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Abstract

This paper explores the optimal risk sharing arrangement between
generations in an overlapping generations model with endogenous growth.
We allow for nonseparable preferences, paying particular attention to
the risk aversion of the old as well as overall “life-cycle” risk aversion.
We provide a fairly tractable model, which can serve as a starting
point to explore these issues in models with a larger number of pe-
riods of life, and show how it can be solved. We provide a general
risk sharing condition, and discuss its implications. We explore the
properties of the model quantitatively. Among the key findings are

*Address: Prof. Lans Bovenberg, FEW, Tilburg University, P.O. Box 90153, 5000
LE Tilburg, THE NETHERLANDS. e-mail: a.l.bovenberg@uvt.nl, fax: 431-13-4663066,
home page http://center.uvt.nl/staff/bovenberg/. Prof. Harald Uhlig, Humboldt Univer-
sity, Wirtschaftswissenschaftliche Fakultét, Spandauer Str. 1, 10178 Berlin, GERMANY.
e-mail: uhlig@wiwi.hu-berlin.de, fax: +49-30-2093 5934, home page http://www.wiwi.hu-
berlin.de/wpol/. This research was supported by the Deutsche Forschungsgemeinschaft
through the SFB 649 ”Economic Risk”. We are grateful to Christian Stoltenberg for his
research assistance.



the following. First and for reasonable parameters, the old typically
bear a larger burden of the risk in productivity surprises, if old-age
risk-aversion is smaller than life risk aversion, and vice versa. Thus,
it is not necessarily the case that the young ensure smooth consump-
tion of the old. Second, consumption of the young and the old always
move in the same direction, even for population growth shocks. This
result is in contrast to the result of a fully-funded decentralized system
without risk-sharing between generations. Third, persistent increases
in longevity will lead to lower total consumption of the old (and thus
certainly lower per-period consumption of the old) as well as the young
as well as higher work effort of the young. The additional resources
are instead used to increase growth and future output, resulting in
higher consumption of future generations.

Keywords: social optimum, pension systems, risk sharing, overlapping

generations.

JEL codes: E21, E61, E62, 040, H21, H55



1 Introduction

One can distinguish pension system along three dimensions (see Lindbeck
and Persson (2003)): defined benefit versus defined contribution; funded ver-
sus pay as you go; and actuarial versus non-actuarial. The first dimension
involves intergenerational risk sharing: how are macro-economic risks dis-
tributed over various generations? In particular, in defined-benefit systems,
the retired generations are shielded from macro-economic risks. In defined-
contribution systems, in contrast, these generations are bearing some of the
investment risk. The second dimension relates to intergenerational redistri-
bution: are there predictable transfers from the young, working generations
to the retired generations? The third dimension, finally, involves the link
between contributions and benefits on an individual level. A system is actu-
arially fair if the individual premium paid corresponds to the actuarial value
of the additional pension benefits that are being accumulated.

This paper explores the first two dimensions of an optimal pension system.
In exploring optimal pension systems, we distinguish between predictable in-
tergenerational transfers and optimal risk sharing. Hence, in contrast to Mer-
ton (1983) and Krueger and Kubler (2002, 2005), we allow the government
to enhance intergenerational risk sharing without necessarily implementing a
pay-as-you-go system. Indeed, defined-benefit funded pension systems that
link benefits to wage rates and absorb financial-market shocks by adjusting
pension premia paid by the young can help to trade risks between the young
who are long on human capital and the old who are long on financial capital.
In contrast to defined-benefit pay-as-you-go systems, these funded systems
enhance risk sharing without crowding out capital formation. We in effect
analyze the optimal mix between defined-benefit and defined-contribution
pensions as part of the optimal risk sharing scheme while at the same time
determining the optimal mix between funded and pay-as-you-go financing as
part of optimal redistribution between the old, young and future generations.

To investigate optimal intergenerational redistribution and optimal in-
tergenerational risk sharing in a general equilibrium setting, we develop a
stochastic overlapping generations model of a closed economy featuring en-
dogenous growth. Optimal risk sharing under an ex-ante welfare criterion has
been explored in a partial-equilibrium setting by Gordon and Varian (1988),
Shiller (1999), and De Menil, Murtin and Sheshinski (2005). Our analysis
builds on the general equilibrium model of Bohn (1998, 1999, 2003, 2005),



who investigates optimal risk sharing under an ex-ante welfare criterion be-
tween overlapping generations in an exogenous growth model with capital
accumulation. Regarding related contributions on this issue, see also Olovs-
son (2004), for optimal risk sharing under an ex-post criterion, see Blanchard
and Weil (2001), Demange (2002) and Barbie, Hagedorn, and Kaul (2003,
2004) while for the role of agent heterogeneity, see e.g. Conessa and Krueger
(1999). We extend Bohn’s analysis by incorporating endogenous growth so
that we can also explore the optimal response of long-term growth to various
productivity and demographic shocks. Moreover, we integrate various ele-
ments that Bohn has studied in separate papers, such as endogenous labor
supply (see Bohn (1998)), productivity shocks (in labor productivity, factor
productivity, and depreciation, see Bohn (1998)) and demographic shocks
(fertility and longevity, see Bohn (1999)). We explore also how government
transfers between the generations should optimally respond to various shocks
and clearly distinguish between predictable intergenerational transfers and
optimal risk sharing.

Key to studying issues of risk sharing is the issue of risk aversion. For that
reason, we pay particular attention to the distinction between intertemporal
substitution and risk aversion, as formulated by Epstein and Zin (1989) or
Weil (1990). In fact, as in Bohn (1998), we also allow for risk aversion
of the young agents, which one may either read as a desire of the social
planner towards insuring the yet-unborn or life-risk aversion of young agents
before they are able to participate in market activities. The life risk aversion
parameter will play a crucial role.

As in the classic overlapping-generations model of Diamond (1965), at
any point in time two generations are alive. Only the older generation par-
ticipates in the capital market and is thus subject to capital-market risks.
The younger generations works and is subject to labor-income risks. These
two overlapping generations can not trade risks in the capital market because
the young cannot participate in the capital market before the shocks occur
and thus cannot insure against the realization of uncertainty at their birth.
An alternative interpretation is that the young cannot borrow against their
human capital to invest in the capital market. The young who are long on hu-
man capital and the old who are long on physical capital thus have to rely on
government intervention to trade and diversify risks. To illustrate, through
the pension system, the government in effect can create new non-tradable as-
sets that are not traded in financial markets and give the old a claim on labor



income and the young a claim on capital income. By endowing the various
generations with net positions in these assets, the government can in princi-
ple create an insurance equilibrium that would emerge if agents could freely
trade ex ante. The government can trade not only risks between these two
overlapping generations but also shift risks between current generations and
future generations through capital accumulation. In this way, the govern-
ment can engineer also implicit trades between non-overlapping generations.
We thus consider risk sharing both within periods between overlapping gen-
erations and across time between non-overlapping generations.

We consider a social planning problem and characterize some necessary
properties of optimal risk sharing arrangements across generations. Our econ-
omy features three imperfections calling for government intervention. First,
the endogenous growth feature implies an externality in capital formation,
which calls for an investment subsidy. Second, the intergenerational distri-
bution may not be optimal from the point of view of a social planner, who
thus may want to engage in intergenerational redistribution. Third, ex-ante
trading in risks between generations is not possible because generations can
participate in capital markets only after they are born and most shocks have
already materialized. Shifting risks to the groups who can best bear them
can thus create an ex-ante Pareto improvement and maintains incentives for
risk-taking in general equilibrium. Improved risk sharing generates a Pareto
improvement only in an ex-ante sense and not in an ex-post sense. Indeed,
thinking about risk sharing before shocks actually hit helps to avoid divisive
battles about intergenerational redistribution after the shocks have in fact
materialized.

The rest of the paper is structured as follows. After Section 2 formulates
the model, section 3 sets up the social planners problem and interprets the
conditions for optimal intergenerational risk sharing. Section 4 solves the so-
cial planners problem. It investigates the solution to the steady state, show-
ing that the calculation of the equilibrium boils down to solving one equation
in labor supply. For the dynamics, it relies on using log-linearization tech-
niques rather than projection algorithms as in Krueger and Kubler (2004) in
order to derive insights into the linearized behaviour around the steady state.
In particular, it is shown that the dynamics of the model is characterized by
a single, endogenous state vector, which combines ex-ante utilities as well as
the current capital stock. We thus provide a flexible framework that can be
used and calibrated as a workhorse for exploring intergenerational risk shar-
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ing with endogenous growth. Section 5 explores how the social optimum can

be decentralized through a pension system. Section 6 provides some quan-

titative explorations of the model and investigates the factors determining

optimal intergenerational distribution and risk sharing. Section 7 concludes.
We obtain the following key results.

1. We provide a general characterization of the optimal risk sharing condi-
tion, see in particular propositions 1, 2 and 3. A detailed interpretation
is provided subsequently to proposition 3.

2. An endogenous growth model is provided, which is fairly tractable, de-
spite featuring endogenous labor supply, a number of different shocks
and nonseparable preferences. In passing, we provide the conditions
necessary for balanced growth under Epstein-Zin preferences, see sec-
tion 3.2.1 and appendix A.2. In special cases, it is possible to charac-
terize the steady state completely, while it generally requires solving
a one-dimensional equation characterizing steady state labor supply,
see section 4 and in particular equation (62) and appendices A.4.5 and
A4.7.

3. We use log-linearization techniques to characterize the response to
shocks, see propositions 2 and 3 as well as appendices A.1 and A.4.8,
including implications for risk premia, see appendix A.3. It should be
understood that this is a “small-shock” approximation or an approx-
imation to shocks with bounded support, see Samuelson (1970) and
the discussion in Judd and Guu (2001). Despite the limitations of log-
linear approximations, this provides a useful starting point for further
explorations of risk-sharing with higher-order numerical techniques, or,
alternatively, for searching for interesting special cases, which can be
solved analytically.

4. The endogenous dynamics can be shown to solve a third-degree poly-
nomial in a single state variable, with typically only one stationary
solution. This is shown explicitely in appendix A.5. Thus, the model is
suitable for exploring a rich set of features while keeping the amount of
analytics moderate, providing a starting point and intuition for models
featuring a larger number of periods of life.



5. A number of interesting insights emerge from the quantitative explo-
ration of the model (see section 6). The usual caveat, that these state-
ments are strictly valid only for the parameter ranges investigated (and
should not be read as globally valid theorems) applies.

(a)

At a benchmark parameterization, the old bear a smaller bur-
den of the risk in productivity surprises, if old-age risk-aversion
is larger than life risk aversion, but a larger one, if the old-age
risk aversion is smaller, see equation (53) and section 6.5 . Thus,
whether young agents should insure the old agents against the
random returns on stock markets due to the uncertainty in tech-
nological progress depends on how one views the risk aversion of
old people versus the desire to ensure the yet-unborn against their
“life-risk”. Note how a fully-funded defined-contribution system,
where the old save for retirement by holding equity, would lead
to an equal sharing of the productivity risk between young and
old in the case of full depreciation, while a defined-benefit system
would impose the entire risk on the young. Neither solution is
typically optimal from a social planners perspective, although the
defined contribution private capital system seems to be optimal
in some special circumstances with respect to productivity shocks
that equally affect labor and capital income.

Consumption of the young and the old always move in the same
direction, even for a population growth shock, where the size of
the new young generation is larger than expected, see section 6.6
. This result is in contrast to the result of a fully-funded decen-
tralized system without risk-sharing between generations: there,
the old would receive higher consumption (due to the increase in
return to capital), while the young would receive lower consump-
tion (due to decreasing marginal returns in labor from the larger
working population).

Persistent increases in longevity will lead to lower total consump-
tion of the old (and thus certainly lower per-period consumption of
the old) and the young as well as higher work effort of the young.
The additional resources are used to increase growth and future
output, resulting in higher consumption of future generations, see
6.7 . Thus, increases in life-expectancy require old agents not only



to get by with less per period but also with less in total, in contrast
to what a defined benefit system or standard insurance contracts
might offer.

2 The model

2.1 Motivation and Overview

We aim at providing a model in which the key features can be studied, while
remaining tractable. As a starting point, we follow Uhlig and Yanagawa
(1996) and construct an overlapping generations model with capital and en-
dogenous growth, effectively delivering an AK model. This eliminates capital
as a state variable, thus simplifying the analysis. Since we want to study
both risk aversion and intertemporal substitution, we keep them separate
using Epstein-Zin preferences. As sources of risks, we allow for variations in
factor productivities, depreciation, longevity, and population growth.

2.2 The environment

Consider a discrete time overlapping generations model with ¢ = 1,2,... in
which all agents live for two periods, and where random shocks occur at the
beginning of each period. For convenience, tables 1 and 2 summarize the
symbols. Let ¢, c+1, denote the per-capita consumption of the represen-
tative agent born at the beginning of period ¢ when young and when old,
respectively. Agents work only during the first period of their lives. n; de-
notes labor supply of the generation born in period t. w;; stands for be
the fraction of the second period during which the old are actually alive to
enjoy consumption. w1 is an exogenous variable known at the beginning
of period t 4 1. It measures the remaining expected life-time of the old given
the medical and demographic knowledge at the beginning of period ¢ + 1 .
We define ¢4, as total consumption of the old in the second period, so that
Ct+1,0/ 141 represents consumption of the old per unit of time. Given some
utility ¢(-) for old-age consumption per unit of time, total utility when old is

& 0
Utt+1 = @414 ( st ) (1)

Wi+1




We wish to distinguish intertemporal elasticity of substitution from risk aver-
sion. We therefore use some concave and differentiable function z(-) to in-
crease the curvature of U;,y; before taking expectations and undoing this
curvature again. Furthermore, we allow for risk aversion to life-time risk (or,
alternatively, for a preference of the social planner towards equality across
generations). Overall preferences of the generation born at the beginning of
time ¢ (conditional on the information that is available during that period)
are assumed to be given by

Ut,t = U(Ct,yant7ct+1,o;wt+l)

= 2 (ulcryene) + B (B (Urien) (2)

- (et (s ()

where u(-,+) is an instantaneous utility function in consumption and work
effort during the first period of life, and z(-),z(-) and ¢(-) are strictly in-
creasing and continuously differentiable functions such that U(.) is strictly
concave in ¢y, ny and Cyq 0.

