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Abstract: Each year, millions of middle school graduates in China take a standardized test and
compete for high school positions. Unlike other cities, Guangzhou still uses the immediate acceptance
mechanism but implements a policy that students in the high-scoring group receive their allocations
before those in the low-scoring group. In this paper, we study a class of the Guangzhou mechanisms,
including the immediate acceptance (IA) and the serial dictatorship (SD) mechanism. We show that,
if a collection of groups is refined by splitting its groups into a larger number of smaller subgroups,
then the Guangzhou mechanism will perform more stably and less manipulable than before. This
result provides a tool for policy makers to improve the allocation outcome of the IA mechanism
under homogeneous priorities and justifies the use of a high-scoring student protection policy in
Guangzhou's high school admission.

Keywords: school choice; immediate acceptance mechanism; test score

1. Introduction

School choice has been widely discussed in the matching literature. There are two well-
known mechanisms provided for policy makers. The first one is the deferred acceptance
(DA) mechanism [1], which produces stable matching and is strategy-proof. The second
one is the immediate acceptance (IA) mechanism [2], which matches a maximal number of
students to their first choices.

In China, high school admissions are centralized processes via standardized tests and
the IA mechanism which is defined in Section 2 was the only mechanism used for a long
time [3]. Since students do not necessarily report their true preferences over schools, it had
been heavily criticized by the public for student manipulations. In 2003, a new mechanism
was applied in Hunan’s college admission. Since a good test score is much more important
than a good strategy in the ranking of colleges, it reduces the incentives to manipulate, and
later, it also became popularized in high school admissions.

The Chinese parallel (CP) mechanism (high school admission version):

Students are ranked from top to bottom with respect to their test scores, and they
are allowed to list at most e schools within each choice band. For example, if the
preferences of a student are given by an ordering ¢y, c2, 3, ¢4, and the length of choice
band is e = 2, then the first choice band contains c¢; (top choice) and c; (second
choice), and the second choice band contains c3 (third choice) and ¢4 (fourth choice).
The CP mechanism works in rounds. In each round i, based on students’ test scores
and their e choices in the ith choice band, the clearinghouse uses a serial dictatorship
(SD) mechanism which is defined in Section 2 to determine an allocation. Note that
the allocation is finalized each e choices.

The above description is based on [4]. In their paper, they consider both high school
and college admissions and study a class of the CP mechanisms, including the IA and
the DA mechanism. In the context of high school admissions, schools have homogeneous
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priorities over students and the DA mechanism is equivalent to the SD mechanism. For
this reason, the class of the CP mechanisms includes both the IA and the SD mechanism
in the sense that it is equivalent to the former one when ¢ = 1 and the latter one when
e = co. A mechanism is more stable than another mechanism if, (i) at each problem, the
other mechanism produces stable matching, then this mechanism will produce a stable
matching too, but (ii) the converse is not always true. A mechanism is more manipulable
than another mechanism if, (i) at each problem, the other mechanism is manipulable by
some student, then this mechanisms will be manipulable by some student too, but (ii) the
converse is not always true. They show that, if the length of choice band, e, is increased
to ¢/, then the CP(¢’) mechanism is more stable and less manipulable and assigns a lower
number of students to their first choices than the CP(e) mechanism.

Their results provide a justification for the use of the CP mechanism in high school
admissions. If policy makers use the CP(e = 1) (=IA) mechanism, then they will fail to
obtain a stable outcome and has to face the manipulation problem. On the other hand,
if policy makers use the CP(¢ = o0) (=5D) mechanism, then they will not achieve “first
choice maximal”, i.e., a maximal number of students to their first choices. Since those
two goals are not compatible, the CP mechanism is a good mechanism in the sense that it
takes a balance between the IA (first choice maximal) and the SD (stable/strategy-proof)
mechanism. Currently, almost all major cities in China have already transitioned from the
IA mechanism to the CP mechanism.

The only exception is Guangzhou, which is the third largest city in China after Beijing
and Shanghai. The policy maker in Guangzhou still insists on using the IA mechanism but
implements an original policy, which makes the mechanism similar but not identical to the
IA mechanism.

High-scoring student protect policy:

Based on students’ test scores, the clearinghouse divides the set of students into two
groups: the “high-scoring group”and the “low-scoring group”. Members in the high-
scoring group receive their allocations earlier than those in the low-scoring group.

The Guangzhou (GZ) mechanism:

Students submit their preferences for schools at the beginning of the mechanism, and
these preference submissions are not allowed to be revised later. Given a high-scoring
student protection policy, the GZ mechanism works in two rounds. The clearinghouse
assigns the high-scoring group to schools in round 1, and then the low-scoring group
to the remaining schools in round 2. In each round, based on students’ test scores
and their preferences, the IA mechanism is used to determine an allocation. Note
that the allocation is finalized at each step of the IA mechanism.

