~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Blasques, Francisco; van Brummelen, Janneke; Gorgi, Paolo; Koopman, Siem Jan

Working Paper
Maximum likelihood estimation for non-stationary
location models with mixture of normal distributions

Tinbergen Institute Discussion Paper, No. TI 2022-001/I11

Provided in Cooperation with:
Tinbergen Institute, Amsterdam and Rotterdam

Suggested Citation: Blasques, Francisco; van Brummelen, Janneke; Gorgi, Paolo; Koopman, Siem

Jan (2022) : Maximum likelihood estimation for non-stationary location models with mixture of
normal distributions, Tinbergen Institute Discussion Paper, No. TI 2022-001/111, Tinbergen Institute,
Amsterdam and Rotterdam

This Version is available at:
https://hdl.handle.net/10419/248792

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/248792
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

tinbergen
1nstitute

® N

TI 2022-001/111
Tinbergen Institute Discussion Paper

Maximum Likelihood Estimation for
Non-Stationary Location Models
with Mixture of Normal
Distributions

Francisco Blasques?-?
Janneke van Brummelen'?
Paolo Gorgi'-?

Siem Jan Koopman?i23

1 Vrije Universiteit Amsterdam
2Tinbergen Institute
3 CREATES, Aarhus University



Tinbergen Institute is the graduate school and research institute in economics of
Erasmus University Rotterdam, the University of Amsterdam and Vrije Universiteit
Amsterdam.

Contact: discussionpapers@tinbergen.nl

More TI discussion papers can be downloaded at https://www.tinbergen.nl

Tinbergen Institute has two locations:

Tinbergen Institute Amsterdam
Gustav Mahlerplein 117

1082 MS Amsterdam

The Netherlands

Tel.: +31(0)20 598 4580

Tinbergen Institute Rotterdam
Burg. Oudlaan 50

3062 PA Rotterdam

The Netherlands

Tel.: +31(0)10 408 8900


mailto:discussionpapers@tinbergen.nl
https://www.tinbergen.nl/

Maximum Likelihood Estimation for Non-Stationary

Location Models with Mixture of Normal Distributions [1

Francisco Blasques® Janneke van Brummelen(®

Paolo Gorgi® Siem Jan Koopman(®®)

(@) Vrije Universiteit Amsterdam and Tinbergen Institute
(®) CREATES, Aarhus University

January, 2022

Abstract

We consider an observation-driven location model where the unobserved location
variable is modeled as a random walk process and where the error variable is from
a mixture of normal distributions. The mixed normal distribution can approximate
many continuous error distributions accurately. We obtain a flexible modeling
framework which is particularly designed for robust filtering and forecasting. We
provide sufficient conditions for the strong consistency and asymptotic normality of
the maximum likelihood estimator of the parameter vector in the specified model.
The asymptotic properties are valid under correct model specification and can be
generalized to allow for potential misspecification of the model. A simulation study
is carried out to monitor the forecast accuracy improvements when extra mixture
components are added to the model. In an empirical study we show that our
approach is able to outperform alternative observation-driven location models in

forecast accuracy for a time-series of electricity spot prices.
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1. Introduction

In the analysis and forecasting of economic and financial time-series it remains of key
importance to have an accurate estimate of the mean or location. The forecasting of a
time-series can only be successful when an accurate estimate of the conditional mean is
available. The conditional mean at a particular time-period is typically a function of past
time-series observations. We introduce a non-stationary time-varying location model for
the mixture of normal density. The mean or location is modeled as a random walk process
with drift and with innovations specified as a function of past observations. Hence, our
framework belongs to the class of observation-driven models; see the discussion in |Cox
(1981). In particular, the innovation for the random walk process is defined as the score
of the mixed normal density, conditional on past observations (predicted), with respect
to the mean variable. Hence, this formulation of a time-varying location model belongs
to the class of score-driven models which is introduced by |Creal et al.| (2013) and Harvey
(2013)).

This time-varying location model relies on two particular novelties within score-driven
models: the choice for the mixed normal density and the non-stationary specification
for the location variable. The mixed normal density is known to be a very flexible
framework as it can approximate almost all continuous density functions, including those
with heavy tails, multiple modes, excess kurtosis and asymmetry. Any smooth density
can be approximated for any arbitrary amount of error by a finite mixture of normals,
when enough components are added to the mixture; see the discussions in McLachlan
and Peel| (2004)), Goodfellow et al.| (2016} Section 3.9.6) and [Nielsen| (2021)). The mixed
normal distribution is typically designed for settings where observations mostly fluctuate
in a moderate fashion but occasionally are contaminated by spikes and large “outliers”.
The observations may appear to be generated by a fat-tailed distribution, possibly with
excess kurtosis. In such a case, we can consider a mixed normal where some components
have a moderate variance and a high weight while some components have a large variance
and a low weight. A similar construction is used for the so-called ‘contaminated’ normal
distribution which is discussed by Tukey (1960) and Huber| (1964)), and which forms a
fundamental part of the literature on robust statistics. The mixed normal model is also
used in the context of time-series modeling. An example is the mixed autoregressive model
of Wong and Li| (2000) where a mixture of stationary and non-stationary autoregressive
components is considered for the treatment of possible multimodality in the predictive
density.

Our second novelty is the non-stationary specification for the time-varying location.

Almost all score-driven models that have been studied in the literature so far have been



analyzed in a stationary context. However, the score framework can also be applied in
settings where the observations are non-stationary without further adjustments. We pro-
pose a filter for estimating the non-stationary time-varying parameter and a maximum
likelihood estimator for the unknown parameter vector. The theoretical properties of
the filter and the maximum likelihood estimator have been established for the stationary
case; see Blasques et al.| (2015) and [Blasques et al.| (2021)). However, in a non-stationary
setting the development of theoretical results is more challenging and non-standard be-
cause the filtered path of the time-varying location will not be asymptotically stationary.
Fortunately, in the current setting, we can show that under fairly general conditions,
the difference between the observations and the filtered conditional mean converges to a
unique stationary and ergodic limit sequence. This result implies that consistency and
asymptotic normality of the MLE can be derived using a similar approach as one would
adopt in stationary settings.

Earlier time-varying location models within the family of score-driven models have
been proposed. Harvey and Luati (2014) and (Caivano and Harvey| (2014) consider a
similar non-stationary setting but for the Student’s t distribution and the exponential
generalized beta (EGB) distribution (of the second kind), respectively. More involved
dynamic specifications for the location are considered by [Caivano et al.| (2016)). In these
contributions, the starting value of the time-varying process for the location are assumed
known or as an unknown parameter that needs to be estimated. We will argue that
under certain conditions, the starting value is irrelevant in the limit and therefore it does
not need to be estimated. In this way, we can provide a complete theoretical framework
for the non-stationary location process under a mixed normal error density. (Catania
(2021)) introduced a general dynamic mixture model which also falls within the class of
score-driven models. It allows for time-varying mixture components and a time-varying
composition, which indeed lead to a flexible and general modeling framework. However,
our model is inherently different as we consider a basic signal-plus-noise model where the
noise comes from a time-invariant mixed normal distribution. It is within this targeted
framework that we are able to provide a complete theoretical foundation.