As an important special case, consider

1-¢
1—n

<(Ct’yv<n))l_n + <Et [(Wgﬂcgﬂo) %:’] ) 1”> )
t=¢ O

where £ > 0 and v > 1 > 0, see also equation (44). This specification and
its consequences are discussed in greater detail in section 3.3.

For the generation which is old at the beginning of the planning period,
Up1 are the preferences at the start of period 1, see equation (1), and

U070 = Z(Uo + ﬁ.’ﬂ_l (Eo [.CE (U(),l)]) (5)

o (s (2))])

for some parameter u, are the preferences of the initially old, when consid-
ering them ex ante, i.e. behind the veil of ignorance before the uncertainty
about the first period is resolved. We have incorporated z(-) and ug as a nor-
malization in order to compare utilities of the initially old and agents living
in two periods in the same units, when studying the social planners problem.

Uy =

7



Let the population of the young at date t be II;, and denote the growth
factor of the young population as

IT;
T = ) 6
L, ©)

We use capital letters to denote aggregate variables, so that C;, = Il;c;,,
and so on. With k;_;, we denote the capital stock available for production
per old person at date t. Thus, K, = II,_1k;_; represents the aggregate
capital stock in period ¢.

The aggregate production function is given by

Y, = Athflf(Ztnt)a (7)

for some positive, concave, strictly increasing and strictly concave function
f(+). Here, A; stands for a total factor productivity parameter and Z; rep-
resents a labor-specific productivity parameter. Aggregate production Y; is
proportional to the aggregate capital stock. We are thus essentially assuming
an AK model. Note that labor per young person n; rather than aggregate
labor II;n; appears as an argument of the function f(-). This aggregate AK
production function can arise from a decentralized production economy with
a production externality that is proportional to the capital stock per young
person, K; 1/II;, see section 5.

With y;, we denote aggregate production, divided by the population of
the old (i.e. y; = Y;/Il;_1)

Y = Atktflf(Ztnt» (8)
Aggregate feasibility requires that
Otjy + Ctp + Kt - Y;g + (1 - 5t)Kt—1> (9)

where we allow for time-variation in the depreciation rate ¢;. Expressed
relative to the older population, this equation reads (after substituting (8)
to eliminate y;)

Ct,yﬂt + Ct,o + kt’/Tt = (Atf(Ztnt) + 1-— 515) ktfl. (10)

The vector (Z;, Ay, 0y, 7, o) € S is stochastic and iid, and where & =
R‘j’r + ko and Il are given and non-random, and we normalize Il =1 .

he = ((Ze, A, 61, T, @1),s -, (Z1, Av, 01,1, 1)) (11)
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denotes the history up to and including ¢. Let H, = {h; | all h;} = St C R
denote the set of all histories up to and including ¢ and let H = (J;2, H:
denote their union.

Let some initial level of capital k*; be given.

Definition 1 A feasible allocation is a mapping from the set of all histo-
ries into a vector of positive real numbers, ® : H — Ri, such that k_y = k*;
and the vector (ciy, o, e, ki) = ®(hy) satisfies (10) for all histories hy € 'H.

Associated with a feasible allocation are ex-post utilities Uy = Uy(hy),
U()J — Uo(hl)

3 The social planners problem

The social planner maximizes the utility of the agents (2) subject to the feasi-
bility constraint (10) given the exogenous stochastic process (Zy, Ay, 0, 7, wy).
In this connection, one needs to take a stand on whether agents born at the
same time but with different histories are different agents or not. If they
are different, then “insurance” of young agents against shocks during their
period of birth (i.e. redistributing from young agents born in “good” times
to young agents born in “bad” times) will typically not constitute a Pareto-
improvement. Indeed, this would be a redistribution from good-state agents
to bad-state agents.

Definition 2 [PO 1] A non-insurance Pareto optimum is a feasible
allocation with associated “ex post” utilities Upy (i.e. (2)) and Uyq, see (1),
such that no other feasible allocation exists that attains equally large utilities
for all histories and generations and a strictly larger utility for at least one
history and generation.

When contemplating insurance, the social planner compares states with
different population sizes. In particular, the social planner treats all agents
born at the same date and under the same history in the same way and thus
assigns the same weight per person across different states of nature. Hence,
the “ex-ante” preferences of the social planner for generation ¢ > 0 at the
beginning of time amount to

Ut’(] — EO [HtUt,t] . (12)

9



The “ex-ante” preferences of the social planner for the initial old are given
by Uy stated in (5) in view of our normalization II, = 1.

Definition 3 [PO 2] A Pareto optimum with insurance is a feasible
allocation with associated “ex ante” utilities Uy (see (5)) and Uy ((12)),
such that no other feasible allocation exists attaining equally large ex-ante
utilities for all generations and strictly larger ex-ante utility for at least one
generation.

Clearly, any Pareto optimum with insurance is also a non-insurance Pareto
optimum, but not vice versa. As an example, suppose that in some allocation
A, a particular generation receives consumption ¢ — p if times are bad and
¢ + p if times are good, for some p > 0. Suppose that bad times and good
times are equally likely. Suppose finally that some alternative allocation B
exists, equivalent in all aspects, except that this generation then receives
consumption ¢ in both eventualities. In view of the concavity of the pref-
erences, allocation A could not be a Pareto optimum with insurance, since
allocation B provides insurance ex ante. However, allocation A might well
be a non-insurance Pareto optimum, since the generation born in good times
is considered to be different from the generation born in bad times. Thus,
conditions necessary for a non-insurance Pareto optimum are also necessary
for a Pareto optimum with insurance. Voluntary schemes can implement
non-insurance Pareto optima (see e.g. Blanchard and Weil (2001) and Bar-
bie, Hagedorn and Kaul (2003, 2004)). Insurance optima, in contrast, require
compulsory participation to commit generations to the ex-post redistribution
that is implied by ex-ante insurance.

Pareto optima with insurance are more interesting for our purposes be-
cause the issue of intergenerational risk sharing among the yet-unborn is at
the heart of our analysis. One should bear in mind, however, that our anal-
ysis involves a choice regarding the welfare weights assigned to agents of the
same period born under different histories: their relative weights correspond
to the relative probabilities of their specific histories.

To provide a single objective for the social planner, we follow Bohn (2003)
in formulating a weighted sum of the ex-ante utilities of the various genera-
tions with (w;)$2, as a sequence of (nonstochastic) welfare weights.

10



Definition 4 (SP) A social optimum for welfare weights (w;):2, is a fea-
sible allocation solving

o0

max wiUi o. 13
(oo feas. alloc.}; e (13)

This social optimum implements a particular Pareto optimum with in-
surance. Using (12), we can write the social objective function as

Z WthUt,t > .

t=1
To focus on stationary solutions, we implement exponential discounting
so that w; = w'.

max UJOUQ’O + E()
{o|o feas. alloc.}

3.1 First-order conditions

Consider the problem of finding a social optimum for welfare weights w; = w?.
Let w'); be the Lagrange multiplier on the aggregate feasibility equation (9)
so that II;_;w'); is the Lagrange multiplier on the feasibility constraint (10).
For ease of notation, assume that random variables can only take one of
finitely many values, each with positive probability given any history. Let
H; be the set of all histories up to and including ¢, and let Prob(h;) be its
unconditional probability. The Lagrangian then amounts to

max wolUoo + Prob(h,)w! [TLU, ,(h 14
(o|o feas. all.}{ 0m00 ;h;u (he)o [Meze(e) (14)

—At(ht)Ht,1 (Ct,yﬂ—t + Cto + k’tﬂ't — (Atf(Ztnt) + 1-— 515) ]{ft,1>]},

We have made the dependence of only A\; and U on h; explicit. In fact, the
population, their growth rates and all economic choices at date ¢, like ¢, or
k;, are similarly functions of h;.

Dropping the argument h;, the first-order conditions are

(5) »=5 (15)

Ocry Ocry’

11



(8 :) Athb(htm_l):l%, (16)

w  Ocre

0 oU,
(a—nt Z> )\tAtk:t_lf'(Ztnt)Zt = — Tt 67;:7 (].7)
0
(% 3) At = wEBy (A1 (A1 f(Zepamign) +1—=00)] . (18)
t

In equation (16) we have been a bit more formal than usual. A more gen-
eral treatment would involve treating this equation as an equality between
measures or their Radon-Nikodym derivatives. The right hand side of that
equation involves taking the derivative of a conditional expectation with re-
spect to one of its arguments. To be more explicit (and after cancellations
of the conditional probability terms on both sides of the equation), (16) can

be rewritten as
P ﬁdtq/ (Ct,o) (19>

. =
w Tt

where

st (o e ()] (or(2)

is a “discounting correction” due to the separation of intertemporal substi-
tution and risk aversion as well as allowing for life risk aversion: for the
definition of 2'(a;—1), see equation (28) below.
Define w; to be the marginal social productivity per unit of labor:
Zy
Wy = Atkt,lf/(Ztnt)—. (21)

Ty

The first and third first-order condition together imply

ou(cyy, nt)w _ Oulery,m)

= 22
8Ct,y ! 877/15 ’ ( )

which is the familiar condition that the marginal rate of substitution between
consumption and leisure should equal its social opportunity costs, i.e. the
aggregate marginal rate of transformation.

Define the stochastic discount factor of the social planner as

WAL1

A

(23)

Miy1 =

12



and the social rate of return as
Rt = Atf(Ztnt) + 1-— (515. (24)

We can then write the fourth first-order condition as a familiar asset price
equation
1= Et[mt+1Rt+1]-

Substitute A\; from (15), A4 from (19), and A, f(Zine) + 1 — 6, from (24)
into (18) to obtain

/ a / o
z (at) = = BE; {dtJrlq (ZH’ ) Rt+1:| (25)

or explicitely

—augt,y,nt) = f (x_l)/ (Et [x (wt—i-lq <Ct+1’o)>}> :
Cty Wit+1
Et |:x/ (wt+1q (Ct-i—l,o)) q/ <Ct+1,0> Rt+1] ) (26)
Wi+1 W41

(25) is the familiar asset pricing equation in terms of marginal utilities of gen-
eration ¢, adjusted with the discounting-correction term d;.; and longevity
risk gy 1.

3.2 Risk sharing

The first two first-order conditions imply

aUt,t

dcry

10U 14
Prob (hs | hy—1) = ——————, 27
(he L) = =52 (27)
which is a risk sharing or complete markets condition: young and old agents
alive at the same time should evaluate risk using the same stochastic discount
factor. Let a; be the argument of the z(-)-function in the specification of the

utility function (2), i.e.

s (s () oo

One can then write the risk sharing condition (27) as follows.

)\tPrOb (ht | ht—l) =

13



Proposition 1 [The risk-sharing condition.] At the social planner op-
timum with constant discounting of the welfare of future generations,

— Y = Y (ap-y) gdtq’ (Ct’o> (29)

Wt
where dy is defined in (20) and a; is defined in equation (28).

Proof: Direct.

In the special case of a linear z(-), the terms 2’(a;) and z’(a;_1) drop out
and one obtains the familiar condition, equating marginal utility of consump-
tion for the young to a constant factor times marginal utility of consumption
for the old “state by state”, and adjusted with the risk curvature term.

In the general case, log-linearization helps to deliver further insights. For
the variables in (29), denote with an upper bar some benchmark value for
each parameter, which we assume to be known as of date ¢t — 1 or possibly
earlier, and which together satisfy equation (29). We use an inverted hat to
denote the logarithmic deviation of a variable from this benchmark. Thus,
for example,

Cy = Cry€XD (Cry)

For any twice differentiable function y = f(x), define the logarithmic

derivative
_ f@)z_ 9log(f(exp(log()))
f(x) dlog(x)
with the latter equation valid only if z > 0 and y > 0. Further, define the
negative logarithmic derivative of its first derivative per

B _f”(:L‘)l‘
M=)

For example, if f(z) = cx®, then {; = ov and p1y = 1 — . Often, py arises as
an elasticity.

We shall keep a subindex t to denote the period for which the approxi-
mation applies. By assumption, the approximation is around a point known
at t — 1 or earlier. For functions with two arguments, we shall also note the
argument(s) with respect to which the derivative is taken. For example, for

Uy
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some given utility function u, the intertemporal elasticity of substitution is
given by the inverse of fi,. .., whereas the cross-partial is given by

Une(Cry, )T

Huent == Ue(Cry, Tt

Furthermore, define the argument share

oy = M (30)
ay
A complete, explicit list of all logarithmic derivatives can be found at the
beginning of appendix A.1.

Proposition 2 [The loglinear risk-sharing condition.| Optimal inter-
generational risk sharing implies the following first-order approximation to
(29) in log-deviations around the chosen benchmark,

Nz,tdt + ,uuc,c,tét,y + ,uuc,n,tﬁt (31>
= Upp—10i—1 + di + pig1 (Cro — 1)

where

ar = oy (CuctCry + luntiiy) (32)
+(1 = ay) (1 = Ly p1) Be[eiia] + L1 Be[Cria o))
di = pag (1= Lloy) (B0 — Ea[coy]) +Lgi (Cro — Eioilro]))  (33)

Proof: Calculate or follow the calculations in appendix A.1. e

Consider the standard case in which both z(-) and z(-) are linear (so that
Pt = Mzt = fzr—1 = 0) and in which old and young agents feature the
same risk aversion in consumption, i.e. fg¢ = fuccr). 1f additionally, labor
is assumed to be constant (i.e. 7, = 0) or u(c,n) is assumed to be separable
in ¢ and n (i.e. flyent = 0), one obtains

ét,y = ét,o — Wy, (34>

In that case, the percentage changes of the consumption of the young as well
as of the old per unit of time should be exactly the same. One may want
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to consider this as a natural benchmark for risk sharing between young and
old.

If labor is not assumed to be constant and u(e, n) is not separable, equa-
tion (31) becomes instead

:uuc,n,t -

Cty + ng = Cyo — W, (35)

,uuc,c,t

where one should note that pi,.,: can have either sign. Consider the case
where consumption and leisure are substitutes and hence, pyen: < 0. If
circumstances are such that the social planner commands more work from
the young, n; > 0, the associated decline in leisure enjoyed by the young will
make a marginal unit of consumption for the young relatively more valuable.
In order to keep the total increase in marginal utility from consumption the
same for both generations, the relative consumption decrease of the young
should be smaller than the relative consumption decrease of the old per
unit of time (i.e. &, > &, — ) . The direction reverses if leisure and
consumption are complements, fi, ¢, > 0. Then, changes in leisure of the
young (i.e. —m,) are associated with changes in relative consumption of the
young vis-a-vis the old, &, — (¢, — @), which are of the the same sign.
With complementarity between leisure and consumption, changes in leisure
are associated with changes in consumption that further increase the impact
of leisure on the overall utility level of the young. Intuitively, decreases in
leisure reduce the marginal utility of the young so that the young not only
obtain less leisure but also get less consumption relative to the old.

