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Abstract

We augment the standard business cycle model with cash and credit goods a la Lucas
and Stokey (1983, 1987), plus a modified cash-in-advance (CIA) considerations. In
particular, the cash-in-advance constraint is extended to include private investment
and government purchases. This specification is then calibrated to Bulgaria over the
1999-2020 period. The presence of cash and credit goods give a role to money in
accentuating economic fluctuations. In particular, the two types of goods and the
modified CIA constraint produce a more sophisticated propagation mechanism, with
novel trade-offs faced by the household. The model generates too volatile consump-
tion, and countercyclical investment, which are at serious odds with data. Overall, the
model with cash and credit goods, and physical capital accumulation, does not provide

a good framework to study business cycle fluctuations in Bulgaria.
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1 Introduction and Motivation

It is a well-known fact in the modern quantitative macroeconomic literature, e.g. Cooley
and Hansen (1989, 1991), that the perfectly-competitive (Walrasian) approach to modeling
labor markets in real business cycles (RBC) - that is, without money in the setup - does
not fit US data well, especially along the labor dimension, and thus creates a ”puzzle” for
neoclassical economists. The results are similar for developing economies as well, as shown
in Vasilev (2009) for Bulgaria. Thus, we take the presence of money as an essential ingre-
dient for any macroeconomic model that tries to improve on the previous vintages. In this
paper we introduce money following certain empirical regularities in Bulgaria, namely that
households still use predominantly cash for purchases, which is the norm in the 1999-2020
period.! At the same time, the financial system in Bulgaria is constantly evolving, and credit

is also on the rise.

We build on the work of Lucas and Stokey (1983, 1987) and Woodford (1998), among others,
utilizing setups with cash and credit goods, and extend the model economy to a stochastic
and dynamic general-equilibrium framework with both money and physical capital as in
Stockman (1981) and Abel (1985), with labor-leisure choice, and the aggregate production
function being subjected to technology shocks. Importantly, the model in this paper adds
value to Cooley and Hansen (1989, 1991), who simulated a business cycle model with money
and a cash-in-advance (CIA) constraint. In our model, however, we include not only the
purchase of cash consumption goods, but also investment and government purchases, which
is the approach followed in Cole (2020).> We incorporate this modified cash-in-advance
(CIA) constraint in RBC models in order to investigate the quantitative effect of money on
the cyclical fluctuations exhibited by aggregate variables in Bulgaria. As in Hartley (1988),
inflation in the model will act like a tax, and would discourage cash transactions, while
encouraging credit purchases. This effect drives an interesting wedge between not only cash

vs credit consumption goods, but also investment and credit goods. Despite these novel

IThis is a period of relative macroeconomic stability, due to the operation of a currency board arrangement

in place.
20Qur model is without bonds: allowing for bonds is a trivial extension. However, if bonds are to present

in the framework, bonds have to be in the CIA constraint as well.



trade-offs, the model with cash and credit goods, and physical capital accumulation, does
not provide a good framework to study business cycles in Bulgaria. Importantly, the model
generates too volatile consumption, and countercyclical investment, which are at serious

odds with data.

The rest of the paper is structured as follows: Section 2 establishes the artificial econ-
omy and lays down the decentralized competitive market equilibrium, Section 3 explains
the calibration procedure, and Section 4 contains the steady-state of the artificial economy.
Sections 5 investigates the general dynamics of model, following a technology shock, and
then proceeds to compare the second moments of the model variables vs the moments of the
empirical time series. Section 6 concludes the paper and discusses some possible suggestions

for extensions, to be pursued in future research.

2 Model Setup

There is a stand-in household in the model economy, which derives utility out of consumption
of goods, as well as from enjoying time off-work. There are two types of consumption goods:
the first group can only be purchased using money (cash goods), while the second type of
goods can be purchased on credit (credit goods).> Household’s time endowment can be spent
working, or enjoyed in the form of leisure. The government taxes consumption and income,
in order to finance purchases of commodities, and government transfers. The monetary
authority follows an endogenous money supply rule, and redistributes all seigniorage back to
the household via lump-sum transfers. In terms of production, there is a stand-in firm, that
hires labor hours and capital services in order to manufacture the aggregate homogeneous

final output.