The above descriptions are based on Article 4.1.1 and 4.1.3 of [5] and the formal ones
are provided in Section 3. As noticed, the GZ mechanism is similar to the CP mechanism
in the sense that it is also equivalent to the IA and the SD mechanism in extreme cases.
If there is only one group, then all students enter the market simultaneously and the GZ
mechanism works as the IA mechanism. On the other hand, if the number of groups is
sufficiently large such that each group contains exactly one student, then students enter
the market one by one and the GZ mechanism works as the SD mechanism.

Since Guangzhou has continued to use the GZ mechanism over 15 years [6], one may
be curious about whether there is a special factor in this mechanism. More specifically, if
some factor (e.g., the size of gthe roup) is changed, then one may want to know whether
the GZ mechanism has a similar property to the CP mechanism.

Motivated by this question, we consider a school choice model with homogeneous
priorities. The high-scoring student protection policy is described as a “score partition”,
which is a partition of students based on their test scores. Since students can be score-
partitioned in many different ways, we study a class of GZ mechanisms in which each
member is associated with a score partition of students. We find that, if the size of a group is
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either increased or decreased, then we may not be able to guarantee that the GZ mechanism
with the new score partition still produces stable matching.

Due to this negative finding, we restrict our attention to a special kind of relation
between two score partitions, which is called “refinement”. For example, given a score
partition {A, B}, if group A is divided into two smaller subgroups, A1l and A2, then
{A1, A2, B} is a refinement of {A, B}. We show that, as the score partition of students
becomes refined finer, the GZ mechanism becomes more stable (Theorem 1) and less
manipulable (Theorem 2). Moreover, we show that the GZ mechanism may assign a lower
number of students to their first choices than the SD mechanism (Theorem 3).

One may take away two implications from these results. First, policy makers can
manipulate the score partitions via refinements to get better results than using the IA
mechanism. Since students are divided into two groups, the mechanism practiced in
Guangzhou is more stable and less manipulable than the IA mechanism. This justifies
the use of the high-scoring student protection policy and explains why Guangzhou has
continued to use a variant of the IA mechanism for many years.

Second, the CP mechanism is better than the GZ mechanism in the sense that it
balances “stability /strategy-proofness”and “first-choice maximal”. The CP mechanism
is more stable and less manipulable than the IA mechanism and always assigns more
students to their first choices than the SD mechanism. In contrast, the GZ mechanism
cannot help the policy maker to balance those two goals because it may assign a lower
number of students to their first choices than the SD mechanism. For this reason, the policy
maker should consider using the CP mechanism in Guangzhou’s high school admission.

The rest of this paper is organized as follows. Section 2 introduces the school choice
model with homogeneous priorities and provides the formal descriptions of the SD and
the IA mechanism. Section 3 introduces the GZ mechanism and presents the main results.
Section 4 concludes. The Appendix A contains the proofs of the results in Section 3.

2. The Model and the Two Mechanisms
A school choice problem with homogeneous priorities consists of

a set of students, S = {s1,- -+ ,sn};

a set of schools, C = {cq, -+ ,cm};

a vector of school quotas, § = (4¢;, -+ , Gew );

a list of strict student preferences, Ps = (Ps,,- - -, Ps,); and
a strict common test score ordering, >.

SRR

The preference relation P; of student s is defined over C U {@}, where @ is the option
of being unmatched. For any ¢, ¢’ € C U {®@}, we write cRsc’ if and only if either cPs¢’ or
¢ = c’. The test score ordering - is derived from the result of standardized test. For any
s,s' € SU{®}, s > ¢ if and only if s has a higher test score than s’. We assume that the
null student has the lowest test score. For any s, s’ € SU {@}, we write s = s if and only if
eithers > s’ ors =

Guangzhou’s high school admission problem, or simply the problem, is denoted
by G = (5,C,q,Ps,>). Since S, C, and g will be fixed, we also denote the problem by
G = (Ps, > ). Note that this is a special case of the standard school choice problem [2].

A matching is an assignment of students to schools such that each student can be
matched with at most one school and each school can admit no more students then its
quota. Formally, a matching u is a function from S U C to subsets of S U C such that, (i)
foreachs € S, u(s) € CU{®@}; (ii) for each c € C, u(c) C S and |u(c)| < g.; and (iii) if
i(s) =c, then u(c) =s.

A matching y is individually rational if for each s € S, y(s)Rs@. A matching p is
blocked by a student-school pair (s, ¢) if (i) cPsp(s) and (ii) either (a) [u(c)| < gc and s = @
or (b) for some s’ € p(c), s = s’. A matching y is stable if it is individually rational and is
not blocked by any student-school pair.

A mechanism ¢ is a systematic procedure to choose a matching for each problem.
Let ¢(Ps, > ) be the matching chosen by mechanism ¢ for problem (Ps, ) and ¢, (Ps, ) be
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the assignment of agent 2 € SU C. A mechanism ¢ is said to be stable at problem (Ps, >) if
it chooses a stable matching at this problem. A mechanism ¢ is stable if it always chooses a
stable matching.

