying
volatility. To model this, the stock price driven by a Lévy process is a better choice. The portfolio
selection problem on a Lévy market was considered by Niu (2008) and Corcuera et al. (2006).

The second important assumption in the original Black-Scholes-Merton model is that the
coefficients are fixed. However, this assumption may not be satisfied over long time period, where
structural changes in macroeconomic conditions may occur several times. Therefore, Markov
modulated models (otherwise called regime switching) were proposed instead. In such models, the set
of model parameters change in time according to a Markov chain, the transitions of which correspond
to changes in the state of the economy. Hence, regime switching models describe perfectly structural
macroeconomic changes and various business cycles (Zhang 2001). Hamilton (1989) pioneered
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econometric applications of regime switching models. These models have many applications in
finance (Buffington and Elliott 2002; Di Masi et al. 1994; Elliott et al. 2001, 2003, 2005; Goldfeld and
Quandt 1973; Guo 2001; Naik 1993; Tong 1978).

There is a growing literature dealing with portfolio optimization problems in markets with
non-constant coefficients. Most of these papers assume that the external process is a diffusion process
itself, like in the established volatility model of Heston (1993) or in the Ho-Lee and the Vasicek model
of Korn and Kraft (2001). Bauerle and Rieder (2004) and Rieder and Béuerle (2005) studied the portfolio
optimization problem with an observable and an unobservable Markov-modulated drift, respectively.
This problem under stochastic volatility was considered by Pham and Quenez (2001) and Fleming and
Herndndez-Herndandez (2003). In contrast to diffusion volatility, Markov chain volatility has the
advantage that many portfolio problems have explicit solution. Moreover, a diffusion process can be
approximated arbitrarily closely by a continuous-time Markov chain (Kushner and Dupuis 1992).

Portfolio optimization problems have also been studied in financial markets with regime
switching. One of the first papers was by Zariphopoulou (1992), who maximized the utility of
consumption under proportional transaction costs in a market where stock returns are determined by a
continuous-time Markov chain, and established a viscosity property of the value function. The results
of Zariphopoulou were extended by many authors, among them Bauerle and Rieder (2004, 2007),
Fontana et al. (2015), Framstad et al. (2004), Zhang and Yin (2004) and Stockbridge (2002). To solve the
problem of maximizing the investor’s expected utility of terminal wealth, some authors used numerical
methods (Sass and Haussmann 2004; Nagai and Runggaldier 2008; Shen et al. 2012; Fu et al. 2014).
Zhang et al. (2010) solved the portfolio selection problem without transition cost in a continuous-time
Markovian regime switching Black-Scholes—-Merton market. They obtained closed-form solutions for
the optimal portfolio strategies when utility function is logarithmic or power-type. Similar results
for a Black-Scholes market with regime switching were obtained by Liu (2014), Guo et al. (2005) and
Sotomayor and Cadenillas (2013). A discrete time set up was also considered by Yin and Zhou (2004).
For the mean-variance portfolio selection problem of this type, we refer to Zhou and Yin (2003). Regime
switching was also analyzed by Tu (2010) in a Bayesian setting with model uncertainty and parameter
uncertainty. He showed that the economic cost of ignoring regime switching can exceed two percent per
year. Bae et al. (2014) constructed a program to optimize portfolios in the above mentioned framework
and proved that adding Markov modulation improves risk management. Finally, further applications
include large investor models Busch et al. (2013) and optimal productmanagement Korn et al. (2017).

In this paper, we consider a market with the prices of financial assets described by It6—-Markov
additive processes, which combine Lévy processes and regime switching models. Such a process
evolves as an Ito—Lévy process between changes of states of a Markov chain, that is, its parameters
depend on the current state of the Markov chain. In addition, a transition of the Markov chain from
state i to state j triggers an additional jump. It6—Markov additive processes are classical in modeling
queues, insurance risks, inventories, data communication, finance, environmental problems and in
many other applications (Asmussen 2003; Prabhu 1998, chp. 7, and references therein).

The goal of this paper is to construct a general approach of building the optimal portfolio taking
into account the asset jumps and possibility of changing environment by considering asset prices
modeled by It6—-Markov additive processes. In particular, we assume that the interest rate and the
volatility of the financial assets depend on a continuous-time finite-state Markov chain. Thus, our
model takes into account two sources of risk: the jump diffusion risk and the regime switching risk.
The jump diffusion risk refers to the source of risk due to fluctuations of market prices modeled by a
Poisson random measure, while the regime switching risk refers to the source of risk due to transitions
of economic conditions.

Due to the presence of these sources of risk, our market model is incomplete. In this paper,
we show how to complete the It6—-Markov additive market model by adding Markovian jump
securities, Markovian power-jump securities and impulse regime switching securities. Using these
securities, all contingent claims can be replicated by a self-financing portfolio. The main idea
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of completing a Markovian regime switching market is inspired by Corcuera et al. (2005, 2006),
Guo (2001), Karatzas et al. (1991), Niu (2008) and Zhang et al. (2012). However, adding the possibility
of jumps of underlying markets when Markov chain changes its state produces more complex analysis
that one presented in Corcuera et al. (2005, 2006).Moreover, we give conditions for the market to be
asymptotic-arbitrage-free, namely, we find a martingale measure under which all the discounted price
processes are martingales.

In this paper, we also consider the problem of identifying the optimal strategy that maximizes the
expected value of the utility function of the wealth process at the end of some fixed period. The analysis
is conducted for the logarithmic and power utility functions. To solve the main problem of determining
the optimal portfolio we do not use dynamic programming but the direct differentiation approach.

This paper is organized as follows. In Section 2, we present the dynamics of the price process in
an [t6-Markov additive market. In Section 3, we enlarge this market by Markovian jump securities,
Markovian power-jump securities and impulse regime switching securities. In Sections 4 and 5,
we show that the enlarged market is asymptotic-arbitrage-free and complete. In Section 6, we state the
portfolio optimization problem and solve it for the power utility with risk aversion and the logarithmic
utility function. Moreover, Section 7 gives a relationship between finite and infinite markets.

2. Market Model

Let (Q), F,P) be a complete probability space and let T := [0, T], for fixed 0 < T < oo, represent
the maturity time for all economic activities. On this probability space, we consider the observable and
continuous-time Markov chain | := {J(t) : t € T} with a finite state space. The role of the Markov
chain is to ensure that the parameters change according to the market environment and the different
states of the Markov chain represent the different states of the economy. For simplicity, we follow the
notation of Elliott et al. (1994) and we identify the state space with the standard basis E := {ej,...,ex}.
Here, e; € RN and the jth component of e; is the Kronecker delta (Sij for eachi,j =1,..., N. Moreover,
the Markov chain | is characterized by an intensity matrix [/\l-j]fj-:l. The element A;; is the transition
intensity of the Markov chain | jumping from state e; to state e;. We assume A;; > 0 for i # j. Note that

N
)\ij =0, thus A;; < 0.
j=1

2.1. Risk-Free Asset

Now, we describe the dynamic of the price process of risk-free asset B as follows:

dB(t) = r(t)B(t)dt, B(0) = 1. 1)

wherer = (rq,...,ry)’ € RY and (-, ) is a scalar product in RN. The value r; represents the value of
the interest rate when the Markov chain is in the state space e;.

2.2. Risky Asset

We consider the market with risky asset modeled by (non-anticipative) It6-Markov
additive processes.