3This is implicitly capturing financial frictions associated with the liquidity effect of money, that some

agents are facing restrictions on their ability to engage in certain types of (financial) transactions.



2.1 Representative Household’s Problem

The household maximizes its expected discounted utility, which as in Lucas and Stockey

(1983, 1987) takes the form

U:Eozﬁt{lnclt+¢1HC2t—’7ht}, (1)

t=0
where FEj, denotes household’s expectations as of t = 0, the beginning of the optimization
horizon. Next, 0 < # < 1 is the discount factor, as future utility streams are worth less
for the household; cy; is household’s consumption of ”cash goods” in period ¢, while ¢y is
household’s consumption of ”credit goods” in period ¢t. The two types of consumption goods
are not valued equally: 0 < ¢ < 1 captures the weight attached to credit goods, relative to
the cash goods; h; are hours supplied by the household in period ¢. Lastly, parameters v > 0
is the weights attached to disutility of work.*

The household starts with a certain endowment of physical capital, ky > 0, which is then
rented to the firm at the going nominal rental rate R;, hence, before-tax capital income
generated is R;k;. In addition, the representative household can augment - via investment -

the physical capital stock, which evolves as follows:

ktJrl - ’it —+ (1 - (S)kt, (2)
where 0 < 0 < 1 denotes capital depreciation rate.
In addition to the income from owning capital, the household also is the sole owner of
the firm, and thus receives the firm’s nominal profit, II;. Lastly, the household supplies a

certain number of hours, which are remunerated at the spot nominal wage rate W;, gener-

ating a total nominal labor income of W;h; in period t.

4Following Hansen (1985) and Rogerson (1988), we use aggregation and employment lotteries in order to
convexify a discrete labor supply decision at individual level - work either zero hours or a full-time - to derive
the preferences of an aggregate household. In particular, in equilibrium, a households will be chosen for work
every period with a probability h;, which, form the law of large numbers, will also equal the employment

rate.



The budget constraint of the household, expressed in real terms, is then

M1 Py M, . I
= (1 = ™)) wih k] + — = (3
B P ( r)th434+F2+%+}?()

where 7¢ is the consumption tax, 7¢¥ denotes the capital and labor income tax, gi are real

(L 4+ 7% (c1r + o) + kpar — (1 — 0)ky + t

government transfers, and P, refers to the aggregate price level,® and M, denote the nominal
quantities of money holdings in period t. Money stock is treated like a consumption good,
it stores wealth over time. That is why real money balances in period t are m; = M;/P, in
period t + 1 only buy M;/ P, (next period purchasing power). Similarly, w, = W;/FP;, and

r, = R;/ P, are the real wage-, and interest rates, respectively.

Real money balances are needed to purchase cash goods, investment, and government con-

sumption, hence the households face the following cash-in-advance constraint

M
(1+7%e1e + kpyr — (L= 0)ky + g5 < ?tt = My, (4)

where the (tax-inclusive) expenditure on cash goods, government purchases (gf), and invest-
ment is done using money. The rest, the spending on credit goods, is purchased using credit.
However, beyond the exogenous assumption of credit goods, we do not model credit markets

explicitly in the model framework.

Next, we set up the Lagrangian of the household’s problem:

L = EO Zﬁt{ 111 C1t + ¢1H Cot — ’yht — )\t [(1 —+ Tc>(C1t + Cgt) —+ kt+1 — (1 — 5)]{/} + mt+1(1 + 7Tt+1)
t=0

M, 11
—(1 = ™) [wihy + kg — -t gl — - L {(1 + 71 + kior — (1 — 0)ky + g — mt} } (5)

I F
The first-order optimality conditions (FOCs) are:
1
ce to—=(1+7)( A+ ) (6)
C1t
.9 _ c
Coyt . — = (1 +7 ))\t (7)
Cat
he © oy =M1 -7y, (8)
kt—i—l . /\t + Mt = ﬁEt {At+1[1 -0 + (1 — Ty>7’t+1] + Mt+1(1 — 5) s (9)
1
M =0F | —— (M1 + , 10
Mi+1 t = PE; L i 7Tt+1( t+1 Mt+1)} (10)

5The price level will be indeterminate in the model, and is thus of little importance.