The remainder of the paper is organized as follows. In Section 2| we provide the model
specification in detail. In Section [3| we discuss how to filter the time-varying parameter
and how to estimate the static parameter vector by means of maximum likelihood. We
further formulate conditions for the invertibility of the filter and establish consistency and
asymptotic normality of the maximum likelihood estimator of the parameter vector. We
argue that these results are also valid under misspecification of the model, when certain
conditions on the observations are valid. In Section {4 we carry out two Monte Carlo

experiments. The first experiment is to measure the accuracy of the filter in tracking the



time-varying parameter in a finite sample. The second experiment is to verify whether
the correct number of components in the mixed normal can be determined within our
estimation framework. In Section 5| we analyze a daily time-series of electricity spot prices
and we show that our modeling approach can outperform other models, both in-sample
as well as out-of-sample. In Section [6| we provide concluding remarks. The proofs of the
theorems are given in the Appendix. The technical details and discussions are collected

in a Technical Appendix.

2. A non-stationary location model with mixed errors

We aim to develop a filter for the conditional expectation p; of univariate stochastic
sequences {y; }iez with stationary and ergodic increments {Ay;}icz. Given a sample
of observed data yi,...,yr, our object of interest is thus the sequence p1, ..., ur with
elements

pe =By For) , t=1,...,T,

where {F;}icz is the filtration composed of sigma algebras F; = o(ys, y4—1,...). We
propose a simple yet flexible way of filtering p; which ensures an analytically tractable
log-likelihood even in the presence of nonlinear dynamics and non-Gaussian innovations.

In particular, we employ a filtering model with an observation equation given by,

Yt = Mt + €, (1)

where we assume that {e;}/cz is a zero mean, independent and identically distributed (iid)
sequence of mixed normal random variables. In particular, the innovations are assumed
to be drawn from a mixture of J normal distributions such that the probability density

function of the innovation ¢, is given by

where ¢(-) is the standard normal density function, with fixed weights w; > 0 which
are subject to Z}]=1 w; = 1, means ¢; € R which are subject to ijl cjw; = 0, and
standard deviations o; > 0, for j = 1,...,J. The restriction on the means ensures that
the innovations have mean zero. The observation equation implies that the density of
the observations is given by py,(vi|p:) = p-(y¢ — ). The time-varying location gy is
specified as in the score-driven models of [Creal et al. (2013) and Harvey| (2013). Given

the observation equation , the location updating equation is

ferr = w + fy + as(y — ), (2)



where w € R is an unknown fixed drift coefficient, o € R is an unknown fixed coefficient,
and function s(-) : R — R is the score of the innovation density multiplied by the
derivative of the inverse link function with the link function denoted by f(-) such that

Yt = f(/m €t) = 1y + ;. We obtain
) — dlog (pe(z)) ] Of ~(es i) Z}Izl Uj_zwj(ﬁl(zj) (1 Z;-Izl crj_lhj(x) Z;

s(e) Ox N o () == S hy() )

j=1"7 j=1

with standardized variable z; = o ' (z—c;) and the j-th scaling factor h;(z) = o} 'w;d(z;),
for j = 1,...,J, where we notice that ¢'(z;) := 0¢(2;)/0z; = —z;¢(z;). It follows that
the score s(y; — put) is equal to the score of the conditional observation density py, (v|u)
with respect to u;. We assume that the process {y;}L_, is initialized at some value j,
that is either a fixed but unknown constant, or a random variable that takes values in
R. Given the model equations ([I))—(3)), it is implied that the process {1 }+en is a random
walk with drift parameter w and iid innovation s(e;). The coefficient o can be interpreted
as the signal-to-noise parameter as it determines how much g1 changes in relation to
i, given the the innovation s(g;). In case J = 1 we have a linear filtering equation,
since then s(z) = x/o?. This result is immediate because for J = 1 the innovations
are normally distributed with mean zero and variance 7. Also, the case of J = 1 can
be regarded as an observation-driven analogue of the local level model made popular by
Harvey (1989) and Durbin and Koopman| (2012, Chapter 2).

Our proposed filter f provides considerable flexibility. In practice, the mixture
density allows us to capture complex innovation densities which may possibly lead to
asymmetric updating mechanisms for . This feature can be readily exploited by score-
driven models where the updating mechanism reflects the innovation density directly. It is
widely established that the mixture density is able to approximate arbitrarily accurately
any heavy-tailed (or fat-tailed) density. The filter can subsequently achieve any level
of robustness to outliers. Hence, the score update can downweight innovations on any
compact set, and hence downweight any observation in a given sample. This ability
applies to both symmetric and asymmetric heavy-tailed distribution; see Titterington
et al| (1985) and McLachlan and Peel (2004). The use of a mixture density provides
robustness and flexibility, but it also allows us to establish the filtering and estimation
theory for this score-driven location model. We conclude that our specific use of nonlinear
score-driven filtering methods can be regarded as advantageous from both theoretical and
practical perspectives.

When we view the set of equations f as a statistical dynamic model, or as a data
generating process (DGP), we stress that the dynamic model produces a time-varying
location parameter {fy}iez which exhibits non-stationary random walk dynamics. It

means that the model generates non-stationary data {y; }scz with random walk dynamics
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and nonlinear moving average innovations. In the special case of w = 0 and Gaussian
innovations (J = 1), the model is able to generate linear random-walk data {y; }:cz with
Gaussian iid innovations, see Remarks[I]and 2] The conditions for stationary score-driven
models are well established and the asymptotic theory has been developed recently in the
literature, see Blasques et al.| (2021)). In Section [3| we consider the theoretical aspects of

inference for non-stationary data as generated by the score-driven model f.

Remark 1. As a data generating process, the model stated in —(@ generates a sequence

{1 }1ez that is a random-walk with drift w featuring iid innovations vy = as(g;—1),

M1 = W+ fy + Vg

Naturally, if w = 0 and J = 1 then {u; ez follows a random walk with iid Gaussian

mnovations,
«
Hi+1 = [t + —5E¢.
01

Remark 2. Let w = 0. Then, as a data generating process, the model stated in 7(@

generates a random-walk sequence {y: }rez with nonlinear moving average innovations,

Y = Y1 + ¢ + d(er-1)

where ¢(e,_1) = as(ey_1) — €4—1 1S the nonlinear component. Furthermore, if J =1 and

a = o} we have that ¢(g,_1) = 0, and hence,

Y = Yr—1 + €.

3. Parameter estimation and asymptotic properties
The parameter vector for the model f is given by
0 = (w, o, ), where ¢ = (c1,...,cjo1,0%,... ,037w1,...,wj,1),.

The parameters w; and c; are not included in 0 as they are set as functions of the other

parameters and are given by

_ J—1
= > i1 Wic
j_
szl—E w;, and ¢j = ————,
- wy
J=1

where the expression for w; enforces the weights to sum to unity while the one for c;
follows from the restriction that the mean of ¢, is set to zero. Suppose that we have a

sample of T observations {y; }7_,, which is a subset of a sequence {y; }+cn generated by the
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model equations and under some true parameter 5. We do not observe {u;}L;.
Hence, to construct the log-likelihood, we consider the filtered sequence {ji;(0)}., as

given by

fir+1(0) = w + [1(6) + as(ye — 1(0); %) , (4)

where the filtered sequence can for example be initialized using the first observation in
the sample fi;(6) = y; and where the % in s(- ;%) indexes the mixed normal parameters
used in the score function.