To compare the degree of stability between two unstable mechanisms, we use the
concept of “more stable”, which is introduced by [4].

Definition 1. Mechanism ¢ is more stable than mechanism ¢’ if, (i) at any problem, ¢’ is stable,
then ¢ is also stable and, (ii) at some problem, ¢ is stable but ¢’ is not.

A mechanism ¢ is strategy-proof for students if there exist no problem (Ps, > ), student
s, and preferences Qs such that ¢s(Qs, P—s, ™) Ps¢ps(Ps, ). A mechanism ¢ is manipulable
by student s at problem (Ps, ) if there exists Qs such that ¢s(Qs, P—s, =) Ps¢ps(Ps, > ).
Thus, a mechanism ¢ is said to be manipulable at problem (Ps, >) if there exists some
student s such that ¢ is manipulable by student s at this problem.

To compare the degree of manipulability between two manipulable mechanisms, we
use the concept of “more manipulable”, which is introduced by [7].

Definition 2. Mechanism ¢ is more manipulable than mechanism ¢’ if, (i) at any problem ¢’ is
manipulable, then ¢ is also manipulable and, (ii) at some problem, ¢ is manipulable but ¢’ is not.

Now, we describe two mechanisms, the SD and the IA mechanism. The first one is
equivalent to the DA mechanism under homogeneous priorities, and the second one will
be used to describe the Guangzhou mechanism in the next section.

The SD mechanism:
Step 1: The student with the highest test score is assigned their top choice.

Step k, k > 2: The student with the kth highest test score is assigned their top choice
among all schools except the ones whose quotas have been filled.

End: The mechanism stops when all students have chosen a school or all schools
have filled their quotas.

The IA mechanism (under homogeneous priorities):

Step 1: Each student proposes to their top choice. Each school (i) considers its
applicants at this step; (ii) immediately accepts those applicants up to its quota, one
at a time, following the test score ordering; and (iii) rejects the remaining applicants.

Step k, k > 2: Each student that has been rejected in the previous step proposes
their kth choice. Each school (i) considers its applicants at this step; (ii) immediately
accepts those applicants up to its remaining quota, one at a time, following the test
score ordering; and (iii) rejects the remaining applicants.

End: The mechanism stops when no student is rejected or all schools have filled
their quotas.

3. Guangzhou Mechanism

In this section, we introduce score partition to express the high-scoring student pro-
tection policy and investigate the Guangzhou mechanism with different score partitions.
The notion presented below is meant to capture the idea that the set of students is parti-
tioned into several groups based on their test scores.

Definition 3. A partition of the set S is a collection of nonempty disjoint subsets of S for which the
union is all of S. A score partition of the set S is a collection of subsets P = {S'(P) };c; (where I is a
finite index set) such that (i) P is a partition of the set S and, (ii) for each s € S'(P) and s’ € S/ (PP)
with i < j, we have s - s'.

Score partition requires that students in the lower indexed group have higher test
scores than those in the higher indexed group. Note that the indices are important because
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different groups will have different privileges in the admission. By using this notion, we
describe the Guangzhou (GZ) mechanism with a score partition P = {S'(P) },; as follows.

The GZ mechanism with a score partition P = {S/(P)};c;:
Round 1: The IA mechanism is applied to assign students in S (PP) to schools.

Round i, i > 2: The IA mechanism is applied to assign students in S'(P) to those
remaining schools for which the quotas have been not filled.

End: The mechanism stops when all students have matched with a school or all
schools have filled their quotas.

Remark 1. All students submit their preferences at the beginning of the mechanism, and these
preference submissions are not allowed to be revised later. Moreover, each student s € S'(IP) can be
matched with a school only in Round i.

As described above, the GZ mechanism is a multi-round mechanism. The clearing-
house assigns students to schools sequentially and uses the IA mechanism for each round.
If P = S, then there is only one round and the mechanism works as the IA mechanism.
On the other hand, if P = {{s1},- -+, {sx}}, then there are |S| rounds and the mechanism
works as the SD mechanism. Thus, score partition plays a crucial role in determining the
assignments and those two well-known mechanisms can be seen as the extreme cases of
the GZ mechanism. Next, we provide an example to illustrate how this mechanism works.

Example 1. Let S = {sq,5p,53,54} and C = {cy, 2, c3}. Each school has a quota of one. Students
are assumed to truthfully reveal their preferences. The test score ordering and students’ preferences
are given by the following:

P51: C1,C2,C3, > 51,52,53,54,
PSZ: C2,C3,C1,
P: c»,C3,C1,
P,: c3,C1,C2.

