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Estimation in Partially Linear Semiparametric Models with

Parametric and/or Nonparametric Endogeneity

NAMHYUN KiMf! AND PATRICK W. SAARTH

University of Exeter' and Cardiff University*

Abstract

Partially linear semiparametric models are advantageous to use in empirical studies of various economic
problems due to a special feature that allows the parametric and nonparametric components to exist si-
multaneously in the model. However, systematic estimation procedures and methods have not yet been
satisfactorily developed to deal effectively with a well-known endogeneity problem that may be present in
some empirical applications. In the current paper, we aim to address endogeneity comprehensively, which
may take place in either a parametric or a nonparametric component or both, and to provide guidance to
an appropriate estimation procedure and method in the presence of such a problem. A significant difficulty
we must overcome before such goals can be achieved is a generated regressor problem which arises because a
critical part, known in the literature as the “control variables”, is not observable in practice and hence must
be estimated. We show theoretically (i.e. through the derivation of a set of important asymptotic properties)
and experimentally (i.e. through the use of simulation exercises) that our newly introduced method can help
in overcoming the above-mentioned endogeneity problem. For the sake of completeness, we also discuss an

adaptive data-driven method of bandwidth selection and show its asymptotic optimality.

JEL Classification: C12, C14, C22
Abbreviated Title: Semiparametric Models with Endogeneity

1. Introduction

As is known in the literature, a partially linear semiparametric (PL) model is:

Vi=XB+g(V;))+e€ for i=1,....n
E(e|z,v) =0, (1.1)

where (V, X, Y) is a R? x RP x R-valued observable random vector, § is a RP-valued unknown
parameter vector and g(-) is an unknown real function such that g : R? — R. To estimate
the model in (1.1), Robinson (1988) proposed a two-step estimation procedure, which is to
first obtain consistent estimators of the unknown parameters and then use them in order to

identify an unknown structural function; see also a discussion in Speckman (1988). Based on
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an independently and identically distributed (i.i.d.) random sample (Y;, X/, V), it has been
shown that the parameter vector 5 in various versions of (1.1) can be consistently estimated
at a rate of /n (see Robinson (1988), Fan et al. (1995), Hardle et al. (2000), Gao (2007),
and Li and Racine (2007), for examples).

It should be noted that the exogeneity condition of the regressors in the model (as stated
mathematically in the second line in (1.1)) is crucial for obtaining consistent estimators and
identifying an unknown structural function. However, it is not difficult to find circumstances
by which such a fragile condition may breakdown in practice.

For instance, consider cases of modeling mis-specifications, e.g. omitted variables or/and
interaction terms. For the sake of illustration, let us assume that V' = (V4, V3), where (11, 13)
is a R x R7 7 -valued vector with 1 < ¢* < ¢ — 1, and that the first line of the model in

(1.1) is mistakenly replaced by the following:
Yi=XiB+g(Vis) +e. (1.2)

Assuming for the time being that E(e|x) = 0, in this case the exogeneity assumption is
satisfied only if F(y|v1) = E(y|v) and E(x|v,) = E(z|v); see also a model specification test
discussed in Li (1999). Hereafter, let us refer to the cases where E(e|v) # 0 as “nonparametric

endogeneity”. Furthermore, let us assume the following:
Xy =ma (Vi) + U (1.3)

where E(u|v) = 0. The corresponding “parametric endogeneity” may occur if the equation
g g Y Y

below is employed instead of (1.3):

where E(u|vy) = 0. Given that the PL model in (1.1) is correctly specified, then the use of
(1.2) and (1.4) leads to the violation of the exogeneity condition, i.e. E(e|x,v) # 0.
Regarding the latter, let us illustrate such a problem with an empirical example of the
relationship between the logarithm of wages, and the covariates of education (in years) and
working experience (in years). While the individual effects of covariates should be examined,

their interaction effects should also be considered. For instance:
log(wage;) = age; + g(edu;) + H(agedu;) + e;, (1.5)

where agedu; = age; x edu; and E(elage,edu) = 0. Although the identification of each
function in (1.5) can be dealt with as shown by Linton and Nielsen (1995), the endogeneity



problem could be present if the interaction term H(-) was mistakenly omitted from the
model. We present a detailed review of the effects of the various types of endogeneity on the
estimation of the PL model in Section 2.2.

The goal of the current paper is to develop a systematic approach for addressing the
endogeneity issues in the PL model. Although the PL model has been extensively studied in
the literature as reviewed earlier (see also Fan and Li (1999), and Hardle et al. (2000) among
others), the endogeneity issues have only recently been considered in pure nonparametric and
semiparametric models (for example Blundell and Powell (2003)). A systematic estimation
procedure and method that are capable of satisfactorily addressing endogeneity problems in
the PL model have yet to be developed owing to its relative complexity in the sense that
it contains both parametric and nonparametric components. In this paper, we intend to
comprehensively discuss the issues that are essential in dealing with endogeneity problems
in the PL model, such as identifying whether they originated from the parametric component,
the nonparametric component or both, and appropriate estimation procedures to deal with
different types of the problems. While we will summarise of the key contributions of the
current paper at the end of this introduction, in the next few paragraphs we will give a brief
overview of the methods to be discussed in this paper.

In principle, the methods considered in this paper closely follow the logic of the Robin-
son’s (1988) two-step estimation procedure mentioned previously, i.e. first to obtaining
consistent estimators of the unknown parameters and then using them in order to identify
an unknown structural function. If the parametric regressors are exogenous, the LS estima-
tion is consistent as also reviewed previously. Otherwise, if the parametric-endogeneity is
present, then the parametric instrumental variable (PIV) estimation can be used. Although
the PIV estimation has been considered in the literature (see Chapter 16 of Li and Racine
(2007), for example) we feel that there are still some outstanding issues which are worth
discussing within the context of our study. After all, special attention should be given to
constructing consistent estimators of the unknown parameters especially given the domi-
nance of the parametric component of the model. The consistency of parametric estimators
is important not only in its own right but also for identifying an unknown structural function
(more details can be found in Sections 2.2 and 2.3).

In addition, the presence of nonparametric endogeneity induces further complicates the
identification of the unknown structural function (see Section 2.4 for details). There are
two alternative methods in the literature which may be helpful in identifying the unknown
structural function in such a case, namely the nonparametric instrumental variable (NpIV)

estimation and the control function (CF) approach. Newey and Powell (2003), Hall and



Horowitz (2005), and Darolles et al. (2011) developed the NplIV estimation for a pure non-
parametric model, while Ai and Chen (2003) did so for semi-parametric models, which in-
cluded the PL model as a special case. An important difficulty with using NpIV estimation
resides in the well-known “ill-posed inverse” problem; see O’Sullivan (1986) for example. To
overcome such an obstacle, Ai and Chen (2003) based their estimation on a complex sieve
estimation under some regularity conditions on the inversion matrix and a constraint on the
space of the reduced relation to keep it compact. On the other hand, Newey et al. (1999),
Pinkse (2000), and Su and Ullah (2008) considered the CF approach in a pure nonparametric
model, while Blundell and Powell (2004) did so for a special case of a single index model,
i.e. a case where the discrete dependent variable only was considered. With regard to the
nonparametric estimation employed, Newey et al. (1999) and Pinkse (2000) relied on the
series approximation, while Su and Ullah (2008) used the local polynomial estimation of
Fan and Gijbels (1996). Blundell and Powell (2004), on the other hand, relied on the local
constant kernel estimation.

This paper addresses nonparametric endogeneity in the estimation and inference of the
PL model in a simple but widely-used framework of nonparametric simultaneous equations
specifically, a nonparametric triangular model. Although the full details will be presented
later, let us discuss this briefly here. We consider a model y = 2’3 + g(v) + € such that z
might be either exogenous or endogenous, and v is endogenous. In addition, a nonparametric
reduced-form equation v = m,(z) + 7, where z is a vector of the instrumental variables
such that F(n|z) = 0 and E(e|z,n) = E(eln) # 0. In order to identify and to estimate
the structural function ¢(-), we take the standard control function approach, as in Newey
et al. (1999), namely E(y|v,n) = E(z|v,n) + g(v) + t(n), where the endogeneity (i.e.
E(eln) = u(n) # 0) is controlled by introducing an additional unknown function. Such
a structure enables us to write the model as a simple nonparametric additive structure
and therefore to employ the local constant kernel estimation and the marginal integration
technique of Linton and Nielsen (1995), and Tjgstheim and Austad (1996) to identify the
unknown structural function.

To summarise, in this paper we comprehensively study the estimation procedures and
methods which provide and identify consistent estimators of the unknowns in the PL model,
namely the parametric parameters and the nonparametric structural function, when para-
metric endogeneity or/and nonparametric endogeneity is/are present. Firstly, we extend the
CF approach suggested in Newey et al. (1999) to the PL model with nonparametric endo-
geneity. We also provide the asymptotic properties of the estimator of the nonparametric

function. Furthermore, we show the y/n-consistency and asymptotic normality results for



the estimators of the unknown parameters under parametric endogeneity. Here, an impor-
tant difficulty resides in a generated regressor issue, which arises due to the fact that the
control regressor, 7, (or the so—called control variable as referred to in Blundell and Powell
(2004)) is not observable. The generated regressor issue must be taken into account when
studying the properties and inference of the estimation procedure.

The remaining of the paper is organised as follows. In Section 2, we first review the PL
model without endogeneity, introduce parametric endogeneity and nonparametric endogene-
ity into the model, then discuss the various issues including identification of endogeneity
in the model, and appropriate estimation methods and procedures. Section 3 discusses the
adaptive data-driven method to bandwidth selection and derives its asymptotic optimality.
In Section 4, we conduct an experimental study to investigate the finite sample properties
of the estimators introduced in the current study. Finally, Section 5 concludes the paper,

while mathematical proofs of the main results are presented in Appendix.

2. Endogeneity in a Partially Linear Semiparametric Model

In this section, we first introduce the PL model and Robinson’s two-step estimation proce-
dure as usually seen in the literature. We then introduce endogeneity into the model and
discuss the various issues caused by endogeneity in details. Finally, we discuss and propose

appropriate estimation methods for addressing endogeneity in Sections 2.3 and 2.4.

2.1. The PL Model

To estimate the model in (1.1), Robinson (1988) proposed a two-step estimation procedure,
which is first obtains consistent estimators of the unknown parameters and then uses them to
identify an unknown structural function. In particular, the first step of Robinson’s estimation
procedure is a simple LS estimation, which is tenable after the unknown g(-)-function is
partialled-out. That is, we obtain the conditional expectation relation by applying the

conditional expectation operator to (1.1), since it satisfies the exogeneity condition:

9(v) = E(ylv) — E(ao)'5. (2.1)

Subtracting the conditional expectation relation (2.1) from the structural one (1.1) produces

a simple linear reduced form:

Wi =Ur8+e, (2.2)
where E(eu*) = 0. We then have, by defining m;(v) = E(y|v) and m};(v) = E(z[v), V; =
my (Vi) + Wi and X; = mj(V;) + U} with E(w*|v) = 0 and E(u*lv) = 0. Equation (2.2)
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immediately suggests an infeasible estimator for 8 by a LS estimation of W} on U;:
—x _ ~1 =
Brs = (Sv<) " Svewe, (2.3)

where the notation for scalar and column vector sequences A; and B; are Syp = % Z?:l A;B;
and S4 = Sy4. The second step of Robinson’s (1988) estimation procedure is to identify the

structural g(-)-function based on the conditional expectation relation in (2.1):

Jis(v) = my(v) —m(v)Bys. (2.4)

Nonetheless, the estimators in (2.3) and therefore in (2.4) are infeasible due to the unknown
functions of m;(v) and m;(v). Robinson (1988) suggests that m.(-) and m}(-) should be
estimated first by a local constant kernel estimation and these can be used in order to obtain
feasible estimators. Let us introduce the even functions k£ : R — R and K : R? — R related
by:
Ky(s) = [ [ *(s;).
j=1

where s; is the jth element in s and £ is a univariate kernel function. Now, the above-

mentioned feasible estimators are:
D% -1 Ak Ak A o
Bis = (Sp)” Sgeyy- and gig(v) = (v) —m;(v) Brs

by which Sy = % Yor AiBiI; and Sy = Saa for the scalar and column vector sequences A;
and B;, and a constant b > 0, I; = I(|f(V;)] > b), where f(v) is the estimate of the probability
density function of v with a random argument V;, I is the usual indicator function, and

U = X; —m(V;) and Wy = Y; — 1t (Vi) with:

1

B E?:l Xily (vgvvl) Z?:l YiK, (UZUVZ>
o n v—V; o n v—V; ’
ijl K, ( ho ) ijl Ky <h_>

Note that I is introduced in order to trim out small values of f (v) that is in order to overcome
the random denominator problem (see Fan et al. (1995) and Li and Woodridge (2002), for
alternative methods). Based on i.i.d. random sample (Y;, X, V), it has been shown that

the parameter vector § in various versions of (1.1) can be consistently estimated at \/n-rate;
see Robinson (1988) and Fan et al. (1995), for example.