The true and unknown parameter 6, can be estimated using the method of maximum

likelihood (ML). The average log-likelihood function is given by

T

Er(6) = 73" (. n(0):6). )

t=2

where

U(ys, [1(6) = log [Z h; (y )] ,

7j=1
with function h;(-) given below equation . The ML estimator is then defined as
61 = argmax L(6), (6)
6O

where O is assumed to be a compact parameter set with elements satisfying restrictions

for the parameters of the Gaussian mixture as given below.

Assumption PS: © c R* is a compact set such that for some x > 0, for each 8 € ©:

(i) of > ... > 05 > K with mingeg 05 — 03, > r for every j =1,2,...,J — 1,

(i) wj>kforj=1,...,J-1 andz “lwy <1 -k

The restrictions in Assumption PS are identification conditions. Condition (i) may be
relaxed to allow for components with equal variances. However, this would require some
ordering condition for the means and this would complicate the developments below.

In Section we study the invertibility of the filter in this unit-root framework. In
Section [3.2) we show that the ML estimator defined in (]) is consistent and asymptotically
normal. In Section we discuss how the proposed non-stationary score-driven model

is a reliable filter for general misspecified I(1) processes.

3.1. Invertibility of the filter and bounded moments of its derivatives

A key ingredient to derive the asymptotic properties of the ML estimator is to ensure

the invertibility of the filter ji,(0). Even when we assume that the true parameter 6y is

7



known, we still have generally i;(6g) # 1 because the true starting value p; is unknown,
meaning that the filter has to be initialized by some other value, for example the first
available observation. Invertibility, as defined by Straumann and Mikosch| (2006), entails
that the filter [1;,(6o) converges to the true conditional expectation p; as t goes to infinity.
However, these invertibility results only apply for cases where the data generating process
is stationary and ergodic. In particular, under stationarity, the filter can be shown to
converge uniformly over the parameter space to a stationary and ergodic sequence, which
is also known as continuous invertibility; see the discussions in [Wintenberger (2013]).
Continuous invertibility can be used to study the limit properties of the likelihood function
and derive the consistency and asymptotic normality of the ML estimator. In our case,
the filter [1,(@) does not converge to a stationary and ergodic sequence because {y;} is
a unit root process. We consider a different approach to ensure an appropriate form of
convergence of the log-likelihood function. The likelihood function in depends on
the process {y;} only through the prediction error ¢,(0) = y; — 1:(6). In the following,
we show that the prediction error §,(6) converges to a stationary and ergodic sequence
uniformly over ©. This will imply that the terms of the log-likelihood are asymptotically
stationary and ergodic. Therefore, the limit properties of the log-likelihood function can
be derived using standard arguments.

The prediction errors sequence {§;(0)}7_, can be expressed through the stochastic

recurrence equation (SRE) as given by

9+1(0) = G:(0) — w — as(g:(0); ) + Ay, (7)

where we choose §;(68) = 0, because we choose fi1(8) = yif] It follows that the prediction
error §;(0) is a SRE with stationary and ergodic innovations since Ay, is a nonlinear
moving average process as shown in Remark

The proposition below shows that, under a contraction condition, the prediction error
converges exponentially fast almost surely (e.a.s.) to a stationary and ergodic limit
process with a bounded log moment uniformly over ©. Furthermore, it shows that the
filter evaluated at the true parameter value converges to the true conditional expectation
of the data generating process. For notational convenience, we write the SRE in
as Gi+1(0) = ¢4(9:(0),0), where ¢; is a random function from R x © to R, defined by
01(9,0) = g —w — as(g; 1) + Ay,1. We define the r-fold convolution of the function ¢,
as ¢\ (-,0) = ¢y(-,0)0...0¢_ri1(-,0) and we define the derivative of ¢" as ¢\" (g, 8) =
061" (9,0)/0g.

2The setting g1 () = 0 is not strictly needed for the results presented in the remainder of this section

as they hold irrespective of the initialization §,(0).



Proposition 1. Let {y; }1ez satisfy the model’s equations (1)-(3) for @ = 0y with 6, € ©.
Furthermore, assume that © satisfies Assumption PS and that the following condition is
satisfied for some integer r > 1:

E log sup sup |6\ (g, 8)| < 0. (8)

0O geR

Then, the following results hold true:

(i) The prediction error g, converges e.a.s. to a unique stationary and ergodic sequence
{g: }iez uniformly over ©, with a finite log"-moment, i.e.

sup [G:(0) — ¢:(0)] "= 0, as t— oo,
0coO

where Elog™ supgeg |9:(0)] < o0o.

(i) The filter 1,(0) evaluated at @ = @y converges e.a.s. to the true conditional expec-
tation pu,

€.a.S.

|n(60) — puu| =70, as t—o0.

The proof relies on [Straumann and Mikosch| (2006, Theorem 2.8) and Bougerol (1993,
Theorem 3.1), which both provide sufficient conditions for the stability of SREs with
stationary and ergodic innovations. Proposition (1| entails that the limit of the prediction
error ¢;(0), evaluated at 6y, is equal to the error term of the data generating process,
i.e. g;(0g) = g, almost surely.

The contraction condition in (8) requires the r-th iterate of the function ¢, to be
contracting on average, for some integer r. For r = 1, the condition simplifies to a
uniform contraction, i.e. that |1 — as’(g; )| < 1 uniformly over g € R and 6 € O, but in
practice this is typically too strict and we need to consider » > 1. An analytical closed
form expression for the condition is not available in that case. For the simple case r = 1
and J = 2, it may be shown that the parameter set satisfying is not degenerate.
In practice, this condition for » > 1 can be checked based on the observed data sample
following the approach of |Blasques et al.| (2018)) for feasible invertibility conditions, where
empirical boundaries of the parameter space are constructed using the observations. In
the current setting, the verification requires a numerical maximization of the derivative
of the r-fold iterate over g for every observation, which is somewhat computationally
intensive, but not infeasible. In case of our empirical study in Section |5 the feasible
version of the invertibility condition holds for large values of r.

In order to establish asymptotic normality of the ML estimator, we also need to know
whether the first and second order derivative of the empirical prediction errors ()

converge to a limit stationary and ergodic process e.a.s. Furthermore, we need certain



moments of g,(0) and its first two derivatives to exist. The following proposition is similar

to Proposition of 3.4 of Blasques et al.| (2021)).

Proposition 2. Let {y;}iez satisfy the model’s equations (1))-(3) for 6 = 6y with 6, € ©.
Furthermore, assume that © satisfies Assumption PS. Let ¢; and its r-th iterate ¢,§’"> be
defined as in Proposition [l Let for some integer r > 1 and some n > 0,

E sup sup S 9)

0c0O geR

& (g.0)

Then the following results hold:

(i) {G:(0)}ien converges e.a.s. uniformly over © to a unique stationary and ergodic
sequence {gi(0)}iez where g,(0) has n bounded moments uniformly over O, i.e.

E supgee |9:(0)]" < 0.