Given a score partition P' = {{s1,s2},{s3,54}}, the GZ mechanism works as follows.
In round 1, s1 and s, enter the market. The outcome produced by the IA mechanism is (il Sg)

In round 2, s3 and s, enter the market and the outcome is (33 S4) Thus, the outcome of GZ (IEDl)

isul = (2 23 o3)- Similarly, we can calculate the outcomes of the GZ mechanism with different
score partitions as follows (Table 1):

Table 1. The GZ mechanism under different score partitions.

Score Partition Assignment

PO = {{s1,s2,83}, {54} } >0 = (2 Z sc33 )
P! = {{s1,5}, {s3,54}} W= @y
P2 = {s4,57,53,54} 12 (2 Z 3 ?31)
P = evar) {oo) (s0}} P= (R

As noticed, yo is stable. If we transfer PV to P!, then s3 is removed from the group
{s1,82,83} and yl is not stable. On the other hand, if we transfer P? to P2, then s, is added
into the group {s1, 55,53} and y? is also not stable. Thus, if the size of a group is either
increased or decreased, then we may not able to guarantee that the GZ mechanism with
the new score partition still produces stable matching at the same problem.
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We then compare P? and P®. Note that P® is induced by PV in the sense that we divide
the group {s1, 5,53} into two subgroups, {s1,s} and {s3} while keeping s, as the last
one to enter the market. Since GZ(PP%) still produces stable matching y° at this problem,
we may restrict our attention to a special kind of relation between two score partitions
called “refinement”.

Definition 4. A score partition Q is a refinement of a score partition IP if each element of Q is a
subset of an element of P.

As the name suggests, a score partition is refined by splitting its groups into a larger
number of smaller subgroups. We show that the clearinghouse can manipulate the score
partitions via refinements to obtain better results from the viewpoint of stability.

Theorem 1. Given two score partitions, P and Q, if Q is a refinement of P, then GZ(Q) is more
stable than GZ(P).

Theorem 1 indicates that, (i) at each problem in which the GZ mechanism with a given
score partition produces a stable matching, the GZ mechanism with any corresponding
refined one will also produce a stable matching and that, (ii) at some problem, the converse
is not true.

Before discussing the strategic question, we first introduce a useful notation. Given a
problem G = (Ps, >-), the problem (Qs, P—s, >) in which s reports their preferences as Qs
is denoted by G(Qs). Note that, at both problems G and G(Qs), the test score ordering is
identical and students’ preferences except s are the same.

We begin by using the following example to consider the strategic question.

Example 2. Let S = {s1,52,53,54,55} and C = {cy,c2,¢c3}. Each school has a quota of one.
Students do not necessarily reveal their true preferences. The test score ordering and students’
preferences are given by the following:

Pg i, >~ 51,52,53,54,55,
P50 c1,00,03,

P53.' C2,

Ps4.' Cc1,C3,

PS5: C3.

We list the outcomes of the GZ mechanism with different score partitions as follows (Iable 2):

Table 2. The GZ mechanism under different score partitions.

Score Partition Assignment

P! = {{s1,52,53,54,55}} w=03%052
P2 = {{s1,52,53}, {54,855} } w=0ReEs)
P = {{s1,52}, {s3}, {s4,55}} =255

All three mechanisms are manipulable at this problem. First, we compare GZ(P') and GZ(IP?).
GZ(P?) is manipulable by s, because they can report Qs, : c3 to obtain c;. Note that sy is a student
who prefers cpsGZZ(PZ) (G(Qs,)) =cato cpsGZZ(Pl) (G) = @. Now if we use a coarser score partition
P!, then GZ(P') is also manipulable by s, because they can use the same strategy to obtain c,.
Then, we compare GZ(IP?) and GZ(P3). GZ(IP?) is manipulable by s4 because they can report Qs, :

3 2
c3 to obtain c3. Note that sy is a student who prefers 4)522(? )(G(Qs4)) =c3to gbsiZ(P )(G) =Q.
Now if we use a coarser score partition P2, then GZ(IP?) is manipulable, not by s4 € S?(P?) but by
an earlier entered student s, € S (]P’z) because sy can report Qs, : cp to obtain c. Note that s; is a

student who prefers 4)_522(]?3)((3) =cpto chZ(PZ)(G) = ¢§Z(P3)(G(Q54)) = c3.

52
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At this example, for given two score partitions, P and Q, in which Q is a refinement of
P, if GZ(Q) is manipulable by some student s such as s, or s4, then this means that s can
misreport to obtain a better school ¢ in GZ(Q) and we will have two cases in GZ(P): (i)
GZ(P) is manipulable by this student s or (ii) GZ(P) is not manipulable by this student s,
but we can find an earlier entered student s’ who is matched with ¢ in GZ(P) and prefers
the outcome of GZ(Q) than c. Based on this observation, we have the following lemma.

Lemma 1. Suppose that Q is a refinement of score partition IP. If there is a student s € SP(IP)

and preference Qs such that (PSGZ(Q) (G(QS))PS4JSGZ(P) (G), then either (i) GZ(P) is manipulable

by student s at problem G or (ii) there is a student s' € SV (P) (where p' < p) such that
GZ(P GZ GZ GZ(P

95"7(6) = 97" (G(Q) and 97" (G)Pag ST (G).