A process (], X) = {(J(t), X(t)) : t € T} on the state space {ej,...,ex} x R is a Markov additive
process (MAP) if (], X) is a Markov process and the conditional distribution of (J(s +t), X(s +t) —
X(s)) fors,t € T, given (J(s), X(s)), depends only on J(s) (Cinlar 1972a, 1972b). Every MAP has a
very special structure. It is usually said that X is the additive component and | is the background
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process representing the environment. Moreover, the process X evolves as a Ito-Lévy process while
J(t) = ej, thatis, X(t) = XI(t) for some Itd-Lévy process X/ (t) with parameters depepding on e; if
J(t) = e;. In addition, transition of ] from e; to e; triggers a jump of X distributed as u,S’).
Following Asmussen and Kella (2000), we can decompose the process X as follows:

X(t) = X(5) + X(¢), @
where
_ N
X(t) := Z‘Yi(f)
i=1
for .
Yi(f) = 2 ur(ll)l{](Tn—)=ei, Tu<t} ©)
n>1

and for the jump epochs {T,} of J. Here, U,Si) (n >1,1 <i < N) are independent random variables,
which are also independent of X such that, for every fixed i, the random variables U,(ql) are identically
distributed. Note that we can express the process ¥; as follows:

t .
= IT,(ds,d
/O/Rx u(ds, dx)

for the point measure

I ( Zl{u ) eaxy L(T)=e; Tty 1=1,..., N @)

Moreover, we define the compensated point measure IT;,(dt, dx) := I}, (dt,dx) — A;(#)n;(dx)dt
for Aj(t) :== ¥ 1yj(—)—eAij and 77;(dx) = IP)(U,SZ) € dx).
i#]

Remark 1. Orne can consider jumps U with distribution depending also on the state e; the Markov chain is
jumping to by extending the state space to the pairs (e;, e;) (see Gautam et al. (1999, Thm. 5) for details).

The first component in the definition in Equation (2) is an It6-Lévy process and it has the following
decomposition (Jksendal and Sulem 2004, p. 5):

X(t) := X(0 +/y0 ds—i—/(fo 5)dW(s +// s—,x)[1(ds, dx), ®)

where W denotes the standard Brownian motion independent of | and I1(dt,dx) := TI(d¢t,dx) —
v(dx)dt is the compensated Poisson random measure, which is independent of | and W. Furthermore,

we define N
Ho(t) = (mo, J(1) = Y mplei (1)), (6)
i=1
N .
oo(t) = (oo, J (1)) = }_ op e, J(1)), )
i=1
N
vt x) = (y(x), () = Y vi(x)(ei, J(1)) ®)
i=1
for some vectors py = (uj, ..., ud)) € RN, og = (d,...,0') € RY with (Té > 0 and the
vector-valued measurable function y(x) := (y1(x),...,7n(x)). The measure v is the so-called

jump-measure identifying the distribution of the sizes of the jumps of the Poisson measure I1.
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The components X and X in Equation (2) are conditionally, on the state of the Markov chain
J, independent.
Additionally, we suppose that the Lévy measure satisfies, for some ¢ > 0 and ¢ > 0,

/(fs,s)c exp (0] (s—, x)|)v(dx) < oo, /

oo exp(0x)P(UY € dx) < oo, )
—ge)C

fori=1,...,N. This implies that
[ 1= ludx) <o, BUO) <o, i=1,..,N, k22,
JR

and that the characteristic function E[exp(kiX)] is analytic in a neighborhood of 0. Moreover, X has
moments of all orders and the polynomials are dense in L2(R, d¢(t, x)), where ¢(t, x) := P(X(t) < x).
It6—Markov additive processes are a natural generalization of 1td—Lévy processes and thus of Lévy
processes. Moreover, the structure in Equation (2) explains the used name and can be seen as
Markov-modulated Ito—Lévy process. Indeed, if y(s,x) = x, then X is a Markov additive process.
If additionally N = 1, then X is a Lévy process. If U() = 0 and N > 1 then X is a Markov modulated
Lévy process (Pacheco et al. 2009). If there are no jumps, that is, I1(ds,dx) = 0, we have a Markov
modulated Brownian motion.

We assume the evolution of the price process of the risky asset Sy is governed by the It6—-Markov
additive process as follows:

dSo(t) = So(t—) [yo(t)dt +oo(t)dW(t) + [ y(t—, x)II(dt, dx) + gl Jg *I1,(dt, dx) |,

(10)
50(0) =59 > 0.
To ensure that Sy(t) is non-negative, we additionally assume that
A/ (b=, )T1(dt, dx) > —1, A/ 2T, (ddx) > —1, i=1,...N, (11)
R R

where AZy = Z; — Z;_ is ajump process related with a processes Z. The last assumption is equivalent to
AY;(t) > -1

and it is satisfied when all U’ (i = 1,...,N) have support included in (—1,+c0). We interpret the
coefficient y defined in Equation (6) as the appreciation rate and oy defined in Equation (7) as the
volatility of the risky asset for eachi = 1,..., N. Similarly, #{ and ¢} represent the appreciation rate
and the volatility of the risky asset, respectively, when the Markov chain is in state e;. We assume that

‘ué >r, i=1,...,N.
Otherwise, stocks would be just a bad investment.

3. Enlarging the It6—Markov Additive Market

Now, we enlarge the primary market by some financial assets: Markovian jump securities,
Markovian power-jump securities and impulse regime switching securities in order to complete
the market.

From now, we work with the following filtration on (Q), 7, P):

Fr:=G VN,
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where A are the P-null sets of F and
Gr i= 0 {](5), W(s), T(s), TT} ([0, ), .., T ([0,5], dx);s < 1}
for y
T(t) := /0 /R'y(s—,x)H(ds,dx).

Note that the filtration { F; };>¢ is right-continuous (Karatzas and Shreve 1998, Prop. 7.7 and also
Protter 2005, Thm. 31). By the same arguments as in the proof of Thm. 3.3. of Liao (2004), the filtration
{Gt}t>0 can be represented as

a{J(s),X(s), T14([0,s],dx), ..., TIN(]0,s],dx);s < t}.

3.1. Markovian Jump Securities

Let T, (n = 1,2,...) denote the jump epochs of the chain |, where 0 < T; < T, < ... We observe
that the Markov chain ] can be represented in terms of a marked point process ®; defined by

CDj(t) = CD([O, t] X e]) = Z l{I(Tn):ejr T,<t}s j=1,...,N.

n>1

Note that the process ®; describes the number of jumps into state e; up to time t. Let ¢; be the
dual predictable projection of ®; (sometimes called the compensator). That is, the process

aj(t) = q>](t)—¢](t), ]:1,,N, (12)

is an { ¥} }-martingale and it is called the jth Markovian jump martingale. Note that ¢; is unique and

Pi(t) == /Ot Aj(s)ds,

for
M) = L )=e b 13)
7]

see Zhang et al. (2012, p. 290).
Now, we consider geometric Markovian jump securities S; (for j =1, ..., N) with evolution of
prices described by marked point local martingales as follows:

{dsj(t) = 8j(t=) (1) dt + 0y (=) dBy(1)], ”

S](O) >0,

where the appreciation rate y; and the volatility o; are given by
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3.2. Markovian Power-Jump Securities

Following Corcuera et al. (2005), we introduce the power-jump processes

X0 ()= Y (AX(s)f, k>2,

0<s<t

where AX(s) = X(s) — X(s—). We set X((t) = X(t). The process X is also an Ito-Lévy process
with the same jump times as the original process X but with their sizes being the kth powers of the
jump sizes of X. From Protter (2005, p. 29), we have

E[XW(t)|7] = E( ) (AX(S))H%) = /Ot /R Y (s—, x)v(dx)ds < co,P—a.e. k>2,

0<s<t
for J; := 0{J(s) : s < t}. Hence, the processes
X(k)(t / / (s—,x)v(dx)ds, k>2,
are { F; }-martingales (called Teugels martingales of order k; see Schoutens (1999) for details).

We additionally enlarge the market with a series of Markovian kth-power-jump assets
k) (for k > 2). The price process of 5) is described by the stochastic differential equation

{ds<k>(t> = 50 (1) [ (Dt + o (1-)dX Y (1)), (15)

s®(0) >0,

where the coefficients are determined by the Markov chain ], namely:

AMZ
Q

N
u® () = @®, 1 (0) = X p ey, 1(1) and ¥ (t) = (¢ @, 1(1)) = Y- oV ey, (1))
j=1

1

]

for p® = (M, ¥y € RN and ¢ ®) = ¢V, ..., o0y

follow from assumption in Equation (11).

