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Abstract

We consider the problem of optimal consumption for an investor who is risk and uncertainty
avers. We model these preferences of the investor with the help of a convex risk-measure. Apart
from consumption the agent has the possibility to invest initial capital and random endowment
in a market where stock-prices are semimartingales. We formulate this as a maximin problem

that will be solved by duality methods.
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AMS classification 91B16, 62C20
JEL classification D11, D81

1 Introduction

Starting in 1969, 1971 with the works by Merton [19], [20] the problem of optimal investment
has become one of the major research areas in mathematical finance. Merton and many of the
following authors determined the optimal financial position with respect to expected utility but
expected utility does not reflect preferences correctly in situations where model uncertainty is

present. Therefore, Gilboa and Schmeidler [9] extended the model by incorporating Knightian
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uncertainty which resulted in a robust approach. One possible interpretation of this approach is
that the agent takes a class of possible models into consideration and decides for the worst-case
outcome. This interpretation also explains why it is useful to extend the robust approach to an
evaluation via risk measures: the agent will typically have some assessment of the different models
(for instance she might use estimated data for the model specification and while she does not assume
her estimates to be correct she believes values close to the estimates to be more likely than values
far off). It is possible to include this assessment by the introduction of a penalty function, which
allows to weight the impact of a model according to its plausibility. In Maccheroni et al. [18] a set
of axioms is given yielding these preferences.

The non-robust problem of optimal terminal wealth was considered by several authors who
discussed different aspects of the problem. For example Kramkov and Schachermayer [16], [17]
characterized solutions of this problem in a general setting using duality methods. There exist
many extensions of this problem, e.g. Cvitani¢ et al. [5], Karatzas and Zitkovic [15], or Hugonnier
and Kramkov [14] consider the case where the agent optimizes the consumption process and also
receives some kind of additional random endowment.

In [23], [25] and [10] the robust problem (without penalty term) was solved, also via the duality
or martingale method. Furthermore, there are papers where the authors assume more specific
market models and preferences and are therefore able to compute not just the optimal financial
position but also the optimal investment strategy: See [7] for a stochastic control approach for a
model with random endowment or [22] for computation of the optimal strategy in a robust setting.
In [2] or [21] a optimal investment problem is solved using BSDE’s. Also the robust problem with
a penalty term was considered, among others by Hansen and Sargent [11], and Bordigoni et al.[3]
for an entropic penalty term and by Herndndez-Herndndez and Schied [13] for a general penalty
term.

In this paper we will investigate the problem of optimal consumption in a general semimartingale
framework where the agent may invest in the stock market and receives additional random endow-
ment. She evaluates positions by a robust utility functional described through a utility function U
and a penalty term . More specifically the agent tries to maximize

inf (EQ[/OT U(t, ct)u(dt)} +7(Q))

Q<P

over all possible consumption rate processes c. First the dual function for this problem is given

and then we examine properties and relations between primal and dual problem, e.g. we will show



that both problems have a solution and are conjugate to one another. Next we will verify that the
above maximin problem and the corresponding minimax problem are equivalent.

In the long run we would like to compute explicitely the optimal consumption plan and invest-
ment strategy with the help of stochastic control methods (compare [13] or [12]). These techniques
are - even in the nonrobust case - easier to apply to the dual problem than to the primal problem.
In the robust case the primal problem becomes a maximin problem, i.e. we need to find a saddle-
point whereas the dual problem can still be solved through pure minimization. Hence, if we want
to use stochastic control techniques it is sensible to examine the dual problem first. Furthermore,
the duality results are also valid for preferences that are not dynamically consistent.

The problem is motivated by [24] where Schied considers the problem of optimal terminal wealth
with respect to a convex risk measure in a setting without random endowment. We extend this
problem by introducing a concept of consumption, general enough to include also the maximization
of terminal wealth, and additional random endowment (compare [15]). In contrast to the problem
of optimal terminal wealth, the problem of optimal consumption does not admit an equivalent static
version. Hence, we cannot restrict ourselves to random variables to solve the primal problem, but
need to work with stochastic processes. Furthermore, our dual problem is different from the dual
problem in [24] or [15] due to random endowment on the one hand and robustification on the other.
These differences imply for instance that there are cases where, given the dual solution (@, }AE), R
is no longer a solution to the associated dual problem under the model CAQ Aspects regarding the
dual function will be discussed in more detail in the third section. Robustification changes the
problem of optimal consumption also significantly with respect to the optimization procedure since
we consider a maximin instead of just a maximization problem. This extension yields some new
results and partly we give new proofs for known results.

In [4] Burgert and Riischendorf also consider a robust version of [15]. The most obvious differ-
ence to our setting is that we deal with preferences given by convex instead of just coherent risk
measures. Furthermore Burgert and Riischendorf work under the serious restriction that the set
Q should only consist of measures that are equivalent to P and have a uniformly bounded density.
The first assumption rules out risk measures such as AVaR, the second standard dynamic consistent
coherent utility functionals in a Brownian setting such as used in [13].

In the next section we will introduce the market setting and describe the agent’s preferences
in more detail before we state our main theorem and give an example. In the third section we

will derive our dual problem and prove the statements of the theorem related to it. Finally, in the



fourth section we will finish the proof of the theorem.