Remark 2.1. Robinson (1988) introduced two factors which are essential in the establish-

ment of \/n-consistency for B*. These are the higher-order kernel function and the local



Lipschitz type of condition for smoothness on the functions. The higher-order kernel func-
tion reduces bias when the sufficient smoothness condition imposed on the functions and
hence they ensure \/n-consistency. We restate these definitions in Section 2.4 in the context

of the estimation method introduced in this paper. ]

2.2. Endogeneity in the PL Model

Prior to presenting a more detailed discussion of the method studied in this paper, let us
present a review of the effects that various types of endogeneity have on the model and some

suggested remedies. Let us begin with the linear reduced form of the model in (2.2):
W= U8 +el, (25)

where e* = € — E(¢|v) = € — «(v). If nonparametric regressors are endogenous, then ¢(v) # 0.
Hence, it is apparent that nonparametric endogeneity induces the problem of identifying a

structural g(-)-function as follows:
[1.A ] E(y|lv) — E(x|v)' 8 = g(v), when nonparametric regressors are exogenous;
[1.B ] E(ylv) — E(x|v)'8 = g(v) + t(v), when nonparametric regressors are endogenous.

The exogeneity moment condition of (2.5), i.e., E(e*u*) = 0, is satisfied, unless parametric-

endogeneity is present. This moment condition implies two possible cases, namely:
[2.A | E(eu*) = 0 and E[u(v)u*] =0, i.e. when ¢(v) = 0;
[2.B ] E(eu*) # 0 and E(eu*) = E[t(v)u*], i.e. when ¢(v) # 0.

While the conditions in [2.A] suggest that the model is endogeneity-free, those in [2.B] suggest
that only nonparametric endogeneity is present since the linear reduced form satisfies the
moment condition. The fact that the nonparametric endogeneity is partialled-out in the
Robinson’s transformation suggests that the LS estimation of the unknown parameters is
applicable for both cases, i.e. in [2.A] and [2.B]. However, [2.B] is similar to [1.B] in the
sense that we must address the nonparametric-endogeneity in order to identify an unknown
structural function.

The final remaining case is the presence of parametric-endogeneity such that:
[3.A ] E(e|z) # 0 so that E(e*u*) # 0 when ¢(v) # 0 and E(eu*) # 0 otherwise.

In the other words, if parametric regressors are endogenous, then the moment condition of

the linear reduced form is not satisfied, i.e. E(e*u*) # 0. In this case, the LS estimation

7



results in inconsistent estimators for both of the unknowns. This stresses the dominance of
the parametric part of the model. Although the consistency of a nonparametric estimator is
unnecessary for obtaining consistent estimators of the parametric ones (due to Robinson’s
partialling-out process), the opposite is not true. Let us define mg(v) = g(v) and m4(v) =

g(v) + t(v) with ¢(v) # 0 in order to illustrate the argument more conveniently. We have:
—x — —1 =
Brs =B+ (SU*> Sreex = 3

and:
Mis4(v) = E(y[o) = E(alo) {8+ (Su-) ™ Suee | 5 ma(v),

P . . .
where - denotes non-convergence in probability, and mj ¢ . (v) = m} ¢ ,(v) or m} ¢, (v), since
= P . . . . . . . . .
Sus+ex = 0. Hence, various issues regarding the identification of endogeneity in parametric
regressors and obtaining tenable and consistent parametric estimators are nontrivial, and we

discuss these in details in the next section.

Remark 2.2. In this section, we consider only the moment condition, E(e*u*), rather than
the conditional moment condition, E(e*|u*), of the linear reduced form (2.5), since we discuss
the endogeneity issues in terms of infeasible estimators such as (2.83) and (2.4). Note that
the cost of having the former rather than the latter is that a more restrictive moment bound
on the dependant regressor than that of Robinson (1988) is imposed to establish the \/n—
consistency. If we consider the former then E(y)* < oo is required rather than E(y)* < oo
due to the remainder terms, Sgrex and Sy«e«; see Propositions 10 and 11 in appendiz of

Robinson (1988), for example. Hereafter, we consider the conditional moment condition. B

Table 2.1 below summarises the effects and remedies of various sources of endogeneity

as discussed above.

Table 2.1. The effects of endogeneity on the PL model and the appropriate estimation methods

Types of Endogeneity Estimators  Effects on estimators Remedies
Parametric LSoPP* Inconsistent PIV or 2SLS
NSF** Unidentifiable (automatically resolved)
Nonparametric LSoPP Consistent
NSF Unidentifiable NplIV or CF
Both LSoPP Inconsistent PIV or 2SLS
NSF Unidentifiable NplIV or CF

x LS of Parametric Parameters (LSoPP); xx Nonparametric Structural Function (NSF)



2.8. Parametric- Endogeneity

Let us first consider the case [3.A] above, i.e. the presence of parametric-endogeneity, which

may be associated with the linear reduced form model below:
Wy = U8 + e, (2.6)

where E(e*|u*) # 0 when ¢(v) # 0, and E(e|u*) # 0 otherwise. Let us consider the Robinson
(1988) type of an IV estimation as follows. Suppose that o* is an IV vector for U* such that:

where Z is a RP-valued IV vector for X, m%(v) = E(Z|v) and E(o*|v) = 0. Furthermore, we
assume that F(zZ) # 0 suggests F(o*u*) # 0 and E(p*|e) = 0 implies E(o*|e*) = 0, where
nonparametric regressors are exogenous; otherwise, they are endogenous. Unlike the NpIV
estimation, which requires the conditional moment condition, the PIV estimation also allows
for the moment condition as stated in Remark 2.2; E(p*¢) = 0 implies that E(p*e¢*) = 0. In
this case, we replace FE(y)? < oo with E(y)* < oo in Assumption A.0.4 due to the remainder
terms Sgeer and Spee-.

The Robinson (1988) type of IV estimators have the form:
Brv = (S@*U*)AS@*W* and m}ﬁv,s(v) = E(y|v) - E(ﬂ”)lﬁfva
;_L:l ZjKy(v%:)/j)

S Ko (St
see Chapter 16 of Li and Racine (2007), for its asymptotic normality and \/n-consistency.

where of = Z; — E’(ZAV}), E(Z!v) = , and mi’;us(v) = mho(v) or m’}m(v);

Furthermore, note that the PIV estimation above requires a similar rank condition to that
of a conventional parametric case. If the rank condition is not satisfied, i.e. if rank(Z) > p,
then it can be shown that two-stage LS (2SLS) estimation is the most optimal, as in a
conventional parametric case; see Chapter 5 of Sargan (1998), for example. The most optimal
candidate for an IV vector is a projection matrix of a parametric regressor vector in the space

of an IV vector:

* */ %

0" =0"(0"0") U
Then, the 2SLS estimators are:
Basrs = (55*0*)_155*1&/* and m;SLS,s(U) = E(ylv) — E(z|v) B3s1s;

—1 -1 Ak A%k
where Sz. . = Sp e (Sg2) ™ Sgepres Szevire = Sprege (Sp2) ™ Sgeppes and Migp 5 (V) = Mig150(0)
or 1Mig7,61(v). The asymptotic normality and \/n-consistency of the 2SLS estimator can be
established similarly to those of the PIV ones.

9



Remark 2.3. The proofs of \/n-consistency and the asymptotic normality of B}‘V and B’Q*SLS
are similar to those of st For instance, in the case of the PIV estimation, we need to estab-
lish that S;_5 5 = ®geue with @y« = E[(Z2—E(Z|V))(X—E(X|V))], that S;_5 © ®,
with @, = E[(Z — E(Z|V))(Z — E(Z|V))], and particularly that \/nS; 5, ;- 20 and
VNnSz_ s e 2 N(0,0%®,-) with 0* = E(e*)?; for the definitions of Sz_z x_%, Sz_z,
Sz zm ond Sz, ., see the Appendiz. The set of additional conditions required for
this establishment comprise the moment condition on Z, the smoothness condition on the
function m%(v) and the corresponding reqularity condition for the bandwidth. We present
these conditions in Appendix 5.A.0 for the sake of convenience. A similar argument is also

true for the 25LS estimation case. ]

Furthermore, the above-mentioned asymptotic normality of the LS and the PIV estima-
tors make it possible to establish a Hausman (1978) type of mis-specification testing. Given
the results of Lemma 2.1 and Corollary 2.6 of Hausman (1978), this can be done as follows.
Let us define d* = 3%, — frg, V(Bis) and V(B5,) as the asymptotic variances of 5% ¢ and

B}‘V, respectively. Then a mis-specification testing in the PL model can be implemented as
Hy: 50 ie. parametric-exogeneity; Hy : 50 ie. parametric-endogeneity. (2.8)
Under the null hypothesis in (2.8), we have:
Bis =B+ 0y(n'/?) and Bj, = B+ Op(n~"7?),
which imply that d* = 0,(1). However, under the alternative hypothesis in (2.8), we have:
st =B+ 0,(1) and B}kv =0+0, (n_1/2) )

which suggest that d* = O,(1). Under the null hypothesis, the asymptotic distribution of

the difference of two estimators is:
v(d* — d) 3 N[0, V(d")],
where V(d*) = V(B5,) — V(Big). As n — oo, the test statistic is:
0 (Y7 g% -1 % D9
t=d (V(d )) i 52

where V(d*) is the estimate of V(d*) and p is the number of unknown parameters in the

model.

10



2.4. Nonparametric- Endogeneity

In Section 2.2, we have briefly discussed the effects of nonparametric-endogeneity such that

t(v) = E(e|v) # 0 in the model; see cases [1.B] and [2.B], for example. It is apparent in

*

s () =mi(v)B, =M}, (v) = Fr(v) + u(v), that, in

these cases, the structural g(-)-function is unidentifiable, where 7 is found by using LS, IV

the conditional expectation relation, m

and 25 LS. The procedure considered in this section rests on a semiparametric simultaneous
equation model, for which the corresponding nonparametric version has previously been
considered by Newey et al. (1999).

Suppose that nonparametric-endogeneity is present in the model and that Z is an in-

strumental variable vector for V', and let us consider a simultaneous equation model:

Y = Xif+g(Vi)+e (2.9)

Vi = my(Z;) +mi, (2.10)
E(elz,n) = E(€ln) as. (2.11)
E(nlz) = 0 as. (2.12)

where a.s. denotes for almost surely, (2.9) is as defined in (1.1), m,(2) = E(v|z) isa ¢ x 1
vector of the functions of the instruments, 7 is a R%-valued vector with ¢, > gand nisagx1
vector of disturbances. It should be noted here that while the stochastic conditions stated in
(2.11) and (2.12), which are often referred to as the “control function” assumptions, are more
general than assuming full independence between (e€,7) and Z, they are neither stronger nor
weaker than E(e|z) = 0, which is usually required in the NpIV estimation.