Corollary 1. Suppose that Q is a refinement of score partition P. If there is a student s € SP (IP)

such that gbsGZ(Q) (G)P5¢SGZ(]P) (G), then either (i) GZ(PP) is manipulable by student s at problem

G or (ii) there is a student s' € SV (P) (where p' < p) such that ¢§Z(P)(G) = (,DSZ(Q) (G) and
GZ GZ(P

05" ()P (G)

By using Lemma 1 and Corollary 1, we show that the clearinghouse can manipu-
late the score partitions via refinements to obtain better results from the viewpoint of
manipulability.

Theorem 2. Given two score partitions, P and Q, if Q is a refinement of P, then GZ(P) is more
manipulable than GZ(Q).

Theorem 2 indicates that, (i) at each problem in which the GZ mechanism with a given
score partition is manipulable by a student, the GZ mechanism with any corresponding
coarser one will be also be manipulable either by this student or some student who enters
to the market earlier and that, (ii) at some problem, the converse is not true.

Remark 2. As mentioned in the Introduction, students in Guangzhou are divided into two groups
based on their test scores. Since the set of students is score-partitioned, the above results justify
the use of a high-scoring student protection policy and show that the mechanism practiced in
Guangzhou is more stable and less manipulable than the IA mechanism.

Remark 3. Ref. [4] show that, under general priority structure, as the length of choice band
becomes longer, the CP mechanism becomes more stable and less manipulable. By using a similar
approach, we show that, under homogeneous priority structure, as the score partition of students
becomes refined finer, the GZ mechanism becomes more stable (Theorem 1) and less manipulable
(Theorem 2). Our results heavily rely on the assumption of homogeneous priority structure and
would not hold when this assumption is relaxed. The limitation of our results is illustrated by using
the following example. Let S = {s1,s2,53,54} and C = {c1, ¢, c3}, in which each school has a
quota of one. Students’ preferences are given by Ps, : c1; Ps, : ¢1,¢2; Ps; @ €2, ¢3; Ps, : c3 and the
priority structure is given by > : 51,52,53,54; >c,: 53,54,51,52; >c5° 53,54,51,52. We consider
two partitions of students, P! = {s1,50,53,54} and P?> = {{s1,s2}, {3,584} }. If P is used, then
the GZ mechanism works as the IA mechanism and the outcome is y! = (31322 34, which is stable
and is not manipulable by any student. If P2 is used, then sy, s, are in Round 1, s3, 4 are in Round
2, and the outcome of the GZ mechanism is y> = (2 23 4)- Note that u? is not stable because
c3Ps,@ and s3 =, s4 and is manipulable by s3 because they can report Qs, : c3 to obtain c3. Thus,
the GZ mechanism may not be more stable or less manipulable by refining the partition under the

general priority structure.

We have so far compared the GZ mechanism with different score partitions by using
the criteria of stability and manipulability. In practice, policy makers may also care about
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“first-choice maximal”, i.e., the number of students who are matched to their first choices.
If they want to achieve this goal, then the IA mechanism would be a better choice than
the SD mechanism. Since the GZ mechanism is closely related to the IA mechanism, one
may expect that the GZ mechanism can always match a higher number of students to their
first choices than the SD mechanism. However, the following example shows that this is
not true.

Example 3. Let S = {s1,52,53,54,55} and C = {c1,ca,c3,c4}. Each school has a quota of one.
Students are assumed to truthfully reveal their preferences. The test score ordering and students’
preferences are given by the following:

Ps: e, >=! 51,82,53,54,55,
PS2: C1,C2,

Pg,: c1,00,¢3,¢4,

P,: cp,c3,

PSS: Cq.

If the score partition is given by P! = {{s1,s3,53,54}, {s5}}, then the outcome of the GZ
mechanism is y! = () 2 2% 3) in which only one student sy matches their first choice. However,
ifweuse P> = {{s1}, {s2}, {s3}, {s4}, {s5}}, which is a refinement of P!, then the GZ mechanism
is equivalent to the SD mechanism and the outcome is y> = (31 %2 °3 %4 °5). Note that two students,

162063 4
s1 and ss, are matched to their first choices under .

Theorem 3. Given a score partition P, GZ(P) may match a lower number of students to their first
choices than the SD mechanism.

Remark 4. Ref. [4] show that, as the length of choice band becomes longer, the CP mechanism
becomes to match lower number of students to their first choices. This means that the CP mechanism
always matches more students to their first choices than the SD mechanism. Since the policy makers
in China would like to balance the SD (“stability/strategy-proofness”) and the 1A (“first choice
maximal”) mechanisms, the CP mechanism can help them to achieve the ideal balance between those
two goals. However, such a balance, due to the drawback in Theorem 3, cannot be achieved by using
the GZ mechanism.