3.2.1 Scale Invariance and Balanced Growth

We wish to avoid effects from rescaling the units in which e.g. capital is
measured. An alternative interpretation is that we seek a solution delivering
a balanced growth path. Thus,

Definition 5 Let the allocation

q)<ht) = (Ct,ya Ct.0, Tty Yt, kt)

be a solution to the social planners problem, given initial capital k*,. Let
ai(hy) be the implied argument share, see equation (30). The preference
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specification' is said to be scale invariant, if for all scalars ¢ > 0, ® is
a solution to the planners problem with initial capital k™, where

®(hy) = (GCry, GCr.os Nty DY, Dhr)

and if additionally the implied argument share &; is unchanged (i.e. &y (hy) =

ai(hy)) for all histories hy.

Scale invariance yields a number of implications (see the appendix):

gu c,t Cy Yy
[t) — _ ) , 36
eu,n,t Wiy ( )
0 = —HMuc,e,t + Huen,t €u£7t + 17 (37)
u,n,t
Hucet =  Hgt+1, (38)
Eu,e,t - Eq,t+1' (39>

If in addition we impose that fu,. . is constant over time (i.e. 1 = fiycct),
we can derive a semi-closed form for the utility function u(c, n), as is well-
known from the literature, see e.g. King and Plosser (1989):

(v(ne)cey)' ™"
u(ct,y,nt) = # (40)
up to a constant, if n # 1 and
u(cry, i) = log ey + v(ng) (41)

forn=1.

3.3 Epstein-Zin Preferences

We now provide a particular parametric example, satisfying the general im-
plications listed in subsection 3.2.1. This parametric example is therefore
“special” only insofar the various elasticities and logarithmic derivatives have
been assumed to be constant.

!'Note that the production side is already made “scale invariant” by construction, i.e.
our assumption about AK-type endogenous growth.
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We use the preference specification of (40), i.e.

(cv(n)™"

u(e,n) = -

(42)

with 7 # 1. We restrict v(n) to be strictly positive and such that u(c, n) satis-
fies strict concavity and strict monotonicity. Define its logarithmic derivative,

where 7, is some chosen benchmark.
The utility function is

1—¢
B N = W
<(Ct,yv(nt>>l T+ <Et [(w;?ﬂctlﬂn,o) FWD )
Ut,t = 1—¢
In terms of our general specification,
cln
qa\c) = )
© = i
1—v
_ (@ =mn)g)=
JZ(Q) - 1 — )
1-¢
_ (@ =mn)a)=n
z(a) = ¢

The argument share oy is given per

1 ¢ =
— =1+ pa! (H—lo) ‘
o b+l CryU(t)
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3.3.1 Preferences and the length of life.

If n < 1 and given a total amount c¢;41, of consumption when old, agents
prefer a longer life with a fairly small amount of consumption per unit of time
to a shorter life with a fairly large amount of consumption per unit of time.
This is not so, however, if n > 1 with the preference specification above, and
indeed, the utility function then even has the feature, that old agents strictly
prefer a shorter life to a longer life. Put differently, committing suicide is
optimal. This is obviously an undesirable feature. As a further consequence,
note that with the preferences as defined above, the limit for n — 1 is not
well defined.

There are at least three ways to resolve this conundrum. One possibility
is to modify preferences when old so as to generate strictly positive utility,
whenever the agent is alive. This can be done e.g. by modifying

c+ )t =t
q(c) = ( )1
=1
for some “baseline” level of consumption ¢ > 0. With this, total utility while

old is
c\ (£ +Q)1in —
wq (E) - v ( 1—n

o w(log (g%ﬂ)) (n— 1)

which exists and is always guaranteed to be positive, but has a nonconstant
elasticity in ¢ as consumption grows (holding ¢ constant).

The second possibility is to let agents compare utility of consumption ¢
while alive to some benchmark level of consumption ¢ (possibly dependent
on the date t), while alive, and otherwise assign zero utility,

cl=n — cl=n

qc) = T

so that the total utility for old agents is given by

= (L) = w((g)ll‘"_—ngl—n>
~ w(log <in>> (1)
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which exists and has a constant elasticitiy as ¢ grows, but may no longer be
guaranteed to be always positive.

The third possibility is to restrict 7 < 1 for the original preference speci-
fication. At the expense of generality but at the gain of some simplification
for the analytics, we shall proceed with this restriction.

In either of these scenarios, the social planner effectively contemplates
insurance against the utility loss (or gain!), when dead. Put differently, if
there is a longevity shock, the old are happier simply due to living longer.
Hence, the social planner may seek to redistribute the gains in utility of the
old also to the young.

These insurance motives, while present in this paper, merit deeper philosph-
ical thought. For suppose some medical treatment could be found, which
extends the life of the old, but is rather costly. How much should it be worth
to society and who should pay for it? This depends rather crucially on the
additional utility generated due to being alive. For the third possibility, i.e.
our original specification and with n < 1, the additional utility generated is
bounded.

With n > 1 and the specification (46), the utility gain is unbounded,
as ¢ — 0, i.e., death can be made to be arbitrarily unattractive. In that
case, the cost limit ultimately is the entire GDP. To see this, suppose, total
average consumption of the old is given by ¢ = ¢(w), reflecting the cost of
improving longevity and the opportunity costs of transferring consumption
from the young to the old. The first-order condition with respect to w is

given by
<@>1” e -
w = C(@) K
= — 1—¢ 4
0= () aw (48)
where
0 = d(w)w
© dw)

For any value ¢(w)/w > 0 and /., there is some ¢ > 0, so that this derivative
is positive, i.e., unless one obtains direction observations on choices involving
the length of life, there is always some specification for the “fear of death”, pa-
rameterized by ¢, which would justify additional spending on life-prolonging
measures, no matter how costly.

Ultimately, from an economic perspective, this raises the need for mea-
suring the aversion of agents against death in data, and using it to calibrate
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these preferences. There are a number of activities, where agents clearly
trade off the risk of dying against some utility-enhancing activity. For exam-
ple, driving cars at a higher speed entails a higher risk of dying, and smoking
causes people to die at an earlier age. By carefully measuring the utility gain
(and measuring marginal changes, e.g. due to the change in the price for
cigarettes or due to higher safety of cars), one may be able to calculate an
economic value for death. This provides appropriates limits for the amount
of resources which should be spent on extending lifes. The difficult discus-
sions, when economic reasoning of this sort combined with ethic and moral
judgements provide guidelines for the share of GDP to be spent on health
care or, more drastically, turning off life-support measures for a terminally ill
patient has only begun, and will surely intensify in the future, as the techno-
logical possibilities advance, see e.g. Murphy and Topel (2002) or Hall and
Jones (2004).

3.3.2 Optimal risk sharing

Proposition 3 [Risk-Sharing with Epstein-Zin preferences.] With
the preferences given by (42) and (44) and up to a first-order approximation
in the log-deviations around a chosen benchmark, optimal intergenerational
risk sharing implies

(€ —m)a; +néry — (1 —n)ly i (49)
= (E—mn)a;_ +di +n(Cro — w1),

where

CVLZ< = Oy (ét,y + g’u,tﬁt) + (1 — Oét) (1 1 Et[d_JH_l] + Et[ét—l-l,o]) . (50)

i = w—n) (L <fvt—Et_1w>+<ét,o—Et_1m,01>) (51)

I—n
~ % dt
a, = 1—n)

Proof: Note first, that for any function f(x) = x®, we have {; = a and
iy =1 — a. Leaving away the time subscript t except for fiyent, Cuns and

where
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l, 4, since everything else is now constant, calculate

b = §—n
z 1— 777
Huce = 1,
Huent = _(1 - n)f'u,h
_ v=n
He = 1 — 77’
Hg = 7]
and
Eu c 11— n,
gu,n,t - (1 - n)gv,ta
0 = 1— 1/’
L—n
lg = 1—n

Substitute into equation (31). e

Note that we assume 1 < 1, as discussed in section 3.3.1. Thus, leisure
and first-period consumption are complements and iy ne: < 0.

To provide some intution for the risk sharing condition, it may be useful
to consider the following six special cases.

1. Assume: no Epstein-Zin, constant labor. Result: Perfect correlation of
per-period consumption,

Cty = Cto — Wy

2. Assume: additionally, endogenous labor. Result: Since n < 1, i.e.,
since leisure and consumption of the young are complements. leisure
moves in the same direction as consumption of the young relative to
per-period consumption of the old. To see this, rewrite



as

L=y, ) %) = Gy — (Gro — @
; (1) % Ly )((=1) *7) = Cry — (Cto — 1)

The intuition was discussed subsequent to proposition 2.

3. Assume: the old are risk-averse, v > 7, while there is no additional life
risk aversion, £ =7 > 0. Benchmark uses information up to ¢ — 1.
Result: The old bear less of the risk. Longevity enters separately from
old-age consumption.

1—n€ r—1 v

. M - -
vt =

Cty —

1 nwt + 5(01570 — wt)

4. Assume: the old are risk-averse, v > 0. The young are risk neutral,
¢ = v = 0. Assume constant labor. Result: The young bear all the
risk,

0= ét,o - Et—l[ét,o]

5. Assume: infinite elasticity of intertemporal substitution, n = 0, con-
stant labor, equal risk aversion of young and old, v = ¢ > 0. Evaluate
risk sharing based on information up to ¢ — 1. Result: the life-time
consumption of young reacts as much as consumption of old,

QCtqy + (1 — o) Et[Cri10) = Cto — Ero1[Cro)

6. Assume: infinite elasticity of intertemporal substitution, no risk aver-
sion of the old n = v = 0, constant labor, but risk aversion of young,
¢ > 0, Evaluate the risk sharing condition based on information up to
and including ¢ — 1. Result: The old bear all the risk,

0= Oétét,y + (1 - at)Et[ét+1,o]

The parameter £ is most sensibly interpreted as life risk aversion. Suppose
Cto = Ei_1[Ci o), 1.€., old-age consumption changes are predictable when these
agents are young, and suppose that ©o; = 0. Then, the right-hand side of
equation (49) can be written as

(& —n)ou—1 (Cory + logne—1) + ((§ =) (1 — ap—1) + 1) Cro
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The relevant scaling parameter on the rate of change for consumption of the
old ¢;, is given by a combination of the curvature parameter n of the utility
of the young and life risk aversion £. The curvature parameter of the young
comes in because, with a foreseeable shock, the intertemporal elasticity of
substitution between the two periods of life rather than the post-birth old-
age risk aversion v matters.

If relative consumption changes are the same, &, = Cs_1,, for s =
tand s = ¢t — 1, and if labor stays constant, n, = 7,1 = 0. then a; =
Csy = Cst1,0 for s =t and s = ¢t — 1. and the risk-sharing condition (49) for
a foreseeable shock becomes

Cty = Cro- (52)

as in (34). Ie., young and old should share consumption risk equally (in
proportion to their benchmark level), when faced with a foreseeable shock.
Their relevant risk aversion is now the life risk aversion &, which is the same
for both generations.

With unanticipated changes, by contrast, i.e. if E,_;[¢;,] = ¢, = 0, and
assuming fixed employment and longevity, as well as ¢, = E;[Ci11,0], the
risk-sharing condition (49) becomes

gét,y = I/ét’o. (53)

Whereas old-age risk aversion v is relevant for consumption of the old in this
case, life risk aversion ¢ applies to the young. Indeed, in contrast to the
young who can change all the arguments of their utility function, the old can
adjust only their old-age consumption in response to an unanticipated shock.
Eqation (53) is a version of one of the results announced in the introduction:
the old bear a proportionally larger share of the consumptions risk, iff their
risk-aversion is lower than the corresponding life risk aversion. In section 77
we shall see that this result continues to hold approximately for reasonable
parameters, when preferences towards leisure are introduced.

4 Solving the social planners problem and
parametric choices

Assume from now on that preferences are given by equation (44).
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To turn the endogenous variables into a stationary system, define

~ Cty
Ct,y = : 9
ki1

G _ Ct,o
t,o — 9
ki1

- Wy
Wy = —,
ki1

g = Yt
t = 9

ki1

Pz
t = ]’1’} 9

t—1

- Tt
Ty = —,
ki1

except that we do not detrend n; and that we define

- Qy
ay = —F
k!
gt = Stk';ig,
where -
se = (1 —n)ag) = x]™". (54)

The exponent of the normalization variable differs here in order to achieve
the appropriate scaling for these utility variables. Moreover note that we
scale s; by ky ~¢ rather than by k,’;__f because that way, §;_; (rather than §;_;
and l%t,l) turns out to be the only remaining endogenous state variable.

One can then solve for a steady state in these detrended variables as well
calculate the dynamics around this steady state using loglinearization. The
details are available in the appendix. Here we shall highlight only some key
results.