2 Notations and main results

We consider an agent who wants to maximize her utility from consumption between time zero and
some finite time horizon T'. She is endowed with an initial capital and receives additional random
endowment over time, which she may invest into d assets. To formalize this problem we use the
same market model as Karatzas and Zitkovi¢ [15]. That means we model the price process of
the assets as a d-dimensional RCLL semi-martingale on (2, F, (Ft)o<t<7, P) where the filtration
satisfies the usual conditions. The financial market is assumed to be arbitrage-free in the sense
that the set M of supermartingale measures equivalent to P is not empty. The portfolio process
is denoted by 6 = (6:)o<i<T, and we allow only those strategies for which fot 0, dS,, is bounded
from below by some constant.! The initial capital is denoted by = and the random endowment
is described as a nondecreasing, adapted, RCLL process £ = (&)o<i<r with & € L>®(P). The
consumption process C = (C)o<i<7 is assumed to be a nonnegative, nondecreasing and adapted
RCLL process. More specifically we will only deal with consumption processes that can be written
as Cy = fg ¢s i1(ds) where p is a probability measure on [0, 1] which is diffuse on [0, 1). This means
we assume that the agent consumes in a continuous way except for the final time 7" where we also
allow for lump consumption. In particular we can choose p = ;7 which accords to the problem
of optimizing terminal wealth.

The terminal wealth is required to be non-negative:
T
;L'—|-(€T—|-/ etdst—CTZO P — a.s. (1)
0

We denote by A(x, 1) the set of consumption process densities (c¢)o<t<7, for which an admissible
strategy exists, such that condition (1) is fulfilled.

The utility from consumption is measured in terms of a robust utility functional of the form

QKP

¢ inf (EQ [ /0 ' Ut ) pldt) | +7(Q)>- (2)

This approach is called robust since such utility functionals are useful to deal with model uncertainty

[9, 18]. The penalty function v enables us to influence how serious a model should be taken. The

!This condition will correspond to our admissibility condition for strategies, since the additional income of the

agent is bounded.



robust functional is closely linked to the convex risk measure

p(Y) = sup (Eg[-Y]-(Q)), Y eL*P). (3)
Q<P

More precisely the penalty function v is supposed to be bounded from below and equal to the
minimal penalty function of the convex risk measure above, which means, that it satisfies the

biduality relation

Q)= sup (Eg[-Y]—p(Y)). (4)
YeL>=(P)

Furthermore we need the following conditions on ~; compare [24, Assumption 2.1].

Assumption 2.1

We assume that the risk measure p is continuous from below, i.e. for a sequence (Y,) C L*®
increasing a.s. to some Y € L™, we have p(Y,) \, p(Y). Furthermore, p needs to be sensitive in

the sense that p(Y') is strictly positive for all Y € L=\ {0}.

We work with a utility function U: [0, 7] x RT — R with the properties assumed in Definition 3.1
of [15].
Assumption 2.2
More precisely, for fixed t € [0,T] we request U(t,.): Rt — R to be a utility function, i.e. U(t,-)
is strictly concave, increasing, continuously differentiable and satisfies the Inada conditions.

The marginal utility is assumed to be bounded by the strictly decreasing continuous functions

K, and Ka, such that Ki(z) < Uy(t,z) < Ka(x) and

limsup Ks(z)/Ki(x) < oc.

T—00

The map t — U(t, 1) is bounded and

lim inf U(t,z) > 0.
r—00t€[0,T]

Additionally U is supposed to be of reasonable asymptotic elasticity, i.e.

x Uy(t, x)) <1

lim sup (sgp 0, 2)

Tr—00
See [15] for a discussion of these assumptions.
To avoid problems of evaluating Eq [ fOT U(t, c) p(dt) | +v(Q) for the case where U is unbounded

from below it is sensible to restrict the set of measures that enter the optimization problem to

Q ={Q < P|v(Q) < oo}. Hence, our optimization problem is now
T
maximize éan<EQ[/ Ul(t, ct)u(dt)} —l—’y(Q)) over all ¢ € A(x, u).
€ 0
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Furthermore, to circumvent difficulties when integrating we follow [24] in setting
Eg[F]:=supEg[F An]=lmEg[F An] for arbitrary F € L. (5)
n n

In doing so we keep the functional (¢;)o<i<7 — EQ[f(;‘F U(t,ct) p(dt)] concave.

In the following we will use Ug(c) to abbreviate Eg { fOT U(t, ct) pu(dt) ] We define the value
function of the maximization problem as follows

wlw)= sl (Uo(e) +(Q) (6)

Hence, the investor needs to solve a maximin problem in order to find u. Another approach to
the optimization problem is to solve the problem in each possible model, i.e. compute ug(x) =
SUPce A(z,u) Uq(c) for each @ € Q and then robustify the result by taking the infimum. We will
show that both methods lead to the same result, namely

u(w) = jnf (ug(x) +1(Q)).