€ RY. The positivity of these asset prices

3.3. Impulse Regime Switching Securities

We will also need power martingales related to the second component of X given in Equation (2),
namely to X or to ¥;, defined in Equation (3). For/ > 1and i =1,..., N we define

1 t .
‘I’fl)(t) =) (U,@) Liy(1)=e;, Tu<t) :/0 /Rxl 1Ty (ds, dx)

n>1

for IT{; given by Equation (4). The compensated version of ‘I’Z(l)

martingale if

is called an impulse regime switching

?gl)(t) = ‘I’El)( t)—E U(l / / x! 1T, (ds, dx),

where [T (dt,dx) = IT;,(dt,dx) — A;(t)n;(dx)dt for A; defined in Equation (13) and 77;(dx) = IP(UV(f) € dx).

We characterize the evolution of impulse regime switching securities Si(l) as follows:

s 0 O] 0 ()
{ 1) =5 (t=) [ ()t + oV (t-)aF ()], )

D) >0,
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where the coefficients are determined by the Markov chain ], namely:
() 0 0 o o)
()= i, Zyu e 1(0); o (1) := (o, 1(1) = Y 0 (e; J(1))

for yl@ = (yl(’ll), e ,yl%)’ € RN and 051) = (‘Ti(,ll)" . .,(Ti(,ll\)])/ eRY (i=1..Nand! > 1)
The positivity of these asset prices follow from assumption in Equation (11).
Combining Equations (1), (10), (14)—(16), we get an enlarged It6—Markov additive market:

(
dSo(t) = So(t—)[yo(t)dt+(70( JAW(t) + [ v(t—, x)TI(dt, dx) + i Jg xTTE,(dt, dx) |,
) = Sj(t=) [y (1)t + 0(t—)d; (1), 17)
dsh)(£) = s (t=) [u®) ()dt + U(k)(tf)di(k)(t)],
ds (1) = sV (1) [u" ()t + 0" (1-)dF ()],

1

fori,j =1,...,N, k > 2and ! > 1. Note that this enlarged market has infinitely many securities.
In Section 5, we prove that under a new martingale measure this market is complete. Note that y;, uh,

yl(l), j, oK) and (7( ) are artificial parameters and can be changed later.

Following Corcuera et al. (2005), the use of power-jump assets of order two can be motivated
by a quadratic variation process (Barndorff-Nielsen and Shephard 2003, 2004) and so-called
realized variance. Contracts on realized variance are traded regularly on OTC markets. Typically,
a 3rd-power-jump asset measures a kind of asymmetry (“skewness”) and a 4th-power-jump process
measures extremal movements (“kurtosis”). This type of contracts could be also traded. Moreover,
one can construct an insurance contracts against a crash based on 4th-power-jump (or ith-power-jump,
i > 4) assets. Power-jumps processes appear in other financial-insurance contracts that hedge Lévy
jumps as well, e.g., in COS and CDS contracts.

4. Martingale Measure and Asymptotic Arbitrage

Considering a financial market containing an infinite number of assets, Kabanov and
Kramkov (1994) introduced the notion of large financial market. This type of market is described
by a sequence of market models with a finite number of securities each, also called small markets.
Kabanov and Kramkov (1994) introduced an extension of the classical approach to arbitrage theory,
namely arbitrage in a large financial market, called asymptotic arbitrage. A deep study of asymptotic
arbitrage was carried out by Kabanov and Kramkov (1998) and Bjork and Naslund (1998).

In this section we identify a martingale measure in our It6—Markov additive market and prove
that this market model is asymptotic-arbitrage-free.

Let us start with the definition of asymptotic arbitrage. Following (Bjork and Naslund 1998, Def. 6.1),
we say that there is an asymptotic arbitrage opportunity if we have a sequence of strategies such that,
for some real number ¢ > 0, the value process V" on a finite market satisfies:

V"(t) > —cforeach0 < t < T and foreachn € N;
V"(0) =0 foreachn € N;
lirginf V"(T) > 0, P-a.s; and
n (o)
P(liminf V*(T) > 0) > 0.
n—oo

Proposition 1 (Bjork and Naslund 1998, Prop. 6.1). If there exists a martingale measure Q equivalent to PP,
then the market is asymptotic-arbitrage-free.
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In this paper, we formulate the sufficient condition for absence of asymptotic arbitrage in a form of
the existence of a martingale measure. Equivalent conditions for the existence of a so-called separated
martingale measure can be found in Cuchiero et al. (2016) who introduced No Asymptotic Free Lunch
with Vanishing Risk (NALFVR) condition (see also Kreps (1981)).

Now, we find a measure QQ under which the discounted price processes are martingales.

Let £2(W) be the set of all predictable, {F;}-adapted processes ¢ such that E [; ¢(s)ds < oco.
Similarly, we define £!(¢;), that is, € L!(¢;) iff ¢ is predictable, {F;}-adapted and satisfies
E [, |&(s)|A;ds < oo,

Proposition 2 (Boel and Kohlmann 1980, p. 515). Let o € L2(W), ¢; € L1(¢;) forall j=1,...,N and

tp]-(s) > —1. (18)
Then,
(1) := ex [ tl[) (s)dW(s) — l/tl/ﬂ(s)ds— %/tlp'(s)¢'(ds)‘| (19)
‘= exp Jo 0 2 Jo 0 =o j j

is a non-negative local martingale. If additionally E€(t) = 1, then it is a true martingale.

From now on, we assume that
E(t) = 1. (20)

Let Q be the probability measure defined by the Radon-Nikodym derivative

d
E(t):£ R

Then, ¢, given in Equation (19), is the density process for the new martingale measure Q. By adding
a superscript (Q, we denote processes observed under this new measure. By a generalized version of
Girsanov’s theorem for jump-diffusion processes, we have the following theorem:

Theorem 1 (Boel and Kohlmann 1980, p. 517). The process X given in Equation (5) under the new
martingale measure Q has the form

XQ(t) = /Ot 0p(s)dWQ(s) —I—/Ot/R'y(s—,x)ﬁ(ds,dx),
where ,
W) = W(t) - [ o(s)ds

is a standard Q-Brownian motion.
Moreover, for j =1,..., N, the process ®; given in Equation (12) under the measure Q is a martingale
and takes the form

20 = 0j()— [ (143(5))gy(ds),

that is, the unique predictable projection of ®; under Q is given by

020 = [ (14+9(9)91(ds).
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Similarly, for j =1,...,Nand | > 1, the process T](-l)

martingale and takes the form

given in Equation (12) under the measure Q is a

70 = () - EU) el ).

Remark 2. If g and ¢; (j =1,...,N) are bounded, then E(t) = 1 (see the Novikov condition in Karatzas
and Shreve (1998, Cor. 3.5.13, p. 199) and Resnick (2007, Thm. 5.1, p. 135)).

Note that Y(k) for k > 2 do not change their laws under the new measure Q. Moreover, under Q,
the price processes are represented as follows:

dB(t) = r(t)B(1)dt,

dSo(t) = So(t—) {(yo(t) +ao(t)¢0(t)>dt+ao HAWQ(E) + [ y(t—, x)TT(dt, dx) +
R

ds; () = ;(t=)[ (1) + o (A (O (1) ) At + 05(t—)dB (1)),

]
ds(®)(t) = s® (1= [0t )dt+a<k><t—>di“><t>],
f D) [ nat+ ol 1-)aF 2 0),

[N nok<

/ xfI"u(dt, dx)|,
R

1

fori,j = 1,...,N, k > 2and I > 1. Note that in the above equation we can take r(t) = r(t—),
ui(t) = pj(t—) and g(t) = 0j(t—) (for j = 0,1,...,N). In fact, by stochastic integration by parts,
the discounted price processes are governed by

50 (1) = $0(4) | (ro(t=) + ot pu(8) = (1) )t +- o (ENAWE(E) + 11— (el

N .
+ X JEant (dt,dx)},
R
S

45,(0) = 5,02) [ (1 (0=) + ;00 (O (8) — (1) )t + 50— dBE(1), ey

ds® (1) = §®) (¢ [(y(k )dt—&—o()(t—)dY(k)(t)],

as{ () = 510 () [ (" (1) )dt+a<>(—)d?§”f@(t)],
where So(t) := B=1(£)So(t), 5;(t) := B~1(t)S;(t), S®)(t) := B~1(£)S)(t) and SO —1(t)sf’)(t).