4.1 Parametric choices

To explicitely calculate the steady state and provide quantitative results, we
introduce a number of parametric assumptions regarding preferences, tech-
nologies and shocks.
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For preferences regarding leisure, we assume specifically, that

(I —n)tx
v(n) = Uﬁ, (55)

with 0 < x < 1. Consequently,

bo(n) = —(1=x)

n

1—n’

po(n) = —x7—

For the production function f(x), we assume

fla) = (9 41— e)xl—i>lli , (56)

with 0 < 6 < 1 and ¢ > 0 (where one should note that we usually use
x = Zn as argument), and thus

1—0)z'" v
Ef(x) = ( )x 1—1>
0+(1—0)x v
1
pplz) = E(l — ly(x)).
For 1) — 1, this becomes?
fla)=a'" (57)
with
Ef(x) = 1-— 9,
pe(z) = 0.
For the stochastic part, let
Wi
Ay
Ct = Zt
T
Ot

2This is shown in the appendix.
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be the vector of exogenous parameters. We assume a steady state ¢ exists

and that

follows an AR(1) process,

~ —

G = log(¢;) — log(()

ét = Nét,l + & (58)

for some 5 x 5 matrix N with nonexplosive roots, where

Ew,t
€At
€ = €zt
€7r,t
€5t

is the vector of innovations for each exogenous parameter with

€ ~ N(O,E)

4.2 The steady state

For general production functions and preferences, the steady state equations
yield the following relationships between the detrended variables,

where

and

ey
Yy

Co

TTCy

X3

K3 =

| =

ff(Zﬁ)

_év(ﬁ)7 (59)
Kglzr%v(ﬁ)%, (60)
I€4R = KR4 (Af(Zﬁ) +1-— 5) s (61)

ki =wexp (0h_e/2)

where ¢%_,. denotes the conditional variance of log Ryy1 + <log(wy1) —
vlog(ciy1,) and o2 is the conditional variance of ¢logw, 1 + (1 — v)log
Ci+1,0 Where ¢ = ﬁ(l —v). These equations provide insight into the fraction
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of output spent on consumption of the young and the old, as well as the
endogenous growth factor k.
Substituting these equations into the equation on feasibility

ey (|, G _1+1—5—7‘r12
g we,)  Af(Zn)

leads to a single nonlinear equation in 7,

(?ﬁ:;) (1 + k3 (ke (Af(ZR) + 1 — 5))% v(ﬁ)nT_l> (62)
1= (s (Af(ZR) +1-3))F
- A7(Zn)

With the parametric choice for preferences (i.e. v(n) = E(IZi);_X) and

1
the production function (i.e. f(z) = (9 + (1 — Q)xl_i) "), the Appendix
analyzes a special case in which the steady-state solution for employment
can be calculated in closed form.

4.3 The dynamics

After detrending with k; 1, the model no longer contains a state variable,
except
'§t = Stk;_g.

This variable arises solely from the intertemporal optimization of the social
planner, and disappears if e.g. n = £, i.e., if life-time risk aversion equals the
inverse of the intertemporal elasticity of substitution. One can think of s,
as representing a utility promise to future generations, or as a device which
allows the social planner to share a risk across many generations, if there is
additional life-time risk aversion.

Using loglinearization and assuming a recursive law of motion, in which
5¢_1 is the only state variable, one can show that the dynamics can be reduced
to solving a polynomial of third degree,

0= 98 + 93,5903,3 + es,sssois + es,sssgois (6?))
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for some coefficients 0y, 0; 5, 05 s and 0, 555. The explicit calculations can be
found in appendix A.5.

Equation (63) generally has three roots, s s;,7 = 1,2,3, and for which
closed-form solutions are available. If only one of these roots is stable, i.e.
less than one in absolute value, then this is the root we use. If more than one
stable root exists, then an additional state variable is needed as generally
would be necessary to solve the system. If there are no stable roots, the
system is explosive and our baseline assumption that there is a stationary
solution to the social planners problem in the detrended variables unjustified.

When computing results below, we use the “toolkit” implementation, see
Uhlig (1999), and allow for up to five rather than one endogenous state
variable mostly for accounting reasons, see the appendix.

5 Decentralization and generational account-
ing

The solution of the social planner can be implemented in a decentralized
economy using lump sum taxes and transfers on young and old agents and
possibly a return subsidy to old agents, when privately holding capital in
order to equate the social and the private rate of return.

We assume that production takes place by a competitive sector of firms,
renting capital and hiring labor from competitive households, and experienc-
ing an externality in production. More precisely, assume that production by
firm j is given by

Ki 1\ Ny
Y, =AK .| Z S 64
" o 1’jf( t( IT )Kt—l,j) 69
where IV, ; is the amount of labor hired by firm j and K;_;; is the amount

Ki—1
II;

labor productivity in proportion to the capital available per young person.
Assuming that firms hire workers at their marginal product and rent capital
at its marginal product on competitive markets, one can easily show that
the capital-labor ratio across all firms is the same, and that the aggregrate
production function becomes (7).

of capital rented by firm j. The term ( is an externality, enhancing
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The private rate of return to investing in capital is given by
RPer = RtSOC — Atf/(Ztnt)Ztnt (65)
where we recall the social rate of return from equation (24) as
RtSOC = Atf<Ztnt) -+ 1— 6t. (66)

Thus, the private rate of return is diminished by the externality in accumu-
lating capital, which is measured by the total wage payments per unit of
capital,

'lUthnt WT¢ Ty

A (Z, Ziny = =
tf( tnt) tT K, , b1

Note that wages are given by (21),i.e.

A
Wy = Atkt_lf/(Ztnt)—t. (67)

Ut

We assume that the budget constraint of the individual household is given
by

Cty + St + Tty — Wiy (68)
riv
Citlo T Tit10 = (14 Ot—&—l)REH St (69)
where s, is private savings at date ¢, 7, is a lump sum tax when young, 711,
is a lump-sum tax, when old, and o, is a return subsidy.
We shall focus on two extreme scenarios. In the first scenario - call it the
case of “private capital” - all capital is held privately and the government
budget balances period by period,

St — k’t
Define the tax share

Tty Cty ke

-1
Wiy WM wWNy

(70)

Tt priv =

in order to express the magnitude of the lump-sum taxes more intuitively
in proportion of the wage earnings of the young. One may want to view
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the average value of this share as reflecting the desire of the social planner
towards redistribution, while its fluctuations may be viewed as fluctuating
insurance payments of the young to the old in response to realizations of
macroeconomic risks.

In this scenario, it is necessary to subsidize the returns to capital in pro-
portion to capital held by the individual agent, so that the total proportional
subsidy amounts to giving the entire production including the capital stock
net of depreciation to the capital-holding old agents, and in turn lump-sum
taxing the old agents so that the government budget constraint balances,

s0¢
t+
Ot+l,o — ~—— =5 —
: priv
R
Wi 1Tt4+1T0+1
priv
Rt+1 kt
riv
Titto = OrrroRin ke — TeriTerny

= T1(Crpry + Keg1)

One interpretation of this last equation is that the generational account bal-
ances, i.e. the generational account of the old equals minus the generational
account of the young.
In the second scenario - call it the case of “public capital” - all capital is
held by pension funds,
s; =0

Thus, the lump sum taxes to be paid by the young are payments to pension
funds, which in turn finance old-age consumption. Note that this is a mixture
of a pay-as-you-go system and a fully funded system. In that case, the
payments by the young to the pension system are

Tty oy Sy (71)
Wi Ty Wit

Tt pub =

We examine both.

A “defined benefit” system can be viewed as a system, where the old do
not bear any of the risk (except perhaps longevity) whereas the old bear
the entire risk of random returns in a “defined contribution” system. The
analysis here instead considers the degree of optimal risk sharing between
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young and old. The relationship between the solution to the social planners
problem, as investigated here, and these more specific “real world” pension
system shall be investigated in future research.

6 Quantitative Results

This section explores the quantitative properties of the model and numeri-
cally calculates the reaction of the various quantities to the relevant shocks.
We use a “hat” on variables to denote the logarithmic deviation from the
expected balanced growth path with §; constant, see appendix A.4.8 for de-
tails.

6.1 Benchmark parameterization

As a benchmark parameterization, pick w =3=0.4,% =1, n=0.5,6 =1
and { =v =2 Set x=.5,0=1/3, @w=1,7=1,7=1and let Z such
that there is no growth in steady state, k = 1, requiring A = 2.825.

The resulting benchmark equilibrium has n = 0.831, ¢,/y = 0.27, ¢,/¢, =
1.22, R = 2.5, which corresponds to an annualized interest rate of 3.1%,
assuming that one period lasts 30 years.

The lump sum taxes relative to the wage bill of the young is 7., =
—0.65%, i.e. in the case of privately held capital, the young agent would
receive a fairly neglible subsidy (financed out of a lump-sum tax on the "rich
old”, who also finance their own return subsidy). The lump-sum payment
to the pension fund in case of “publicly held capital” is 7,,, = 59%, i.e. the
young would pay somewhat more than half of his wage earnings into the
fund.

For the exogenous parameters, we have assumed them to be iid, except
for longevity w;, which we assume to be a random walk. For the latter, it
seems plausible that medical progress is permanent. For the other variables,
note that e.g. TFP has a unit root due to the endogenous growth feature of
our model, even though the TFP parameter A; (and the labor productivity
parameter Z;) is iid. Also, note that m; denotes population growth, so that
the log of population follows a random walk, if 7; is iid.
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6.2 Comparative statics

The sensitivity of these results to three parameters, £, 6 and w = 3 can
be seen in table 3. The last row in that table lists the feedback coefficient
on the endogenous state §; for the dynamic solution. While the first three
columns have risk aversion of young and old the same, the last three columns
set the life risk aversion to the intertemporal elasticity of substitution of
the young, i.e., do not modify the ex-post utility of the young by a further
risk-transformation so that the social intertemporal substitution elasticity
coincides with the corresponding private elasticity. Note that the last three
columns are fairly similar to the first three columns except for this feedback
coefficient and a substantial change for 7,,;, in case of no depreciation.

Table 3 shows which factors determine optimal intergenerational distri-
bution. In particular, the sign of the variable 7,,;, indicates to what extent
the optimal pension system is funded. A positive value for 7, indicates
that the pension system is in part pay-as-you-go financed. In that case, the
generational account for the young is negative (and for the old is positive) in
the absence of shocks. There is systematic redistribution from the young to
the old.

In the benchmark calculation, systematic redistribution is limited. The
benchmark social optimum thus calls for a small amount of systematic redis-
tribution from the old to the young in the decentralized economy.

The second column of Table 3 shows that the systematic redistribution
towards the young is increased if the current old become richer compared
to the young on account of a lower depreciation rate (more capital income
compared to labor income). Note also that the growth rate k increases. The
higher return on capital (as a result of lower depreciation rate) allows for a
higher growth rate. The young save more because of two reasons: a higher
return (substitution effect) and higher income (since the old transfer more
income to the young). Another way of interpreting the increased systematic
redistribution from the old to the young (an inverse PAYG system) is that
the pension system is overfunded. Intuitively, funding increases because the
return on capital increases and the older generation becomes richer.

A comparison of the second and fifth column of table 3 shows that the
additional systematic redistribution in favor of the young due to a lower de-
preciation rate becomes more substantial if ex-ante risk aversion ¢ decreases.
The reason is that there is a lower social preference for similar utility levels
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across generations. Hence, making the future generations better off com-
pared to the current generations (as a result of higher return on capital and
thus growth) becomes more attractive and systematic redistribution from the
old to the young is increased further. The old keep less of their additional
income as a result of higher capital income due to a lower depreciation rate.

Obviously, this systematic redistribution between young and old would
be heavily affected by letting the discount factor of the social planner w and
the discount factor of the private agent [ differ. As an alternative possibility
for comparing steady states, one could calibrate w and ( in such a way that
laissez faire in intergenerational distribution is optimal in the absence of
shocks, i.e. 7y, = 0. Then, the decentralized economy with private capital
yields the correct intergenerational distribution, assuming that the old pay
their own investment subsidy.

6.3 Endogenous dynamics

In table 3 and focussing on the last low in the last three columns, note
that there is no feedback on the endogenous state (i.e. ¢ss), if the life-
time risk aversion ¢ equals the intertemporal elasticity of substitution 7, i.e.,
if the social intertemporal substitution elasticity coincides with the private
intertemporal substitution elasticity.

We are particularly interested in exploring the risk-sharing features as
the risk aversion of the old, v, is varied vis-a-vis the life risk aversion of the
young, {. Figure 7 shows the dependence of the feedback coefficient ¢, g
as these two risk-aversion parameters v and £ are varied between n = 0.5
and the value 4 at the upper end. As one can see, the endogenous dynamics
depends practically entirely on & alone within this two-dimensional variation.

The impact of the state variable ¢, is determined by the divergence
between ¢ and 7 and the importance of endogenous labor supply (i.e. the size
of x; if x = 1, labor supply is exogenous). The more difficult it becomes to
substitute across generations compared to intertemporal substitution within
generations as measured 7, the more shocks are spread out across various
generations as indicated by a larger feedback impact of the state variable.

Shifting risks between the old and the young when the shocks hit is suf-
ficient if & = 7. In that case, the young affect their saving behavior in the
socially optimal way to redistribute between generations and the government
does not have to perform any additional redistribution next period.
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6.4 Intergenerational risk sharing

Table 4 contains the corresponding feedback coefficients to three shocks: total
factor productivity Z, longevity @ and population growth 7. There, @ g ouwth,-
refers to the absolute change in the growth rate (rather than relative to the
growth factor /%) If e.g. Ygrowth,z = 1.28, then this means that the capital
stock will grow by an additional 1.28%, if TFP increases by 1%. Likewise,

Orpriv,z = —0.35 says that the lump sum tax to be paid in case of privately
held capital is lowered by 0.35% of the current wage bill, in case TFP increases
by 1%.

To shed light on risk sharing, we have included three more quantities.
First and second, we have calculated the reaction coefficient for the total tax
collection from the young, normalized by the unchanged wage earnings, each
for the case of private as well as public capital. In the case of private capital,
this is

TtTty
Tp’rw,tot - TN (72)
Ty (wtnt — Cty — k’t)

TWwn
and its percent change is given by

Tpriv,tot = Tpriv + 7_—p7"iv (n +w + 7T)

Note that this coincides with the reaction coefficient for 7., if 7 = 0.
Likewise,

Tpubjtot = o (w;_:;; Cta) (73)

with
Tpub,tot = Tpub + 7_—pub (n +w + 7T)

The total 7,10t 1S the total contribution of the young to a pension sys-
tem, where capital is held privately. In particular, if it is identical to zero and
unaffected by shocks, then this means that the young do not contribute to
insuring the old, and that the old have to bear the entire risk to the returns
of their capital alone. Put differently, this number indicates additional inter-
generational risk sharing compared to a decentralized equilibrium in which
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the old can save only through capital market (and the old finance their own
investment subsidy). 7, indicates how the government can in fact create
new assets to allow trade of risks between generations.

Third, we have also calculated the change in consumption of the old
relative to the total change in consumption, i.e., the feedback coefficient for
the (loglinearized) quantity

Co,t Co,t

raty = = (74)
Ciott  Cop + TiCyy

In log-deviations,
. 1 . . .
rat; = 1T & (Cot — Cyr — Tr) (75)
TCy

If this quantity is unchanged, i.e., if the feedback is zero, then this means
that consumption of the old increases in proportion with overall consump-
tion resources. Generally, rat > 0 in one of three cases. It happens, if both
consumptions rise, but ¢, rises relatively more. It happens, if both con-
sumptions fall, but ¢, falls relatively less. Finally, it happens if ¢; , rises and
¢ty falls. These three cases ought to be kept in mind when evaluating the
results.