In our previous discussion, we looked at the GZ mechanism, which has the feature
that the IA mechanism is used for each round. One may consider using the IA-skip
mechanism [8,9], which allows students to automatically skip exhausted schools. Since we
use the IA-skip mechanism for each round, such a mechanism will be called the GZ-skip
(GZS) mechanism.

At first glance, the GZS mechanism may performed better than the GZ mechanism
because no student will propose an exhausted school. However, the following example
shows that refinements may not help the policy maker improve the degree of stability in
the GZS mechanism.

Example 4. Let S = {s1,52,53,54, 55,56} and C = {c1, ¢, ¢3,¢4,Cs5,¢6}. Each school has a quota
of one. Students are assumed to truthfully reveal their preferences. The test score ordering and
students’ preferences are given by the following:

Pg: e, >:! S1,82,53,54,55,56,
PSZ: Cc1,Co,

Ps3.' c1,C2,C3,

Ps,: c1,¢4,02,c3,C5,C,

Ps;: c1,00,03,04,C5,C6,

PSe: C1,C2,C3,C5,C4,Cq.

Given a score partition P! = {{s1,82,53}, {s4,55,56} }, the GZS mechanism works as follows.
In Round 1, s1, sy, and s3 enter the market. The outcome produced by the IA-skip mechanism is



Games 2021, 12, 31

9of 12

(2 Z ?) In Round 2, s3, s4, s5 enter the market and the outcome is (i‘* ig i6) Thus, the outcome

of GZS(PZ) is ut = = (2o ue). Since the pair (ss,cs) is a blocking pair, ul is not stable.
On the other hand, given a score partition P?> = {s1,2,83,54, 55,86 }, the outcome of GZS(P?) is
u? = (Gl 2 20 2 ), which is stable.

This negative result may provide an explanation for why the policy maker in Guangzhou
uses the GZ mechanism instead of the GZS mechanism.

4. Conclusions

School choice in China has been experienced a lot of reforms. The latest reform is the
evolution from the IA mechanism to the CP mechanism. In this paper, we addressed several
questions: Why has Guangzhou continued to use the IA mechanism? What is the effect of
the high-scoring student protection policy? How does one improve the current mechanism
in Guangzhou?

To answer these questions, we analyzed Guangzhou'’s high school admission and
studied a class of GZ mechanisms, including the IA and the SD mechanisms. Although the
GZ mechanism is neither stable nor strategy-proof, policy makers can manipulate the
score partitions via refinements to improve the allocation outcome of this mechanism.
The analysis in this paper showed that the mechanism practiced in Guangzhou is more
stable and less manipulable than the IA mechanism. This result justifies the use of the
high-scoring protection policy and explains why Guangzhou has continued to use a variant
of the IA mechanism. The drawback of the GZ mechanism is that it may assign a lower
number of students to their first choices than the SD mechanism. For this reason, we
recommend using the CP mechanism to improve the current mechanism.
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Appendix A
Appendix A.1. Proof of Theorem 1

Proof. We show that, at any problem where GZ(P) is stable, GZ(Q) is also stable. Suppose
that there is a problem G = (Ps, ) such that GZ(P) is stable but GZ(Q) is not. We show

that ¢G2(@(G) = ¢G%(P)(G). If we suppose not, then theset A = {s € S : (]JSGZ(Q)(G) #
<[)SG Z(®) (G)} is not empty. Let s be the student who has the highest test score in the set A.
We consider two cases:

Case 1: 475 Z(Q)( G)Ps (pGZ(P ( ) This is the case that s fails to be matched with
gbsGZ(Q)(G) in GZ(P). Let x = qbs (G) Since (i) for each s’ with s’ > s, (pSG,Z(Q)(G) =

¢SZ(P)(G) and (ii) x # (pSGZ(P)(G), we have either (a) |¢>,§Z(P)(G)| < gy or (b) for some

s e QDSZ(P) (G), s = s". For either case, p%(F)(G) is blocked by the pair (s, x), a contradic-
tion.
Case 2: ¢SG Z(®) (G)P; ([JGZ(Q ( ) This is the case that s fails to be matched with

¢SGZ(P)(G) in GZ(Q). Lety = ¢=* (G) Since (i) for each s’ with s’ > s, ¢SZ(Q)(G) =

cpSZ(P)(G) and (ii) y # gbsGZ(Q)(G), we have either (a) |¢yGZ(©) (G)| < gy or (b) for some

s € %GZ(Q)(G), s > s”. Assume thats € S7(Q) and s € SP(P).