Based on (2.9) to (2.12), we have:

E(ylv,n) = E(zlv,n)B+ E(g(v)|v,n) + E(elv,n) = E(zlv,n)'8 + g(v) + E(e[n).

This ultimately leads to:

g9(v) + u(n) = E(ylv,n) — E(z|v,n)'B, (2.13)

where E(e|n) = i(n) is referred to in the literature as the endogeneity control function.

The first key step in the CF approach in this paper is to estimate the endogeneity control
regressors from a structural relation between the endogenous regressors and their instrumen-
tal variables, (i.e. expression (2.10) above). Such a structural relation is referred to as “a
reduced form” in Blundell and Powell (2004). The next step is to control the endogeneity
in the structural relation (2.9) by introducing an endogeneity control function, ¢(n). Finally,

the nonparametric additive structure derived in (2.13) suggests that the unknown structural
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function can be identified by using the marginal integration technique of Linton and Nielsen
(1995), and Tjgstheim and Austad (1996).

The procedure described above can be implemented in a few estimation steps. Hereafter,
let us collectively refer to such estimation steps as the “two-step control function (2SCF)

procedure”, which can be described as follows:
The 2SCF Procedure
Step 2.1: Estimate the endogeneity control regressor, n;, from (2.10).
Step 2.2: Obtain consistent estimators BT of the unknown parameters as in Section 2.3.

Step 2.3: Given the consistent parametric estimators in Step 2.2, estimate the conditional

expectation relation.

Step 2.4: Perform the marginal integration technique on the resulting estimated conditional

expectation relation in Step 2.3 to estimate the structural g(-)-function.

In the remainder of this section, let us discuss each of these steps in more detail. Step 2.1
estimates the endogeneity control regressors, 1, from the reduced form in (2.10) since they
are not observable in practice, where m,(z) is a vector of unknown real functions such that
my = (my)(Ziy..., Z;) ,i=1,...,n,my; : R - Rand [l =1,...,q. The kernel estimation
of m,(Z;) is:

n Z,'—Zj
A S Vil (42)
mi(Zi) = , (2.14)

YLK (42)
where h, = (h.1, hso, ..., hy)', which leads to:

i = Vi — Mi(Zs). (2.15)

The next estimation step is to transform the structural model into a linear reduced
form to obtain consistent parametric estimators. This can be done by first decomposing
the dependent and independent regressors into two components. By defining my(v,n) =

E(y|lv,n) and m,(v,n) = E(x|v,n), the above-mentioned decompositions are:
Y; =my(Vi,mi) + W, and X; = mg(Vi,mi) + U

where E(w|v,n) = 0 and E(u|v,n) = 0. Now we can obtain the conditional expectation

relation of the structural model on the nonparametric and endogeneity control regressors:

my(v,n) = mg(v,n)' B+ g(v) + t(n) (2.16)

12



such that ¢(n) # 0 controls the endogeneity. Finally, if we subtract the conditional expecta-
tion relation (2.16) from the structural one, the transformed simple linear reduced form is
then:

W, = U/ + e, (2.17)
where W; =Y, — E(Y;|Vi,n;), Ui = X; — E(X;|Vi,m;) and e; = €, — ¢(n;).

In order to obtain consistent estimators of the unknown parameters, it must be ensured
that an appropriate estimation method (i.e. among LS, IV or 2SLS as discussed in Section
2.3) is applied to (2.17). If parametric regressors are exogenous, then it is appropriate to
simply apply the LS estimation; otherwise, we must apply the PIV estimation with the

following vector of parametric instruments:
Zi =mz(Vi,n:) + oi,

where mz(v,n) = E(Z|v,n) and E(glv,n) = 0, E(xZ) # 0 implies that E(up) # 0 and
E(elo) = 0 suggests that E(e|o) = 0. Furthermore, if the rank of the vector Z is greater
than p, then the 2SLS estimation is applied. Hence, the potential consistent parametric

estimators can be summarised as:
BLS - (SA2) UaWo» ﬁIV ( 92(72)_15’@21/% and /BQSLS = (55202)_1552W2’ (2'18)
where:
Usi = Xi — E(X)|Vi, i), Wy =Y — EYi|Vi, 1), 624 = 25 — E(Zi|Vi, i),
55202 = 802@2 (Sé’Q)_l SQQUQ’ Sf)sz = SUQéz (8@2)_1 S@2W2’
by which E(z|v,7), E(ylv,7) and E(Z|v,7) are kernel estimators with 7;, i.e.:

Ealo, i) = Zi ok () 4 (55 E( 200 >K”<%>,<2.19>
St () 5 () et (5 6 ()

ylv,n) =

2 ()8 () .
ijl K, Fro Ky hiy

Similar to the first stage, a trimming parameter is employed along the way to minimize the

B(Zv,7) =

impact of a random denominator problem. For a constant by > 0, let Ip; = I(|f(Vi, n;)| > b),
where f (v,m) is the estimate of the probability density function f(v,n) with a random
argument (V;,n;).
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The essential factors which helps ensuring the asymptotic consistency as discussed in

Remark 2.1 are defined below.

Definition 2.1: Let the even functions k, : R - R, k, : R = R, &, : R = R and
/w(,r) : R — R, which is the rth derivative of k,. Let K, : R™ — R, K, : R? — R,
K\ R1 = R and LU : R2 — R, be related by K, = S ka(sg), Ky =TI ku(sy),

Kff) = ;1.:1 kff)(sj), and L)(s) = Kv(s)Ky)(s), where v = 0,1,...,wy — 1 for some
wy > 0.

Definition 2.2: G, where o > 0 and p > 0, is the class of functions g : R? — R that
satisfy the following conditions: g is (I — 1) times partially differentiable for 1 —1 < p <I;

ﬁrwm6p>(%Sgﬂg@)—gw)—QA%ZNﬂw—ZW‘SC%@)ﬁrdﬁauﬁwe@pZ{y:
YE€P2zp
|y — 2|| < p}; Qg = 0 when I = 1; Qy is a (I — 1)th degree homogeneous polynomial in

y — z with the coefficients the partial derivatives of g at z of orders 1 through | — 1; and
g(2) are its partial derivatives of order | — 1 and less, and G,(z) has finite acth moments.
G contains the bounded and (I — 1) times boundedly differentiable functions whose (I —1)th
partial derivatives are in Lip(pn — 1+ 1), i.e. the Lipschitz class of degree p — 1+ 1.

The main theoretical results for this particular step is the \/n-consistency and the asymp-

totic normality of the Robinson-type of LS, PIV and 2SLS estimators as stated below.

Theorem 2.1. Under Assumptions A.1.1-A.1.6, the condition that ®y is positive and defi-

nite is necessary and sufficient for:

Vi(Brs = B) 3 N[0,25'0%)
5562-% ®,'0?, (2.21)
where E(e?) = 0? < 00, &y = E[{X — E(X|V,n)Y{X — E(X|V,n)}]. |

Corollary 2.1. Under Assumptions A.1.1, A.1.3 - A.1.7, A.1.8 and A.1.9, the conditions

that @y, @, and Py, are positive and definite are necessary and sufficient for:

VB —B) B N[0, (@) 102®,y(Drry) ]

(S )_1625@2(502@2)_1 = (q)QU)_lUQ(I)Q(q)U@)_l- (2-22)

02U
When rank(Z) > p we have:
5 _ -1
VilBaszs = 8) 2 N [0,0% (B0, (@) @) ']
-1

-1
6 (Stug (Se) ™ Spry) B 0 (@ug () @)
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where ®oy = E{Z-E(Z|V.n)}{X-E(X|V.n)}], ®, = E{Z-E(Z|V.n)}{Z-E(Z|V,n)}]
and ®y, = E{X — E(X|V,n)}{Z — E(Z|V,n)}]. u

Remark 2.4. The proofs of \/n-consistency and the asymptotic normality of BIV and BQSLS
are similar to that of BLS. For instance, in the case of the PIV estimation, we need
to establish S;_s v ¢ LN S,y and S;_3 LN ®,, particularly for \/ﬁsz_gms_ms 200

and \/ﬁSzfz’efé A N(0,02®,); see the Appendiz for the definitions of the notations for

SZ—Z,X—Xf Sz 2 SZ—Z,m—fn’ and Sz—z,e—é- u

The implications of these results on the above-mentioned Hausman (1978) type of mis-
specification testing as follows. Under the null hypothesis of no parametric-endogeneity, we
have, frs = B+ Op(n~"/?) and By = B + O,(n"/?), which suggest that d = 0,(1), where
d = Bry — BLS However, under the alternative hypothesis of the presence of parametric-
endogeneity, we have, .5 = 8+ O,(1) and By = 8 + O,(n~"/?), which lead to d =
O,(1). Under the null hypothesis, the asymptotic distribution of the difference between two
estimators is:

Vvn(d—d) B N[0, V(d)], (2.23)

where V(d) = V(B1v) — V(BLs). These asymptotic variances are given above as (2.21) and

(2.22), respectively. As n — 0o, the test statistic is:
YN N SN
t=d (V(d)) d—p 2, (2.24)

where V(d) is the estimate of V(d).
The objective of the final two steps in this estimation procedure, i.e. Steps 2.3 and 2.4, is
to identify the structural g(-)-function, given the consistent parametric estimators obtained

in the earlier step. Let us first recall the conditional expectation of (2.16):

m(v,n) =my(v,n) —mg(v,n)'B = gv) + t(n). (2.25)

Clearly the right-hand side can be treated as a general nonparametric additive model for
which a standard identification condition is E(g(v)) = E(¢(n)) = 0; see Hastie and Tibishi-
rani (1991), and Gao (2007) for example. Since (2.25) is a simple nonparametric additive
specification, an implementation of the so-called marginal integration technique identifies

the g(-)-function up to some constant value, i.e.:

— [ (@ = g(e) + e and m(n) = [ m(vn)dQ) = ) + 2 (220

where ¢; = [u(n ) = [g(v ) and @ is a deterministic weighting function with
[dQ(n) = [dQ(v) = 1. Linton and Nlelsen (1995) allow for both discrete and continuous
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values of (), while the integrals should be interpreted in the Stieltjes sense. To this end, the

functions m(v) and g(v) can be estimated by the sample versions of (2.26):
. 1~ R
1 (v) = ~ > i (v, 1) (2.27)
i=1

and:

QT(U) - mT(U) - é7',17
where . (v, %) = E(ylv, %) — E(x|v, %) 8, and er1 = 250 m.(Vi), such that (2.27) is
estimated by keeping V; at v and taking an average over the remaining regressor, 7;. We

state the asymptotic properties of the nonparametric estimator below.