The dependence of the shock-reaction of these three quantities as well
as labor supply on the two risk aversion parameters v and £ are shown in
figures 8 to 11, both as a three-dimensional mesh as well as a two-dimensional
contour plot.

For the impulse responses, we have used the benchmark parameterization,
except for setting & = 1 rather than & = 2. This does not change the steady
state, but makes for a differential reaction of consumption of the young vis-a-
vis consumption of the old, see the discussion below, and therefore for more
differentiated impulse response figures. They are shown in figures 1 to 6.
The upper left corner shows the response of normalized consumption of the
young, old and the capital stock, whereas the lower left corner provides the
corresponding “level” variables, i.e. without dividing by aggregate capital.
The upper right corner shows the responses of labor, output (normalized)
and growth while the lower right corner shows the responses of the lump-
sum taxes to be paid by the young, expressed in percent of the steady state
wage bill. Likewise, the response of depreciation is expressed in percent of
the capital stock, not in percent of the steady state depreciation rate (which
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is assumed to be zero, anyways). All figures also show the response of the
“shocked” variable, i.e. longevity, TFP, labor productivity, population and
depreciation as well as the response of the state variable s, as one proceeds
from figure 1 to 6.

The lower-left corner pictures show the persistence effect of shocks, due
to the endogenous growth feature of the model. However, the effects are
usually not an instantaneous adjustment to some new level, but the response
is “smeared out” over a few generations, due to the endogenous dynamics of
the state variable s;. The endogenous dynamics itself is plotted in figure 6.

The responses to a shock in TFP are practically the same (up to scaling)
to a shock to labor productivity, because we have essentially assumed a Cobb-
Douglas production function. For the benchmark calibration and in reaction,
the consumption of the young rises somewhat more than the consumption
of the old, which can also be seen by a reduction the young are supposed
to make to the pension system, i.e. a lowering of their lump-sum taxes. In
response to a shock to population growth, consumption falls: essentially, the
young now have to make-do with less capital-per-capita than before. Due to
the endogenous growth formulation of the model, this effect persists.

6.5 Technology shocks

In the simplest risk sharing case, consumption of the young and old rise by
the same percentage, see the first case of the interpretation of the general risk-
sharing equation and equation (34). There, this case is obtained if there is
no endogenous labor supply and risk-aversion and intertemporal substitution
are assumed to be the same for the young and the old, and where there are
no life risks. The case of equal risk sharing can arise in the full version of
the model as well. Indeed, for the case of a technology shock Z and for
the case that ¢ = v, and with full depreciation 6 = 1, consumption of the
young as well as the old rises one-for-one with productivity, and there is no
shift in old-age consumption relative to total consumption, as the first block
of table 4 shows. The tax payments both for the case of private capital as
well as public capital do not react as both labor income (collected by the
young) and capital income (collected by the old) rise proportionally with
productivity. There is a reaction of the total tax collection from the young
in case of publicly held capital simply because their wages rise, and because
the initial tax rate in case of publicly held capital is not zero.

37



Whether or not the consumption of the old or the consumption of the
young reacts more strongly depends on the ratio between life risk aversion
versus risk-aversion when old. The upper-left corner of the contour plot
figure 9 shows a straight line of no reaction in the old-consumption-to-total-
consumption-ratio for the case v = &. If v is larger than &, i.e., if the old
are relatively more risk averse, then the consumption of the old reacts less
strongly, and most of the risk is thus born by the young. Indeed, the young
will then consume more goods and consume more leisure (as the income effect
dominates the substitution effect), which is why labor declines in response,
see the upper-right corner of the same contour plot.

To implement the higher sensitivity of the consumption of the young,
when the risk-aversion of the young is relatively low, actually requires a
additional subsidy from the old to the young in the case of privately held
capital or a lower total tax payment in the case of publicly held capital if
a positive production shock materializes. This is paid out of the increased
return to capital in the hands of the old, as e.g. the upper-left hand corner
of figure 10 shows. It is easier to see the intuition for a case of a less-than-
expected growth in technology, resulting in lower capital and labor income.
In that case, the young have to make up for the low returns on equity by
working harder and giving up some of their wage income. In other words, the
young bear most of the productivity risk by transferring additional resources
to the old in bad times and by collecting additional resources from the old in
bad times. Risks are traded in just the opposite way if the old are relatively
less risk averse.

The reaction of total consumption is modified by the rate of depreciation:
with only partial depreciation, as in the second and fifth column of table 4,
some consumption smoothing is possible out of capital so production shocks
result in less volatile consumption. At the same time, a positive production
results in less additional growth (compared to a full one-percent advantage
in growth due to the additional one-percent growth in TFP).

6.6 Population growth shocks

Note that the consumption of the young and the old always move in the same
direction for all shocks, as can be seen both from the impulse responses as
well as table 4. This is a key difference between optimal risk sharing and
decentralized pension systems. For example, in the absence of insurance,
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a population growth shock will enhance the return to capital, due to the
abundance of labor. At the same time, the shock induces lower wages, lower
consumption of the young, and higher consumption of the old. This is not
the case with optimal risk sharing: both the consumption of the young and
the old decrease.

The response of old versus young consumption depends again on the
relationship between old-age risk aversion versus life risk aversion. The young
need to be actually slightly more risk averse for the relative consumption
changes of the old and young to be the same, see the first three columns and
the rows for ¢, and ¢, in table 4.

Labor of the young declines with the population shock: this should be an
unsurprising consequence of the substitution effect, as the marginal product
of labor falls. Note, however, how the income effect (which may lead young
agents to work harder) is offset here due to the risk-sharing arrangement with
the currently old.

Note also that the difference between the tax rate 7,.,, when not ac-
counting for the changes in wages, population and labor, and the total tax
collection Ty 10 is fairly minor in all cases, i.e., even if the steady state
values for these tax rates are nonzero. The same holds true for the case of
publicly held capital. This result comes about, because the additional popu-
lation growth is almost nearly completely offset by the decline in wages and
the change in hours.

6.7 Shocks to Longevity

The reaction to a longevity-shock shows a number of interesting and possibly
counterintuitive features. If the young are sufficiently risk-neutral, they are
asked to work harder individually, in order to somehow generate additional
resources. However, as table 4 shows, these resources do not go to the cur-
rently old - total consumption for the currently old (and therefore, certainly
per-period consumption of the currently old) actually falls! Instead, because
the longevity shock is persistent, the additional resources are planted into
higher capital for the future, and growth picks up. IL.e., the same generation
that now is asked to work harder is also the first generation that gets to enjoy
the fruits of this additional labor in the form of higher old-age consumption,
see also the impulse response in figure 1. The drop in (total) consumption
for the currently old is not quite as dramatic as the drop in consumption of
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the currently young, and thus, consumption is actually shifted in their favor
in terms of their share of total consumption.

The intuition for the additional redistribution in favor of future genera-
tions in response to increased longevity is as follows. Longer longevity raises
the marginal utility of old-age consumption and therefore increases the re-
turn on private saving. The higher implicit return on saving makes it more
attractive to redistribute towards future generations, especially if the social
intertemporal substitution elasticity 1/¢ is large. The comparison between
the first three columns and the last three columns of Table 4 shows indeed
that the growth response to longevity is larger if ¢ is smaller. We find a
larger growth response to an increase in longevity than Bohn (2003) for two
reasons. First of all, our calibration implies a relatively large intertemporal
substitution elasticity. Second, in view of the endogenous growth feature
of our model, the marginal product of capital does not decline with capital
accumulation. Hence, shifting resources over time and between generations
can be attractive in response to shocks.

Increased longevity raises not only saving but also work effort. Indeed,
the higher marginal utility of consumption on account of a longer expected
life makes work more attractive. Note also that the difference between the
tax rate 7,.,, when not accounting for the changes in wages, population and
labor, and the total tax collection 7,y o is fairly substantial, if the steady
state values for the tax rates are nonzero, most notably in the fifth column
of table 4. The same holds true for the case of publicly held capital. This
result comes about, because the fairly change in labor supply by the young
triggers additional tax collections in that scenario.

7 Conclusions

We have developed a stochastic endogenous growth with overlapping gen-
erations to explore optimal intergenerational risk sharing and redistribution
to explore how the pension system can implement optimal intergenerational
risk sharing and redistribution between old, young and future generations.
Our endogenous growth model is fairly tractable, despite featuring endoge-
nous labor supply, a number of different shocks and nonseparable preferences.
Depending on risk aversion of the various generations, the pension system
can help to diversify the financial-market risks faced by older generations
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and the labor-market and human-capital risks faced by younger generations.

A number of interesting insights emerge from the quantitative exploration
of the model, as discussed in detail in section 6: Neither a defined benefit
system or a defined contribution system is typically optimal from a social
planners perspective. In particular, per capita consumption of the young
and the old always move in the same direction, even for positive population
growth shocks. This result is in contrast to the response of a fully-funded
decentralized system to such shocks: there, the old would receive higher per-
capita consumption (due to the increase in return to capital), while the young
would receive lower per-capita consumption (due to decreasing marginal re-
turns in labor from the larger working population). In contrast to what a
defined benefit system offers, higher life-expectancy optimally requires old
agents to get by with less resources. Indeed, persistent increases in longevity
will lead to lower total consumption of the old (and thus certainly lower per-
period consumption of the old) and the young as well as higher work effort of
the young. The additional resources are used to increase growth and future
output, resulting in higher consumption of future generations.

In future work, we plan to use the model to explore how the intergener-
ational risk sharing properties of the pension system affect the equity pre-
mium. In particular, in a laissez fair equilibrium without intergenerational
risk sharing, the equity premium may be quite high as the risk-averse retired
generations cannot share capital income risk with other generations. In the
presence of a defined-benefit pension system, however, the old can shed some
of this risk to younger generations. In effect, the young issue bonds to the
older generations and invest the proceeds in the capital market. In this way,
the young have become residual claimants of the pension funds and thus
share in the investment risk. By thus spreading investment risk more widely
over the population and allowing the young to in effect borrow against their
human capital to invest in the stock market (see Constantinides, Donaldson
and Mehra (2002)), the equity premium can fall (and the risk-free rate can
rise) in general equilibrium. Indeed, defined-benefit pension funds may help
individuals to implement an optimal life investment plan, which typically in-
volves individuals to heavily borrow in the beginning of their life to invest in
the stock market (see Bodie, Merton and Samuelson (1992), Davis, Kubler,
and Willen (2002), Jagannathan, and Kocherlakota (1996), and Teulings
and de Vries (2006)). These pension plans thus in effect allow the young to
participate in the stock market. If households can choose between low-risk
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(and low-return) and high-risk (and high-return) investments, better inter-
generational risk sharing can boost growth by maintaining incentives for risk
taking in high-return investments (see Obstfeld (1994) in the context of in-
ternational risk sharing). At the same time, however, better risk sharing
may decrease precautionary saving, thereby reducing capital accumulation
and growth. We plan to estimate the potential effects of the pension system
in calibrated models.

In allowing intergenerational risk sharing through government interven-
tion, we have assumed that the young cannot participate in capital markets
at all to share risks (before the uncertainty during their life time has un-
folded). One interpretation is that human capital is not tradable and that
the young therefore cannot borrow at all against their human capital to invest
in financial capital (see also Constantinides, Donaldson and Mehra (2002)).
In practice, however, the young may be able to participate in equity-market
risk that materializes during their working career, either by borrowing, by
investing all their saving in the risk-bearing capital, or by buying call op-
tions. Indeed, capital markets allow in principle for risk-sharing between
overlapping generations, especially if the young can borrow. In this regard,
our calculations, which assumed only two discrete periods of life, are likely
to overstate the potential risk-sharing benefits from defined-benefit pension
plans. In future work, we would like to explore how sensitive our results
are with respect to alternative assumptions about the extent (including the
frequency) which the young can participate in capital markets.

Our analysis has assumed that governments can implement optimal inter-
generational risk sharing by committing future generations to a risk sharing
contract. For the question of implementability, additional aspects seem cru-
cial to us. First, government intervention may not only help to share market
risks but also give rise to new risks. These additional political risks must
be traded off against the possible gains in sharing market risks. Second, the
government may face serious problems in committing future generations to
an optimal complete risk-sharing contract. For one, in a democracy in which
current generations have the voting power, the government faces a serious
commitment problem; future generations can always opt out. For another,
the government faces substantial fundamental uncertainty so that complete
contracts are excessively costly. With substantial fundamental uncertainty,
discretion rather than rules become optimal.

Optimal risk sharing is sensitive to the magnitude of ex-ante risk aver-
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sion £ versus ex-post risk aversion v. The latter type of risk aversion may
exceed ex-ante risk aversion in the presence of habit formation (see also
Bohn (2003)). Habit formation, however, gives rise to new phenomena. An-
other explanation for high levels of risk aversion is 'standard-of-living’ utility
in which people are sensitive to their utility level compared to that of oth-
ers. Exploring the sensitivity of our results to alternative specifications of
preferences is an important subject for future research.