Sometimes it will be more convenient to work with densities than measures. We denote the
density of @ with respect to P on Fr by Z% = dQ/dP and the set {Z9|Q € Q} by Z. We will
identify Q and Z9, and thus write v(Z9) v(Q) and v(Z?) or ug and uyq denote the same object.
While we write Z% for dQ/dP|z, we will denote the corresponding density process by (ZtQ Jo<t<T-

We will use the dual (or martingale) approach to characterize the solution to our optimization
problem. A downside of the dual method is that it does not directly give the investment strategy
@ which is necessary in order to realize the optimal consumption plan. In some cases this strategy
can be determined using stochastic control techniques, compare e.g. [13] or [22]. These authors
also argue that the dual problem is easier to treat than the primal problem which shows that our
results are still useful. Furthermore, in our case we did not restrict the form of the penalty function,
therefore our approach covers also the cases where time consistency is lacking and hence optimal
control techniques cannot be applied (see [24]).

In general the dual problem is an associated minimization problem where the dual domain is
related to the set of equivalent martingale measures. As was shown in [5] and [15] we need to use
D, the weak*-closure of the set of equivalent supermartingale measures M, as dual domain. More
precisely, we identify the set M with its embedding in the dual of L>(P), (L*°(P))*. Then D is
the o((L>°(P))*, L>(P))-closure of M. The set D contains also finitely-additive measures to which

we cannot directly associate a density process. Therefore, we use that each R in D has a unique



Hewitt-Yosida decomposition R" 4+ R® where the regular part R" is the maximal countable measure
on F that is dominated by R. Hence, we can for each R € D define a supermartingale L%, where
LE is the density of the regular part (R|z,)" of R|z, with respect to P|z,. In the following we will
work with the RCLL supermartingale Y # that coincides with L% for all t € Q N[0, T)]. For a proof
of the existence of Y and further properties of Y and D see [15]. We need as further notation
(R, &) which gives the canonical pairing. Observe that in particular (R, Io) = 1.

Using D we consider as dual problem

v(y) = inf (inf (E [z /0 ! v(t,yyzij) M(dt)} +y(R, 5T>) + 7(2)) (7)

ZeZ \ ReD
where V' is the convex conjugate of U, i.e. V(t,y) = sup,>o(U(t,7) — xy). This problem results
from the capital constraint (1). This link will be explained more explicitly in section 3. To simplify
notations, Eg [fOT V(t, Y, ,u(dt)} will be denoted by Vo (YF). We defined the function ug as the
solution to the optimization problem under the subjective probability ). We can now define an

associated dual value function vg as

vo(y) = inf (Vo(y¥"/29) +y(R, &r)).

Remark 2.3
In the introduction convex risk measures where interpreted as a worst-case approach for different
scenarios (). Using this interpretation it seems sensible to formulate the market restrictions under
each measure () but we formulated the assumptions for the market and the trading strategy with
respect to the measure P. (In particular the dual domain depends on the measure we use to give
the capital constraint (1).) One reason why we use P is that we use the convex risk measure as
a model for the agent’s preferences, not as a model of the “real” market. Furthermore, the worst-
case measure may allow for arbitrage, compare [24, Example 3.2]. Hence, to exclude arbitrage
opportunities it is necessary to formulate the admissibility condition under P.

Nevertheless, for all @ out of Q. :={Q € Q| Q ~ P} we have the conditions necessary to apply
standard duality results. (Lemma 3.3 will guarantee that Q. is non-empty.)
Assumption 2.4

In the following we will assume that there exists (Qy € Q. that satisfies
uQ,(z) < oo for some x > 0.

This is a similar assumption as is needed in [15] to guarantee the existence of solutions to both

the primal and the dual problems under the subjective probability measure (Jy. Furthermore we



can conclude that ug, and vg, are dual functions [15, Theorem 3.10]. We will show that we have
similar results in our robust setting.
Theorem 2.5

Under the above assumption the following assertions are valid.
1. Both value functions u and v take only finite values and satisfy
' (00—) =0 and  v'(0+) = —oo0, (8)
u is strictly concave and v is continuously differentiable.

2. The value function u satisfies

u(x) = S dnt, (Uo(e) +7(@Q)) = inf ( s Ug(c) +7(Q)).

3. The two value functions v and v are conjugate to another:

u(z) = inf (v(y) +2y)  and  o(y) = sup (u(z) — zy). (9)

In particular, v is convex.

4. The derivative of v satisfies

"(c0— inf . 1
v(oo—) € [ inf (R, &), ;gg(R, &r)| (10)
If & = 0 the derivatives of v and u satisfy
u'(0+) = o0 and  v'(co—)=0. (11)

5. There exists a solution (@, E) € Q x D to the dual problem, i.e.

R

o) =V, (v 75) +u (R Er) +(Q) (12)

~ ~

6. For any x > 0 there exists an optimal consumption strategy ¢ € A(z,p). If (Q,YR) is a

solution to the dual problem for y > 0 such that x = —v'(y) then

u(z) = inf (Ug(@) +7(Q)) =Up,,(?) +7(Q) = ug(x) +7(Q)
and -
ézI(-,%) @@M-a.s.,



Obviously the problem is easier to treat if Q@ contains only measures that are equivalent to P. As

in Schied [24] we get additional results in this case:

Corollary 2.6

If Assumption 2.4 and Q = Q. are satisfied and ~ is strictly convex on Q then the value function u
is continuously differentiable, the dual value function v is strictly convex, and for each y > 0 there
exist @ € 9 and R € D such that

R

o) =V, (v5) +u (R En) +(Q)

Moreover, YE s unique. For any x > 0, the optimal solution ¢ € A(x, u) is P-a.s. unique.

(The condition of strict convexity for v is crucial for the differentiability of w.)