where 7,11 is the inflation rate between periods ¢ and ¢ + 1. Lastly, the boundary (transver-

sality) conditions for capital, and real money balances are as follows:

TVCk . thm /Bt)\tkt+1 = O (11)
—00

TVC, - tlirn BN\ =0 (12)
—00

The meaning behind the optimality conditions is as follows: In the first two, the household
equates the marginal utility of each of the two types of consumption goods to the VAT
adjusted shadow price of income, and that of the CIA constraint. When the two FOCs are

divided, we obtain

2 _ g+ £, (13)

Cit A
that is, there is a time-varying proportion of credit- to cash goods. Furthermore, on top of
the VAT, there is inflation tax for ¢y, 7, gf, while this tax is avoided for the credit goods cy,

as purchasing those does not require money.

Next, the third FOC determines optimal number of hours worked, by balancing at the
margin the cost and benefit from working. Next, the Euler equation for capital stock de-
scribes how capital is allocated across any adjacent periods in order to maximize household’s
utility. Similarly, the next optimality condition describes the rule for optimal real money
balances over two congruent periods. Lastly, the transversality conditions (TVCs) for real

cash holdings, and physical capital are put in place to shut down any explosive solutions.

2.2 Representative firm’s problem

There is a stand-in firm in the model, which uses rented capital and labor from the household

to produce a final good, via the following production function:
yo = Akithy ™, (14)

where A; denotes the level of total factor productivity in period ¢, h; are total hours used,
and o and 1 — « reflect the share of capital and labor, respectively. The firm’s problem - in

real terms - is to maximize static profit in each period:

(k?}j));o Atktahtlia — Ttkt — wtht. (15)



The optimality conditions determining capital, and labor use chosen by the firm in equilib-

rium are
ki a% =1, (16)
Ky
he © 1-a)2 =w,. (17)
hy

Given the results above, it is evident that profit is zero in all periods.

2.3 Monetary Authority

The monetary authority (central bank) will be assumed to supply the money aggregate,
M;, endogenously. In other words, the money supply will respond to the demand for cash
transactions. All money created (seigniorage) in period ¢ is then distributed first to the

government, and eventually passed to the households in a lump-sum fashion
My — My = T4, (18)
where T;/ P, is the lump-sum real-value transfer incorporated in the government transfer to

the household.®

2.4 Government

In the model economy, the government is taxing labor and capital income, as well as con-
sumption in order to finance its spending on purchases and transfers. The government period

budget constraint is:

TC(CU -+ C2t) + Ty(’wtht + Ttk’t) = gi -+ gf (19>

2.5 Stochastic process

Total factor productivity, A;, follows AR(1) processes in natural logarithms, or

InAiy = (1—po)InAyg+ poIn Ay + €y,

6That is, in the government budget constraint below, we will assume that the central bank distributes
the seigniorage to the Ministry of Finance, which in turn passes it to the household as part of the overall

government lump-sum transfer, g.



where Ay > 0 denotes the steady-state level of technology, 0 < p, < 1 is the persistence

parameter of the process, and €% ~ iidN (0, ¢2) are the disturbances to the technology process.

2.6 Dynamic Competitive Equilibrium (DCE)

Given the stochastic process followed by technology {A4;}7°,, tax rates {7¢,7¥}, capital and
money endowments (ko, mg), the DCE is a list of sequences for the household { ¢4, cor, i, ki, by, me }22,,
a sequence of purchases and transfers for the government {g¢, g/ }°,, and real input prices
{wy, 322, such that (i) the household maximizes expected discounted utility subject to its
period budget constraint, and the CIA constraint; (ii) the firm maximizes profit in each pe-
riod; (iii) government budget constraint is always balanced; (iv) goods-, labor-, and money

markets clear.

3 Data and Model Calibration

To calibrate the model to Bulgarian data, we investigate the period 1999-2020. Annual data
series on output, consumption and investment were collected from National Statistical Insti-
tute (2021), while the real interest rate is obtained from Bulgarian National Bank Statistical
Database (2021), as the real yield on 10-year government bonds. The calibration in this
paper follows the approach taken in the literature, e.g. Cooley (1995): first, the discount
factor, f = 0.982, as in Vasilev (2017a), is set to match the average physical capital-to-
output ratio in Bulgaria, k/y = 3.491, over the period investigated. Next, the labor share
parameter, o = 0.429, was obtained from Vasilev (2017b) as the average value of labor in-

come in aggregate output.