We have relied on numerical solutions. In some special cases, however, we
can solve the model analytically. This may provide a useful benchmark for
understanding the features of the optimal solution in other, more complicated
cases. We plan to investigate the analytical solutions in the future.
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A Details and additionally useful results

A.1 The calculations for proposition 2

The explicit expressions for the logarithmic derivatives are

g . Uu (Et y,nt)éty
u,et  — T = N
(Ct Y nt)

’ - U (Cryy, )T
wnt = ————~
U(Ct,yv nt)

2 (@e1q(L22))@rig(Te)

gl’ t+1 - + ?
, = +1,
2(@e11q( @Hf))
c 0\ C ,
¢ () =

T

gq,tJrl

Furthermore, define

_ _Z”((_lt)C_Lt
,uz,t Z/(C_Lt> )
i ucc(ét,ya ﬁt)ét,y
Muc,c,t U (Et7y, ﬁt) )
L e
- P
! q'(%2)
ey = 2" (@i (%2)) (%)
Tt Ct )
(W(;))
. unc(ct,ya nt)ﬁ
,uuc,n,t Uc(ét,y,ﬁt) .
Recall (30), o
= W, (76)
t

Note that all these logarithmic derivatives are known as of ¢ — 1 by as-
sumption. The time subscript therefore does not indicate “information”, but
rather indicates the argument.
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To derive the equations in proposition 2, one needs to take a first-order
Taylor expansion in the logarithmic deviations. These calculations can often
be performed rather speedily by combining several “rules”, which are easily
verified:

[Rule 1:] To take the Taylor expansion for a single variable, note

Ty = Ty eij’)t ~ ft(l -+ ZIATt)

[Rule 2:] If z;, = Azyy;, where A is some constant, and the same is true for
the benchmark values, then

Zt =Ty + Ut

[Rule 3:] If z; = x; + y; and the same is true for the benchmark values,
then

ZiZ = T4y + Yy

[Rule 4:] Suppose, some variable z; satisfies z; = f(z;) as well as z; = f(Z).
Then,
Zt = gf.fi't

where /; is the logarithmic derivative of f(-) at Z,
['(@) 2
f(z¢)

The extension to two variables, z; = f(zy, ;) is

by =

ét - gf)xjjt + ‘gfvy/gt’
where

o = @ BT, fy(E 55
TR L N TN A

Note furthermore, that
gw—l,t = E;,Lrl (77>
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and that

pat = = (78)
Define the variables
2z, = 2 ()
u = u(cry,ne)
i, = ou(cyyne)
: Ocyy

=

If

S
A~

g

RS
A~

|£P
~ |
~
~_

€ = Et[$t+1]
uw o= 1 (ey)
toy = (@71 ()

Ct,o
q = q’( )
Wi

Note that ¢, = z (@qu (Et“"’)) and e, =z (@tq (Z—:)), since we assume

Wt+1
that the benchmark levels are known at date ¢ — 1 already.
With this, the risk-sharing condition (29), i.e.

N , (o
Z(atﬂé%mzz(aﬂ)gdtq (C_)

can be written as

The argument definition

s s (8 (oun(2)]) oo

can likewise be written as

ar = up + B (81)
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Finally, the definition for the discounting correction (20), i.e.

e (o (a2 (o(2))

can be written as

dy = L::—195; (83)
1. Taking logarithms of equation (79) delivers
LA, =%_ +d+q
Application of rule 4 to these items immediately delivers (84), i.e.

Hz,tdt + ,uuc,c,tét,y + ,uuc,n,tﬁt (84)
= o101 + di + prg1 (Cro — 1)

2. To loglinearize (81), use rule 3 to obtain
ay = oty + (1 — ay) iy
With rule 4, extended to two arguments, and applied to u; = u(c, n),
Up = Ly e tCry + Lym il

Also with rule 4,
Iy = gl/,tét

Interchanging expectation and differentiation, rule 4 delivers

€ = Logr (1 = Logsr) Be[@ra] 4 Lo Ey[Cern,o]) - (85)
Combining and exploiting (77), one obtains equation (33), i.e.

ar = o (LuctCry + lunsii)
(1 — ) (1 = Ly is1) B[] + lyur1 Eiléiao])-  (86)
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3. Taking logarithms of (83) delivers
Czt - 5;—1 + f;
For 7}, rule 4 delivers
By = —pag (1 = Loe) e + Lgsleo)
For 7;_,, repeated application of rule 4 delivers

i1 = —Ha14-16
= g1 1B [Coy (1 —Lg1)7or + LgCio))

Combining and exploiting (78) delivers equation (33), i.e.

dy = piag (1 —Lgs) (c0r — B [04]) 4+ Lot (Cro — Er-1[Cro)))

A.2 Scale Invariance and Balanced Growth

Scale invariance has a number of implications.

1. To save on notation, define ¢, = ¢ct, Cro = Pt and Wy = Qw,: these

are part of the allocation ®. Thus, equation (22) can be rewritten as

Cuet . Gy

gu,n,t WMy

Note that the right hand side - which can be interpreted as the income
share spend on consumption of the young - does not depend on ¢.
Hence, the ratio of the two logarithmic derivatives £y ;s = Cy.ct(Cry, 7t)

and Cyn¢ = lynt(Cry, ne) is independent of the argument ¢ ,,.

2. Suppose that the income share spend on consumption of the young is

constant

then
éu,c,t - O-yeu,n,t-

We note that this condition will hold along a balanced growth path,

where indeed the income share should be constant.
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3. Replace ¢;, with ¢c,, in (22), and take the logarithmic derivative with
respect to ¢ to obtain

C
0= —Huc,et — Muc,n,tﬂ + 17 (90>
WMt
or
gu c,t
0= — Huc,c,t + ,uuc,n,tg — +1 (91)
u,n,t

across all values ¢ .

4. Suppose additionally, that ji,..; is constant over time and 17 = fiycc -
We can derive a semi-closed form for the utility function u(e,n), as is
well-known from the literature, see e.g. King and Plosser (1989). We
provide the derivation here for the sake of completeness. Consider first
the case n # 1. Since piyc¢ is the (negative) logarithmic derivative of
u, with respect to ¢, this implies log-linearity for ..,

log ue(éry, ni) = (1 —n)logv(ng) —nlogcyy,

where the “constant” term (1 — n)logwv(n;), may depend on n; (and
seems to have been written in a rather complicated fashion, as this will
turn out to be convenient below). Rewrite as

Uc(Cry, i) = v(ng) 778,

and integrate to obtain

(v(n4)Cry) ™

1= + k(ny), (92)

U/(ét’y, nt) =

where k(n;) is an additional constant, possibly depending on n,. Differ-
entiating with respect to n; and comparing to (22) shows that x(n;) = &
independent of n,; as follows. Rewrite (22) for the allocation ¢ as

_un(¢ct,y; nt)
uc(¢ct,y7 nt)
v'(ny) K' (1)
T T T W) (o)

owy =

93



Divide by ¢ to see that the left hand side and the first term on the
right hand side do not depend on ¢, whereas the last one does, unless
either n = 1 or x/(n;) = 0. Since we assumed 1 # 1, k(n;) must be a
constant, independent of n;. The case n = 1 similarly yields

u(Cpy, ) = log ey + v(ng). (93)

. Consider a nonstochastic case. Equation (26) reads

Ct+1,0
Ue(PCry, i) = 0 (:1:’1)/ (a: (wtﬂq (¢ A ))> (94)
Wit+1
' (thq <¢Ct+170>) q <—¢Ct+1’o) Riy1.
W41 W41
Take the logarithmic derivative with respect to ¢ and exploit (78) to
find

Huc,e,t = Hg,t+1 (95>

. Again for the nonstochastic case, the constant share condition &; = «y
can be rewritten as

Qg

(i _ 1) u(pery,ne) = Ba(Pcir1 o)

where a; does not depend on ¢. Taking the logarithmic derivative with
respect to ¢, we establish

gu,c,t = eq,t—s—l (96)

A.3 The equity premium

To relate the risk-aversion parameters to observables, one possibility is that
observed allocations are (nearly) optimal as far as intergenerational risk shar-
ing is concerned, and to calibrate the risk-aversion parameters to observed
market prices of risk. In our context, this means to observe market prices of
risk from young agents trading assets which pay off when they are old.
Given an allocation which solves the social planners problem, suppose
that the social planer contemplates transferring resources between periods
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using some asset a with return R} ;. Since the allocation is already optimal,
the social planner must wish not to execute this reallocation. Hence, it has
to be the case that the asset pricing condition ( 26) not only holds for Ry,
but for the return R?, ; as well, which might, of course, coincide with R; ;.
Recall the definition of the stochastic discount factor my,q,

Ct+1,0
M = 3 (5571), (Et {»’U (thq < e ))])
Wt1
z <wt+1q (Ct+1,o)) q' (Ct+1,o>
W41 Wi+1

The asset pricing equation (26) then implies

Ey [mtJrlRf;_l} = B [myy1 Rl - (97)

Decompose R} |, Ci41,0, Wit1, M1 into their predicted part and surprise
part,

log(R}y ) = 10g( )+ R,
log(cit1,0) = 108(Cit1,0) + Crpa,
log(w1) = log(@ t+1) + Dt
log(m1) = log(myg1) + 1M,

with

0= E t+1] Ey[¢i 1] = Ey[to41] = By ]
We assume that the surprise parts are jointly normally distributed, condi-
tional on information up to and including . Denote the standard deviations
by e.g. oprs+1 and o, 441 and correlations denoted by e.g. pp, riy1. Define
the Sharpe ratio, defined as the difference of the log expected returns divided
by the standard deviation of the log return,

log (Ey[Ry41]) — log <R1{>

ORt+1

SR,t:

(98)

Using a standard calculation, see Lettau and Uhlig (2002), one can show
that

R, = —Pm,Rt+10m t+1 (99)
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It is easy to see that, up to a log-linear approximation,

M1 = a1 (Ter1 + Lop1 (Cor,0 — Dea1)) — Mgt (Cept,0 — Wip1)

= (a1 (g1 — 1) 4 pg1) 41 — (Ma1fqe+1 + Hae+1)Crrto

Using the same calculation as for (99), one can then show that

R = —(orr1(lgirr — 1) + g t+1) P Ri+10m 141
+(Mr,t+1€q,t+1 + /JJq,t—&—l)pc,o,R,t+lac,o,t+1 (10())

For the specific functional form of subsection 3.3, we thus obtain
n—v
s{t = 1TT}pw,R,t—i—law,t—i-l + VPco,Rt+10¢,0,t+1 (101)

These equations are informative about measuring curvature parameters of
the utility specification. In particular, we see that if there is no surprise
longevity risk, ©o;,1 = 0, then the risk premium is proportional to the risk
aversion parameter v, the standard deviation o, of old-age consumption
Cot+1 and the correlation p.,pr:y1 of old-age consumption with the asset
return.

In solving a social planners problem and in characterizing the speed of
capital accumulation, the appropriate risk premium and thus, the appropri-
ate “scarcity” of capital to generate the required average return, ought to be
taken into account.

A.4 Solving the social planners problem
A.4.1 Collecting the equations

For reference, the social planners problem solves the following set of equa-
tions:

Y = Atkt—lf(Ztnt)a
CoyTi + Cro+ kimy = (Af(Zing) +1 = 6;) kia,

Z
wy = Atkt—lf/<Ztnt)7T—ta
¢
ou(cy, n) o = ou(cyy, ny)
8Ct,y ! 3nt ’
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R, = Af(Zmy)+1-46,
—GU(Ct’y7nt) = ﬁ(ff_l)/( [ (wt+1q

(%t’y

(2))])
. o (=g (222) ) (Z@ ea).
o) P = ) 67 (B [« (= (2))])
(= (22)) 0 ()
o = o)+ 00 (B o (mng (222))]).

|
We assume that preferences are given by (44). Define

n
= —(1— 102
s=-v) (102)
and note that
n
11—, 1
which turns out to be useful in some Calculations below. Note that

Cto 1 s 1—v
T | wq = Wil o
(7 — VvV
Ct Ct _
/ ;0 / ;0 _ S v
T | @ q = Wilyo
Wt Wt

Thus, the equations above become

Y = Atkt—lf(Ztnt)7
CryTt + Cro+ kime = (Acf(Zing) + 1 — &) kia,

wy = Ak 1f (Ztnt)Zt
T
w,  v'(ny)
Cry v(ng)’
Ry = Af(Zimg) +1 =6,
C;;U(nt)l_n = By "Efwi el o Ryl
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wst 1T Cr g 0
(1- n)at
T

S¢

n—¢§
(1 —m)ar) =7 e, yv(ng) ' 7,

cuyv(ng)) " + By ",

(1-

(
(
(E. [thCtH o)) > ;
(

bt 4

E—
)at)l 77 xt )

where the last two lines define x; and s;.

A.4.2 Normalization

To turn this into a stationary system, the growing variables need to be divided
by the beginning-of-period capital level k; ;. Thus, let

except that we define

Cty

Cty
)
ki
Ct,o
)
ki
Wy
b
ki1
Ut
b
[
Ky
b
[
Ty

)
ke

ay

1—-n?
ktfl
Stk;_g.

The exponent differs here in order to achieve the appropriate scaling for these
utility variables. Moreover, we scale s; by k; ~¢ rather than by kt”__f because

that way, §;_; (rather than §,_; and l%t_l) turns out to be the only remaining

endogenous state variable.
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Rewrite the system as

.

CeyTt + Cro+ l;’tﬂt =
/UNJt -

B

Gy

Rt -

Cry v(ng)' ™" =
SSwE, =
(I—-n)a =

i’t —

§ =

Atf(Ztnt)a
Af(Zing) +1 = 0y,
Z
Atf,(Ztnt)_t>
Ur
v'(ny)
v(ny) ’
Atf(ZtTLt) + 1-— 51&7
Bk Byl 16 o Rival,
=& __ _
(1= m)ae) =0 & Jo(ng)' ",
(Eyv(ne)' ™"+ B, ",
. 1
ki (B (@508 00)) ™7

£€—n

(1 —=m)ag) =0 &7~ k.

Note that indeed the only endogenous state variable remaining is §;_1.

A.4.3 Stochastic assumptions

To make further progress, we need some additional, tractable assumptions.

Let

Gt

= | 2 (103)

be the vector of exogenous parameters. We assume that a steady state ¢

exists and that

¢ = log(&) — log(¢)

follows an AR(1) process,

G =

N1 + € (104)

for some 5 x 5 matrix N with nonexplosive roots, where
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A.4.4 Steady state

N

T+

o+

no]] e | g g §I

3

¢, "v(m)'"
=——1-—¢=—v

—5 w'c,

(1-na

&I

S

where 0% . denotes the

Ew,t
€A
€ = €Z1
67r,t
€5t

is the vector of innovations for each exogenous parameter and

€ ~ N(O,Z)

The steady state for the “tilde”-variables - which we shall now also use as
our benchmark values - is given by the equations

Af(zn)
Af(Zn
Arzm?,

"(n

ﬁ)’

/—\
~—

v

—~

Af(Zn)+1 -3,
i e (6.

n—¢§

(«
<_

K

conditional variance of log R;1 + ¢log(wy1) —
vlog(ciy1,) and o2 is the conditional variance of ¢logw; 1 + (1 — v)log

We have included the risk terms in the intertemporal equations, thus
including a precautionary motive for saving. We implicitely assumed (as

60

)+1-0,

1—mn)a)i=n ¢, "v(n)' ",
cyv(n )1—77 + Bz,

)
exp (0923/2) @CE})’”)&,
(1= m)a)Fn a7V F¢,



remains to be shown in the log-linearized version), that the variances are

constant over time. This will be justified below, when solving for the linear

recursive law of motion for the loglinearized system, see subsection A.4.10.
Finally, define the argument share

(eyv(n) ™"
(1—=mna

o =

for n # 1 and
1

1+4

o =

for n = 1.