The following example considers the case of uncertain drift in a Black-Scholes model. Here one
can see the advantage of a penalty function - if we used a purely robust approach the least absolute
drift would always give the optimum but when a penalty is introduced the result is dependent on
the drift under the measure P. For simplicity we consider a complete market. For computations
in a more complex setting considerable additional effort is needed (compare e.g. [13]). Therefore
we will treat these problems later. Nevertheless, we will then need the results from duality theory
which we developed in this paper.

Example 2.7

We consider a Black-Scholes model, i.e. S is given through dS; = Si(bidt + odW;) for constant
o > 0 and As penalty function we take the relative entropy between ) and P and we look at the
non time-dependent utility functional U(t, z) = log(z). If we do not restrict the market, we do not

need to consider different processes Y, R € D but only

b, 1t
Yt:exp<—/0 ;dWS_i/O §d8>

(Compare [15, Proposition 4.1]). The convex conjugate of U is given by V(t,y) = —1 — log(y).

In [12, Lemma 3.1] it is proved that for each measure ) < P we can write the density

Z—g:5</OTnSdWS) Q — a.s.

for a progressive . We set by = ons + bs which corresponds to the drift under Q.



With this we have

T
o) = ok (B(Z [ Vit¥i/zi) )] +(2)

ZeZ

| v o1t
:Hgf(EQ[/O 10g(1/y)+/0 ;dVVS +§ ; Pdsu(dt)} -1

T 7 T 7.\2
b — by 1T (b —by)
+ Eq| /0 —L W - /O i) ).

If we consider the case where u = d;7} we get

i b T (b — by)? + biby — 37
U(y)Z—EQ[/O ;tthQ}+2EQ[/O ;tthQ}jLEQ[/O (br = br) L L

g

Hence, here the infimum is achieved for BI = b;/2. Furthermore, one can calculate that
T 2
=lo —.
u(z) =loga + 7—5
If we choose p(dt) = dt, take b to be constant, and restrict the set Z to processes for which 7 is
also constant we get

v(y)—iri)lf<EQ[/0Tlog(1/y)+%/Ot%ds,u(dt)} _1+EQ[%/OTMC%}>'

g

Which yields that the optimal b is given by b* = 2b/(T + 2). Obviously the drift that gives the

infimum depends on the original drift b.

3 Dual Problem

We now develop the dual problem. The general approach is to use the capital constraint to bound
the result of the primal problem from above which gives a related minimization problem. Karatzas
and Zitkovi¢ prove (Proposition 2.13 in [15]) that the capital constraint (1) can equivalently be
formulated as follows, using the set D introduced above. The set A(z, 1) of admissible consumption
rates consists of all processes ¢ such that (Cy := fg cu p(du))o<t<T is a nonnegative, nondecreasing,
right-continuous and adapted process satisfying

T
E [/ YR u(dt)] <z+(R,Er) for all R € D. (13)
0

10



With the help of this characterization we can justify our dual problem by the next calculation. Due

to (13) we have for all y > 0 and all R € D
T T
Ua(c) <Fq| / Ut o) pldt) | +y(z + (R.Er) — B| / e[ () |)
0 0

SE[ZQ/OTU(t,Ct)_yct%g'u(dt)} +y<:c+<R,5T>)
gE[zQ /OTV(t’y%) u(dt)} +y(:c+ <R,5T>).

Hence, we arrive at the dual problem

) ) T Y;R
v(y) = jnf (éng(E [Z/O V(t,yz)u(dt)} +y(R, 8T>) +7(Z)> : (14)
Remark 3.1

When considering the inner problem we could also define

vQ(y) = RiengQ Eq [ /0 ' V(t,yiﬁR’Q)u(dt)} +y (R, Er)

where Dg is the weak*-closure of the set of supermartingale measures equivalent to @ in (L*°(P))*
and Y@ is again defined as a version of the density process of the regular part of R but here with
respect to (). Obviously D¢ can be empty if the market given by the measure ) admits arbitrage.
In this case we set the infimum to infinity. With the help of the functions (9g)geco we can define

an alternative dual function o:

o(y) = Cgelfg (0q(y) +7(Q))-

Schied defines his dual problem in [24] in this way. In contrast to our setting he is able to show
that there is a one-to-one correspondence between the two kinds of dual sets [24, Lemma 4.2]. In
our case no similar result holds, i.e. there is no way to decide whether R belongs to D based on
the knowledge of cDg. This is due to the random endowment. Nevertheless, we can still show that
v(y) = v(y) for all y > 0. If we define the dual problem via the function ¢ there are cases where
the infima are not attained in contrast to assertion 5 of Theorem 2.5. This will be illustrated by
the example below.