Theorem 2.2. Under Assumptions A.1.1 - A.1.6 when the parametric regressors are exoge-
nous, or else, under Assumptions A.1.1, A.1.3 - A.1.7, A.1.8 and A.1.9, we have:

\/n_h?,(gT(v) — g(v) — bias) —p N(0,var),

where bias = hb? B, (v, n)+h¥2 B, (v,n) with B,(v,n) = % 2 17w, m)ym@ = (v), By (v, 1) =

K r —r r
ﬁ o1 f7§ )(Uaﬁ)m(” '), Kopy, = [ 072Ky (v)dv, Kypy, = [ 1772 Ky (n)dn, fﬂg )(Uﬂ?) and
f,$’“) (v,m) are the rth derivatives of the joint probability density functions of (v,n) with respect

to v and n respectively, and var = o*(v,n)K, f(v) f{fﬁr)’; with K, = [ K(v)*dv. |

3. Adaptive Data-Driven Estimation

In this section, we apply the cross-validation (CV) criterion to the adaptive data-driven
approach to bandwidth selection. Without loss of generality, let us first assume that only
nonparametric-endogeneity is present in the model. Under such an assumption, the adaptive
data-driven estimation problem, which is the main focus of the study in this section, directly
involves Steps 2.2 and 2.3 of the 2SCF procedure discussed in Section 2. In order to define
the CV function, we need to introduce a number of leave-one-out estimators corresponding
to those in (2.18) and (2.19). Hereafter, let E_;(y|v,7) and E_;(x|v,7) be the correspond-
ing leave-one-out estimators of E(ylv,7) and E(z|v,7) in (2.19), respectively. Hence, by
following a similar analysis to that discussed in Section 2.4, we are also able to derive the
leave-one-out counterparts of the LS estimators (BLS> based on E_;(y|v, ) and E_;(x|v,7);
hereafter, let us call these estimators B,i, LS-

The relevant CV function can now be written as:

A 1 " N . R R A 2
CV(hohg) = =37 |V = Xifoizs = Boa(ylo, i) + Eslolo,i)Boins| - (31)

i=1
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The CV criterion consists of selecting the value izv of h, and ﬁﬁ of h; that achieve:

CV (hy, hy) = inf OV (hy, hy). (3.2)
hu,hﬁEHn
The estimation performance can be evaluated using the average squared error below:

~ 1 & A . . . A 72
Dl hi) = — 37 [¥i = XiBrs = Blylo,n) + B(alo,i)fis| (33)
i=1
In the current paper, we take the view that the nonparametric prediction algorithm is asymp-
totically optimal if: o
D(h,, hj
: ( 77) i> 17

infp, h,em, D(hy, hy)

where D(h,, hy,) is the average squared error in the case of observed 7. The main result of

(3.4)

this section is the following asymptotic optimality.

Proposition 3.1. Under Assumptions A.1.1 - A.1.6, the selected value of the bandwidths he
of h, and ﬁﬁ of hy that satisfy the decision rule presented in (3.2) are asymptotically optimal
in the sense of (3.4).

The proof of such an asymptotic optimality in Proposition 3.1 is quite tedious even
for a standard kernel regression case and itself warrants a separated paper; see Hart and
Vieu (1990), Hérdle and Vieu (1992) for some well-known examples. Nonetheless, since
this discussion is only included for the sake of completeness of the methods presented in
the current paper, we will simplify the task by making use of some results that we have
established elsewhere. Recently, Saart et al. (2013) considered optimal smoothing in the
PL model with a nonparametrically-generated regressor. This is, in fact, closely related the
procedure described in expressions (3.1) to (3.4). Hence, to keep the current paper short, in
Section 6.A.4, we will show the key results that must be satisfied in order for Proposition 3.1

to hold. Interested readers are referred to discussion in Saart et al. (2013) for more details.

4. Simulations

In this section, we discuss Monte Carlo simulation exercises, the objective of which is twofold.
Firstly, we would like to investigate the finite sample performance of our newly developed
approach in dealing with nonparametric-endogeneity and/or parametric-endogeneity in the
estimation of the PL model, as discussed above. Generally, our learning strategy involves
establishing an exogenous PL model then systematically introducing (parametric and/or

nonparametric) endogeneity into the model; applying the existing estimation procedure (e.g.
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Robinson’s (1988) procedure as discussed in Section 2.1) in order to investigate its effective-
ness in the presence of endogeneity; and finally applying our newly developed approach to
the same endogenous models in order to investigate its effectiveness as an alternative method
in the presence of endogeneity. Secondly, we would to examine whether experimental evi-
dence can be established in support of the asymptotic optimality established in Proposition
3.1.

All simulations are conducted in R with the number of replications set at 1000. The
normal kernel function defined as K (u) = \/LQ? exp (—%UQ) is used throughout this section,
while bandwidth selection is implemented as explained in Section 3. For convenience, let us
summarise some important notations and abbreviations in this paragraph, which will be used
throughout the remaining of this section. Hereafter, 2SR and 2SR-PIV refer to Robinson’s
(1988) procedure as discussed in Section 2.3 with the LS and IV estimators of the unknown
parameter, respectively. Furthermore, 2SCF refers to the control function approach as
explained in Section 2.4. In the tables that follow, 3, “Bias”’, “Var’ and |B — B] refer to
the estimate of the unknown parameter, bias, variance and the absolute error, respectively.
Moreover, ae; denotes the average absolute error for the estimation of the nonparametric
structural function. The averages of these over the above-stated number of replications are
tabulated in Tables 4.1 to 4.9.

Let us focus first on the introduction and modelling of nonparametric endogeneity.

Nonparametric endogeneity

For the sake of comparisons, we will employ the PL model in (4.1) as a baseline model:

. —i‘-/ZVf) + ¢;, where (4.1)

Vi=Zi+mn, X;=sin(V;—mn)+U,

Y, =1.2X; + 0.5 (

€ = u(mi) + e,
Zi ~ Z/{(O,?)), i NZ/{(—l, 1), €, Uz ~ N(O, 1)

Defining the PL model as in (4.1) gives rise to three related types of model, namely the “ez-
ogenous model”, “linear-endogenous model” and the “nonlinear-endogenous model”, simply
by specifying, for example:

Ui

= — 4.2
s (+2)

u(n) =0xmn, t(n) =1xmnand (n)

respectively. While Tables 4.1, 4.2 and 4.3 present the estimation results of the exoge-

nous model, the linear-endogeneity model and the nonlinear-endogeneity model, respectively,
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based on the 2SR procedure, Tables 4.4 and 4.5 summarise those obtained based on the 2SCF

procedure.

Table 4.1. Ezogenous model with 25R

n B Bias Var |B - Bl aeg Ry
100 1.2007 0.0007 0.0001 0.0103 0.0231 0.2058
300 1.2012 0.0012 0.0000 0.0063 0.0145 0.1817
500 1.1998 -0.0001 0.0000 0.0054 0.0112 0.1637
700  1.2005 0.0005 0.0000 0.0043 0.0102 0.1525
900  1.2002 0.0001 0.0000 0.0037 0.0099 0.1458

1,100 1.2002 0.0002 0.0000 0.0034 0.0090 0.1387

Table 4.2. Linear-Endogeneity model with 25R

n B Bias Var |B - B ae Py
100 1.1908 -0.0092 0.0045 0.0536 0.2465 0.2755
300 1.1955 -0.0044 0.0013 0.0293 0.2311 0.2129
500 1.1958 -0.0042 0.0009 0.0259 0.2321 0.1938
700  1.1967 -0.0032 0.0006 0.0198 0.2280 0.1795
900 1.1960 -0.0040 0.0004 0.0172 0.2310 0.1678

1,100 1.1969 -0.0031 0.0003 0.0166 0.2289 0.1646

Table 4.3. Nonlinear-Endogeneity model with 25R

n B Bias Var  |6—f8]  ae Iy
100  1.1964 -0.0036 0.0006 0.0205 0.0848 0.2304
300 1.1990 -0.0010 0.0002 0.0114 0.0762 0.1905
500 1.1970 -0.0030 0.0001 0.0105 0.0765 0.1708
700  1.1973 -0.0027 0.0000 0.0076 0.0748 0.1614
800  1.1983 -0.0017 0.0000 0.0066 0.0750 0.1542

1,100 1.1976 -0.0024 0.0000 0.0063 0.0748 0.1484

Table 4.4. Linear-Endogeneity model with 25CF

n B Bias Var |B - B aey hey
100 1.1988 -0.0011 0.0003 0.0153 0.0841 0.3433
300 1.2008 0.0008 0.0000 0.0074 0.0557 0.2445
500 1.1998 -0.0001 0.0000 0.0056 0.0470 0.2100
700 1.2007  0.0007 0.0000 0.0044 0.0424 0.1970
900 1.2000  0.0000  0.0000 0.0040 0.0396 0.1835

1,100 1.2004 0.0004 0.0000 0.0036 0.0307 0.1759
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Table 4.5. Nonlinear-Endogeneity model with 25CF

n B Bias Var |8 — 4] ae; I
100 1.2019 0.0019 0.0004 0.0114 0.0403 0.4703
300 1.2013 0.0013 0.0001 0.0066 0.0273 0.1965
500  1.2005 0.0005 0.0001 0.0055 0.0213 0.2130
700  1.2002 0.0002 0.0000 0.0043 0.0183 0.1793
800 1.1994 -0.0006 0.0000 0.0037 0.0165 0.1625

1,100 1.2001 0.0001 0.0000 0.0035 0.0104 0.1536

Let us now discuss some important findings as follows. While the 2SR procedure per-
forms well for the exogenous model, the presence of nonparametric-endogeneity (either linear-
endogeneity or nonlinear-endogeneity) can cause a significant problem in the estimation of
the nonparametric structural function; see the sixth column of Tables 4.2 and 4.3 in partic-
ular. Judging from the tendency of the average of | -2 | to converge to zero as n — oo,
the presence of nonparametric-endogeneity in the model does not seem to cause a significant
problem in the LS estimation of the unknown parametric parameter. For a given instru-
ment with a specific explanatory power, represented by Z, it is interesting to see that the
linear-endogeneity seems to have a greater impact on the 2SR estimation than its nonlinear-
endogeneity counterpart. Compared to the results shown in Tables 4.2 and 4.3, those in
Tables 4.4 and 4.5 suggest that the 2SCF procedure is able to provide a much better estima-
tion of the nonparametric structural function in the presence of nonparametric-endogeneity.
Furthermore, the results are robust across the various types of endogeneity considered.
Parametric-endogeneity
In this section, let us shift our focus to the introduction and modelling of parametric-

endogeneity. Let us consider a PL model such that:

Vi

Xi=Z+mn, Zi=sin(V;) + 0, & = 1(n); + e,
n~U-1,1,),V; ~U(0,3) and e; ~ N(0,1).

Clearly, the model in (4.3) implies that E(e|z) # 0, E(ejv) = 0, E(Z2x) # 0 and E(pe) = 0.
Tables 4.6 and 4.7 present the estimation results of the linear parametric-endogeneity model

and the nonlinear parametric-endogeneity model respectively, based on the 25R procedure;
Tables 4.8 and 4.9 provide those based on the 2SR-PIV procedure.
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Table 4.6. Linear parametric-endogeneity model with 2SR

n B Bias Var |3 -4 aey oy
100 1.4496 0.2496 0.0016 0.2496 0.1740 0.8056
300 1.4511 0.2511 0.0005 0.2511 0.1724 0.5561
500  1.4502 0.2502 0.0003 0.2502 0.1724 0.5343
700  1.4490 0.2490 0.0002 0.2490 0.1696 0.4432
800  1.4481 0.2481 0.0001 0.2481 0.1682 0.3982

1,100 1.4493 0.2493 0.0001 0.2493 0.1683 0.3849
Table 4.7. Nonlinear parametric-endogeneity model with 25R

n ¢ Bias Var |3 — ] aeg Py
100  1.2832 0.0832 0.0002 0.0832 0.0661 0.2650
300  1.2822 0.0822 0.0000 0.0822 0.0613 0.3305
500  1.2812 0.0812 0.0000 0.0812 0.0588 0.2356
700 1.2808 0.0808 0.0000 0.0808 0.0571 0.1916
800  1.2800 0.0800 0.0000 0.0800 0.0560 0.1680

1,100 1.2808 0.0808 0.0000 0.0808 0.0561 0.1645
Table 4.8. Linear parametric-endogeneity model with 25R—-PIV

n B Bias Var  |6—f8]  ae By
100 1.2038 0.0038 0.0041 0.0515 0.0851 0.8049
300  1.2036 0.0036 0.0010 0.0261 0.0546 0.5459
500  1.2013 0.0013 0.0007 0.0202 0.0469 0.5107
700  1.1991 -0.0009 0.0004 0.0179 0.0367 0.4227
900  1.1995 -0.0005 0.0003 0.0112 0.0316 0.3746

1,100 1.1996 -0.0004 0.0003 0.0101 0.0301 0.3293
Table 4.9. Nonlinear parametric-endogeneity model with 2SR-PIV

n B Bias Var |B - B aey B
100  1.2023 0.0023 0.0004 0.0176 0.0403 0.4703
300  1.2019 0.0019 0.0001 0.0098 0.0273 0.1965
500  1.2005 0.0005 0.0001 0.0081 0.0213 0.2130
700  1.2002 0.0002 0.0000 0.0066 0.0180 0.1793
900  1.1998 -0.0002 0.0000 0.0052 0.0161 0.1625

1,100 1.2001  0.0001 0.0000 0.0050 0.0102 0.1536
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Let us now discuss some important findings as follows. When compared to the estima-
tion results of an exogenous model in Table 4.1, those in Tables 4.6 and 4.7 suggest that
parametric-endogeneity, whether it belongs to the linear or nonlinear-endogenous model, can
cause a severe problem in the estimation of both the parametric unknown parameter and the
nonparametric structural function using the 25R procedure. Compared to the results shown
in Tables 4.6 and 4.7, those in Tables 4.4 and 4.5 suggest that the 2SR-PIV procedure is
able to provide a much better estimation of the nonparametric structural function in the

presence of parametric-endogeneity.