Hence, we require S, Sj, S and S~§l) to be local martingales (fori,j = 1,...,N,k > 2and | > 1).
A necessary and sufficient condition for this to hold is given by the following equations:

po(t—) +oo(t—)o(t) —r(t—) =0

Hi(t=) + oy (t=)A; () ;(£) — r(t—)

u® () —r(t) =0, (22)
w (1) —r(H) =0,

Pi(t) > -1,

fori,j=1,...,N,k>2and! > 1.

Note that A;(t) = 0if J(t—) = e;. Thus, in this case, if y; # r;, the martingale condition would
never be satisfied. Therefore, the discounted price processes of all securities in the enlarged market
would not be local martingales under Q. Thus, we have to assume that y§ =rjforallj=1,...,N
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to make the market asymptotic-arbitrage-free. From Equation (22), when A;(t) # 0 (i.e., J(t—) # e;),
the processes ¢ and ¥; are determined by

_ r(t=) —po(t—)
IPO(t) - r(ti()mi(f‘u—%ti) ! (23)
wj(t) = W, j=1,...,N,
where we assume that
r(t=) > pj(t=) — o;(t=)A;(t) (24)

to satisfy the condition in Equation (18).

Note that ¢y and P; (j =1,...,N) are bounded. Hence, by Remark 2, the density process ¢ is
a true martingale. Note that ¢; (j = 1,..., N) satisfies the assumptions of Proposition 2. We can
only determine ; when J(t—) # e; for j = 1,..., N but this is sufficient to determine the equivalent
martingale measure Q. Indeed, if J(t—) = e; for j = 1,..., N, then ¢;(t) = 0 and ¢; has no influence
on the value of the right side of Equation (19). The above analysis yields the following theorem.

Theorem 2. Assume that y§ =rjforallj =1,...,N and o and ¢; are given by Equation (23). Then,
the discounted price processes of the securities in the enlarged market (Equation (21)) are local martingales under
Q and this market is asymptotic-arbitrage-free.

From now on, we assume that ‘u§ =1j forallj=1,...,N.

5. Asymptotic Completeness of the Enlarged Market

Now, we analyze asymptotic completeness of the enlarged It6—-Markov additive market. A market
is said to be complete if each claim can be replicated by a strategy, that is, the claim can be represented
as a stochastic integral with respect to the asset prices. We take as class of contingent claims the set
L*(Q, F,Q) of square integrable random variables under the equivalent martingale measure; then, a
self-financing strategy is represented as an integrable process and the value of a self-financing portfolio
is represented as the stochastic integral of the strategy with respect to the assets. In the case of market
models with an infinite number of assets, we define completeness in terms of approximate replication
of claims.

For finite market asset, completeness is equivalent to uniqueness of the equivalent martingale
measure. In the case of large markets, this property does not occur. Artzner and Heath (1995)
constructed a financial market with countably many securities for which there are two equivalent
martingale measures under which the market is approximately complete. In the context of a large
financial market, Bittig (1999) and Battig and Jarrow (1999) suggested a definition of completeness that
uses neither the notion of arbitrage-free nor equivalent martingale measures. Battig (1999) constructed
an example showing that the existence of an equivalent martingale measure excludes the possibility
of replicating a claim, hence proving that the notions of arbitrage-free and completeness could be
unrelated to each other in daily practice.
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Under Q, the price processes of the securities in the arbitrage-free market have the
following representations:

(
dSo(t) = Sp(t—) [r(t)dt+(70(t)dWQ(t) + [g y(t—, x)I1(dt, dx) + i Jg xTTE,(dt, dx) |,
ds;(f) = S;(t— )[r(t)dtwj(t—)daj@(t)], l (25)
as®(t) = s<k>(t—) [r(t)dt + U(k)(t—)dYU()(t)],
as () = sW(t— )[r(t)dt+al.<’>(t—)d?§”'@(t)],

fori,j=1,...,N,k>2and! > 1.

We show that the enlarged market (Equation (25)) is asymptotically complete in the sense that for
every square-integrable contingent claim A (i.e., a non-negative square-integrable random variable
in L?(Q, F,Q)) we can set up a sequence of self-financing portfolios whose final values converge in
L2(Q, F,Q) to A.

These portfolios consist of a finite number of risk-free asset, risky asset, kth-power-jump assets,
jth geometric Markovian jump security and impulse regime switching securities. We use the following
martingale representation property.

Theorem 3 (Palmowski et al. 2018). Any square-integrable, {F;}-adapted Q-martingale M can be
represented as follows:

M(t) = M(0)+ tho(s)dx@(s)+i/0thj(s)d6}@(s)+i/th(”(s)dx“‘)(s) (26)

where hy, hj, %) and hi(l) are predictable processes (fori,j=1,...,N, k> 2and1 > 1).

Remark 3. The right-hand side of Equation (26) is understood as follows. We take finite sums

Z/h (s)dX*(s) and E/hl 2s)

in L2(Q, F,Q). Since L2(Q), F, Q) is a Hilbert space, the right-hand side of Equation (26) is understood as the
limit of the above expressions in L?(Q, F, Q) as K — co.

We are ready to prove the main result of this section.
Theorem 4. The market (Equation (25)) under Q is asymptotically complete.

Proof. We consider a square-integrable contingent claim A with maturity T. Let

M(t) := Eg {exp (— /OTr(s)ds> A ‘ }'t}
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and
M) = w0+ [haxe+ L [ oo+ 1 [ 0eaxe @)
0 = = o
£33 [0 0ar )
i=11=1"70

By the martingale representation property given in Theorem 3, we see that
lim MX(t) = M(t) (28)

K—oo

in LZ(Q, F,Q). For K > 2, we introduce the sequence of portfolios

0%(t) = (a5 (£), Bo(8), Br (), -, Bu (), B2, ..., R (1), BV (1), .., B (1))

We assume that all processes in 6X are predictable and

B [ (25(5))ds < oo, Eq [ (Bo(s)’a(S0)(s) < oo, Eq [ (B9)’a(S)(5) <o, (9)
0 ] )
ot t
Eq _/0 (BY))*a(sW)(s) < o, Eq [ ((5))a(5")(s) < o 30
Here, aX corresponds to the number of risk-free assets, B is the number of stocks, 8 i Gj=1,...,N)

is the number of units of the jth geometric Markovian jump security, %) (k =2,..., K) is the number

of assets S(), and ﬁ (i =1,...,N,I =1,...,K) is the number of assets Sl(l).
We construct the portfolio 6 as follows:

N
ak(t) = MK(t—) = Bo(t)B~? Zﬂ] “H(1)S;(t-)
j=1
K N K
— Y BRmB T )sW () - Y Y (1B ()S (t-),
k=2 i=11=1
Bo(t) = ho(t)B(t)Sy (t—),
) o hf(t) 1
Bl = B ) G1)
A0 -
gl (1) = J(k)(t_)B(t)(s(k)) L),
o)
) k() ()=
A0 = 5 PeED e

Observe that for this choice of portfolio, the moment conditions in Equations (29) and (30) are
satisfied, hence all stochastic integrals for this portfolio are well-defined. For example, we prove that

B [ (60(9))’a(S0)(s) < o @)

The proofs of other conditions are similar. To show (32) note that

N .
4050 () _S%(t—)[aé(t)dt+ [ - o0 + - [ xzﬁlu(dt,dx)]
i=1
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and this condition is equivalent to requirement that
/0 (1) Wog (H)dt < o, /0 13 () / P2 (t—, x)v(dx)dE < oo,

/R 27;(dx) /O (1) DA, (1)dt < o

The above conditions follow from Theorem 3 because fooo h3(t)dt < oo. Note that,

K N K
AMK(E) = ho(t)AX(t) +Zh A2 (1) + Y 0 (1)aX P (1) + Y Y hD (1)aF e,
= i=11=1
ASo(t) = So(t—)ax(r), (33)
ASi(H) = Sj(t=)ay(t—)AB] (1),

B, asPt) = sV =)ol (1-)aF ).