Example 3.2

In this example we will have a unique solution (}A‘Z, @) to the dual problem for which R 4 D@. We
consider all convex combinations of two measures @* and P, ie. Q@ = {Q% = aP + (1 — a)Q*|0 <

a < 1}. The penalty function is given by v(Q%) = an, and y(Q) = oo for all @ ¢ Q. Under

11



P, Sy = 10 and St takes the values 5 and 15 each with probability 0.5. Under Q*, Sy = 10
and S = 5 Q*-a.s. In order to achieve a continuous time model we set S; = Sy for all ¢t < T.
Obviously Q* < P. Assume that & = mlg,_5), 4 = 67 and U(t,z) = —e~®. Hence, V(t,y)
equals y(Iny — 1) for y < 1 and —1 otherwise. Observe that D contains all measures R that satisfy
B := R[St = 5] > 0.5 and D¢+ contains only @*. Then

o(y) = inf inf (Eon | /0 ' VIt Y/ Z0) uldt) | +1(Q) + (R, &n))

«€l0,1] ReD
g

= inf inf ((1—2)V<T,ym

a€l0,1] BE[1/2,1] 2

)+ V( 1/2)+om+ﬁm)

We want to compute v(1), hence we get different situations for § < 1—«/2 and 8 > 1 — «/2. First

we compute the infima for the case § < 1 — «/2. Here we need to consider

9(a, B) = (1_ %)1—ﬁa/2 (1111—604/2 _1) _%“”Hﬁm‘

The partial derivatives of g are

o p
gala,f) =n— 5 + 0 —a/2)
and
p
gs(a, B) = m+ln(1 — a/2>-

If we choose m = 1 and n = 2 both derivatives are positive and therefore the infimum for this
case is reached for « = 0 and § = 1/2, and takes the value 1/2(In1/2 — 1) + 1/2 < 0. In the case

B >1— /2 we need to compute the infimum of the function

bl ) = =(1=a/2)+ 5o ("l < 1) - am + .
We have that
h(a,ﬂ)—1+a/2+—%1n%_(1_5)+2a+ﬂ

> 2428+ (2+1/2—1/2¢ Ha

>-2+2(1—-a/2)+(2+1/2—1/2¢ Ha > 0.

For the first inequality we used the fact that zInxz > —e~!
Hence, the solution to the dual problem is given by the first case, and equals (Q°, P) = (Q*, P).
Obviously P & Dg«.

12



In the rest of this section we will prove that in contrast to the example the solution to our dual
problem exists, and that v equals 0. First we observe that for Qo € Q. of Assumption 2.4 [15,
Theorem 3.10] guarantees that vg,(y) < oo for all y > 0 and consequently also v(y) < oo for all
y > 0.We will repeatedly make use of a version of Komlds principle of convergence, compare e.g. [6,
Lemma Al.1]. To control the behavior of the penalty function we will need the following lemma,

which is taken from Schied [24, Lemma 4.1].

Lemma 3.3

For d > 0 denote the subsets of Z corresponding to

Q(d) :={Q e Q7(Q) <d} and  Q.(d):={Qe Q(d)|Q ~ P}

by Z(d) and Z.(d). Then for every d > 0, the level set Z(d) is weakly compact, and Z.(d) is
nonempty. Moreover, Z +— ~(Z) is lower semicontinuous with respect to P-a.s. convergence on

Z(d).

We will need the following technical result.

Lemma 3.4

For each constant d > 0 the set,

YR
{ZV‘<~ yT) |Z € 2(d),R e D},
is uniformly integrable with respect to P ® u.

Proof. Proposition 3.5 in [15] guarantees the existence of a utility function U such that U(x) <
U(t,z) for all x > 0 and all ¢ € [0,7T]. Furthermore, the convex conjugate V to U satisfies V (-) <
V(t,-) for all 0 <t <T. Since Z(d) is uniformly integrable (according to Lemma 3.3 and the
Dunford-Pettis theorem) the claim follows immediately if V is bounded from below. Assume V is
not bounded from below. Let ¢ denote the inverse function of —V and yo = ¢(0). Then it follows
that

B [ (v (o) wian] < [ zp (- (v%) ) man ] 430

<B [/OTthRu(dt)] o

<y +yo =M.

13



In [16] it was proved that ¢(h)/h — oo as h — oo. Hence for each a there exists d(a) such that
©(h) > ah for all h > d(a). Let € > 0 and take d = d(2M/e), n =¢/2d. If A € F @ B(]0,T]) with
E| fOT ZiIa u(dt)] < n then we obtain the following inequality.

E[/OT ZV~ (t, %)[A u(dt)}
= [ /oT al <§> (IAQ{K* (wYR/20)=d} + IAn{mynR/ztkd}) u(dtﬁ
=P [ /OT th(z_ <§)>IAW{K (y Y%/ Z:)>d} p(dt) } ﬁ +dE [ /OT ZI 4 p(dt) ]

<e.

Because of the uniform integrability of Z(d) there exists § > 0 such that F] fOT ZiIap(dt)] < n as
soon as (P ® u)[A] < 4. This finishes the proof. (]

The next lemma shows assertion 5 of the main theorem. In this and some later proofs we will need

that the map (z,y) — aV (t,y/z) is convex for all 0 < ¢ < T, and that

ayo + (1 — )y )

azoV (t,y0/70) + (1 — )z1V (t,y1/71) > (ao + (1 — O‘)l‘l)v@ azo + (1 — a)as

for y1/x1 # yo/xo and « € (0,1); see e.g. [24, equation (25)].

Lemma 3.5

There exist Z € Z and R € D such that

o) = E[Z [ ' v(t,yg) p(dt) | +y(R.Er) ++(2).

Proof. Observe that Assumption 2.4 guarantees that v(y) < oo (compare Karatzas/Zitkovic [15,
Theorem 3.10]). Let (Z™, R™)nen be a sequence in Z x D such that
Rn

E[Z” /OTV(t,yyétn )M(dt)} +y(R", &) +v(Z") — v(y).