(7i) {0§:(0)/00}en converges e.a.s. uniformly over © to a unique stationary and ergodic
sequence {0g:(0)/00 }1ez where Esupgeg ||09:(0)/00]™ < oc.

(iii) {0%9:(0)/0000'} ey converges e.a.s. uniformly over © to a unique stationary and
ergodic sequence {0%g;(0)/0000}1cz, where Esupgy.g ||0%9:(0)/0000'||"/? < oo.

Notice that the conditions of Proposition [2] are stronger than those of Proposition [I}
In case condition (8) of Proposition 1] holds for r = 1, there is a uniform contraction,
implying that the contraction condition of Proposition [2| holds trivially. In case there is
no uniform contraction, a feasible version of the condition in @ can be verified in the
same way as is suggested for the condition of Proposition [I| As we shall see below, the
conditions of Proposition [I] are sufficient for the consistency of the ML estimator, instead,

asymptotic normality relies on the conditions of Proposition [2| with n > 4.

3.2. Asymptotic properties of the maximum likelihood estimator

The next result delivers the consistency of the ML estimator under the assumptions of

Proposition [I}

Theorem 1 (Consistency). Assume that the assumptions of Proposition |1 hold. Then
the ML estimator 9T satisfies 9T 200 as T — oo.

If additionally the assumptions of Proposition [2| hold, then the following theorem
provides the asymptotic normality of the ML estimator. In this theorem, ¢,(8) denotes the
t-th log-likelihood contribution evaluated in the limit filter, i.e. £,(0) = £(y;, g:(0) —yy; 6),
where (-, -;-) is defined below ().

10



Theorem 2 (Asymptotic Normality). Let the assumptions of Proposition @ hold for
n > 4. Then, if @y lies in the interior of ©, the ML estimator 0 satisfies

VT(0r —60) % N(0,I7") as T — oo,

where T := —E[0*(,(00)/0000'] is the Fischer information matriz with its expression
given in Technical Appendiz[C-J).

We do not need the restriction g # 0, to enforce identification of w and 8 and to rule
out that p, is deterministic, since apg = 0 is already ruled out by the contraction conditions
of Proposition [2] This notion follows immediately as these contraction conditions can
never hold if &« = 0. There is no explicit expression of the Fischer information matrix in
terms of the parameters, because expectations such as E[s(g; 1,)?] cannot be evaluated
analytically for a general 1),. Therefore, we can only provide an expression of the Fischer

information matrix in terms of expectations and parameters, see Technical Appendix[C.4]

3.3. Filtering and estimation under misspecifcation

In the proof of Proposition [1} the correct specification assumption is only used to make
sure that {Ay,} has certain properties. Hence, it can be proved straightforwardly that
the following corollary holds.

Corollary 1. Let {y; }1ez be a sequence with first differences {Ay; }iez that are stationary
and ergodic with n > 0 bounded moments. Then if © satisfies Assumption PS and
condition holds for © and for some integer r > 1, the prediction error g, converges

e.a.s. to a unique stationary and ergodic sequence {g; }tez uniformly over ©, i.e.

€.a.s.

sup [G¢(0) — g:(6)] =0, as t— oo.
0co

If also Ay, is independent of Ay, for all integers s > 2, then Elog™ supgee g:(0)| < oo.

It follows that we can prove the existence of filter invertibility without the need to
assume the correct specification of the model. This is an important result because correct
model specification is a rather strong assumption in many practical settings. Corollary
implies that even if the observed data is not generated by the model under consideration,
the filter still forgets its initialization in the limit and the prediction errors will converge to
an I(0) sequence in the limit e.a.s. Therefore, filtering and estimation based on this model
can be justified, even when the correct specification assumption seems to be unrealistic.
Notice that the condition on the independence of Ay, and Ay, , for s > 2, that is needed
for a bounded log™-moment of the limit prediction error, can be weakened in case there

is a stronger contraction condition. In particular, if there is a uniform contraction, in

11



other words, if condition holds for » = 1, then this independence assumption is not
needed. It can be verified that the correct specification assumption of Proposition [2| can
be replaced by the same conditions on {y; }+ez as in Corollary [1]

The consistency and asymptotic normality results can also be generalized to a model
misspecification setting, in a similar way as shown by Blasques et al.| (2021). In particular,
the strong consistency of Theorem [1| can be attained under potential misspecification if
the conditions of Corollary [1| hold, and if we assume there is a unique maximizer 8, € ©
of the limit log-likelihood function E[/;(8)]. In this case, 8¢ is the so-called pseudo-
true parameter which minimizes the Kullback-Leibler divergence between the probability
measure of the sample and the one implied by the model. A thorough discussion of
statistical inference based on misspecified models is provided in the book of White| (1994)),
for example. To obtain asymptotic normality under misspecification, Theorem [2| should
be altered to impose that the data {y;};cz is such that the results of Proposition [2| hold
for n > 4 under misspecification; see the discussion above. Furthermore, we require that
there is a central limit theorem (CLT) that can be applied to the first derivative of the
log-likelihood function. For instance, a CLT for near epoch dependent sequences on a
mixing sequence of some size as in [Blasques et al.| (2021); see also |Potscher and Prucha
(1997, Chapter 6). Finally, the invertibility of the limit Hessian, evaluated at 6, has to

be assumed as well.

4. Monte Carlo study

To assess whether our modeling framework is able to filter the conditional expectation
from a time-series accurately and whether it is able to select the correct J adequately in

a finite sample, we conduct a Monte Carlo study consisting of two experiments.

4.1. Design of first Monte Carlo experiment

We simulate observations {y;}_, from the data generation process (DGP) given by
Yy = g + &y {e,}, ~iid Student’s Skew-t(1 = 0,0% = 2,v = 3.5,y = 0.8), (10)

where the innovation &; is assumed to come from a (standardized) Student’s Skew-¢
distribution, with its skewness enforced as in [Fernandez and Steel (1998)), and with mean
7 = 0, variance 0% = 2, degrees of freedom v = 3.5 and skewness parameter v =
0.8. Hence, the distribution of the innovation ¢; is negatively skewed. We consider four

different paths, with sample length 7', for the time-varying location parameter p; in the

DGP model :
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1. Random walk:
W1 = [t + Vg {v M, ~iid N(0,0.25),
see Figure [1] for the specific path that is generated.
2. Random walk with drift:
perr = 0.2+ py + vy, {v,}, ~iid N(0,0.25),
where we use the same random draws for v; as in 1.
3. Linear trend with cycle: p; = 0.04 45 xsin(5-2nt /T).

4. Linear trend with break: p; = 0.01¢+5 x I{t > T/2}, where I{-} is the indicator

function returning 1 when argument is true, and 0 otherwise.