Bandwidth Selection

In Section 3, we apply the CV criterion to perform the adaptive data-driven approach to
bandwidth selection. Furthermore, we have argued for an asymptotic optimality of such a

nonparametric prediction algorithm, i.e.

D(BIM H'f]) P
1nfhmhn€Hn D(hv, hﬁ) ( )
see also (3.4) for details. To this end, a slight expansion of (4.4) leads directly to:
ZA)UA“M ilﬁ) _ ﬁ(ﬁw iln) [D(}Alm ilﬁ) — D(}Alm }ALTI)] (4.5)

infy, nem, D(ho, hy) — infp, poem, D(hy, hy) infp, n, e, D(ho, hy)

which shows that the first term on the right-hand side converges to 1 in probability based
on the discussion in the standard PL literature (see Hérdle et al. (2000), for example). In
order to establish experimental evidence in support of this asymptotic optimality, we only
have to show that the second term converge to zero in probability.

In this section, we use the model examples from (4.1). For the sake of clarity, we show

experimentally that:

R D(h,. h
D ratio = M R (4.6)
D(hy, hy)
as n — o0o. Furthermore, we also compute:
By, b
CV ratio = M (4.7)
V(hv, hy)

as a complement to (4.6). The means of these are tabulated in Table 4.10, which shows that

the D ratio and the C'Vratio tend to converge to 1 as n — oo.
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Table 4.10. Bandwidth selection for the 25CF procedure in the presence of endogeneity

Linear-endogeneity Nonlinear-endogeneity
n D ratio  CVratio n D ratio C'Vratio
100 0.8513 1.6536 100 0.8479 1.3098
300 0.8651 1.2870 300 0.9264 1.1122
500 0.8882 1.1620 500 0.9422 1.0699
700 0.9126 1.1168 700 0.9437 1.0488
900 0.9239 1.0867 900 0.9510 1.0370
1,100 0.9572 1.0475 1,100 0.9577 1.0337

5. Conclusions

In this paper, we introduce new procedures that comprehensively address endogeneity is-
sues, i.e. parametric endogeneity and/or nonparametric endogeneity, in a partially linear
semiparametric model. On the one hand, the dominance of the parametric part of the model
highlights the importance of consistent estimation (and hence the estimators) of the un-
known parameters. Therefore, identification of the parametric endogeneity and construction
of consistent parametric estimators under such an endogeneity are essential. We thoroughly
discuss these issues in Sections 2.2 and 2.3. On the other hand, nonparametric endogeneity
may cause a serious problem in identifying the structural function in question. In the current
paper, we established the 2SCF estimation procedure to address nonparametric endogeneity
based on the two-step estimation procedure of Robinson (1988) and the CF approach by
imposing the well-known triangular structure on the model. The imposition of such a struc-
ture enables us to use the marginal integration technique to identify the unknown structural
function in a similar fashion to the case of a nonparametric additive model. Nonetheless,
the computation of the control regressor in practice leads to a generated regressor problem
which we successfully address in the current paper. Furthermore, we derive the asymptotic
properties of both the parametric and nonparametric estimators involved. Among these
various properties, a particular interest in the literature is the \/n consistency of the para-
metric estimators. For the sake of completion and practicability of the new method, we also
introduce and discuss in some details the asymptotic optimality of the adaptive data-driven
estimation of bandwidth selection. Finally, we conduct the Monte Carlo simulation exer-
cises. We find strong evidence in support for the dominance of the parametric component in
the model. Moreover, we find substantial evidence which indicates that our newly proposed
2SCF estimation procedure performs well and is able to overcome the endogeneity problem

in the estimation of the PL model.
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6. Appendix

In this Appendix, we present detailed discussion of the theoretical analysis of the main results of the current
paper. We firstly list two sets of conditions which are required for the case with and without the presence
of nonparametric endogeneity, respectively. The rest of this Appendix presents the mathematical proofs of

Theorems 2.1 and 2.2, and a brief outline of that of Proposition 3.1.

6.A.0. Conditions for the PIV estimator

We state a set of conditions for the PIV and P2SLS estimations when the nonparametric regressors are
exogenous. In particular, the conditions on the parametric instrumental variables are the moment condition
on Z, the smoothness condition on the function mgz(v) and the regularity conditions of the bandwidth
parameter. It is useful to compare this set of conditions with those in the next section, where we address

nonparametric-endogeneity.
Assumption A.0.1. (V;, X;,Y;, 2;), i=1,2,...,n are i.i.d. observations.
Assumption A.0.2. E(e|lz,v) # 0 and E(e|Z,v) = 0.
Assumption A.0.3. E(e%|v, Z) = 0%(v, Z) is continuous in (v, Z).
Assumption A.0.4. All'Y; have a finite second moment, and all X; and Z; have finite fourth moments.
Assumption A.0.5. V; admits a density function f € GS° for some A > 0.
Assumption A.0.6.
4 .

(1) my(v) € G, for some g > 0;

(2) mz(v) € G}, for some vy > 0;

(3) g(-) € Gy, for some vy > 0.
Assumption A.0.7. Asn — oo,

(1) nh24b* — oco;

(2) nh%min()\,uo)—Q—Z min()\+1,vo)b_4 5 0:

(3) nhiinOwo)p=4 .

(4) hvmin()\,QA,vmVo)be —0;

(5) b—0.

Assumption A.0.8. sup |K(v)| + [[vPK(v)|dv < oo and [vP™'K(v)dv = 0 fori =1,...,p — 1, where
veERY
p = max(\ + po, A+ vo, A+ 1p).

Assumption A.0.9. E(ejv,z) =0 and E(*|v,x) is continuous in (v,z).
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Assumption A.0.10. As n — oo,
(1) nh24b* — oo;
(2) 2 M 0) +2min(A+Lro) -4 0;
(3) pmin(\2Apm0.00) -2 0

(4) b—0.

Assumption A.0.2 indicates that the model suffers from parametric endogeneity. If this is not the case
then we consider Assumption A.0.9 instead. Furthermore, if endogeneity is present, then we impose the con-
dition in Assumption A.0.7 on the bandwidth parameter; otherwise, Assumption A.0.10 is used. Assumption
A.0.4 provides the moment conditions on the regressors. Assumptions A.0.5 and A.0.6 collectively provide
the moment bounds and the smoothness of the density and regression functions. By Assumption A.0.8,
the kernel function is bounded, integrable and high-order. Assumptions A.0.7 and A.0.8 should be satisfied
simultaneously (see Robinson (1988), for example) in the case of parametric endogeneity, while Assumptions

A.0.8 and A.0.10 are used instead for the case where there is no parametric endogeneity.

6.A.1. Conditions for Theorems 2.1 and 2.2
Assumption A.1.1.

Vi, X:,Y:, Z;, Z;) where i =1,...,n are i.i.d. observations.

Assumption A.1.2.
E(e|z,v) # 0, E(e|lz,n) # 0, E(e|x,z) = 0 and E(e?) = o%(z,v,n) < 0.

Assumption A.1.3.
All X;, Y; and Z; have finite eight moments.

Assumption A.1.4.

(1) f(v,n) € GSS for some Ay =1 +pa > 0;

(2) f(z) € G for some Ay =7 +p1 > 0.
Assumption A.1.5.

(1) ma(v,n) € G for some p > 0;

(2) my(2) € G5, for some vy > 0;

(3) m(v,n) € G5 for some vy > 0.

Assumption A.1.6. Asn — oo,
(1) n5hgqhgq+4hgz bibs — oo;
(2) n3h3qh,27q+4h§qz bibs — oo;
(8) n}/2h2p2 MO p2p2 o

(4) n—lh;3qh;3q—2h2min()\l’Vl)bIngél _>0).
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(5) n— 4m1n(>\2,u UZ)h4m1n()\2,M,V2 h 3qzb 4b2_8 _ 0,’
(6) h;nin(Az,u,VQ)h»l,;lin(A%M’”z)hanin()\hyl)bl_lb2_2—)0,'

(7) b1 — 0 and by — 0.
Assumption A.1.7.

(1.1) sup|L") (v, n)| + [ [vP2nP2 L) (v, m)|dvdn < oo and [vP2~inP2 =t L) (v, n)dvdn = 0;
v,n

(1.2) sup|K.(2)| + [ |27 K.(2)|dz < 00 and [ 2P 'K (z)dz = 0,
where i =1,2,....,pp— 1, L is 1 or 2, pos = max(Aa + p, Ao + v2), and py = (A1 + 1v1).

Assumption A.1.8.
(1) E(elz,v) #0, E(e|lz,n) # 0, E(e|r,2) # 0, and E(e|Z,2) =0 and E(e?) = 0%(Z,v,1) <
(2) mz(v,n) € GS for some v > 0.

Assumption A.1.9. Asn — oo,
(1) nPhSIhSITHAhLbibs — oo,
(2) nSh?]thﬂHh‘EqZ biby — oo;
(3) n1/2hg2h§ min(kwl)bl—%;z 5 0;
(4) n_lh_sqh_3q_2h§min(’\l’l’l)bl’zb"‘ = 0;

(5) n- 4m1n()\2,v Vz)h4m1n (A2,v,v2)— 4h 3qzb 4b2_8—>0,'

(6) n— 4mm()\27 ,,u)h4rn1n()\2, U, ) — 4h qub 462_8 4)0}

(7) hz}nln()\g,,u,ug,v)hnmm(AQ,,u,yg,v)hrznin()\l,m)blflbsz - 0;
(8) b1 — 0 and by — 0.

Assumption A.1.2 indicates the presence of nonparametric endogeneity in the model. Furthermore, note
that the moment conditions on Y and X are more restrictive than those in Robinson (1988) since the estima-
tion procedure involves a two-step nonparametric estimation procedure in order to address nonparametric
endogeneity, i.e. compare Assumption A.1.3 with Assumption A.0.4 in Section 6.A.0. Assumptions A.1.4
and A.1.5 state the smoothness and moment properties of the density and regression functions, and these
are also more restrictive than Robinson (1988) ones, i.e. compare these with Assumptions A.0.5 and A.0.6 in
Section 6.A.0. Given the higher-order kernel function in Assumption A.1.7, the bias is sufficiently decreased
with Assumptions A.1.4 and A.1.5. Assumption A.1.7 states that the kernel functions used in this paper are
bounded, integrable and high-order.