Let dQ™ = Z™dP, then Jensen’s inequality and Fubini’s theorem imply that

E[Z"/OTV(t,yE?)Mdt)} zE{Z"/OTz(yE?)Mdt)] (15)

R™

z/OTz(EQn[yZ 1)

/OTK(E[thR";Zt" >0]) u(a)

V(y).

v
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Since Er > 0 it follows that d := 1 + limsup,,_, ., 7(Z") < oo and we may assume that Z" € Z(d)
for all n.

Now we want to construct a sequence converging to the optimal (2 , }A%) For this we apply
repeatedly a Komlés-type argument. Observe that in our case convex combinations of a converging
sequence are still convergent. First we obtain a sequence (Z”,R")n of convex combinations of
(Z",R"),, ie. (Z",R") € conv{(Z",R"),(Z"t',R"tY), ...}, where Z" converges P - a.s. to
some Z € Z (d) (compare Lemma 3.3). To get also convergence for the processes (Z)o<i<r and
(Y,E")o<i<r we will argue analogously to the proof of Proposition A.2 in [15]. Due to [8, Lemma
5.2] we can choose a sequence of convex combinations ((Z?)OStSTa (Y;ﬁn)OStST) of elements in
((Ztm)ogth), (YtRm)ogth)mzn that Fatou-converges to some RCLL supermartingale (Zg)ogtg;p.
Due to Lemma 3.3 and the fact that p is diffuse on [0,T") we can find a subsequence that converges
also P ® p-a.s. to (Z)OStST- We know that Z = ET € Z(d) hence (Zt)OStST is a density process.
To get similarly YR we first extract a subsequence of (R™, Z™),, also denoted by (R™, Z™), such
that <§",8T) converges in R. Then we consider the corresponding series (Yﬁn)neN. We have a
sequence (?En)neN of convex combinations of (Yﬁn) converging P ® p - a.s. to some V' where R
is a weak* cluster point of R" € D.

For Z € Z(d),R € D the function (Z,Y"®) — E[Z fOT V(t,yY®/Z)pu(dt)] is lower semicon-
tinuous with respect to P-a.s. convergence. This can be proved the same way as Lemma 3.7 in
[25] using Lemma 3.4. Combining this lower semicontinuity with Lemma 3.3 and the fact that

(z,y) — zV(t,y/x) is a convex function, results in

E[Z/OTv(t, y%f) u(dt)] +y(R, &) +4(2)
T R"

glinnii;gf<E[Z”/0 V(t,yyétn

=v(y).

) uld) | + (R, Er) +2(2)

This proves the optimality of (2 ) ]/%)
L]

We will now show that we may replace the set Q in the dual problem by O, as well as of , and
that the dual functions are equal. (Where 0! denotes the set of measures Q € Q. where ug(x) is

finite for some = > 0.)
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Lemma 3.6
The dual value function of the robust problem satisfies

o(y) = v(y) = Qiégg (vo(y) +7(Q)) = Qigée (vo(y) +7(Q)) -

Proof. Let (Z', R') € Z x D be such that
1 ’ R' )1 1 1
o) = B[ 2" [ ViR z) pan | +9(2Y) + (B E) < .

Due to Assumption 2.4 and the assumptions on U we can choose Z° € Z, and R € D such
that also E[Z° [/ V(t,y Y& /Z9) p(dt)] + 4(2°) < oo. Let Z* = aZ' + (1 — a)2° € Z, and
R = aR' + (1 — )R for 0 < o < 1. Since

T
o B[ 2 [ Vi ¥I® 2 e

is convex and takes only finite values it is upper semicontinuous. Moreover, with the same argument
we can conclude that a +— v(Z%) is upper semicontinuous. This yields together with Lemma 3.3
that a — (Z%) is continuous?. The functional a + (R Er) is linear and bounded and hence

continuous. Consequently, the function

R

! Hégfp(E[Zo‘ /OTV<t, yZ}; )u(dt)} + y(R, ET)) + (29

= vza(y) +v(Z2°),

is also upper semicontinuous on [0, 1], therefore we get

Rl

o) = ot (B[ 2" | Ra0 L) )] +u(R £n)) +(2)

> listlup(vza(y) +7(2%)).

This yields v(y) = infgeo. (vQ(y) + v(Q)). Furthermore, observe that vg(y) = oo for Q € 0.\0!.

This follows again from [15, Lemma A.3] for Q ~ P since then vg and wug satisfy the duality
relations. We have v(y) < 9(y) as Dg C D for Q < P. Since Z* € Z, for a € (0,1) we also get

v(y) 2 limsup(vza(y) +~(2%)) 2 Inf (vz(y) +7(2)) = o(y)-
all €

This proves the first identity. L]

2For a more detailed argument compare [24, Remark 4.5].
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4 Proofs for the primal problem

In this section we will prove the missing assertions. First we make some easy observations. Due to

(13) we know that for all « € [0, 1] we have
aA(xy, pn) + (1 — @) A(za, 1) C A(axr + (1 — a)za, p).