For the case 2(a), y must considered s at some step of round g in GZ(Q). Since y had
at least one vacant position at that step, s should be accepted by y and thus 4>SG 2@ (G) =y,
a contradiction.
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For the case 2(b), assume that s” € S7"(Q). If ¢ > g, then the assignment of s”
is determined at round ¢”, which is later than round g in GZ(Q). Since s fails to be

matched with y, s” will also fail to be matched with y in GZ(Q) and thus gbs,, ( ) £y,
a contradiction. Thus, s” cannot enter the market after round g in GZ(Q), i.e., 4" < g.
Since s > s”, we have 4" = 4. Suppose that there are §, vacant positions of y at the

beginning of round g in GZ(Q), then since gbsG ZQ (G) # y, we have at least 7, students
such as s” in the round g of GZ(Q) Denote these students by the set B. For each s” € B,

we have s” € $7(Q), s > s”, and (ps,, ( ) = y. Since ¢SGZ(Q)(G) # y, we have for
each s € B, ranky/(y) < rank (y), where ranks(c) is the rank of school ¢ in student
s’s preferences. Since Q is a refinement of P, B C S?(P). Since for each s’ with s’ > s,
¢SZ(Q) (G) = ¢SZ(P)(G) and [B| > g, s fails to be matched with y in GZ(PP) and thus
(,DSG Z(P) (G) # y, a contradiction.

For these reasons, the set A is empty and we have that $°4(@(G) = ¢%(F)(G).
Thus, if $¢Z(P)(Pg, ) is stable, then ¢GZ(Q) (G) should be also stable.

Next, we show that, for some problem, GZ(Q) is stable but GZ(PP) is not. We consider
the following example. Let S = {s1,52,53,54} and C = {cj, 2, ¢3,c4}. Each school has a
quota of one. The test score ordering is 51 > sy > s3 > s4 and students’ preferences are
given by the following: Ps, : c1; Ps, : ¢1,¢,¢3; Ps; : ¢2; Ps, @ c4. Given two score partitions,
P = {s1,55,53,54} and Q = {{s1,52},{53,54} }, the matching ¢G4 @ (G) = (51 2% %) js

c1 0 Dy
stable whereas ¢¢%(F)(G) = Cl2ai)isnot. O

Appendix A.2. Proof of Lemma 1

Proof. Suppose that there is a student s such that (])E 2@ (G(Qs))PS(])SG Z(®) (G). Assume
that s € SP(P) and s € S7(Q). Since GZ(P) is individually rational, (])SZ(P)(G)RS@.

Hence, ¢ @ (G(Q:))P.@. Let c(s) = 957D (G(Qy)). since pS“7(G) # c(s) and
c(s)Ps (f)GZ(P)( G), we know that |¢> P)(G)| = g,(s)- We consider two cases:

c(s)
Case 1: foreach s’ € 4>GZ(]P>) (G), s € Uf:ll Si(P). Since Q is a refinement of P, for each
1 GZ(P GZ

s € 9507(G), 8" € ULISI(Q). T for each s’ € 95517 (G), 957V (G) = c(s), then all
positions of ¢(s) are filled before round g in GZ(Q). Hence, for any Qs, ¢ cz(@ (G(Qs)) #
c(s), a contradiction. Therefore, we consider that, for some s’ € ([JGZ IFD)(G), ¢SZ(Q)(G) #*
¢(s). Assume that s’ € 57 (Q). Note that ¢ < g — 1 < g. We show that (pSG,Z(@)(G)PS/c(s).
If we suppose not, then c(s)Ps/¢SZ(Q) (G) implies that |¢CG(SZ)(Q) (G)| = g(s) and for each
s e (/JGZ(Q)(G), s e Uq/ 1S/(Q). Since all positions of c(s) are filled before round g in

GZ(Q), for any Qs, GZ(Q)( G(Qs)) # c(s), a contradiction.
GZ(]P’) / p=lgi — [ . »GZ(P) _
Case 2: for some s’ € s (G),s gEU LS'(P). Let A= {s' € SP(P): ¢, (G) =
c(s)}. We consider that s reports Qs ) that they ranked c(s) as their top choice.
If 4>GZ(P (G (Qg(s))) = ¢(s), then GZ(P) is manipulable by s at G. If c[)EZ(P)(G(Qg(S))) +
c(s), then this means that, for each s’ € A, s’ > s and ranky (c(s)) = 1. Let 4* be a number

such that 4* < g and Uf;lsi(}P’) = U]q;le (Q). Note that we can find such a number
g* because Q is a refinement of P. Let B = {s” € U]q.ilSj((@) : 4)5,2(@)( G) =c(s)}. If
|Bl > qc(s) — |Al, then there are |A| students who have higher scores than s and who
rank c(s) as thelr top choice, competing for only g, — |B| vacant positions of c(s). Thus

for any Qs, qbs ( (Qs)) # c(s), a Contradlctlon If |B| < qC — | A|, then there is a
student s” € Ul Sl( ) such that (])S/, ( ) = c(s) but (/)S// ( ) # ¢(s). Assume that
s € $7'(Q). Note that ¢’ < g* < g. We show that (PSG,,Z(Q)(G)PS//C(S). If we suppose
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not, then c(s)PsmpS,Z(Q) (G) implies that |¢S(SZ)(Q) (G)| = q¢(s) and for each 5" € (])CG(SZ)(Q)(G),
s e U;]lle (Q). Since all positions of ¢(s) are filled before round g in GZ(Q), for any Qs,
gbsGZ(Q) (G(Qs)) # c(s), a contradiction. O