1

]
ASB () = sB (g0 (t—)AX

We claim that {6X, K > 2} is the sequence of self-financing portfolios which replicates A. Indeed,
by Equations (31) and (33), the value VX of the portfolio 6 is expressed by

K _ .k N & PR
VE(#) o ()B(t) + Bo(t) +Zﬁ] +Zﬁ +ZUZ/;Z GEYG
i=11=1
= M(0)B(H) — AMN(DB(E) + Po()ASo(t) + %ﬁja)Asjm + 3 0 (5ASH 1)
j=1 k=2
% 50 (085" (1) = ME(DB().

=1

Thus, the sequence of portfolios {#X, K > 2} replicates the claim A. We denote
" "o u Ny
() = [ X (t)dB(r) + /0 o)) + 1 | Bias;) (34)

K u
(k) ds(w
+3 [ B0was D+ 1Y [ A 0as

i=11=1

the gain process, i.e., the gains or losses obtained up to time u by following 6X. We show
GX(u) + M*(0) = M¥(u)B(u), (35)
which implies that the portfolio is self-financing. Note that, from Equation (28), we have

lim GX(u) = lim MX(u)B(u) — lim MX(0) = M(u)B(u) — M(0).

K—oo K—oo K—oo
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Thus, the portfolios with infinitely many assets are self-financing as well. Inserting Equation (31)
into Equation (34), we derive

/MK

N K u h(k)(t)
[ ho(0aB() = 3 [ S dB)

K . 30
2/0 ;(lz) Et))dB +/ ho(t)B()Sy ' (t=)dSo(t)  (36)

= i=11=1
N i(1)

2/

ii/

_ Ko ru pk) (¢ B
oS 1(t_)dsj(t)+z§/<) g<k)(5_))B(t)(5(k)) H(t-)ds(t)

uw 10
i (1) B(t)(S;
D)

From the martingale representation property given in Theorem 3, the first component of the above
sum has the form

u u — N —
/0 MK(t—)dB(t):/O (MK(0)+/t ho(s)dXQ(s)+Z/()t Iy ()4 (s)

+é/0th<k>< +ZZ/ n( <>)dB<>

i=11=1

N  u
= MN(0)(B(u) —B(O))+/O ho(s)(B(u) —B(S))dXQ(S)+2/ y(s) (B(u) — B(s))d®} (s)

K u u l 0,Q
+k§2/0 10 (s) (B(u) — B(s))dX™ (s) + ;/h — B(s))d¥ " (s).

i=11=1

Now, using Equation (27) and fact that B(0) = 1, we can rewrite the above as follows:

[ M (t-)dB(e) = MF(O)(B(u) — B(0)) + B(w) (M (u) ~ MX(0)) - / ho(5)B(s)dX " (s)
B a5 (s B0 (s %) (s . i (s 7
Z / v, Z v dX gz I ()

B N u ‘ —Q
— M ()B(w) —~ M(0) - /0 (3B()aX%) - 1 /0 Iy ()B(5)dB ()

K

_ki [ 19 @B ) - L3 [ 165 F ).
=2

i=11=1
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Inserting the above equality into Equation (36), the gain process can be written as:

Koy _ agK Y YR - L =Q
GX(u) = MX(u)B(u) — MX(0) /O o (£)B(H)dX2(t) 2/0 Iy (£)B(H)dB (1)

u EEAQ))
+ i/o h(k)(t)B(t)(s(k))—l(t—)ds(k)(t)+ﬁf/O ’le) (1) B(t)(Sl.(l))—l(t—)del)(f)
k=2

k) (t—) i=11=170 ;" (t—)
— MK (u)B(u) — M(0).

Thus, Equation (35) holds true and the portfolio 6 is self-financing. [

6. Optimal Portfolio Selection in an It6—Markov Additive Market

In this section we solve the optimization problem related to identifying the optimal strategy that
maximizes the expected value of the utility function of the wealth process at the end of some fixed
period. The analysis is conducted for the logarithmic and power utility functions.

Recall that our It6-Markov additive market is given by Equation (17). Equations (15) and (16) can
be rewritten as follows:

as® () = S(">(t)[u“‘)(t)dH/RU(")(t)vk(fIX)ﬁ(dffdx)]f
as () = Sfl)(t—){yl(l)(t)dt—i— /R xlai(l)(t—)ﬁb(dt,dx)]

fori=1,...,N, k> 2and ! > 1. Note that we consider the price processes with respect the original
probability measure P.

We restrict ourselves to self-financing portfolio strategies. Denote by 71y the proportion of
wealth invested in stock. Let 7r; (j = 1,...,N), k) (k > 2) and ni(l) i=1...,NI1>1)
be the proportions of wealth invested in the jth geometric Markovian jump security S;, in the
Markovian power-jump securities S and in the impulse regime switching securities Si(l)
The balance of the investor’s wealth is invested in the risk-free asset. We denote by 7(t) =

, respectively.

(rmo(t), m(t),. .., N (t), T2(t), ..., ngl) (1), 7'(51) (t),...) a portfolio strategy. We do allow short selling,
but we assume that the wealth process is nonnegative at any instant (Tepla 2000).
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Let K < oo be the number of different assets held by the investor in his portfolio. The wealth
process RK for the first K assets is governed by the following stochastic differential equation
(fort € [0, T]):

dfﬁ(t) = (r(f) + % () (ui(t) —r(t)) + f a®) () (u® (1) — (1))
Ry (t-) i=0 k=2
SN0 (D - 5
+Z;lZi7fl () (' () = ()))df+ﬂo() oo (t=)dW(t) + Zi”j(t)gj(t_)dq)j(f) (37)
1=1l= =
K
+/R 7t0(E)y(t—, %) :2n(k>(t)¢7(k)(t—)’yk(t—,x))ﬁ(dt,dx)
N
l =i
—Q—E%/R(xno —|—an t ))Hu(dt,dx).

Note that in Equation (37) we can take r(t) = r(t—), p;(t) = p;(t—) (j =0,1,...,N), uk(t) =
u® (t=) (k> 2)and 1 (1) = gV (1) (i=1,...,N,1 > 1).
Let .A be the class of admissible portfolio strategies 7 such that 7 is predictable,

RK >0, f |7(#)|?dt < o0 P—a.s., f (o (1) y(t—, x) + LK, 70 (£)o k) (1 =)k (t—, x))TT(dt, dx) < oo,
[N, (xrco( )+ K x 7'(51) (t)ai(l)( t—))I1;,(dt,dx) < oo and 7 satisfies the following convergence:
R

the wealth process R7I§ converges to a process Ry in LZ(Q, F,P), where R§ is the solution of the SDE
in Equation (37) (see It6’s formula in Protter (2005, Thm. 32)), that is,

t N K
RE(H) = R§<o>exp[ I (r(s—>+zn]-<s><m<s—>—r(s—>>+En“‘)(s)(u(k)(s)—r(s—))
j=0 k=2
N K 1
# 1 L@ 6) o)) - gri(o)(s-) )

+/ 1o (s)o0(s—)dW(s) + Z/ <log 1+ 7i(s)oj(s—)) —ﬂj(s)tTj(S—)))\j(s)ds
+ '/; /]R log (1 + 1o(s)y(s—, x) + k; 70 (5)®) (S—)’Yk(S—,x)>I_T(ds, d)
K
+ /Ot /]R <1og (1 + ﬂO(S)'Y(S—,X) + k:Zz n(k) (S)O'(k) (5_>,Yk(s—,x)) — ﬂo(s)‘y(s—,x)
K N
-y 7®) () k) (s—)'yk(s—,x))v(dx)ds + Z/ log (1+ 75j(s)0j(s—)) d®; (s)
k=2 i=1 0
- [ ST -
+l§/0 /]Rlog (1 +x710(s) +l:217[i (s)o; (s—)xl)Hu(ds,dx)
N t K
+i—z1/0 /R (log (1 + x71o(s) + 1221 ﬂfl)(s)ai(l)(s—)xl> — xmy(s)
_ i 711(1) (s)ai(l) (s—)xl) )\i(s)iy(dx)ds] .
=1
In other words, for 7 € A, we require that

lim RX(t) = R.(¢) (38)