Furthermore, if Assumption 2.4 is satisfied it is easy to show that, under the convention (5),
¢ — Ug(c) is a concave functional on A(z, i) for each @ € Q and all > 0. These facts yield the
concavity of the value functions ug and w and therefore under Assumption 2.4 the finiteness of the

value function u(z) for all > 0. The concavity of ug implies in turn that

T
ug = 00 as soon as EQ{/O UT(t,c) ,u(dt)] = +oo for some ¢ € U Az, ). (16)
>0

Indeed, if Eg| fOT Ut (t,ct) u(dt)] = o0 for ¢ € A(zx, u) then it follows that c+1 € A(x +1, 1) and
EQ[foT U(t, ct) p(dt) | = 4o00. Thus, ug(x + 1) = +00. As ug is concave this implies ug = +o0.

Lemma 4.1

We have the following minimax identity.

u(z) = S gelfg(ug(c) +7(Q)) = gelfg( ug(z) +v(Q))

= s ok (Uale) +(@) = dnf (va(x) +1(Q)).

Hence, assertion 2 of Theorem 2.5 is valid.

Proof. Let € € (0,1). Proposition 3.5 in [15] gives the existence of a utility function U such that
U(x) < U(t,z) for all z > 0 and all ¢ € [0,7]. With the help of this utility function we define
d=1+4+u(zx+1)—U(e) A0. Then we have
w(x+1) >u(x+¢e) > sup inf (Ug(c+e)+v(Q)) = sup inf (Ug(c+e)+~(2)).
cE€A(z,p1) QGQ( ? ) cE€A(z,p) ZGZ(d)( ? )

Now U(t,. + ¢) is bounded from below and thus

ZHE[Z/OTU(t,ct—ks),u(dt)] —supE [Z(/OTU(t,ct—ke)M(dt)/\n)]

is a weakly lower semicontinuous affine functional. Lemma 3.3 states that Z +— ~(Z) is weakly lower

semi-continuous and Z(d) is a weakly compact and convex set. Furthermore, for each Z € Z(d)

17



¢ — Uz(c) is a concave functional defined on the convex set A(z, ). Therefore we may use the

lopsided minimax theorem [1] to obtain

sup min (Uz(c+¢€)+v(Z)) = min sup (Uz(c+e)+~v(2)).
CGA(%#)ZGZ(d)( 2 )+l )) ZeZ(d)ceA(x,u)( 4 )+ ))

We know that these expressions are bounded by u(z +¢) < d+ U(e) A0. Thus, it does not matter

whether we take the infimum over Z or over Z(d). We obtain

u(x +¢) zzuelg’ ilzp )(Uz(c—i—s) +7(2)) (17)
ceA(x,u

Zzigfzceitzgm(uz(@ +7(2)) (18)

> sup inf (Uz(c) +7(2)) = u(z). (19)

cEA(z,p) £€Z

As ¢ — 0 the assertion follows since u is continuous. []

Observe now that Theorem 3.10 in [15] states that ug(xz) = infy~o(vQ(y) + zy) for all @ € ol
Pooling our lemmas and using this result, we get

u(z) = inf (ug(z) +7(Q)) = Qieﬂég(ucz(x) +7(Q))

= Qiélé / inf(vo(y) +v(Q) +2y) = inf (v(y) +2y)

which is assertion 3 of the theorem. Finiteness of v and general duality principles yield then
lim u(z)/x — 0. (20)
T—00

Lemma 4.2

For any x > 0 there exist ¢ € A(x, i) such that

inf (EQ [/OT U(t, &) p(dt) } v 'y(Q)> = u(z).

QeQ

Proof. Let (¢") be a maximizing sequence. Using again a Komlds-type argument we get a sequence
(") nen with ¢ € conv(c™, "1, .. ) converging P ® p-a.s. to some ¢ € A(x,p) since A(z, ) is
closed under convergence in probability. The following adaption of the argument in [17] shows that
the positive parts of U(t,¢}') are uniformly integrable with respect to Q ® u for all Q € QL.

Assume (U (t,¢}))y, is not uniformly integrable. Then there is a constant a, a subsequence

which is also denoted (&), and a partition (4,) such that E[fOT Ut (t,é})Ia, p(dt)] > « for

18



n>1. For 0<t<Tlet ) = inf{x > 0|U(t,r) > 0} and define a process s” = (sP)o<i<T by

st =2 + 31, & Hence, for any R € D we have

E{/OT Y, Rsn u(dt)} < /OT 29 p(dt) +n(xz + (R, ET)).

This implies s™ € A( fOT 2 p(dt) + nx, p). Furthermore

E[/ Ult,sy) dt]ziE[/ Ut (t, &) Ia, (dt)]Zom.
0 =1

Which yields

(t,s¢) p(dt
lim sup M > limsup [fo t) )]
—00 x n—o0 fO a:t,u dt) + nx
an
> limsup
n—o0 fO xtu dt) + nx
=a>0

in contradiction to (20).

Using the uniform integrability we can deduce that

¢ Eo [ /0 Ut e u(dt)} +7(Q)

is upper semicontinuous with respect to almost sure convergence. From the concavity of

¢— inf ( EQ/ U(t,ct) p(dt) | +~v(Q))
Qeo!

it follows that (€") is still a maximizing sequence. Then the upper semicontinuity yields that

inf (EQ[ /0 ' U(t,e) M(dt)} —|—7(Q)> > u(z).