Note that Assumptions A.1.6 and A.1.7 should be satisfied simultaneously. For example, if the order of
L") and K, is greater than 3 (i.e., pr > 3 where [ = 1 or 2) then the lower bounds on the rates of decay of
hy, hy and h, are no better than nhl? — 0, nhgh?] — 0, and hi2h})2_3qh}72_3qb1_4b2_8 — 0, no matter which
degree of smoothness prevails. A necessary condition for reconciling the components of Assumption A.1.6 is

the following;:

2/16q, < A1,2/16 < v1,6/16q < A2,6/8¢ < (A2 + 112),6/8¢ < (A2 + ) and 6/8¢ < (v2 + ).
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Assumptions A.1.8 and A.1.9 are for the case of the presence of both parametric endogeneity and nonpara-
metric endogeneity in the model. In particular, Assumption A.1.8 (1) states that the model suffers from
parametric endogeneity as well. Assumption A.1.8 (2) states the smoothness of the function mz(v,n) that

sufficiently reduces the bias with Assumption A.1.6.

6.A.2. Proof of Theorem 2.1

By using the notation in Robinson (1988), we rewrite the linear reduced form including the bias term, as
follows:
Y; = Yo, = (X; — Xa,)' B+ (mi —1i2;) + (e; — é2,4), (A.2.1)

where m; = g(V;)+¢(n;) and e; = ¢; —¢(n;). By incorporating the fact that the endogeneity control regressor

is generated, (A.2.1) is rewritten below:

Y= Yii— (Yay—Yia) = {Xi— X1 — (Xoi— X1,0)}'B
+ {mi = — (Mo —ma)} +{ei — €1 — (82 — €1.4)}
Y; — }Afl,i —0y; = (Xi— Xl,z’ —0620) B+ (mi — M — Omyi) + (€ — €15 — e ), (A2.2)
C . . TGk, (Vih—vvj ) K, (mh—”n]) N Sy K’U(Vil;,vj ) K,,,(ﬁi,;lﬁj> L
where 6; = 62 — 61,4, 01, = — KU(Vi,;V’)Kn(""’,;"’) and dz; = S KU(V",;VL)K,,(ﬁi,;ﬁl) , and 9; is

used to denote for dy ;, 954, Om,; and d.;, here. Using (A.2.1) and (A.2.2), we have:
B -8 = S)_(l,)gz (SX_X2,m—m2 + SX—XQ,E—éQ)
2 2 2 A ! 3
o‘—o = (Se—éz -0 ) + Sm—ﬁLg + (ﬂ - ﬂ) SX_XQ (B - B)
+ 2Sm77h2,efé2 -2 (B - ﬁ) SX,Xz)e,éQ -2 (B - 6) SX*XQ,M*T?’Q’

where
Sx—%y = Sma—ine T Smu—ie,U = S i, 0 T Sma—ingbe + SUm, i, +SU = Sy — Sus,
= Stme—m. —Sov TS0+ Sps, = S6sme—in. = Ss,U + S5, + Ss,
Sx Xty = Ome—tngm—in = Smy—ing,6m T SUm—1n = U6 — Sg T Strs, — S6u,m—1n + 55,5,

Sy Sy —tige = Omg—ing,é — Omy—ing, 5. + Sue = Sue — Sus, — Sg. + Sge + Sps, — Sose

+ Ss,e + S5,6.

—Xa2,e—é2

Sm—n%,e - Sm—’rﬁ,é - Sm—ﬁlﬁe - Séme + stmé + S(S.mée
Se - Seé - Seée - Sée + Sé + Séée - S(See + Séeé + Sﬁe

Sm—’ﬁlz,e—ég

SE*éQ

Smfﬁw = SM7’ﬁ’L - Om—m,0m S§m,mfﬁ1 + Sém'

These decompositions enable us to see the bias from the first step of the estimation procedure to generate
the endogeneity control regressors. We show that B is still y/n-consistent with these additional bias terms
especially in Propositions A.2.2 to A.2.6. The proof is completed by applying Propositions A.2.1 to A.2.6
below, which imply, via the Cauchy inequality, that Sy, —m,,u; S, s 72 Sugs Sme—1ne.6., SUs.s Sps,
Sm—rin,er Om—rn,es O6,mes S6,mér 96,605 Seér Ses,, Ses,, and S5, all 2 0. We use the notation in Robinson
(1988), where E;(-) = E(-|V;, Z;), s = (A2, 1), & = min(A,v1), & = min(Ag, v») and C denotes a generic

constant.
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Proposition A.2.1.

(1) E|Sm,—m,| = O0(n~ hyTh;9b5° + h2h2by?);
(2) E|Sm—n|=O0n " hyh, b5 + h22h22b52);
(3) NS —igsm—rn = Op(n™ 2Ry Thy %052 4 0 /2Ry g He2by2),
(4) Su =By + Op(n= 2k, *hy 205" + B0y ) + 0,(1);
(5) Sg = Op(n= 'y 9hy, 905 °);
(6) VASUm—m = Op(n™"/2hy "2 hy 20" + hS2 by );
(1) Sg = Op(n ™20 " hy 2% 1 W20,
(8) VS, —sne = Op(n=2hy " hy b3 " + Wby )
(9) VS, = Op(n™2hy P20y 2by® 4 Wby ®);

(10) /nSy, = Op(n‘l/2h;q/2h;q/zbgl);

(11) v/nSue = Op(n=2hy "y 2031

(12) \/HSUé _ Op(n’l/Qh;th;qme_Q);

(13) Se = Op(n~*h;9h;b5°);

(14) Se = 0%+ 0p(1);

(15) Sey —p N(0,0%dy).

Proof: The proofs of Proposition A.2.1 (1) - (15) can be easily obtained by a simple extension of
Robinson (1988). [ ]

Proposition A.2.2.
(1) BlSs,| = O (n~2hy thya=2hz %2252 + b 2h26007202);
(2) ElSs,| = O (n~2h;thy 1 2h 202052 4 by 202 by 2052
(3) ElSs,| = O (n~2hyahy a2 200205 4 h2h260 2052 ).

Proof: Let us denote § as 6z, 0y and &, in the rest of the paper. Now, we have:

n
. . 1 .
51’ = 62’1' — 51’2' = —7q:1q E 5j(wij - w,-j), (A23)
nhihg “
Jj=1
Vi—Vj N5 =15 Vi—Vj N5 =74
K (St ) Ko (M) . K (St ) Ko (M) -
where w;; = o —— and W;; = T ———~. By the Taylor series
1 n K i LYK, ni—"M g 1 Zn K i L) K ni—m
YN AN >y Koy A andnd 2e=1 v\ Ty n\ "hy

expansion of the kernel function,

A a wz—1 wa
M =1\ _ ni =1 Loy (=m0 (D -
o (M) =R (M) S (M) (52) e

r=1
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- N (7)Y — . - (w2) (=713 ) (245\*" Which ; i
where Ay = {my(Z;)—m,(Z;) } —{m(Z;)—m,(Z;)}, Rij = leKn hn o which is a remainder

term, and 7; — 7); is between the segment line of n; — n; and 7; — 7);. Hence, w;; is:

1 < V-V, i w2l
nhqh% ZKU (Zh) Ky < lhn ) Ao,i + Z A7 A+ R, (A.2.4)
v =1 v
where:
1 " V-V, 7 — .
Avi = —g > K, (h> K, ( - > F(Vimi)
v =1 v n
1 = (V V) ( m) R
Ari = — Kv K(T) = f(r)(‘/“nz),
’ nhhg™" l; ho hyy "

where fy(lr) (v,m) is the rth partial derivative of the joint density function of (v,n) with respect to 1. The

main dominating terms in (A.2.4) are:
A = {mv<Zi) — 1y (Z:)} £V (Vi,mi) (A.2.5)

Argq = hqhq+1 Z (V Vl) KV (mh_nm) {mo(Z1) — o (Z1)}- (A.2.6)

We firstly consider (A.2.5) by the bound condition on the kernel function and the smoothness on the function
my(2):

B ({mu(Z:) = 1ina(Z0)})* < (nh$=b) E(TL)? = O(n ™ hz%b + h2072), (A2.7)

where T, = >, t; with t; = (my1 — my ;) K. 1; and BE(T,)* < C (E (> ti — t)2 + nQE(t2)> = O(nh% +
n2h%€1) with t = Fy(t;) and t; — t are independent with a mean of 0, and by the bound condition on the

kernel function:
) 2
E (fél)(viﬂli)) = (nh{ng*) 2 E <§ Lg?) = O(n"'hy9h, 772).

By the Cauchy inequality:
A1 =0y (n‘lh;Q/2h;q/2—1h;qZ/2b;1 + n—l/zh;q/2h;q/2—1h§1b;1) : (A.2.8)
By the i.i.d. assumption, we have the second moment bound of (A.2.6) as follows:

E(A1,)% < (n2h8h2 R b1) {i( (1)) }+E ii (Lgp) (L(1)> 72| . (A.2.9)

=1 =1 j#l
The first term in (A.2.9) is:
Bl (L 2T3} SCE{ L0©) +n (20) 43 £ a (20) 12 }
S ()" e { (00 o (o) o a1

where T, 0 =T, —t,2 and t, 2 = (My,1 — My 2) K 12, and by bound condition on the kernel function and

the bounded moment condition on the m,(z) function:
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{E {El (L§}>)4} E(th)} v O(hShehd=)!/2 (A.2.10)
|

E {El (Lgp)Q} E {El (Lg))z T;{QH v

= 0 (nl/Zhgh%hgz/Q+n2hgh%h§(qz+€1))’ (A_2_11)
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where E(T.)* = O (nh‘;z + n4h§(qz+£1)) by the similar argument as in (A.2.7). Hence the first term on the
right-hand side in (A.2.9) is O(n_5/2hv_qh;q_2h23q2/Qbfz + n‘lh;qh;q_thflbe). The second term on the
right-hand side in (A.2.9) is bounded by:

2
< C(n~3hy21h, Xt 22 B { (9)) 7204 n (1LY (B0 + 25+ Tj,g)} :

where T, 3 =T, 9 — ¢, 3, and

E ((Lgy)zT;Q) - 0 (nhghz,hgz + n%ﬁh%hﬁ(q”il))
B(Lrd]e,) < {E {Ez (LS’)Q} E {Ej (L%))2 t‘;” v O(hihins-/2)  (A.2.12)
() = oo () ()} o ) s () )

- 0 (nl/th%?ﬁhgz/2 + th?)qh%qhg(q”El)) , (A.2.13)

where + = 2 or 3. The second term in (A.2.9) is O (n_Qh;qh;q_Qh;?’qz/szQ + h;thglbf). Hence, we
have:

Aio; =0, (n—lh;q/zh;q/2—1h;q2/4b;1 + hy 'hE b;l) : (A.2.14)

We obtain the following results:

Wij — Wi = (f(v,ﬂ) +0p(1))_1 Koy (VZhvV]> {K" (mhn]> ~ <mhn%>}

n
wa—1 o
A - iz Vi) )L ey (=1 e N e AN
- oo e (5 >{hK T )t 2w () () e
r'=2
and:
5 {BMAU + 30570 BNy + Rij}
"o F(Vi,ns) > (A.2.15)
where

1 < Vi Vi\ ey (M= _ 1 - Vi Vi\ oy (i1
Bl,i — W ]Z(Squ; <hv> KTI T and Br',i - W jZ(;jKU h KTI h,,

Y — v

by (A.2.8) and (A.2.14), and the Taylor series expansion of the kernel function. Hence, we have:

mn Vv,—Vg ni—"N; ~
5 T L 03 K ( o ) Ky (71 ot ) {mo(Z;) —m.(Z;)}
l f(‘/’unz)
+ 0, (nflh;q/%;q/?*lh;qz/2b;1 + n*1/2h;q/2h;q/2’1h§1b1—1> +op(1), (A.2.16)

since E (my(2) — 1y (2))° = O(n  h; b2 + h26b72) and E (B ;) = O(n='h;%h,972) by the bound

condition on the kernel function.
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Using (A.2.16),

E|S;| < (nhi)” { ZI(SI I, T; Il} (A.2.17)
+  (nh%)72 ZZ& O In; Iy T21 3|, (A.2.18)
i=1 j#i

v A n " n 2
where & = f(Viim) ™! i Sy §; LY. Because E(|81[2L5.1]Ln) < (nhShgHby) 2B (zi_l 16,2 (Lgy) |£n>,
a.s., the right hand side of (A.2.17) is bounded by (n*hghd*'hd=b1by)~? multiplies by:

n 2 2 2
E(Z 2 (L) Tf) <CE (|61|2T3+n|52|2 (L) 2, +nis? (L) T) (A.2.19)
=1

where £, = (V1 Xn1,...,V, xn,). Consider the first term on the right-hand side of (A.2.19). By the Cauchy

inequality and the similar argument as in (A.2.7):
E(6,2T2) < {E|8,|'B(TH)}/? = 0 (n1/2hgz/2 i n2h3(qz+£1)) .