Appendix A.3. Proof of Theorem 2

Proof. We show that at any problem GZ(Q) is manipulable, GZ(IP) is manipulable.
Suppose there is a problem G that GZ(Q) is manipulable but GZ(P) is not. Then there is a

student s and preference Qs such that 4>SG 2@ (G(Qs))PS(psG 2@ (G). Assume thats € S¥(P)
and s € S7(Q). Letc(s) = 4)SGZ(Q)(G(QS)). We consider two cases:

Case 1: C(S)PS(PSG Z(P) (G). By lemma 1, we know that either GZ(PP) is manipulable
by s at G or there is a student s' € S¥' (P) (where p’ < p) such that ¢SC,;Z(P)(G) = ¢(s)

and ¢§Z(Q)(G)Ps/c(s). In the former case, we are done. In the latter case, let ¢(s') =
GZ(Q)

¢5’

astudents” € S¥ (P) (where p” < p') such that cpS,Z(P)( G) =c(s') and ([)Gz(@)( G)Pyrc(s").

Continue in this way if we can find that GZ(IP) is manipulable by some student at G;

then, we are done. If not, then there is a chain (s,s’,s”,- - - ,s?,s!) such that s' € S!(P),

cpgz(P)(G) = ¢(s?) and cpSG]Z(Q)(G)Pslc(sz). Let c(s!) = ¢gZ(Q)(G). We show that, if s!

(G). By the corollary, we know that either GZ(P) is manipulable by s’ at G or there is

reports le(sl) that she ranks c(s!) as her top choice, then GZ(P) is manipulable by s' at
G. If we suppose not, then |¢<:G(s G)| = q(s1) and for each § € 4>GZ(P (G), § € S(P),

§ = s!, and ranks(c(s')) = 1. Assume that s' € st (Q). Then, we have that, for each
§e cPCG(SZl()P)(G), S ujlzlsf(@), § = s!, and rank;s(c(s')) = 1. By the description of GZ(Q),
this means that (sz(@) (G) # c(s!), a contradiction.

Case 2: (,DSGZ(P) (G)Rsc(s). We show that, for each s’ € S, ¢SZ(P)(G)RS/4)§Z(Q) (G). If
we suppose not, then for some s” € S, (])S/Z(Q) (G)Psr/(pS/Z(P) (G). By using the corollary and
the argument in case 1, we can show that GZ(IP) is manipulable by some student at G, a
contradlctlon Moreover, we have gbGZ(P (G )PsgbsG Z(Q)( G) because cps ®c (G)Rsc(s) and

c(s )Psgl)s ( ). Thus, $6%(P) (G) Pareto dominates ¢G#(@ (G).

Next, we denote the set of all students who prefer p%(P)(G) to %@ (G) by D,
ie,D={s €8§: ¢GZ P)( )Ps/cpgz((@) (G)}. We consider the student s* who has the
highest test score in D. Assume that s* € $7°(Q). Note that, for each s” € Uq S](Q)

ng,Z(P)(G) = ngG,,Z (G). Let¢(s*) = gbGZ(]P)(G) Since gbGZ(Q (G) # c(s*), there is a stu-

dent s** € $97(Q) such that 4)55(@ (G) = ( ) and (Pg*z(lp (G) # c(s*). Since ¢p“%(F)(G)
Pareto dominates $%(@)(G), we have (l)s** )(G)Ps**c(s ). Let ¢(s*) = ¢§*Z(P)(G).
Since ¢§*Z(Q)(G) # c(s**), there is a student s*** € S7 (Q) such that ¢S€*Z*(@>(G) = c(s™)
and 4756**2*(]?) (G) # c(s**). If we continue in this way, we can find an infinite number of
students in $7 (Q), a contradiction.

Next, we show that, for some problem, GZ(Q) is not manipulable but GZ(P) is
We consider the following example. Let S = {s1,52,53,54} and C = {c1,c2,¢3,¢4}.
Each school has a quota of one. The test score ordering is s; > s > s3 > 54 and stu-
dents’ preferences are given by the following: Ps, : c1; Ps, : c1,¢2,¢3; Ps; @ c2; Ps, t c4.
Given two score partition, P = {s1,s5,53,54} and Q = {{s1,s2}, {s3,54}}, the matching
¢G%Q(G) = (1 %2 % %) js not manipulated by any student whereas pGZ(P) (G) = (51 52 % )

c1 ¢ Dy €1 €3 Cp Cy4

is manipulated by student s;. O
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