We have selected these particular paths because they have a unit root and/or a deter-
ministic trend. Such dynamic features in the data can also be generated by our proposed
model — in Section |2 However, for other selection of paths, also those without such
trends, we have found similar results as for those reported belowﬂ

The Monte Carlo results are based on experiments where we have generated, for
each p; specification as given above, 1000 corresponding time-series y; from , with
time-series length 7" = 1000. For each simulated time-series, we consider the mixed-
normal score-driven location model —, with J = 1,2,3 components, and estimate
its parameters by the method of maximum likelihood as discussed in Section[3] We should
emphasize that, as the number of components increases, the optimization becomes more
challenging because the log-likelihood surface may be somewhat ill-behaved, which results
in the optimization process having to overcome local optima. Notice that adopting an
expectation-maximization approach, as is common for mixture models, is no solution to
this, because the distributional parameters 1) occur both in the log-likelihood explicitly
and in the updating function of p;. To facilitate these estimation challenges for the
model with J = 3, we reduce the dimension of the parameter vector by restricting the

2 02 = ko?, 02 = k?0? for the ‘new’ parameters o2 > 0

component variances as 0z = o
and k£ > 1. This restriction is more or less arbitrary, but it is effective and the estimation
results are similar to those obtained from unrestricted estimation. In a few cases, the
restriction even leads to a higher maximized log-likelihood value. In these cases, the
unrestricted estimation process may have ended in a local optimum. When parameters
need to be estimated on a case-by-case basis in an empirical setting, it is advised to start

the (unrestricted) estimation process with different starting values of the parameters for

3 Additional Monte Carlo results can be made available upon request.

13



the optimization. In our first simulation study, for motivations of feasibility, we have

adopted the restriction as given above.

4.2. Filtering precision

For all DGPs, the model (I)—(3)), for any choice of J, is clearly mis-specified, but we
anticipate that the mixture of normals can accommodate the thick tails and skewness of
the skewed Student’s t distribution accurately. Furthermore, our score-driven updating
mechanism provides a robust filtering method for the underlying location parameter ;.
Our Monte Carlo results support these propositions. The median filtered paths and their
2.5 and 97.5 percentiles, for the models with J = 1 and J = 3, are presented in Figure [I]
together with the true paths. The filtered path for J = 2 is omitted, because it is very
similar to the one for J = 3, only slightly less accurate. Our score-driven model f
is able to filter the true path accurately. For the DGP with a linear trend with break, it
takes some time for both filters to move to the right level after the break.

Furthermore, we can learn from the Monte Carlo results in Figure [I| that the J =1
percentiles of the filtered estimates are further apart when compared to the J = 3 per-
centiles. This finding is expected since our filter with J = 3 is robust to large observations
which occur regularly due to the thick-tailed error distribution used in the DGP model
. The filter with J = 1 does not have such robustness features as it is based on
a linear function of past observations which are assumed to come from a normal dis-
tribution. Another finding of interest from the results for the filters with J = 1 and
J = 3 is the relatively large differences between their 2.5 percentiles compared to the
97.5 percentiles. The filter with J = 3 is able to account for the negative skewness of the
innovation distribution, in contrast to the linear and symmetric filter with J = 1. Overall
we can conclude that the nonlinear J = 3 filter is more accurate in the filtering of the
time-varying location p; compared to the linear J = 1 filter. Hence, the consideration of
a nonlinear filter can be more effective in estimating time-varying location variables.

Our Monte Carlo results are also summarized in Table[I] Given the filtered paths ji; for
the 1000 simulated time-series, it presents the averages of the maximized log-likelihood
values and the mean squared error T-' ST (u; — fi;)* values. The filtered locations
have smaller mean squared errors when they are based on models with multiple mixture
components, when compared to the linear filter (J = 1), for all four DGPs. The only
exception is the DGP of the linear trend with break. In this case, the linear filter of J =1
is able to respond relatively quick to the break in the trend, which makes it as competitive
as the J = 2 and J = 3 filters. Finally, the fit in terms of maximized log-likelihood values
confirms that filters based on the model (I)-(3)), with J > 1, considerably outperform

the linear filter (J = 1) for time-series coming from one of the considered DGPs. It is not
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Figure 1. Median of the 1000 filtered paths ji; for J = 1 (blue solid) and J = 3 (red solid), the

corresponding 2.5 and 97.5 percentiles (dashed), and the true simulated path p; (black solid)

Table 1. Monte Carlo results for filtering precisions.

Log-likelihood value

Mean squared error

J=1 J=2 J=3 J=1 J=2 J=3
Random Walk -1.935 -1.851 -1.846 0.853 0.749 0.744
Random Walk w/Drift -1.935 -1.851 -1.845 0.848 0.745 0.740
Fixed Trend w/Cycle  -1.865 -1.754 -1.746 0.480 0.371 0.364
Fixed Trend w/Break -1.814 -1.710 -1.699 0.245 0.261 0.247

We report the averages of the maximized log-likelihood values and the mean squared error

T-! Zthl (11t — fi)” values, for 1000 simulated time-series, with 7' = 1000, from the data

generation process (DGP) model with a particular path p; as depicted in Figure

surprising that the average maximized log-likelihood value increases with J because the

models with J > 1 components nest the linear J = 1 component model, when ignoring

the identification restrictions.

4.3. Design of second Monte Carlo experiment

The second part of our Monte Carlo study focuses on the selection of the number of

components J. In the asymptotic theory, as developed in Section [3, we have assumed

that the number of components J has been selected beforehand, a-priori. In practice,
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we typically rely on likelihood-ratio statistics to determine a value of J. However, such
tests suffer from identification problems on the boundary of the admissible parameter set,
under the null hypothesis. Hence, the resulting test statistics do not have standard limit
distributions. To avoid such inference issues, we consider the use of Akaike’s Information
Criterion (AIC) and Schwarz’s Bayesian Information Criterion (BIC). In this Monte Carlo
simulation study, we assess how accurate these information criteria are in selecting the
correct number of components. For this purpose, we revisit the Monte Carlo design as
above but with the correct model in (I)-(3) as DGP with J = 2. We estimate the
parameters of the models with J =1, J =2 and J = 3 components for different sample
sizes (T = 250,500, 1000) and obtain the AIC and BIC. Table [2| reports the number of

times each model is selected over 1000 Monte Carlo replications.

4.4. Accuracy in the selection of J

We can summarize the results reported in Table [2] as follows. The BIC selects the correct
number of components (J = 2) much more often when compared to the AIC. Further,
the AIC tends to produce an overestimation of the number of components J as it is
selecting J = 3 more often than J = 2. Both AIC and BIC improve as the sample size
increases. The BIC performs particularly well in small sample sizes, attaining 98% of
correct selections for 7" = 1000. For computational reasons we have considered J = 3 as
the maximum number of components of the model for this simulation study. The like-
lihood becomes more flat when the model is over-parameterized which makes numerical
optimization more challenging. Therefore, a limitation of this simulation study is that
the number of times J = 2 is selected may be overestimated, especially for AIC. However,
the reported results provide a good indication of the relative performance of AIC and
BIC; they highlight how selection improves as the sample size increases. Overall, we can
conclude that the BIC should be preferred to AIC as a practical way to select the number

of components of the mixture, especially for small T

Table 2. Accuracy in the selection of J.