The relative weight attached to leisure in the household’s utility function, v, is calibrated to
match that on average, consumers work eight hours daily. Similarly, for credit goods, param-
eter ¢ = 0.327 was calibrated to match the average share of purchases made using cash in
Bulgaria, which is 85% over the period. In other words, the money in the model corresponds
to M2 money aggregate, and M2/Y = 0.848 on average over the period 1999-2020. Next,
the capital depreciation rate in Bulgaria, § = 0.05, was taken from Vasilev (2015), where it

was estimated as the average depreciation rate. Similarly, the income tax rate was set to



7Y = 0.1, and the tax rate on consumption, 7¢ = 0.2, are set to their respective values over
the period. Lastly, the total factor productivity process is estimated from the detrended
Solow residual series by running an AR(1) regression, and saving the residuals from that

regression. Table 1 reports the values of all model parameters used in the paper.

Table 1: Model Parameters

Parameter Value Description Method

B 0.982  Discount factor Calibrated

o 0.429 Capital Share Data average
) 0.050  Depreciation rate, physical capital Data average
[0) 0.327  Utility weight, credit goods Calibrated

v 2.801 Parameter, disutility of work Calibrated
TC 0.200 VAT /consumption tax rate Data average
TY 0.100  Average income tax rate Data average
Pa 0.701  AR(1) parameter, total factor productivity Estimated
Oq 0.044 st.dev, total factor productivity Estimated

4 Steady-State

Substituting the values of model parameters into the steady-state equilibrium system allows
the model to be solved, and the ”big ratios” can be compared to their averages in Bulgarian
data. The results are reported in Table 2 on the next page. (We approximate the economy
around zero inflation.) The big ratios - consumption-to-output, investment and government
purchases ratios are closely approximated by the model. The shares of income are identical
to those in data, which is a direct result of the Cobb-Douglas production function used.
Lastly, the after-tax return on capital, after depreciation, # = (1 — 7¥%)r — 4, is also very

closely captured by the model.



Table 2: Data Averages and Long-run Solution

Variable Description Data Model
Yy Steady-state output N/A  1.000
(c1 + ¢2)/y Total consumption-to-output ratio  0.674 0.674
a/y Cash consumption-to-output ratio  0.493 0.493
c2/y Credit consumption-to-output ratio 0.181 0.181
iy Investment-to-output ratio 0.201 0.175
9]y Government cons-to-output ratio 0.159 0.151
wh/y Labor income-to-output ratio 0.571 0.571
rk/y Capital income-to-output ratio 0.429 0.429
h Share of time spent working 0.333 0.333
7 After-tax net return on capital 0.056  0.057

5 Out of steady-state model dynamics

The model in this paper does not have an closed-form (symbolic) solution for the equilib-
rium behavior of variables in the general case, so we need to proceed by solving the model
numerically, by log-linearizing the original equations around the steady-state. This results
in a first-order system of stochastic difference equations, which is easy to work with. Next,
we study the dynamic behavior of model variables to an isolated shock to the total factor

productivity process, and then proceed fully simulate the model.

5.1 Impulse Response Analysis

The impulse response function (IRFs) of the model variables to a 1% surprise innovation to
technology are presented in Fig. 1 below.

As a result of the one-time unexpected positive innovation in total factor productivity, output
increases immediately. This expands resource availability, so uses of output - consumption
of both cash and credit goods, and government consumption also increase upon impact of
the shock. Investment decreases, as inflation acts like a tax, and in addition, the household

substitutes away from investment and towards credit goods.

10
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Figure 1: Impulse Responses to a 1% surprise innovation in technology

At the same time, the jump in productivity increases the after-tax return on the two factors
of production, labor and capital; The representative household starts supplying more hours
worked. In turn, the increase in total hours further increases output, again indirectly. Over
time, physical capital stock returns to its steady-state, and follows a hump-shaped dynamics
over its response path. The rest of the model variables return to their old steady-states in a

monotone fashion as the effect of the one-time technology shock dies out.