QEQ,

Actually we also have

inf (EQ [ / ! U(t, &) M(dt)} + y(Q)) > u(z) :

QeQ

First we have that {Q € Q| EQ[fOT U(t,¢) p(dt)] = —oo } = ) since otherwise this set would have
a nonempty intersection with Q.. Hence, for Q € Q\Q., Qo € 9f and Q, == aQ + (1-a)Qo € Qe,
the limit of EQa[fOT Ult,er) p(dt)] as a 1 1 is EQ[fOT U(t,¢) p(dt)]. Due to the convexity and

lower semicontinuity of v, we also have v(Q.) — Y(Q)- (]
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Lemma 4.3

The dual value function v is lower semicontinuous.

Proof. Define v(0) = fOT lim. o V(t,e) u(dt) and let (yn)nen be a sequence of positive reals
converging to y > 0. If liminf, .o v(y,) = oo we are done. Otherwise we may assume that

sup,, v(yn) < co. We proved that we have R € D and Z" € Z such that

?’Lyﬁn nn 7n
o) = Vo (P 2) + el B Er) +9(27),

And with an estimate similar to (15) and & > 0 we know that v(y,) > fOT V(t,yn) p(dt) +
y(En) Since v is bounded from below we get that V(.,y,) < oo @”@M—a.s., where d@” =
Z"dP. Furthermore we can find d such that Z, € Z(d). This enables us to use once more a
Komlés-type argument to get a sequence of convex combinations, ((R™, Z™)), where (R", Z") €
conv{(R", Z"), (R™*!, Z"*1) ..}, which converges P-a.s. to some (R, Z). Now we use Lemma 3.3

and the convexity of (Z, R) — Z fOT V(t,y Yt/ Z;) u(dt) to obtain

yYﬁé ~ 5 .
o) < V7, (") +ulR ) +9(2) < liminfolyn),

which is the desired lower semicontinuity. L]

Proof of Theorem 2.5. Assertion 2 and 3, the finiteness of v and v, and the concavity
of u were already proved. The convexity of v is an immediate consequence of the convexity of
(Z,yYT) +— Vz(YE/Z) + v(Z). Furthermore, the lower semicontinuity of v (see Lemma 4.3)
implies assertion 3 of Theorem 2.5. Equation (10) follows as in [15, Lemma A.7]. If & = 0 this
implies v'(co—) = 0 which yields by general duality results that «’(0) = co which is equation (11).
Assertion 5 corresponds to Lemma 3.5. Furthermore, the existence of an optimal ¢ (item 6) is the
content of Lemma 4.2.

We will now deal with the existence of a saddle point. Let y > 0 be such that v(y) + yx = u(x),
such a y exists due to the behavior of v/. Take then a solution (f{, @) to the dual problem for y
and let Z be the density of @ with respect to P. Let Z! be in Zg and define Z% = aZ! + (1 — a)2
for a € (0,1]. Then vza(y) +v(Z%) — v(y) as @ — 0: Let R! be such that

Vo (yY R JZY) + (RY &r) = v (y).
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Then define RY = aR! + (1 — a)R We get
v(y) < vza(y) +(2°)
< Vza(yY™)Z%) + (R, Er) +~(2°)
< a(vz(y) +1(ZY) + (1 - a)(T(y) +1(2))

because of convexity. Observe that the righthand side of the equation goes to v(y) as « goes to 0.

~

Due to the duality relations we have that vze + xy > uze and uge +v(Z%) — uz + v(Z).
Hence,
u(z) = v(y) +yz = lim (vze (y) + 2y +7(27))
> lim (uze () +4(2)) = uz(x) + v(Z)
With the minimax identity we get u(x) = uz + v(Z) and therefore we get for ¢ as in Lemma 4.2

u(w) = uz(@) +9(Z) 2 Uz (0) +1(2) = int U(e) +1(2) = u(w).

Now we show that ¢ = I(-, yYﬁ) Q ® p-a.s. We have

Sy R Sy R
0<v(t )+ Bl g Ut a)
Zy Zy
and therefore
T R T R T
yY, yYit N
ogE@[ /0 V(t, ; )u(dt)+ /0 Zt & pu(dt) — /0 U(t, &) p(dt)

t t

T 5 ~
~o) + B[ [ u¥Repan] - uifen) — ()
<v(y) +yz —u(z) = 0.

Together this implies

0= V(t, y):tR> + y}:tRét —Ut,&) Q@ p(dt)-as.
Zy Zy
which means that ¢ = I(t, yYﬁ/Z).

The fact that u'(co—) = 0 follows from (20). Therefore we also have v'(0+) = —oo. To obtain
the strict concavity of the function u (and hence the differentiability of v) assume that u is not
strictly concave. Since u is increasing and because of the conditions for the derivatives we know
there exist 0 < xg < 21 and y > 0 such that v(y) + yzo = u(xo) and v(y) + yz1 = u(z1). Let ¥,
be the corresponding optimal consumption processes and (@, ﬁ) the solution to the dual problem.
Then we have ¢ = I(t,yYﬁ) = ¢! Q-as. and E@[fOT cngtﬁu(dt)] + y(R,Ep) = zoy < Ty =
E@[fOT c,}thﬁu(dt)] + y(R,Ep). This is a contradiction. (]
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Proof of Corollary 2.6. This corollary can be proved by copying the arguments of the proof

of Proposition 2.5 in [24]. (]
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