T = 250 T = 500 T = 1000
J=1 J=2 J=3 J=1 J=2 J=3 J=1 J=2 J=3
AIC 0 126 874 0 242 758 0 373 627
BIC 5 773 222 0 917 83 0 980 20

Number of times each number of components J = 1,2,3 is selected by AIC and BIC for different
sample sizes. The results are based on 1000 Monte Carlo replications. The DGP is the model in
(1)-(B) with J = 2 and parameter vector (o, w,0%,03,¢1,wr) = (2,0,27.5,3.5,3.4,0.1).
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5. Empirical study

We provide an empirical illustration where a time-series of daily electricity spot prices is
analyzed. Since the worldwide deregulation of wholesale electricity markets in the 1990s,
electricity spot prices have been studied to investigate the extremely volatile behaviour
in more detail. This volatility makes the prediction of spot prices more challenging.
Time-series of electricity prices can be characterised by random walk dynamics but con-
taminated by unexpected occurences or spikes of much higher prices during a short time
period. Such spikes are usually not encountered in daily asset prices traded at regulated
financial markets. According to Escribano et al.|(2011), this erratic behaviour is primarily
caused by the non-storability of electricity, which implies that demand and supply must
always be balanced. Therefore, shocks in either supply or demand will induce large price
movements. It also plays a role that the demand of electricity is fairly price inelastic,
since the demand will barely react to price changes.

We consider a time-series of daily electricity spot prices of the PJM electricity market,
which serves 13 states in the United States, from June 1, 2007 to April 30, 2021. We take
logs of the prices and multiply them by 10; see Figure [2|for a plot of this time-series. The
final three years of the sample are used for out-of-sample forecast evaluations. Hence,
the implied in-sample time-series is of length 7" = 3987 (from June 1, 2007 to April 30,
2018). The time-series plot confirms the large (mainly positive) spikes in the data. After
a spike, the price typically quickly reverts back to its pre-spike level. For this reason, if we
are interested in filtering the conditional mean for this time-series, the case for a robust
filter is compelling. The filter should namely not react too strongly to occasional large
observations (or spikes), because these price shifts are usually temporary in nature. Our
score-driven mixed-normal location model with J > 1 components can deliver this needed
robustness, because it can take into account fat tails and asymmetry in the density of the
errors. This empirical study provides an illustration of our methodology. We do not claim
that our suggested model captures all the dynamic features in the data. For example, we
ignore the possible importance of conditional volatility in this time-series, as well as the

possible seasonal effects such as day-in-week, holidays, and quarterly variations.

5.1. Model specifications and parameter estimation

In our econometric analysis, we estimate the parameters for the the score-driven mixed
normal model —, with J =1, 2,3. We also consider the score-driven model based on
the Student’s ¢ distribution with v degrees of freedom. This model is defined in equation
(18) of Harvey and Luati (2014). The filter implied by the Student’s ¢ model is also robust

against outliers because the score contribution converges to zero for large observations.
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Figure 2. The log daily electricity spot prices of PJM from 1-6-2007 to 30-4-2021. The Dashed line
at 30-04-2018 indicates the end of the ‘in-sample data’ used for the estimates in Table

This leads to a parametric form of trimming on the observations. It is this property of
the Student’s ¢ filter which induces a theoretical problem in the current unit root setting,
as implied by the updating equation . Since the derivative of the score function also
converges to zero in the limit, we cannot formally establish filter invertibility for the
Student’s t model. However, we still consider the model of Harvey and Luati (2014)) in
our empirical study because it is a natural candidate to compare it with our mixture
models.

We present in Table [3| the parameter estimates, the maximized log-likelihood values
and their corresponding information criteria AIC and BIC, for the mixed normal models
with J =1, 2 and 3 components and for the Student’s ¢ model. The model specifications
are without intercept, that is w = 0 in equation , because the AIC and BIC values
are higher in all cases with w # 0. The reported standard errors in Table [3] are obtained
by using the asymptotic variance matrix expression in Theorem [2] under the assumption
of correct model specification. Within the table the increase of J leads to lower values
for AIC and BIC. The model with J = 4 is not reported in Table [3| because it shows an
increase of both of these values. Recall that estimating the parameters in our model f
for higher values of J, including J = 4, is challenging. To ensure that the estimation
process has not ended in a local optimum, we have repeated the estimation for all models
many times with different starting values for the parameters. However, the estimation
process overall has not caused too many challenges; this is mainly due to the time-series
length which is sufficiently high.

For the model with J = 1 components, the contraction condition of Propositions|l|and
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Figure 3. In the top panel we display the log daily electricity spot prices of PJM from June 1, 2007 to
April 30, 2018, together with the filtered locations based on the fitted mixture models and the Student’s
t model. The two bottom panels present the same contents but for two sub-periods which are indicated

by the squares in the top panel.

hold for the maximum likelihood estimates (MLEs), since we have a/o? = 0.758 < 1.
For J = 2 and J = 3, a feasible version of the contraction condition of Proposition
holds at the MLEs for » = 50 and r = 100, respectively, which indicates that the filters
of these fitted models are invertible. This is confirmed by the fact that the MLEs barely
change when different starting values fi; are used. Also, for the models with J = 2 and
J = 3 components, a feasible version of the contraction condition in Proposition [2] for
n = 4 holds for r = 90 and r = 225, respectively. These results indicate that g¢;(0)
has the required number of bounded moments needed for asymptotic normality as stated
in Theorem Hence, the reported standard errors in Table [3| are reliable, under the
assumption of correct specification.

The MLEs for the model with J = 2 components show that the highest weight is given
to the second component with a mean close to zero and a moderately sized variance while
the first component has a low weight, a large mean and a very large variance, all in relative
terms. These estimation results are typical when the mixture model is used to analyze

data with many patches of spikes; see Figure 2l Similar interpretations can be given to
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the MLEs for the model with J = 3 components. In case of the Student’s ¢ model, the
MLE of the degrees-of-freedom parameter v is equal to 6.2 which is sufficiently low to

imply a heavy-tailed distribution for the innovations.

5.2. In-sample filtering

The filtered locations {ji;}7_, for the four different models in our study are presented
in Figure [3] For illustrative purposes, we have magnified two sub-periods where the
time-series is more volatile and where the four score-driven updating functions behave
distinctively different from each other. In the overall more tranquile periods, the filtered
paths of all four fitted models are rather similar. However, in the first selected sub-period
the linear filter, our model with J = 1, responds more heavily on temporary spikes in
the prices, when compared to the other three models. The filtered path of the Student’s
t model is between the paths from the mixed normal with J > 2 and the path of the
linear filter. The second sub-period also shows more volatile data. However, the filtered
paths from the linear filter and the Student’s ¢ model respond strongly to the spikes in a
similar way, while those from the mixed normal with J > 2 respond in a less pronounced
way. The second sub-periods show spikes during a pro-longed time period and hence the
former set of filters appear to represent the underlying location more precisely in this
sub-period. On the other hand, in this sub-period there are also a substantive amount of
lower values (second half of January 2018). The linear filter reacts to these lower values
when they occur while the Student’s ¢ filter does not react. As we learn from Table [3]
the maximized log-likelihood value is the highest for our model with J = 3. However,
the linear filter clearly provides the highest log-likelihood contribution in the second sub-
period: the log-likelihood values between the dashed lines in Figure[3|are —116.1, —159.9,
—164.5, and —160.1, for the mixed models with J = 1,2,3 and the Student’s ¢ model,
respectively. Although, the filter of the Student’s ¢ behaves somewhat more in tune with
the linear filter, its contribution is similar to the robust mixed model filters with J = 2, 3.
Hence, while the filters behave somewhat exceptional in the second sub-period, the mixed
model with J = 3 provides our preferred filter.