Similarly, as in (A.2.10) and (A.2.11) with the moment restrictions on §; , the other two terms in (A.2.19)

2 4 1/2
B (10 (1) 22) < |p{inre (18) '} 0o = otangiey e,
)2 Jxe (1) 12
E <52|2 (L12> Tz2,1> [ {|524E2 ( ) }E {E (L12) Tj,l}]

= O(n"/2nihght/ 4+ n2nangp2e- 0 )

are:

and:

IN

Thus (A.2.17) equals O(n~3hy "2y V272 %2205 = hy th, - 2R2%60 by 2b52).
Next, we consider (A.2.18):

i=1

B (818, Lol |L) = (nhihg ) 2 F (Vi)™ f (Ve na) ™' B (Z 0,13 L ”w)
Therefore, (A.2.18) is bounded by:
e e o+ ) (2 L]0 22) ol 918 2+ 2, 4 120 )
where T, o = T, 1 — t, 3. Similar to the procedure in (A.2.10) and (A.2.11), for ¢« = 1 or 2, we have:
E(j6i*t2 5) = O(he/?),

and:

v''n'tz

2
E (|(512 ’L%) Tf’l) =0 ( hihihd= + n hqhqhQ(qz+£1 ) )

As in (A.2.12) and (A.2.13) with the bounded moment restriction on ¢;, for 2 = 2 or 3, we have:

2 9 1/2
2) < [p{mre (08) o {e (1) w )| -onuger,
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and:

1/2
B (P |L0m]12) < o {8 5 |10} £ {8 0] 5 10| )]
_ 1/212q1,2 2/2 21291,291,2(q=+¢
= 0 (n / h21h21 g 2 1 thhnqhz(q 1)>.
Thus (A.2.18) = O (n*%;qh;q*?h;?’%/Qb;Zb;“‘ + h;%gﬁlb;%;?). n

Proposition A.2.3.

(1) VnSs,s. = O, (n*3/2h;qh;q*2hz_‘q’qzmbf?bf T n1/2h52h§51bf2b52);

(2) /nSs,s,. ::C%,(n‘3/2h;qhgq*2h23%J2b;2b;2—rrﬂ/Qh;thﬁbIQbQQ).

Proof: The Cauchy inequality and Proposition A.2.2 (1) to (3) provide the proof. |

Proposition A.2.4.

(1) ViSus, = Op (7 he 20y 27 T 0 s s b g )

(2) V/iSus, = Op (n~thy ™ 2hy 2 T o g 4 S g )

(3) \/nSes, = O, (n*lh;qﬂh;qm_lhz_?q”sbl‘lbz‘l + h;lhglbl—lb;l).

Proof: Let us denote ¢; as U; and e; in the rest of the paper. Then, by identity distribution:

1 L
E(vVnS;)? < E{nzaflz,imaﬂ?} (A.2.20)
1 non__
+ E EZ 5i5j12,i12,j11‘51|2 . (A221)
i=1 j#i

bounded by (n?hZhIt'h=b1by)~? multiplies by:

y 2
Because E(|01[*121|Ln) < (nhihiT'by)*E <Z?_1 |6 |2 (L(li)) |£) a.s., the right-hand side of (A.2.20) is

1/211/2
n 8
E(32[el?) < [Elel*E{s:}*]"* < |Ele|*E {E (Z i* (L) ) E(Tf)} ,
i=1
by the Cauchy inequality. By the bound condition on the kernel function, the sum in the above bracket is:
MY® o518 s m]® 8 8 m)® apa) IS8
(L) Bl + (= 1)E (15| ‘Lm ‘ < CEBI* +nE 01 E; (L)) p < C(1+nhind)Els[*.
By the similar argument as in (A.2.7), we have:
B(TS) = O (nhts + n®hSa-+e0))
Hence (A.2.20) equals O(n‘7/2h;7Q/4h;7q/472h;7q2/4bf2b52 + n_7/4h;7Q/4h;7q/472h§51 by %by?).

Next, we consider (A.2.21):

E (5152[2,112,2\£n> = (nhghETH) 2 f (Vi m) 7 (Vay o) B (Z |5i|2L$)L$)|£n> :

i=1
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(A.2.21) is therefore bounded by:
(St 2omy 22,7 € {01 10 (224 L8] 72, ) 4 nlelaaf? 9| 2,4 2+ 720 .
Similar to (A.2.10) and (A.2.11), and with the bounded moment conditions on ¢;, we have:
E (Iéﬁ ]Lg)ijl) = O (nhinghs: + n2hihgh2a-+e ),
and, for 2 = 1 or 2, we have:
B8, 12 5) < {BIo | E(t25)} "7 = O(hs=/?).

By the Cauchy inequality, and the bound condition on the kernel function and the bounded moment condition

on the function m,(z), for + = 2 or 3, we have:
2 1/2
2) < |merp{ar () e ]
2 2 2 1/2
plet (£ {105 (2)" B (1)} £{ (219) "1 (280) 22, }) ]

= O (ningns-/1) .

B (Jelloaf? |85 L)

1/2

IN

By the Cauchy inequality, the bound condition on the kernel function and the similar argument as in (A.2.7):
r N2 N2 1/2

pete o (10)° (1) 12, )]

[ (1o (1) (1) 5 (1) 1]
E(lel*{E1(Lis ) Es (Las E 1037 Er (Liz ) B3 Lag

[ () m () (2 (08) (o) 7)) ]

- 0 <n1/4h12)qh727qhgz iz n2h3qh$}qh3(qz+£1)) .

IN

B (IeP10s[? L 18| 72,)

IN

Thus (A.2.21) equals O <n*2h;qh;q72hz_7q2/4bl_252_2 + h;2h§§1b1_2b2_2>' n
Proposition A.2.5.

(1) \/iSps,, = Op (0% 0y 2 hy 202 20 M Mg 2 =12 202 22 e 12 )

(2) \/iSps, = Op (n™%/ 0y 20y 02 B0 2 2 B0 2 B )

(3) \/nSes, = O, (n*5/4hv_3w 2py 202 B0 Ay 2 gy 1/2p 30/ 2 ) B0/ 2‘1h§1b;1b;2).

Proof: Let us denote &; as Ul and é; in the rest of the paper.

1 ¢ y
E(vnSgs)? < E{n2|éi|212,¢5i2]2,i11,¢} (A.2.22)
i=1
I .
+ |E nzg €500 11,312,415 ;15 ;12 ¢ | (A.2.23)
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. A Vi—V; R
where &; = f~1(V, ni)m Z;’:l g, K, ( = J) K, (mhn'“>. Because we have:

E(|é1°I1|Ln) < (nh2Rhby)2E (Z |5|2Li-£n> a.s.,
i=1
the right-hand side of (A.2.22) is bounded by (n®h29h29+" he=b,b5)~* multiplies by

1/2
BN sl Y162 (L) 12 | < SB[ Y lalh Y la (2)) | Bah o (a229)

i=1 j=1 i=1 j=1

where L,; = K, <V1h—sz:) K, (”1;]7’1' ) By the bound condition on the kernel function:

IN

C[Ele/* +n{|6:[*E1(L1,)}]

n n 4
B\ Sl Y11 (L47)
i=1 j=1
4
+ c|wp{latntrn (1) )]
= O(n*h}'h29).
Hence (A.2.24) is O (n3/2hgh%hgz/2 + n3hgh%h§(q2+§1)>. The right-hand side of (A.2.22) therefore equals
O (n9/2h;Pah, 30220 P21 4 =3 S0k S 2h26 b 20, ).
Next, consider (A223) E(515212,1[é72|[,n) e (nhgh%)iinl(Vl,771),]?71(‘/2,772)E (Z?:l |5i|2L1iL2i|Ln)a
so (A.2.23) is bounded by:
5 1/2

otz | (leﬂLuin) S0 | U pan|
i=1 j=1

and the sum in the bracket above is, by the bound condition on the kernel function:

2
E <Z|5i|2L1iL2i> Z|5j|2L%)L§)
i=1 j=1
2 2
<E{(el|4|L12|+n2|534E3|L%3L%3|)x (|51|4\L§1;]+|53|4\L§?Lé?\ +n2lo By |15 L) )}
= O(n*h27h2%).

Hence (A.2.23) equals O (n*‘r’/zh;3qh;3q*2h;3(h/26f2bz_4 + nilh;3qh;3q*2h§51bf2b;4) .
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Proposition A.2.6.

(1)
VS5 = O, ( ’3/2h 3q/4h 3q/4— Lhs qz/4b 1b— +n"3/4h 3q/4h 3q/4— 1h51b 1b )
0y (ARG R R RS )
(2)
VS 5. = O, (n_3/2h;3q/4h;3‘1/4_1h;qz/4b1_1b2_2+n_3/4hv_3q/4h;3q/4_1h§1bl_lb2_2)
+ 0, (n—3/4h;h;',—1h;3qf=/4b;1b22 + hShs T S b by )
(3)
VSm_ms, = O, (n_3/2h;3q/4h;3‘”4_1h;‘12/4bf1b52+n_3/4h;3Q/4h;3‘1/4_1h§1b;lbgz)

R (i D T PR o DO TR e B

Proof: Let us denote ¢; as m,; and m;, and ¢; as m,; and ;.

2 1 & s
E (\/ESQD_@S) <FE {n Z(% - Sﬁi)25i2]2,i—r§,ifl,i} (A.2.25)
=1
1 = e . . .
+|E n ZZ(% — i)y — @) Toily ;15 ;1230:0511 3115 ¢ | - (A.2.26)
i=1 j#i

The right-hand side of (A.2.25) is bounded by (n*h29h29+ hd=b1b5) =2 multiplies by

n n n 2
1

ESY (o1 =9 Li; y (muy —mo ) K215 Y |6 (ng))

i=1 j=1 =1
< B (1= @)’ Li; Y (muy —mo )’ K2y 0 B {Z |6 (LS)) }

=1 j=1 =1
_ . 2 1/2
1/2 1
< {(BE®BI) B {Z 16,]2 (L§l>) } , (A.2.27)
=1

by the Cauchy inequality. By the similar argument as in (A.2.7), we have:
8\ _ 878(q+€) 1,8(q+¢
E(TS) = O (nhihf + n* St O

where £ = & when ¢; = my; and £ = ¢ when ¢, = m,;. By the bound condition on the kernel function, the

last term in (A.2.27) is
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IN

n 2
s{Sar ()} < () mo 08 (o (52)°)

=1
o -ne{arek (L))
CE|8|* + nE {62|4E2 (L§12>)4} +n’E {|522|63|2E1 (L§12>)2E3 (L§13>)2}

C (14 nhlhd +n’h2h27) E|5|*.