A.4.5 Solving for the steady state

Labor supply (108) can be written as

= =0, (n), (115)
Cy
which says that the inverse of the share of wage income spent on consumption
when young is tied to ¢,(n). Labor demand (107) together with (105) implies
YT 04(Zn). (116)
Y
The labor share in production is thus closely relared to the productivity-
weighted labor input Zn. Combining equations (115) and (116), one can
eliminate the wage rate w

wcy,  Lf(Zn)

g _€v<ﬁ)

We also assume that variances and covariances are known: the underlying
fixed point problem will be discussed below. Equation (113) implies

. (117)

T = Kk1ké,, (118)
where
< U§/2 ) _ _s
Ki=exp|—— | @iv.
1—v
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The asset pricing equation (110), which can be viewed as describing optimal
saving, can be rewritten with (118) as

¢, "w(n)'"" = Ky, "k "R, (119)
where
Ky = Bry '@ exp (0h_,./2)

_ e (’; - ”03/2) exp (05 00/2)
14

The risk-sharing condition (111) together with the definitions (114) and
(118) implies

¢, ()" = (gm’;%C) e kST, (120)
which can be rewritten as
Co —&-n =1
= r3k 7 v(n) T, (121)

where

N N

(2) " exp (=)

While (119) arises from an intertemporal savings decision, equation (120)
arises from the risk-sharing condition. The difference between these two
equations thus partially stems from the different weights given to an agent
currently alive or alive in the future due to population growth and social
planner discounting. Equations (119) and (120) with (109) together imply

K = kiR = rky (Af(ZR) +1-9), (122)
where Wk
2
Ky = W = wexp (J?Q_VC/Q) ,
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which sheds light on the relationship between growth of the economy k and
required labor 7 versus the discount factor of the social planner w and a term
exp(o%_,.) related to the risk premium. Note also, that

1

()
KRy = — | — .
™ K4

The right-hand side of (106) equals R. Use (105) to rewrite (106) as

e, Co 1—6—7k
A 1+=)=14+4—. 123
J ( ' my) A7) 2
Combining equations in %, ;gy, k, and 7, we have
ey Co 1—0—nk
— ]. + — - ]. + Y 9 124
Pl Az (2
TCy li(Zn)
- = —\ 7 125
0= k()T (126)
TTCy
kK = riR=ry (Af(Zi)+1-9). (127)

Substituting the second and third equation into the first to eliminate % and

£o one obtains
TCy

Ef(Zﬁ) ( —&-n . n-1 1—6—7k

1 k " ) =14+ ——=—
(L) (ko™ =14

Finally, use the fourth equation (127) to eliminate k to obtain

(%Z(ZD (1 + i3 (1 (Af(Z0) +1 - 8)) v(ﬁ)"%)

N

1—6—7 (ks (Af(ZR)+1—19))
Af(Zn)

This is a single and nonlinear equation in 7. Solving it requires a specification

for v(-) and f(-). A solution may perhaps be given in special cases, but

numerical methods must be used generally. There may be multiple solutions

n > 0, indicating a multiplicity of steady states. Given a solution to this

equation, all other steady state variables can then be calculated.

=1+ (128)
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A.4.6 A parameterization

We shall assume that

with 0 < x < 1, so that

fo(n) = —x

Thus, (115) can be rewritten as
w(l—n
Cy
The “expenditure ratio” of leisure over consumption when young is thus given
by 1 — x.
Further, we assume that

f(x)zz(@—%(l——@)xl_i>lli (130)

with 0 < # < 1 and ¢ > 0 (where one should note that we usually use
x = Zn as argument), and thus

(1—0)z" %
¢ = 1
e
1
pp(r) = E(l — {y()).
For 1) — 1, this becomes
flw) = o1 (131)

Proof: Lete=1— % Note that

log f(z3€) = ~log(1+ (1—0) (exp (elogz) — 1))

~ %(1 —0) (exp (elogz) — 1)
~ %(1 —0) (elog x)
= (1-10)logx,
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which delivers the claim. e

Either directly or per ¢» — 1, one then gets
gf($) = 1- 49,
pp(z) = 0.

A.4.7 A special case
We now analyze the case ) = 1,£ =1 — 1,6 = 1 per successively investigat-

ing the implications of each additional restriction.
For the special case 1) = 1, replace in equation (125) to get

ey (1 (1-190)
TGy
and in equation (128) to find
1_ (1—0) oo (1 _ ,T_ll_e o %7" z_J(l_ﬁ)lfx ’7;1
(1) G0 (1wt (4222) )
sttt ol

For £ =n — 1, the ratio of old-age consumption to young-age consump-

tion is given by (126) as
Co _ g >
— = =— —02/2). 133
Ey TTK3 w exXp ( Ux/ ) ( )
Furthermore for £ =7 — 1, one obtains
(1-10) B 16
(1 + l€3) = (1 — 7T/€4) ]_ + W . (134)

1
Ty =7
<n ) (1—x)
With complete depreciation (i.e. § = 1), this becomes
_ (1-x)"
= (1 1
n < +/<a5(1_g) : (135)
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where o B
TGy _ = L2 (136)
Yy 1+ K3
A closed-form solution is thus available in this case. Ignoring the variance
and risk premium terms or assuming a nonstochastic steady state, we can

write ks as

TCy 1 —7w
— TRy =T o
J 1+ f(7w)

so that (by substitution into (136))

- (-m) (1-x\"
”‘(”<1+5<m>-1><1—9>) ’ (138)

(137)

where one can now investigate the impact of a variety of parameters on the
steady state.

A particularly simple case is § = w and ™ = 1. Ignoring the variance and
risk premium terms, one has
1-p

= (139)

. (u(l;m(é:»;;)l

@||c@|
< | S

with the gross-investment-to-GDP ratio ’_T—; given by .

Given a value of 7, equation (127) shows that the growth factor k of
the economy and the level of total factor productivity A are closely related.
Varying the latter will not affect n under full depreciation in case £ =n — 1,
as shown above. Thus, to obtain an economy with a growth factor k, we can
set

R
w(Zn)?
where we once again ignore the variance and risk premium terms.

These calculations also help in a somewhat more general case. For sup-
pose alternatively, that § = 1, but that ¢ # n # 1. Use the solution 7
of equation (135), but without imposing n = 1 for calculating ks, i.e. us-
ing (136) to “back out” the level parameter v in the disutility of the young
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consistent with this steady state

o . _£=7 1 — )\ !
T (s
- X
This may be useful in order to investigate local comparative statics around
a known steady state or to find an initial point for numerically calculating
the steady state.

A.4.8 Loglinearization

We now use hats on variables to denote the loglinearization of the detrended
variables around the detrended steady state, e.g.

Cry = log(éry) — log(éy).

Furthermore and from here onwards and in slight abuse of notation, let £; and
¢, be the logarithmic derivatives of f(-) and v(-), and .y and p, the (negative)
elasticity of f’(-) and v'(-), all evaluated at steady-state employment 7 for
v(+) resp. Zn for f(-). The loglinearization is given by

b o= A+ L(Z+ ), (140)

CyT (Cry + 7)) 4 Colro + kTt (ky + 77) (141)

= GA + 05(Z + 1)) — 66y, (142)

W = A —py <Zt+ﬁt> V7, — (143)

Wy — Gy = — (o + L)1y, (144)

RR, = y(A+p(Zy + 1)) — 604, (145)

ey + (1=, = —nk + E; [mﬁm eio+ B |, (146)
811+ Vo —str = (§—n) (1 Cit n) + 0ty — (L —n)lony,  (147)

~

a A A
(1_tn> = a(Coy + L) (148)

+(1—a) (l%t+Et L U

Wig1 + ét+1,o:|) (149)
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5 = <§—n>((léfn>—l%t) (150)

i n@tﬂ + ét+170:| ) (151)

where we replaced z; everywhere with

iy =k, + B, [1 T g+ étﬂ,o] : (152)

A.4.9 Preparation for MATLAB implementation

In order to implement this system of equations, it is more convenient to use
d; = 00; - since this is already in percent anyways and to handle § = 0 as
a

limit - as well as a; = (ﬁ) . Write the system as

0 = A+ Lp(Z + 1) — i, (153)

0 = RRy —&i(éy+ 1) — Cotro — kit(ky + 1), (154)

0 = A -y (Zt+ﬁt) Y Ty — Ay — i, (155)

0 = —(phy + L)ty — Wy + E0y, (156)

0 = g —0o; — RRy, (157)

0 = (§—ma; +ncey — (L —n)luiy (158)
—841 — Vo + STt),

0 = —771%15 + B [U@tﬂ — NCiy1,0 + Rt—i—l] (159)
+nCy — (1 = n)lyny,

0 = by loiy) —a (160)
+(1 —a) (l;:t + B, L i W1 + ét+1,0:|>

0 = (€-m(a—k)-5 (161)

+(n—v)E, L i n@tﬂ + ét+1,o:| :

In order to incorporate the generational account perspective, we also add
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the equations

0 = Tiprio+ w_%(cy,t — Wy — ) + %(k — Wy — Ty)
. Cy . PR
0 = Tt,pub+w—2(cy,t—wt—nt)

to capture the movements in the ratios of lump sum taxes to wage earnings to
be paid by the young, expressed in percent (rather than in percent deviation
from the steady state of this ratio).

As state variables we choose 8, ¢y, €0, G; and k. The first three come
in due to the insights from some analytic calculations towards deriving the
law of motion in closed form, available as a technical appendix in a working
paper version, and are to having three rather than one equation containing
expectations. The variable af has been added in order to avoid potential
difficulties of a purely algebraic nature in the special case & = n. Finally,
k has been added as a state to recalculate the impulse responses for the
non-normalized variables, if so desired.

A.4.10 The recursive law of motion

We wish to solve for the linear recursive law of motion,

§t = Sps,sétfl + SOS,CCt
Ny = Pnsdi—1 +  OncG
Cty = PeysSi-1 + PeycGe (162)
6270 = Qpco,sgt— 1+ QOCO,CCt
R, = ¢rsdi-1 + ©rcG

etc.., i.e. we wish to solve for the coefficients ¢(. ) € R and ¢(.¢) € R’ such
that the linear recursive law of motion satisfies the loglinearized equations.
Note that the linear recursive law of motion implies that the conditional
variances and covariances are constant and given by e.g.

2
Oc,o = 90507C290£:0,C
Pc,0,ROc,00R = @C&CZSO;%,C

In particular, the Sharpe ratio (100) can now be calculated.
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In principle, this involves the calculation of a fixed point: the steady
state requires knowledge of these variances and covariances, which can be
calculated, given the linear recursive law of motion. But the latter is a
solution to system of equations, whose coefficients depend on the steady
state. An iterative procedure typically works well. As a first step, assume
these variances, covariances and the Sharpe ratio to be zero, in which case
one obtains the nonstochastic steady state. Use it to generate the loglinear
approximation and solve it for the recursive law of motion. Calculate the
implied variances and covariances, and use them to recalculate the steady
state, etc..

This procedure was used in e.g. Canton (1997, 2002) in a different con-
text. The procedure typically converges fast. In fact, typically a single
step often suffices for all practical purposes. For that, use the nonstochastic
steady state to generate a linear recursive law of motion, and use the latter
to calculate variances and covariances.

A.5 A closed-form solution

We shall now provide a closed-form solution for the recursive law of mo-
tion, given the loglinearized system. The procedure follows the methodology
explained in Uhlig (1999). We proceed in three steps. The first two steps
concentrate entirely on calculating the deterministic law of motion. In the
first step, we reduce the loglinearized equations to a system of three equa-
tions in &, ¢, and ¢, and their leads and lags. Plugging in the recursive
law of motion, we obtain a system of three equations in the three coefficients
Pey.s) Peo,s and @5 5, which we reduce to a quadratic equation in ¢, ; and solve
in the second step. With the solution to thee deterministic part at hand, we
proceed to calculate the coefficients on the stochastic part by solving a linear
system of equations in the third step.