11



5.2 Simulation and moment-matching

We will now simulate the model, and detrending both empirical and model simulated data
using the Hodrick-Prescott (1980) filter. Table 3 on the next page summarizes the moments of
data (relative volatilities to output, and contemporaneous correlations with output) versus
the same moments computed from the model-simulated data at annual frequency. The
model matches quite well the absolute volatility of output. However, the model substantially
overestimates the variability in both consumption of cash and credit goods. At the same time,
investment in the model varies too little. As explained earlier, this is due to the inflation tax
causing the household to substitute towards the purchase of credit goods.” With respect to
the labor market variables, the variability of employment and wages predicted by the model

is much lower than that in data.

Next, in terms of contemporaneous correlations, the model over-predicts the pro-cyclicality
of the main aggregate variables - consumption and government consumption. Still, along
the labor market dimension, the contemporaneous correlation of employment with output is
relatively well-approximated. With respect to wages, the model predicts strong cyclicality,
while wages in data are acyclical. Lastly, the model with cash and credit goods generates
a counter-cyclical investment series, which comes at odds with data. Overall, the model
with cash and credit goods, and physical capital accumulation, does not provide a good
framework to study business cycles in Bulgaria. Some of the limitations are the ad hoc
division into cash- and credit goods. More specifically, cash goods cannot be purchased on

8 Furthermore, in the setup, credit for ¢y is not modeled explicitly,

credit, and vice versa.
and is implicitly assumed to be perfectly elastic. Credit is also free, as the household borrows
at zero cost; purchasing a credit good has no direct, monetary cost, at the inflation tax is

avoided. Still, there is utility cost due to the fact that 0 < ¢ < 1,° i.e., that the household

7Still, the model is qualitatively consistent with the stylized fact that credit goods consumption is less

volative than output. By construction, government spending in the model varies as much as in data.
8The counterargument is that the two types of good are motivated by empirics, that for the majority

of the goods we use money, while for other big purchases households use credit, such as buying a car, and

certain consumer durables.
9We also fed a persistent shock followed by ¢ in order to understand what would happen in the artificial

economy if the preference for credit goods increases exogenously; this could reflect financial innovations,

12



Table 3: Business Cycle Moments

Data Model
oy 0.05 0.05
o./oy 0.55 1.33
O /0y - 1.63
Ocy /0y - 0.53
oi/oy 1.77  0.56
4]0y 121 1.00
on/oy 0.63 0.46
Ow/0y 0.83 0.54

Ty/n/ 0y 0.86 0.54
corr(e,y) 0.85  0.99

corr(ci,y) 0.85 0.99
corr(ce,y) 0.85 0.99
corr(i,y) 0.61 -0.40
corr(g,y) 0.31  1.00
corr(h,y) 0.49 0.99
corr(w,y) -0.01 0.99

prefers cash goods, which could be reflecting some credit market frictions.'® One possible
venue for future research is to modify the current monetary framework, and more specifically,

link it to banking and finance theory, by introducing deposits and loans explicitly in a setup.

6 Conclusions

We augment the standard business cycle model with cash and credit goods a la Lucas and
Stokey (1983, 1987), plus a cash-in-advance (CIA) feature. In particular, the cash-in-advance

constraint is extended to include private investment and government purchases. This speci-

and/or ease of use of credit instruments.
10We see this in the marginal rate of substitution (MRS), in the presence of u. There is also no risk, and

no inflation in steady-state.

13



fication is then calibrated to Bulgarian data for the 1999-2020 period. The presence of cash
and credit goods give a role to money in accentuating economic fluctuations. In particular,
the two types of goods and the modified CIA constraint produce a more sophisticated prop-
agation mechanism, with novel trade-offs faced by the household. The model generates too
volatile consumption, and countercyclical investment, which are both at serious odds with
data. Overall, the model with cash and credit goods, and physical capital accumulation,

does not provide a good framework to study business cycles in Bulgaria.

One of the limitations of the model is the assumed ex ante division into cash and credit
goods. Furthermore, credit markets are not modeled explicitly: supply and demand forces
driving credit are not present. One possible extension is to modify the current monetary
framework, and more specifically, to link to banking and finance theory, as there are no
deposits and loans in the framework in this paper. This avenue, however, is left for future

research.
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