The estimated innovation densities and corresponding scaled scores as(x) are pre-
sented in Figure The mixed normal densities (for J = 2, 3) have a different appearance
from the normal and Student’s ¢ densities, but their shapes are not excessively different.
From a closer look, we learn that the densities from the mixed normal models are skewed
to the right while those of the other models are symmetric. These differences become
more apparent from the corresponding score functions as presented in the right panel of
Figure[d The score plots show that especially moderately large positive values of y; — fis

are downweighted more heavily by the mixed normal filters (J = 2,3) compared to the
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Table 3. Parameter estimates with their standard errors (s.e) for four different models,

using daily log PJM electricity spot prices from June 1, 2007 to April 30, 2018.

0 Normal (J =1) Mixed N (J =2) Mixed N (J =3) Student’s ¢
§T s.e. §T s.e. @T s.e. ET s.e.

o 4.527 0.180 2.155 0.117 2.336 0.113 0.866  0.037

o2 6.022 0.135 32.585 2.398 66.731 5.593 3.988 0.123

o3 3.783  0.110 9.604  1.315

o2 3.490  0.137

1 3.487  0.398 5169  0.859

Ca -0.291 - 2.145 0.666

cs 0.415 -

w1 0.077 0.008 0.024 0.004

Wy 0.923 - 0.111 0.052

w3 0.866 -

v 6.196 0.429

L (0) -9234.38 -9031.84 -8998.55 -9078.95

AIC 18472.77 18073.68 18013.10 18163.9

BIC 18485.35 18105.13 18063.42 18182.77

Parameter estimates are reported for the mixed normal model 7 and for the Student’s ¢ model .
The maximized log-likelihood values I:T(G) in equation , together with their corresponding information

criteria AIC and BIC, are also reported.

linear filter (J = 1). The score functions of the Student’s ¢t model and the mixed normal
models look somewhat similar for negative values. However, on the positive side of the
real line, the Student’s ¢ filter has a higher response for values around 5. We notice that
the score of the Student’s ¢ distribution converges to zero in the limit, while the score of
the mixed normal models goes to infinity, eventually. Nevertheless, on the interval that
we consider, the response to positive values is typically smaller for the mixture models
than for the Student’s ¢ model.

5.3. Out-of-sample forecasting results

We complete the empirical study with a comparison in the accuracies of the out-of-sample
density forecasts from the four models. The out-of-sample forecasts are obtained from
a rolling window. We construct one-step-ahead density forecasts for the observations
from May 1, 2018 to April 30, 2021 (3987 forecasts). The point forecast of yr1, based

on the observations until 7', is simply equal to ﬂT+1(éT). We emphasize that for each

21



0.2 Normal | i 3
[ [—MN,J=2 1 [

[ [—MN, J=3

015 |— Student ¢

Figure 4. The estimated probability densities (left) and corresponding scaled score as(x) (right) for
the filters of the four different fitted models corresponding to estimates in Table

forecast, the parameter vector is re-estimated using the rolling window of observations.
The density forecasts are used to compute the mean logarithmic scoring rule (MLSR) as a
measure of forecast accuracy; see Geweke and Amisano| (2011)). The MLSR is the average
of the 3987 realized one-step ahead forecast log-densities. We notice that the difference of
MLSRs between models can be regarded an approximation of the difference in Kullback-
Leibler divergence between true and conditional densities of models; see, for example,
Gnueiting and Raftery (2007, Section 4.1). The MLSR values for each model are provided
in Table i We also report the Diebold-Mariano (DM) test based on heteroscedasticity
robust standard errors. The DM test verifies whether the MSLR values are significantly
different from each other. We can conclude from Table [4] that the J = 3 model has a
better MLSR than the J = 2 model. Also, both mixed normal models have a better
MLSR than the Student’s ¢t model. All differences in MSLR are significantly different
from zero at a 5% or even 1% level. The DM test applied to the logarithmic scoring
rules of two models reduces to a likelihood-ratio test for the out-of-sample observations.
Hence, the mixed normal models with J = 2 and J = 3 components have a significantly
better out-of-sample log-likelihood value than the Student’s ¢ model. It is reassuring that
this superiority remains to hold out-of-sample because it possibly counters the argument

of overfitting in the discussion of the in-sample results.

6. Conclusion

We have introduced a novel score-driven mixed-normal location model for time-series
observations. We treat effectively the time-varying mean of the mixed normal density
as a non-stationary random walk process with a (potentially) non-zero intercept and
with the score of the predicted mixed-normal density treated as the innovations. With
respect to the general framework of score-driven models, our treatment of a mixture

of normal model with a non-stationary process for location is innovative. Also, the
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Table 4. Mean logarithmic scoring rule for forecasts of four different models using daily
log PJM prices from May 1,2018 to April 30, 2021 and the Diebold-Mariano statistics.

Normal (J =1) Mixed N (J =2) Mixed N (J=3) Student’st

MLSR -2.1900 -2.1202 -2.1054 -2.1387
DM J=2 -3.233*

J=3 -4.132** -3.585**

Student’s ¢ -2.523* 2.158* 3.370**

A positive/negative value for the Diebold-Mariano (DM) statistic corresponds to the model (in rows)
having a lower/higher mean logarithmic scoring rule (MLSR) value than another model (in columns).

The asterisks indicate significance at 5% (*) and 1% (**) levels.

theoretical developments in establishing consistency and asymptotic normality for the
maximum likelihood estimator of the parameter vector are to some extent novel. The
score-driven location model for the Student’s ¢ density can be viewed as an obvious
competitive alternative to the mixed-normal model. However, in the context of a non-
stationary location, the theoretical developments are not valid for the Student’s ¢ model
due to its lack of an invertibility condition. We have shown in a Monte Carlo study
that the mixed-normal location model is able to filter the true path of the time-varying
mean very accurately in finite samples The selection of the correct number of mixture
components can also be done accurately using likelihood-based information criteria, in
case the different components are sufficiently identifiable. We further have shown the
empirical relevance of our time-varying location model for an illustration of daily time-
series of electricity prices. The empirical results are convincing from both in-sample and
out-of-sample perspectives. In particular, the mixed-normal model outperforms both the

linear filter and the Student’s ¢ model in terms of fit.

Appendix

A. Proofs of main results

€.a.Ss.

Proof Proposition[]. (i) To prove the uniform convergence result supgeg |§:(6) — g+(0)| =0,
we follow the approach of (Straumann and Mikosch, 2006, Proposition 3.12). Note that we can

write
Gre1 = Ge(Ge) »

initialized at some §,(0) = §, € R for all @ € ©, where ¢; is a random map defined by ¢;(g) =
¢+(g(),-) where g € C(O,R), for a compact set ©. So we can view {§; }+cn initialized at §; as a
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sequence of random functions that lies in the separable Banach space C(©,R) that is equipped
with the norm || - [[©, where [|g:(8)[© = suppe [9:(8)| and [}g:(6)[[© = (E suppce 9:(6)[")1/".