K—o0
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in L2(Q, F,P).
Remark 4. Note that Equation (38) holds true if

B, (RE(8)? < o0, Ey.i(Ra(t))? < oo,

and
2
Buas| [ X AP0 006 - rs-)ds |
k=K+1
Bt [[3 5 A6 000 - rts e

i=11=K+1

(L mE)y(s—0) T e s 0\ Lo
Ky, A /I.QI (1+7{0(s)')/(s—,x)+Z§_27T(k)(5>(7k(S )k (s— /x)>n(d'd) ,
1 1+ 710(s)y(s—, %) + X2 p 7 () (s—) ¥ (s—, %)

Btz /O/R<log(1+7'co(s) (s—,x) + 2K, wk) (5)ok) (s — )'yk(s—,x)>
- i n(k)(s)a(k)(s—)'yk(s—,x))v(dx)ds 2,

k=K+1
1+ xmmo(s) + 552, ) (s)ol (s—)x 2
Eyz i 1 L t(ds,dx) | ,
// 08 <1+an )+ K znl(l)(s)Ul()(S)xl>Hu( )

Et,z,i

Nt 1+ xmo(s) + 152 7'(1.(1) S)O’i(l) s—)x!
;/O/R<log<+ o(s) + X2, 1 ( ())

1+ xm(s) + 2K, 7 (s)o (s—) !

- L A s u(en(dnds

I=K+1

tend to 0 as K — oo. Indeed, the convergence of Equation (38) follows directly from our assumptions: from the
triangle inequality and the inequality (Fechner 2008)

2|exp(a1) —exp(ap)| < |a1 — az||exp(a1) +exp(az)|, a1,a2 € R.
Then, we get

2(E|Rn<t>|2 +E[RE (1)) < oo

E ‘ Rn(t) - Rﬁ(t)

2 Rn(t)
<E|I
= ‘ 8 RK(1)

and we can use the following equation

1 T
og RK
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+ /O* /Rlog <1 + 1o (s)y(s—, x) + i 70 (5)g®) (S—)Vk(S—,x))fI(ds,dx)

k=2

_ /Ot/Rlog (1 +7o(s)y(s—,x) + Z nlk a(k) )’Yk(S—,x))fI(ds,dx)
+ /Of /R (log (1 + 7110(s) Y (s—, x) +k2 20 (5)o®) (s,)vk(sﬁx))
=2

i 7% (5)r®) (s—) K (s—, x)) v(dx)ds
k=K-+1
K

~ [ [ 108 (1+ mo(s)rts—2) + g ) <s>a<k>(s—)vk<s—,x>)v<dx>ds
+2/ /log(1+x7t0
_2/ /log(l—i-xrfo
+z//<1og 1+ v (s i O(s)ol! (s-)a)
Y )l <s—>xl)m<s>n<dx>ds

I=K+1

N t K
_Z%/o /Rlog (1+xno(s)+l§nim(s)gy)(s—)xl))\i(s)q(dx)ds],

ol s—)x )ﬁfu(ds, dx)

T
K .
Z o s—)x >f1’u(ds, dx)

Let U denote a utility function of the investor, which is strictly increasing, strictly concave and
twice differentiable, that is, U’ > 0 and U"” < 0.
For each (t,z) € T x Rt and eachi =1,..., N we define

V7(t,z,e) :=E;,; [URR(T))],

where E; , ; is the conditional expectation given R;(0) = z and J(t) = e; under P.
The expectation above is understood in the limiting sense, that is, we limit the set of admissible
strategies A to the strategies 7 such that I}im E;.;[U(RK(T))] exists and is finite. In other words,
— 00

lim E;,; [U(RK(T))] = E;.;[U(Rx(T))] < co. (39)

K—o0

Then, the value function of the investor’s portfolio selection problem is defined by

V(t,ze) :=sup V'(t,ze) = sup E;,; [U(R(T))]. (40)
meA neA

Lemma 1. Under the assumption in Equation (38), Equation (39) holds true.

The proof of this Lemma is given in Appendix A.
Our main goal is to identify the value function given in Equation (40). In what follows, we
consider two risk-averse utility functions, namely, the logarithmic utility and the power utility.
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6.1. Logarithmic Utility

In this subsection, we derive the optimal portfolio strategy in the case of a logarithmic utility
function of wealth, namely

U(z) = log(z).

Recall that in A we consider only the strategies for which
Jim B, [log RZ(T)] = Eyz, [log Rx(T)] < 0. (41)
Theorem 5. Assume that there exists a solution
() == (7 (8), 7 (1), ..., g (£), W% (), w®*(8), ..., eV (1), V¥ (), .. )

of the following system of equations (fori,j =1,...,N, k> 2and] > 1):

N 1
) =lt=) = () + 1 cif” B )( s [t (14 m01206-13)
+ )f n(k)*(t)a(k)(t—)'yk(t—,x))71 - 1>v(dx),
k=2
7'[;(1’) _ ]/l](t—) - r(t_) (42)

(r(=) — (=) (=) + A0

) — B (=
ML, [ e (14w )

n Z n(k)*(t)(,(k)(t_)ryk(t_,x))_l - 1>v(dx),
k=2

= /R xl<(l+xn6(t)—i—énz(l)*(t)ai(l)(t—)xl)1—1>Ai(t)17(dx),

which belongs to A, that is, in particular, satisfies Equations (38) and (41). Then, the optimal portfolio
strateqy for the portfolio selection problem in Equation (40) with logarithmic utility function of wealth is one of
those solutions.

Proof. The conditional expectation of the logarithm of the wealth process has the following form
(fort € [0, T)):

T N
IEt,z,i [loan(T)] = log Rn(t) + Et,z,i/t {7’(5—) + 20 nj(s)(y]'(s—) - T(S—))
j=

v ) () (3, 6) S (1) oy (D) 1,5
+ Y a9 (" (s) —r(s—)) + Y Y (s) (y (S)—V(S—))—Eﬂo(S)ffo(S—)

k=2 i=01=1
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; i . (108 (14 2009 + Lm0 @065 2!) —wma(s) — 5w 661" 51 )t

=1

Therefore, the optimal value function V can be written as

V(t,z,e;) =log(z) + sup h(t,e;),

teA
where
T 1)
hn(t, ;) = Et,zli/t F(mo(s), m(s), ..., mn(s), @(s), ..., mV(s),...)ds
for
N
F(ro(s), m(s),..., n(s), @@ (s),..., aV(s),...) i=r(s—) + ;)nj(s)(yj(s—) —1(s—))
[eS) N o [ I ] 1
+ L@ W00 = r62) + L 1m0 (47 6) = r(6-) = grd(e)e (o)
k= i=01=1
NZ
+L (1og (1+ 7;(s)0(s-)) — nj<s>(rj<s—>)Aj<s>
f=
/R <log (1 + o(s)y(s—, x +Iin )vk(s—,x))
—mo(s)y(s—,x) — i 7® (s)o®) (s—)vk(S—IX)>V(dx)
k=2
+ Zi /R <log (1 + x7o(s) + zi nl.(l) (s)al.(l) (s—)xl) — x7mp(s) — zi 7'(1.(1) (s)al.(l) (s)xl))\i(s)n(dx).