A.5.1 Step 1: Reducing the system

Due to linearity, the solution to the deterministic part is obtained by solving
the loglinearized system under the assumption that all shocks are equal to
Z€ero, i.e.

g = Ly (163)
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CyTiéry + Colro + KTk
Wy

Wy — Cry
RR,
—NCey + (1= n)luie

St—1 + VCip

(+5)

~

S¢

= Af(Zn)l;ny (164)
=~y (165)
= —(po + L) (166)

Af(Zn)l iy (167)
= —nky — nés10+ R (168)
= (e (1) + e - -t (169

= by + L)+ (1= a) (b + ) (170)

= (£—n) <(1a%n) - I%t> + () — V)1 {171)

The first equation (163) is not needed for the reduction. Use the third and
the forth equation (165), (166) to express n; in terms of ¢ ,. Use that in
the second equation (164) to express k; in terms of ¢, and ¢é,, in the fifth

equation (167) to express R, in terms of ¢ty and in the seventh equation
(169) to express a;/(1 —n) in terms of ¢, ¢ and g,

where

OnyC.y
Qk,yct,y + ek,oct,o

OryCty

ea,yct,y + ea,oct,o + ea,EoCt—H,o

1
Mo +_€v — My
AN, Gy
k7 "k
— Eo
=
Af(Zn )%
R



(ga’o = (1_04)6k,o

l1—«

Qa,Eo

Use these results in the remaining sixth, seventh and ninth equation (168)
(169) and (171) to obtain

0 = O yCry + CGroCto + O1EyCir1y + 01,E0Cit1,0
St—1 = 92,yét,y + 62,061?,0 + 92,Eoét+1,o
0 = =S5 + 93,yét,y + 93,oét,o + 03,Eoét+1,o
(172)
where

91,y = n- (1 - U)gven,y - n‘gk,y

b0 = —Nbko
b1y = Ory
91,Eo = -
Oy = (E=m0ay+n—(1—=n)lyb,
Oo0 = (§— 100~V
Orpo = (f - 77)9a,Eo
sy = (&—n) (9a7y - ek’,y)
O30 = (§£=1)(0a0— Oko)
O30 = (§—=n0apo+n—v

A.5.2 Step 2: A system of three coefficient equations

Use the deterministic part of the recursive law of motion

St = PssSt-1
Cty = Pey,sSt—1
Cto = Peo,sSt—1

to replace all variables except s; ;. For variables dated ¢ + 1, this requires
“plugging in twice”. Comparing coefficients (or, equivalently, dividing by
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S¢—1) yields

0 = el,y(pcy,s + 91,09000,5 + gl,EySOS,sSpcy,s + 91,E0S05,590co,s
1 = 02,y‘;0cy,s + 92,09000,5 + QQ,EO(')OS,S()OCO,S
0 = —905,5 + 63,y900y,s + 03,08000,3 + 03,E0908,s§000,s

(173)

Multiply the second equation with 03 g, and the third with —0; g,, add
and solve for ¢, s,

Pey,s = ecy + ecy,sgos,s + ecy,co()pco,s (174)
where
0 _ 93,Eo
“ 03,E092,y - 92,E093,y
9 _ _02,Eo
e 03 o2y — 02,5003 4
0 92,E093,o - 93,E092,o
cy,co

03,E092,y - 92,E093,y

Use that in the first two equations to replace ¢,y s,

0 = 04 + ‘94,590575 + ‘94,0@00,5 + 04755@315 + 04,50@5,5@00,5

0 = 05 + 95,5@5,3 + ‘95,o§0co,s + ‘95,50905,59000,5 (175)
where
0 = O1,00
94,3 = el,yecy,s
64,0 = el,yecy,co + el,co
84,35 = 91,Eyecy,s
04,50 - el,Eygcy,co + QI,EO
05 = Og,0, — 1
95,3 = 92,yecy7s
05,0 = 92,yecy,co + 92,0
05,50 = 02,Eo

Multiply the first of these two equations with 05 ,,, the second with —8, ,,
add and solve for ¢, s,

Spco,s = 900 + 900,8905,5 + eco,ssﬁpi,s (176)
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where

84,5095 - 95,5094
95,5094,0 - 94,8095,o
94,5095,5 - 95,5094,5

95,5094,o - 94,8095,o

000 =

eco,s =
0 o _95,50‘94755
co,s8
95,5094,0 - 94,8095,o

Use this to replace ¢, in either of the two equations of (175). We use the
second equation and obtain

0 = O + 0o 5pas + Oosshs + s sl (177)
where
95 = 95 + 05,0900
05,5 = 05,5 + 05,006078 + 05,80900
es,ss = 05,0000,85 + 05,50000,5
es,sss = 95,80900,53

Equation (177) is a polynomial of third degree, which generally has three
roots, ¢ss4,% = 1,2,3, and for which closed-form solutions are available. If
only one of these roots is stable, i.e. less than one in absolute value, then this
is the root we use. If there are more than one stable root, then an additional
state variable is needed as generally would be necessary to solve the system
(175). If there are no stable roots, the system is explosive and our baseline
assumption that there is a stationary solution to the social planners problem
in the detrended variables unjustified.

Experimentation with reasonable parameter choices has only delivered
the case of a single stable root. We shall therefore concentrate on that case
from here on. Thus, let ¢, s be that solution.

The other two key coefficients ¢, s and ¢, s can now be found from
equations (176) and (174).

For the remaining variables, we have

Pns = OnyPey,s

Py,s — gfgn,y(pcy,s

Prks — ek,ygpcy,s + ek,osoco,s (178)
Pw,s = _/fbfen,ygocy,s

PR;s — QR,yQOcy,s

Pa,s = ea,ycpcy,s + ea,owco,s + Qa,Eows,sgpco,s
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where ¢,  is the feedback coefficient for %
We summarize these feedback coefficients per

Ps,s
Spcy,s
Peo,s
Pn,s
Pos = | Pys (179)
Pk,s
Puw,s
PR,s
Pa,s

A.5.3 Step 3: Solving for the coefficients on exogenous variables.

Solving for the exogenous variables is now a matter of solving a linear system
of equations. In the equations (140) to (151) replace each endogenous variable
dated t with the feedback rule given (162). The variable §,_; stays as is. The
variables dated ¢ + 1 show up in expectations, and are replaced with the
feedback rules as e.g. in

Et [Ct+1,o] - Et [@co,sst + (;DCO,CCt-H]
= Pco,sPs,s5t—1 + (Spco,s(pco,g + (pco,CN) Ct

where ¢, and ¢, s are now known, while we still seek to solve for ..
The resulting system contains coefficients on the variable s;_;, which we
already know to hold from the calculations above. Let ¢. . be the matrix of

the to-be-solved-for feedback coefficients on the exogenous variables (, given
by i i
Ps¢
BPey,¢
roo,g“
Pn,¢
pc= | P (180)
Ph¢
Puw,¢
PR
@a,(
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where @, ¢ is the feedback coefficient for 1“_—t77 Take the feedback coefficients
.5 on $,_1 as given via the calculations above, and compare coefficients
on the entries in (;. By carefully examining the system or, alternatively,
exploiting the matrix algebra provided in Uhlig (1999), the remaining system
can be written in the form

Vvec(p.c) =W

for some matrices V' and W and the columnwise vectorization vec(yp. () of
the matrix of coefficients ... If N = 0, i.e., if the exogenous variables are
iid, then this can be written more conveniently as

(Cp.c)=D

In either case, one obtains a linear system in the entries of ¢. -, which can be
solved under the usual conditions for invertibility. We shall skip the tedious
details on explicitely stating V' and W or C' and D.

A.5.4 Impulse responses

Define the vector of endogenous variables

With the solution above, one can now determine the effect of a shock ¢
recursively per

G = € , % = ®..¢Co
G1 NG , 1 = p.s(Wo)s + ©.cG (181)
G = NG , 2 = o () + ©.cG

etc., where e.g. (to)s is the first entry (corresponding to sg) of vy.
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Figure 1: Impulse responses for a one percent shock to longevity, given the
benchmark parameterization
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Notation meaning first occurance
Ay total factor productivity (7)
ay argument of z(-). (28)
Cly aggregate cons. of young at t (9)
Cty cons. of gen. born in ¢, when young (2)
Cty rescaled consumption below definition 5
Cto aggregate cons. of old at t (9)
Citl,0 cons. of gen. born in ¢, when old (2)
Cto rescaled consumption below definition 5
dy discounting correction (20)
f@) production function (7)
H, set of all possib. histories at ¢ below (11)
H set of all possib. histories below (11)
hy history up to ¢ (11)
K4 aggr. capital, used in prod. at t (7)
ki1 capital in prod. at t, per old (8)
lycr logarithm. deriv. of u w.r.t. ¢ above (31)
lynt logarithm. deriv. of u w.r.t. n above (31)
Uy logarithm. deriv. of x above (31)
Cor logarithm. deriv. of ¢ above (31)
ly logarithm. deriv. of v (43)
Myt1 discount factor of soc. plan. (23)
ny labor supply of gen. born in ¢, when young (2)
q(+) utility function when old (2)
R, social rate of return (24)
S state space for date-t-variables below (10)
R, Sharpe ratio (98)
U(-) overall utility (2)
Uit overall utility of generation ¢, cond. on t-info (2)
u(-,+) instantaneous utility when young (2)
U parameter for initially old (5)
Ui(ht) ex-post utility below definition 1
Ut o ex-ante expected utility at beginning of time (12)
z(-) risk aversion transformation (2)
Y, aggregate output at ¢ (7)
Ys output at ¢, per old (8)
z(+) overall ex-ante risk-aversion function (2)
Zy labor-specific productivity ¢ (7)

78

Table 1: Summary table for the notation and symbols used in this paper,

part 1.




Notation

meaning

first occurance

ay

Tt,priv
T, pub

argument share
discount factor of agent
pref. parameter for leisure
depreciation rate
(negative) elasticity of 2/(-)
(negative) elasticity of u.(-,-) w.r.t. ¢
(negative) elasticity of u.(-,-)w.r.t. n
(negative) elasticity of a/(+)
(negative) elasticity of ¢'(+)
scale factor
allocation
rescaled allocation
extra (policy) shock
inverse of intertemp. elast. of subst.
1
integration constant
integration constant
Lagrange multiplicator on feasibility
risk avers. wrt old-age risk
young population
young population growth factor
income share
return subsidy
lump sum tax on young
lump sum tax on old
tax, if priv. cap.
tax, if publ. cap.
life-time risk aversion parameter
welfare weight
welfare weight factor
correlation
production function param.
production function param.
expected life time of the old in period ¢
exponent of w
vector of exog. var.

above (31)
in definition 5
in definition 1
in definition 5

below (10)

above (40), (42)
just below (78)

in definition 4
below definition 4
before (98)
(56)

(56)

2)

(102)

(103)

Table 2: Summary table for the no%ion and symbols used in this paper,

part 2.
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Figure 2: Impulse responses for a one percent shock to total factor produc-
tivity, given the benchmark parameterization
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Figure 3: Impulse responses for a one percent shock to labor productivity,
given the benchmark parameterization
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Figure 4: Impulse responses for a one percent shock to population growth,
given the benchmark parameterization

82



1
Generation after shock

1
Generation after shock

Impulse responses to a shock in deprec. Impulse responses to a shock in deprec.
1 eprec.—— T 1 eprec.—— T
2 g os
) n
=) =)
s S 0.6
7 05 ] 7
§ § o4
5 s
g g %7
> >
3 o0 3 o @Hﬁb{e‘“
c € H REE
Q [}
IS o
g & -0.2r R
-05 -0.4 growth ‘
-1 3 -1 0 1
Generation after shock Generation after shock
Impulse responses to a shock in deprec. Impulse responses to a shock in deprec.
1 eprec.— T 1.2 T . ;
Q Q
g g 1
0 n
=) =)
s S 0.8
7 05 ] 7
§ § osf
5 E
3 g o4
> >
3 ° 3 0.21
= s
8 IV 8
S v Tm—— GansO-level 5 0
o ' S .~ o
e _wk.rlevel._‘- i e
-05 1'a oHsY-=level L -0.2 L L L
-1 0 3 -1 0

Figure 5: Impulse responses for a one percent shock to depreciation, given
the benchmark parameterization
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2.00 200 200 [ 050 0.50 0.50
1.00  0.00 1.00 | 1.00  0.00 1.00
0.40 0.40 0.80 | 0.40 040 0.80
0.83 0.80 0.83 | 0.83 083 083
.00 117 1.00 | 1.00  1.94  1.00
Te,/y=| 027 033 0.27 | 027 0.28 0.27
C/C,= | 122 1.81 122 | 1.22 120 122

S

3| S

< Il
Il

Toriv = | -0.65 -21.83 -0.65 | -0.56 -59.68 -0.56
Toub = | 99.38  50.35 59.38 | 59.37 57.62 59.37
Ps,s = 0.15 019 0.12 | -0.00 -0.00 -0.00

Table 3: A comparison of steady states, when varying some parameters.

feedback coeff. on the state s

Figure 7: Endogenous dynamics, i.e. feedback coefficient pss on the endoge-
nous state, as the risk aversion parameters are varied.
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1.00 0.00 1.00 | 1.00 0.00 1.00

¢ = 2.00 2.00 2.00 | 050 050 0.50
5 =
w=p= 040 0.40 0.80 | 0.40 0.40 0.80

Geyz 1.00 071 1.00 | 1.38 083 1.38
Peoz .00 0.72 1.00 | 0.30 023 0.30
On.z 0.00 0.07 -0.00|-0.07 0.03 -0.07
0.z .00 1.04 1.00 | 0.95 1.02 0.95

Ggrowthz | 100 091 1.00 | 1.20 1.77 1.20
Crprivz | 000 036 0.00 |-0.32 021 -0.32
Torivior for Z | -0.01  0.13  -0.01 | -0.33 -0.40 -0.33
Crpwz | 0.00 017 -0.00 | -0.17 0.08 -0.17
Toubtot for Z | 059 0.69 059 | 0.39 0.67 0.39
Co/Cior for Z | 0.00  0.00 -0.00 | -0.49 -0.27 -0.49

Pey,x -0.69 -0.58 -0.67 | -0.87 -0.90 -0.87
Peo,n -0.69 -0.60 -0.71|-0.23 -0.24 -0.23
o -0.06 -0.10 -0.06 | -0.02 -0.02 -0.02
Dy, -0.04 -0.06 -0.04 |-0.02 -0.01 -0.02

Pgrowth,x -0.74 -0.80 -0.75]-0.93 -1.84 -0.93
Grprion | -0.32 052 -0.33 | -0.11 -0.12 -0.11
Torivgor for 7 | 032 -0.51 -0.33 | -0.11 -0.11 -0.11
Or pub.x -0.14 -0.24 -0.15|-0.06 -0.05 -0.06
Tpubtot for m | -0.17 -0.27 -0.18 | -0.07 -0.05 -0.07
CofCior for m | -0.45 -0.36 -0.47 | -0.16 -0.15 -0.16

Pey,w -0.93 -0.85 -1.02 |-349 -795 -3.49
Peo,w -0.39 -0.24 -0.20 | -0.96 -1.56 -0.96
Pn,w 0.18 0.19 0.19 | 0.66 1.57 0.66
Py, 0.12 0.13 0.13 | 044 1.05 0.44

Pgrowth, 1.25 134 1.18 | 426 9.50 4.26
Or priv,w -0.25 -0.25 -0.16 | -0.70 -0.69 -0.70
Tprivtot fOr @ | -0.25 -0.28 -0.17 | -0.70 -1.31 -0.70
Or pub,w 0.43 048 047 | 1.60 3.81 1.60
Toubtot for @ | 0.50  0.55 0.54 | 1.86 4.42 1.86
CofCtor for w | 0.25 022 0.37 | 1.14 291 1.14

Table 4: Parameter variations and feedback coefficients.
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cons. of old rel. to total labor
shock

to

old cons. rel. to total, prod. shock

labor, productivity shock

w

Figure 8: Reaction of consumption of old relative to total consumption as
well as reaction of labor, as the risk @ersion parameters are varied.
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Figure 9: Contour plots: Reaction gé consumption of old relative to total
consumption as well as reaction of labor, as the risk aversion parameters are

varied.
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