IN

IN

Hence (A.2.27) is:
9] (n?’/zhiq/4hf’7q/4h§z/4 + n13/4hiq+2£hf’7q+25h22/4 + n13/4h‘2q/4h‘2q/4h3(q2+51) + n5hiq+2§h%q+2€h§(q2+5l)) )
The right-hand side of (A.2.25) equals:
O (n_g/Qh;11Q/4h;11‘1/4_2@_7%/4();21)54 + n_11/4h;q+2§h;q_2+25h;7QZ/4bf2b§4)
10 (n—l1/4h;11q/4h;11q/4—2h351b1—2b2—4 i n_lh;q“fh;q_“%hfﬁlbf2b54) .
Next, we consider (A.2.26). Since we already know that:
E(510215,1125|L) < C(nhlhT+1by)"2E (Z |5i|2L§?Lg?c> a.s.,
i=1
2. 1s bounded by (n™°h,*%h_“9"“h_“92b, “b, ") multiplies by
A.2.26) is bounded b Shy 4h,4972h 2% b1 ?b5*) multiplies b
1 1,01
E{(1512 +16212) (12012 5 + |83 | T20T2, ) + nldol? | L L) | (2825 + 2412 5 + T2T2,)}

where Ty, 0 = T, 1 — t,,3. By the bound condition on the kernel function and the bound moment condition

on the functions m,(z), m(v,n) and m,(v,n):

E(|o; \Qtz,zt?p,z) = O(hlhlhi)

v''n'z
and, by the bound condition on the kernel function and the similar argument as in (A.2.7), for ¢+ = 2 or 3:
1
E (|5z‘2 ’L(m)‘ T3,1T3,1> =
272912q79- 37 3¢+2€ 7 3q+2€ 1 . 31297,2q972(g-+E1) 47, (3q+28) 1, (3¢+2¢) 1, 2(g=+£1)
0 (n B2IR29R%s 4 pSpIHERBITE e B p2ap20 206 Lt (Bat20) (But26) 20 )

By the bound condition on the kernel function and the bound moment condition on the functions m,(z),

m(v,n) and m,(v,n), for + = 2 or 3:

IN

2 2 1/2
{E {|53|4E3 (Li?) Es (Lgy) } E {tiﬂtfgﬂ}}

— O (h2n2pe)' 2

1 1
E <|53|2 ‘ng)ng)

2 42
tz,ztw,z)

By the bound condition on the kernel function and the similar argument as in (A.2.7),

1/2
B (e | 72,72, < 1 [{1ag o [0 |1} 2 {0t (|20 |10 )]

36



which is O (nhf’,Q/th’]q/thZ/Q + n5/2h2q/2 h757q/2h§(qz+£1) + n5/2hﬁq+25hf,q+25h32/2 + n4h1(,4q+25)h$,4q+25) hg(qﬁél)) .
Hence (A.2.26) is:

9] (n_3h;3q/2h;3q/2_2hz_3qz/2b;2b54 + n—3/2h;3q/2h;3q/2—2h351 b;2b54 + 7’L_3/2h12)€h7275_2h2_3qz/Qbf2b54)
+0 (h2h, > R25 b %0, 1)

6.A.3. Proof of Theorem 2.2

Let us define (v) = 2 3", m(v,7;). We omit 7 in 7, (v) and 3, throughout the proof, since it is a trivial
indicator for the proof of the consistency of the unknown structural function. The condition of boundness on
the function m(v,n) and the i.i.d. assumption on 7; allow us to apply the Chebyshev’s law of large numbers

as carried out by Gao et al. (2006):

where:
n

. y 1 P
m(v) — m(v) = HZ{m(u,m) —m(v,m)}. (A.3.1)
i=1
Given 8 and by using the definition of m(v,7;), we can rewrite the term in the bracket of (A.3.1) as:

m(v, ;) —m(v,m) = {1y (v,0:) = my(0,mi) + 0y, i} — {1 (v,m) = ma (v, 1) + Om, i} B
— {rha(v,m:) = M (0,1) + O, Y {8 — B}
= oy (v, mi) = My (0, 5) + Oyee i}
— e (0,m) — ma(0,m) + Sy i} {8 — B, (A.3.2)
where 0y, i = 10y (0, 1) =170 (V, i), Oy i = W00 (0, 1) — 102 (v, i), Y7 = Y= X[ B, and Gy = 0y — 6, ;8 =
m(y*™*|v, ;) — m(y*™*|v,n;). We use a similar set of arguments as in Propositions A.2.1 (1) - (2) and A.2.2

(1) - (3), and uniform boundness in Hérdle et al. (1993). Let v; be a possibly quantity for which we show
that, for all integers [ > 1:

2
sup|t;| = 0p(n”) since supE <wi/na ) =0(1),

where a* < a (see Step (ii) in Section 4 of Hérdle et al. (1993), for details about this). Hence we have,
uniformly in i:

e (0,) = ma(0,m:) = Oy ((nh2hE) ™2 + RERSD; ) |
and:

)

62 = Op (™ 0y /20 92 0=y o S b o).
Hence (A.3.2) is:
(v, ;) = m(v,0;) = {1y (v,0;) = My (v, 1) + =i} + 0p(1), (A.3.3)

where §,-- = O, (n—lh;q/ 2y th = e byt h;lhﬁlbl‘lb;l) uniformly in .
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Take the sample mean version of the marginal integration of equation (A.3.3),

n

S ) —memy = L3 e ) — e ) 0 (1)

i=1

%Z{fn(vmi) —m(v,m:)} + op(1). (A.3.4)

Define (v, 7;) = (v, 1;) f(v,1;). We then rewrite the last term in the bracket of (A.3.4) as

’ﬁl(U, ni) - m(v, ni)f(% 77i)

m(v,n;) —m(v,n;)

f(v77775)
(v, i) = m(o,m) f(v,m) | f(v,n:) = f(v,m)

Note that the term (f(v,m) — f(v, 771)) /f(v,m) is O, (h{,’zhff + (nh%h%)*lm) uniformly in ¢ and hence it

can be dropped. We now consider the bias term:
Ein(v,m) = m(v, ) = £ (v,m) (Bin(v, m) = m(v,n) E(f(0,m)))

where:

~ 1 Vi — Ny — i Kok
Bin(o,) = E MZKU<%>K"<%,, >Yf
v le v

1 Vi—wv M — i)y
= BBy, nhqthK“( ]h )K,,( jhn 1>Yj
i=1 !

n

1 Vi—w N — M
= £ m;]{u ( hy ) Ky, <hn m(Vj,n;)
i P2

= fv,ni)m(v,ni) + Ko p, h? me (0,03 )m P2 (0) + K2 > 37 (0, m)m P27 ()

r=1

+ O(h€2+l)+0(hf12+l),

E, ,,, denotes as the expectation conditional on v and 7;, and K,y ,,, = [vP2 K, (v)dv and K, ,, = [ nP2 K, (n)dn.
Hence we have:

(o, m) — m(o, 1)) = (W2 By (v, 55) + b2 By, )} + o(1). (A.3.6)
The single sum of (A.3.6) converges to its population mean by Chebyshev’s law of large numbers; see Linton
and Hirdle (1996), for example. Now we consider the variance term. Note that f(v,7;) = f(v,n) 4+ O,(n'/?)
and m(v,n;) = m(v,n) + Op(n~'/2) by the law of large numbers since both functions satisfy the bounded

moment conditions. Therefore, we have:

1% <i Zm(v,m‘)> = flu,n) %V <:L Z {m(v,m) m(v, m)f(v,m)})

I
\
—
<
=
|
[\v]
<
7N
S|+
[]=
=
=
=
~
+
g
ﬂﬁ
3
S—
no
—
4
=
<
7N
S|+
()=
~,
P
4
=
N
~_—



where V(-) and Cou(-) denote variance and covariance, respectively, and:

Mo S e A I )

2
1 « 1%
_ 2 2 J
= o°f(n)°E i jEZl KU<

v 2 i - Vi
)| s nh;K<

sz(ﬂ)zlc 4 m(”aﬁ)2f(77)2f(v),c 4 O TL71

3\)—‘

- nhi nhi Y (n™)
- (i S f<v,m>> _ f(n)nJ;L%v)/Cv O

S\H

f(%m)) = %van%z vm} {izmvn} {Tll
=1 =1

— (Uﬂl)f( ) ( ) —|—O(n—1).

(;va i),

©
\ |

Vim: denotes the variance conditional on v and n;. Hence we have:
vnhd () — m(v) — bias) —p N(0,var).

The consistency of §,(v) and its asymptotic normality is argued in the same way as above, since m(v) =
g(v) +C. |

6.A.4. Proof of Proposition 3.1

For the sake of convenience and clarity in introducing the main idea of the proof, let us first point out
that the adaptive data-driven estimation problem at hand can be simplified to that of the semiparametric

simultaneous equations such that, for the example where p = ¢ = ¢, = 1, we have:

Y =BXi+9(Vi.mi) + &
1 = Vi — my(Z;) (A.4.1)
E(elz,n) = E(ely) and E(ylz) = 0
For the case where 7); is an observable regressor, to check (3.4), it is enough to show that:
|D(hy, hy) — D(R,, hl) = {CV (hy, hy) — CV (R, hl) }|

sup v i) v i) =op{1}, (A.4.2)

hos by B, B € Hoy D(hy, hy)

which is well-known in the literature (see Hérdle et al. (2000), for example). The second equation in (A.4.1)

suggests, however, that for the current case, we also have to show the following:

D(ho, hg) — Dhy, hy) — {(ﬁ/(hv, ha) — CV (hy, hn)}’
B il:gH D(hy, hy)

A detailed decomposition of D(hy,hy) — D(hy, hy) and CV (hy, hy) — CV (hy, hy), as done for the proof
of Theorem 2.2 in Saart et al. (2013), suggests that a number of results are required in order to check (A.4.3).

= Op{l}. (A4.3)

By letting §; (v, ;) = E(y|v,7) and G»(vi, ;) = E(z|v, 7)), these results are, for j = 1,2, and uniformly over
hy, hy € Hy:

% Z {95 (i, i) — g5(vi, i) } b = Op {D(ho, hy)} (A.4.4)
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where b; = x; — ga(v;,1;), and:
% Xn: {95 (i) = 95 (vismi)}* = Op {D(hu, oy} - (A4.5)
i=1
According to Hardle et al. (2000), it is a straightforward task to show, using
% Zn: {3, (wi,mi) — g (i, m)}> = O {(nhyhy) ™'}, (A.4.6)
i=1

that, in fact:
D(hy, hy) = O {(nhyhy) "} (A.4.7)

In this case, if 7j; only converges to 7; pointwise in Z, but not uniformly, then we do not know whether
the difference 7; — 7; is converging to zero. Hence, one solution is to apply a uniform convergence result of
the kernel regression in the first stage. Furthermore, the rate of such a uniform convergence is also useful
in the proof of (A.4.4) and (A.4.5). A standard nonparametric kernel study (see Li and Racine (2007), for

example) reports that the NW estimator can be shown to have a uniform convergence rate of:

Op { (%V)Q/(%H)} . (A4.8)

Op { (hx\r)?/*”} = op {N—1/4} (A.4.9)

for the model in (A.4.1); (A.4.9) is a weak version of Theorem 3.3.6 of Gyorfi et al. (1990).
The proof of (A.4.4) and (A.4.5), as done in Saart et al. (2013) for example, relies heavily on the

For example, when ¢, = 1, we have:

use of the Taylor series expansion of the kernel function and (A.4.9). For a semiparametric simultaneous
equation model obtained by replacing g(V;,7;) in (A.4.1) by g(n;) and with some additional restrictions on
the smoothing parameter, we are able to show the results for the case where g, > ¢ = 1. In the current case,
these results are obtained much more conveniently especially given that the slowing down in the uniform
convergence rate in (A.4.8) (as a function of ¢) is being compensated for by the slowing down in D(h,, hy)
(as the function of 2¢). By putting these together with the condition we imposed earlier in Section 2.4, we
conclude that (A.4.4) and (A.4.5) hold for ¢ < ¢, < 2q. [ |
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