Thus, to determine the optimal portfolio strategy, it is sufficient to maximize F. Indeed,
the maximization of the function F(7o(s), 711 (s), . .., N (s), 72 (s),..., ngl) (s),...) ateach time point
s € [0, T] maximizes the integral of F on [0, T]. By direct differentiation with respect to 71, 7Tj, k), nl.(l)
we obtain conditions (Equation (42)) that the optimal strategies have to satisfy. Observe that, from
Equation (9), the integrals

[ (108 (1 1750+ X 761510, )) = mo(e)n (=)

k=2

_ i 70 (5™ (s )k (s—, x)) v(dx)
k=2

and (fori=1,...,N)

o

/ <log (1 + x7o(s) + i nl.(l) (s)al.(l) (s—)xl> —xmp(s) — ) 7'(1.(1) (s)al.(l) (s)xl) Ai(s)n(dx)
R =1

=1

are well-defined. Hence, by the Leibniz integral rule, we can interchange the above mentioned
derivatives and the integrals. [J

Remark 5. We have not been able to prove that a solution of the system in Equation (42) exists and is unique.
On a complete Ito—Markov additive market, we have an infinite number of assets, so the optimal portfolio strategy
7t~ is an infinite dimensional vector. The value function in Equation (40) is understood in the limiting sense and
therefore numerically it can be approximated by the finite strategqy counterpart. In the case of finite dimensional
approximations by Kramkov and Schachermayer (1999, Thm. 2.2), the optimal wealth process exists and is
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unique. Under additional conditions, such as absence of redundant assets, the optimal strategy exists and
is unique.

6.2. Power Utility

In this subsection, we derive the optimal portfolio strategy in the case of the power utility
function, namely
U(z) =z* fora € (0,1).

We assume that, for each 71 € A,
Jim Bz (RR(T))" = Byzi(Ra(T))" < co. (43)
Theorem 6. Assume that there exists a solution
() = (7 (8), (1), ..., i (£), W% (), w®*(8), ..., iV (1), V¥ (), .. )
of the following system of equations (fori,j =1,...,N, k> 2andl > 1):

N (=) —r(

r(t=) —po(t) = (wfl)ﬂé(t)tf%(t*)i; ) t_)+év(tf,X)((1+ﬂ6(t)7(ff,x)
+ i ﬂ(k)*(t)tf(k)(t_)f),k(t—,x)>“_l - 1)v(dx),
k=2
1= M)
w0 = (1~ ) , (44)

oj(t=)

(=) =0 = [ o)k (1m0,
+ i ﬂ(k)*(t)a(k)(t_)ryk(t—,x)>w_1 - 1>v(dx),
k=2
Oy — ] " S0 (0 ol
r(t=) —p;(t) = /R(Ti (t—)x7<(1+xno(t)+l;7'fi (t)xl(Ti (t—)) —1))\i(t)17(dx)dt,

which belongs to A, that is, in particular, it satisfies Equations (38) and (43). Then, the optimal portfolio strategy
for the portfolio selection problem in Equation (40) with power utility function of wealth is one of those solutions.

Proof. From It6’s formula (see Protter (2005, Thm. 32)) for the power utility function of wealth,
we obtain (fors € [t,T] and t € [0, T])

(o)

N
(Ra(T) = (R = [ a(Ra(s))* (16 + 1 7(6) (o5(5-) = rl5-)) + 35 790 (106) = r(s-)
-

k=2

N oo
+ 1 a6 (0 6) = r5-) s+ [ a(Ralo) mo(s)on(s-)aWs)

i=01=1

+ /tT %zx(zx — 1)(Rn(s))"‘rc§(s)ag(sf)ds +Ji /tT ((Rn(s) + Rn(s)nj(s)aj(sf))“ - (Rn(s))“) dEj(s)

N T N
F1 [((Raelo) 4 Ra0)(6)61(5-)" = (Ra(6))* = o Rel)* 51y 5-) ) 4,50
=
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+/ /(( =)+ Rx( )(no(s)'r(s—,x)-kin(k)(s)cr<k)(s_)7k(s—,x)))a

— (Rals—)* ~ a(Re(s=))* (mals)y(s— %) + 3 =¥ <s>a<k><s—>wk<s—,x>))v(dx)ds

k=2

Z/ /(( )+ Ra(s) (0 (5) +Zx7tl oD (s— )))a—(Rn(s—))"‘

- a(Ra(s=)* (mo(s) + anl (s )))Axs)n(dx)ds

Z/ /((Rn )+ Rx(s (xno —s—anl )s )))a—(Rn(s—))D‘)fIiL[(ds,dx).

From this and Equation (40), the value function is given by

+/ / (( —) + Rx(s )(no(s)'r(s—,x) + i n(k)(s)a<k)(s_)7k(s—,x)))“ B (Rn(s—))“)ﬁ(dS,dX)

(o)

) N
V(tz,e;)) = z+supE,; /th"‘ [zx (r(sf) + ;) 7i(s) (uj(s—) —r(s=)) + ) 7k (s)(y(k) (s) —r(s—))
=

e A k=2

—/x(xno +2x nl ) (s— )))/\i(s)iy(dx)}ds.
By direct differentiation with respect to each strategy, this supremum is attained if the strategies

satisfy the system in Equation (44). Observe that, from Equation (9), the integrals

k=2

/R ((1 + o(s)y(s—,x) + i k) (s)a(k) (s—)’yk(s—,x)>

-1- oc(no(s)'y(s—,x) + i ") () k) (s—)'yk(s—,x)>>1/(dx)

k=2

and (fori=1,...,N)

/R<<1+xn0 +2xl (l) (l) )>a—1—a<x7to —i—le (l) (l) )))Ai(s)ﬂ(dx)

are well-defined. Hence, by the Leibniz integral rule, we can interchange the derivatives
and integrals. [
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Remark 6. We have not been able to prove that a solution of Equation (44) exists and is unique. However, if we
consider a finite market, then this solution exists and is unique and must be the optimal portfolio by Kramkov and
Schachermayer (1999, Thm. 2.2). In n]’f (t), one can observe the dependence of this strategy on Sharpe ratio.

Remark 7. If the prices of assets in the Black—Scholes—Merton market are described by processes without jumps
(that is, TI(dt,dx) = 0 and I1i;(dt,dx) = 0), then we obtain closed-form solutions to the optimal portfolio
selection problem in Equation (40) for the logarithmic and power utilities (Zhang et al. 2010). In addition,
the value function in the primary market is the same as in the enlarged market, while in our market this does
not occur.

7. Optimal Portfolio Selection in the Original Market

In this section, we find conditions for optimal portfolio strategies in the original market, i.e., in the
market with one risk-free asset and one share.

Let /iy be the proportion of wealth invested in share Sy in the original market. Then,
the corresponding wealth process, denoted as R70, is given by the stochastic differential equation

W()t—) = (r(t—)+ﬁo(t)(uo(t—)—r(t—)))dt+ﬁo(t)oo(t_)dW(t)
N .
+ (8 /R 'y(t—,x)ﬁ(dt,dx)+ﬁ0(t)izzl /]R I (dt, dx).

Let A be the class of admissible portfolio strategies 77 such that 77 is predictable, { F; }-adaptable
and satisfies the condition |, tT |7t0(s)|?ds < co, P — a.s. Similar to the definition of the value function in
the enlarged market, we define the value function in the original incomplete market as

Vo(t,z,e;) := sup Ey;[U(R™(T))]. (45)

toEAp

We assume E; . ; [U(Ry,(T))] < oofori=1,...,N.
First, we consider the logarithmic utility function. We have

T 1
Et.i[logRz (T)] = logz+ Et,z,i/t [r(s—) + 7o (s) (po(s—) —r(s—)) — 5 2 (s)03 (s—)
+/]R <log (1+ 700(s) (5~ x)) — ﬁo(s)'y(s—,x)>v(dx)
+ lil /R (log (1+x7(s)) — xﬁo(s)> /\j(s)iy(dx)] ds,

that is, for the logarithmic utility, the value function Vj can be written as follows:

N =
L
[SIN)
—
(%
N—
S
—
(%
\
N~—

T
Vo(t,z,e)) = logz+ ~su3 Et,z,i/t [r(s) + 7to(s) (po(s—) —r(s—)) —
+ /R <log (1+ 7o(s)v(s— %)) — ﬁo(s)'y(s—,x)>v(dx)
N
+ l; /R (log (1+x7t0(s)) — xﬁo(s)>)ti(s);7(dx)] ds.

From Equation (9), the integrals

/R (log (1 + ﬁo(s)y(s—,x)) — ﬁO(S)’Y(S—,x))U(dx)
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and (fori=1,...,N)
[ (108 (1-+ w0(9) = x70(s) ) (st

are well-defined. Hence, by the Leibniz integral rule, we can differentiate the above integrals with
respect to 77p. The above supremum is attained if 7y solves the equation

pls=) =) = s )mals) + [ (il (s o) o)

3 (g~ Meinian -

In the case of the power utility, the value function V{ can be written as

Vo(t,z,e;)) = z"+ sup E;,; /tT [az“ (r(s—) + 7to(s) (po(s—) —r(s—)) + %(oc — 1)7‘1(2)(5)03(5—))

peAy

+ / ((1 + 7o (s )’y(s—,x))a -1- ocﬁo(s)'y(s—,x)>v(dx)

+ i /R Z* <(1 + xﬁo(s))“ -1- zxxfco(s)> /\i(s)q(dx)] ds.

Note that, from Equation (9), the integrals

/R z* ((1 + ﬁo(s)'y(s—,x)> ' -1- ocfro(s)'y(s—,x)> v(dx)

and (fori=1,...,N)

/Rzzx <(1 + xﬁo(s))a -1- zxxfro(s)> Ai(s)n(dx)

are well-defined. By direct differentiation in Equation (47) with respect to 7y, we get
pols=) = r(6) = (8 = D))+ [ (7(6-0) 1+ (o))" (=) )v(an)
+ 2/ ( (1+ x7to(s ))0‘7l — x) Ai(s)n(dx) = 0. (47)

Lemma 2. The solutions of Equations (46) and (47) are optimal strategies for the portfolio selection problem in
Equation (45) for the logarithmic and power utilities, respectively.

Proof. We prove that solutions of Equations (46) and (47) are optimal portfolio strategies; their
existence was proved by Kramkov and Schachermayer (1999). Let 7 := 7y + ¢ be a perturbed
portfolio strategy for e > 0.

We define the value function Vjj related to the strategy 7t;; (Fouque et al. 2017a, 2017b; Mokkhavesa and
Atkinson 2002) as follows:

Vi(tz,e) == sup Ep,i[U(Rze(T))].
f(SEAo
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In the case of the logarithmic utility,

Vo(t,z,e)) = logz+ *Slelg Et i /tT [r(s—) + (7to(s) +¢€) (po(s—) —r(s—)) — %(7‘1’_—0(5) +e)202(s—)
+, (1"% (1+ (o(s) +&)v(s— %)) = (Fols) + 8)7(S—fx)>v(dx)
N =~ ~
# 1 [, (Tom (14 207009 +0) ~x(70(9) + ) ) Aon(an)fas,

and for the power utility,

T
Vi(t,z,e)) = z%+ sup Et,z,i/
toE€Ap t

az® (r(s) + (7to(s) +€) (po(s—) —r(s—))
+ 50— 1)(m0(s) +eed(s-)
R
N

Z /Rzrx ((1 + x(7to(s) + s))“ — 1 —ax(7o(s) + s)) Ai(s)n(dx)

i=1

+ / z* ((1 + (7to(s) + 8)7(5,9())“ —1—a(fo(s) + 8)7(5fx)>‘/(dx)
n ds.

Note that 77y is a portfolio strategy that maximizes the value function, so %Vg
e=0
Calculating this derivative for V in both cases, we get Equations (46) and (47).

Thus, the optimal portfolio strategies solve these equations. The existence and uniqueness of
the optimal strategies follows from Kramkov and Schachermayer (1999). In that paper, the main
assumption concerns the utility function, which has to have asymptotic elasticity strictly less than 1,

that is,
!
T zU'(z)

lim Ty <t

Note that the power and logarithmic utilities satisfy this condition. [

Remark 8. In a general semi-martingale market model, Goll and Kallsen (2000, 2003) obtained the optimal
solution explicitly in terms of semi-martingale characteristics of the price process for the logarithmic utility.
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Appendix A

Proof of Lemma 1. We define
Um(z) = U(2) 1z ju) <M}

The convergence of RX to R in L2(Q), F,P) given in Equation (38) implies the convergence in
probability of Rﬁ to Ry as K — oo (see Jacod and Protter (2004, Thm. 17.2)).
Thus, for the bounded and continuous function Uy, given above, we have

Jim By [Ung (RE(T)) ] = Bz [Una (R (T))] (A1)
(see Jacod and Protter (2004, Thm. 18.1)). Note that

Epi [U(RR(T))] = Etzyi [Un (RE(T))] + Bz i [U(RE(T)) L g (), ua(RE (7)) > My ) - (A2)

From the concavity of U, it follows that U(z) < b + ¢z for each z > 0 and some real b, ¢ > 0. Thus,
the second term on the right-hand side of Equation (A2) satisfies

Erei [U (R (T) L rs(ryurscryismy) - < 0+ Baai [Ra(T) L e qurs (1)) >y )
Now, we prove that
Jim By [R(T)E(T)] = By [Re(T)I(T)], (A3)

where
1(T) := Lre ey urE(r)>my and I(T) :=Lir (7). u(R(1))|>M}-
Note that

Eyz,i| RE(T)I(T) — R (T)I(T)|

< (B (RED - Ra(D))’] [Eatar)] (A%)

I
Nl—=

1
2

 Boni (Ra()?] B (1(T) - 1¥(T))2

Nl=
|
Nl—=

+ | By (RE(T))?

1
Nl—
|
NI—

[ 2
+ ]Et,z,i (RTE ( T) )
Indeed, from the triangle inequality, we obtain

Ey i | RE(T)IX(T) = R (T)I(T)| (A5)
< Epoi |[RE(T)IX(T) — RE(T)I(T) | + Ep 2 |RE(T)I(T) — R (T)IX(T)

+ IE:t,z,i

R(T)IK(T) = Re(T)I(T)|.
Moreover, using Holder’s inequality, we get

1 1
2 2

B [RECTI(T) ~ RETIT)| < [Beag (RUT))? | [Byas0(T) - ()| (46
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and

2

1
2] 2
Byos [Ra(TIN(T) = Ra(DU(T)| < [Bs (Re(T)? | [Bms¥ (0 -1 . a9
Finally, from the triangle inequality and Holder’s inequality, we derive

Eyi| RE(T)I(T) = Ra(T)I(T)| (A8)

< B (RED - Rel1)?) [Bitacr)]

+ []Et,z,i(Rn(T))z} % [Et,zri (I(T) = HK(T))Z] 2

Combining Equations (A5)-(A8), we get the inequality in Equation (A4).
Now, we prove that
K > 1 (A9)

in L2(Q, F,P) as K — oo.
First, we verify this convergence in probability. Indeed, for any & > 0, there exists 6 > 0 such that

P(INT) ~L(T)| >¢) = PHU(RK(T)) > M, U(Rx(T)) < M} U{U(RZ(T)) < M,U(Rx(T)) > M})
< P(IU(RR(T)) — U(Rx(T))| > 5).

The right-hand side of the above inequality tends to zero as K — oo, since the convergence
in probability of RX to R, yields the convergence in probability of U(RX) to U(R) (see Jacod and
Protter (2004, Thm. 17.5)).

Moreover, we have

I5(T) <1,
thus {IX}%_, is uniformly integrable and

lim IX(T) = I(T)
K—oo
in LZ(Q, F,P) (see Gut (2005, Thm. 4.5, p. 216 and Thm. 5.4, p. 221 )). This completes the proof
of Equation (A9).
By Equations (38) and (A9), the right-hand side of the inequality in Equation (A4) tends to 0 as
K — co. This completes the proof of Equation (A3).
From Equation (A3), it follows that

Jm Bz [U(RR(T)) LR () RE (7)) = M)

is well-defined. Thus, as M — oo, the second term on the right-hand side of Equation (A2) tends to
zero. Moreover, the first term converges to IE; , ; [U(RH(T))] by (A1l). This completes the proof. [J
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