Under the assumption that the innovations {e;};cz are i.i.d. together with the fact that ¢,
is a continuous function of Ay = wo + aps(er; ) + €141 — €+ (using the correct specifica-
tion assumption) for every (g,60) € R x ©, it follows from Krengel| (1985, Proposition 4.3) that
{q@t(-)}tez is stationary and ergodic. So we can apply |Straumann and Mikosch| (2006, Proposi-
tion 3.12). See also the proof of Proposition TA.4 in Blasques et al.| (2021]) for a more formal
verification of this.

Proceeding in a similar manner as the proof in Blasques et al. (2018, Proposition 3.1), it

follows from the mean value theorem that for any integer r > 1:

& (91.0) - 9" (92.0) -
sup < sup (¢ (970)) ;

91,92€R, 91792 l91 — g2 g€ER

which implies that the following conditions are sufficient to be able to apply [Bougerol (1993,

Theorem 3.1) and obtain the convergence to zero of ||g; — g¢/|©:
(a) Elog™ [|¢x(g,)]|® < oo for some g,
(b) Esupgee supger log™ |¢:(g,6)| < oo,
(¢) Esupgeq supyez log|d)” (9.0)] < 0.

Condition (a) holds as it is implied by Lemmal(l] Condition (b) holds as it is implied by Lemma
Finally, condition (c) holds by assumption as it is the same as condition in the statement
of the proposition. Therefore, it follows from (a), (b) and (c) that (Straumann and Mikosch,
2006, Proposition 3.12) can be applied, so ||g; — g¢||® “%” 0 where {g; }sez is a unique stationary
and ergodic sequence.

Next, we show that ¢;(0) has a finite uniform log moment: Esupgcg log™ |g:(8)| < oo. For
convenience, we define p;¢ = Supgeg SUPger |q'by) (g,0)]. We notice that Lemma [2[ implies that,
for any given r, p,; is bounded by the constant K. Furthermore, given a decreasing sequence
of positive numbers {n; } ey such that n; — 0 and n; = 1, we have that { K" — (p; — 1) /n; }ien is
an increasing sequence of positive-valued random variables that converges a.s. to K" — log p ;.
Therefore, an application of the monotone convergence theorem entails that lim, 0 E(p;; —
1)/n = Elog p,¢. This implies that there exists an n > 0 such that Ep;’; < 1 since Elog p.; <0
by assumption. As a result, we obtain that Esupgeg |g:(0)|" < oo for some n > 0 by an
application of Lemma [3] We therefore conclude that Elog™ supgeg |g:(6)] < 0o .

(7i) The second result of the proposition follows straightforwardly from result (7). We namely

have that §:(0) = y; — [1.(0), so

|f1¢(00) — | = [t (60) — ye + ye — e
= | —9:(00) + &4
= |9:(60) — G:(60) + ¢ — 9:(60)|

24



€.a.s.

< 9:(80) — G¢(60)| + ler — g:(60)] = 0,

as t — 0o, where the first term goes to zero e.a.s. by result (i) and where the second term goes
to zero because g;(6g) = ¢ with probability one. The reason for the latter fact is that the limit

sequence {g:(00)}scz is determined by the SRE in (7). Therefore, using the model equations
and , we have:

gt+1(00) = g:(80) — wo — a05(g:(00); o) + Ayrt1
= 9¢(00) + ao[s(et; o) — 5(9:(00); Yo)] + Aepyr -

Clearly, a solution to this SRE is ¢;(0y) = &, for every t and because result (i) of this proposition
states that the limit sequence {g:(0)}1ez is unique, it must be that g;(6y) = &; with probability

one. O

Proof Proposition[3. (i) The e.a.s. convergence result follows directly from Proposition ( i), be-
cause condition holds whenever the contraction condition of this proposition holds. Namely,
by Jensen’s inequality, for any random variable x: E|z|® < 1 for some small & > 0 implies
Elog || < 0. The bounded moment result follows from Lemma
(#) and (iii): The proof of (ii) and (iii) follows the same approach as the proof of Proposition
3.4 of Blasques et al.|(2021)), which is a similar proposition but then for a more general score-
driven model. The only important difference is that here we do not have a uniform contraction,
i.e. that 0¢;/0g is uniformly bounded between —1 and 1 in all its arguments, but we only have
a contraction in expectation of the r-th iterates of the stochastic mapping functions.
Step 1: convergence. The convergence result can be shown by applying Theorem 2.10
of Straumann and Mikosch| (2006) in virtually the same way as the proof of Proposition 3.4
in Blasques et al. (2021). The theorem considers a perturbed stochastic recurrence equation
(SRE) 241 = ¢} (z), where the sequence of maps {¢}}ien converges to a stationary limit
{®7 }tez. In the current setting, the perturbed SRE of the first derivative process corresponds to
{0§:(0)/00}en, which is initialized at zero and depends on the initialized sequence {§:(0) }ten-
The perturbed SRE of the second derivative process corresponds to {9%§:(0)/9000'}cn, and
is initialized at zero and depends on the initialized sequences {g:(0)}ien and {0G:(0)/00 }icn.
The unperturbed SREs instead depend on the limit processes {g:(0)}iez and {0g.(0)/00}1cz.
The derivative processes are practically the same as those in [Blasques et al.| (2021)) and can be
described by the following equations:
09t+1(0) 09:(0) Pg1(0) o) 0%g:(0)
06 06 0006" Tt 0000
where Ail) = AM(0; ¢,(0)) is a vector, A§2) = A)(0;g:(0),09:(0)/00) is a matrix, and B; =
B(0;:(0)) is a scalar, which are defined in Technical Appendix
The conditions of Theorem 2.10 of |Straumann and Mikoschl| (2006) regarding the convergence

Bt7

= Agl) —+ Bt7

of the perturbed {¢} }ien to the stationary limit {¢}};cz can be verified by showing that

sup | B(0; §:(6)) — B(6;g:(0))| "™ 0,
0cO
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Sug\Ay)(o; 3:(0)) — AV (0;6:(0))] “* 0, and
c

sup [ A7) (0;:(0), 09:(8)/00) — A7) (0:31(6), 09:(6)/00)| " 0.

where Ag-l) denotes the j-th element of the vector A and Ag?j) denotes the i, j-th element

of the matrix A®). The convergence result can be shown in the same way as in the proof

of Blasques et al. (2021, Proposition 3.4). The convergence of B; and Agl) is shown us-

ing the mean value theorem. Because we know from (i) that supgce |G:(8) — g:(8)] = 0,
for (i) it suffices to show that the derivatives of B; and Agl) with respect to their sec-
ond argument ¢ is uniformly bounded in g and 6. In Lemma it is shown that this
is the case. More specifically, sup,cggco [0°s(g;t)/0g| can be bounded by a finite con-
stant, which can be used to show the convergence of By. Also, sup,cg gco 19s(g;%)/0g| and
SUP,yeR gco 1025(g;4)/01p;0g| can be bounded by a finite constant, which is used to show the
convergence of Agl). Finally, to show the convergence of Agz), we can use exactly the same ap-
proach as the proof of Lemma TA.17 of Blasques et al.| (2021)), using the asymptotic stationarity
results of (i) and (i) and that certain derivatives can be uniformly bounded. In Lemma
it is namely argued that sup,cg geg |0°s(g; ) /0v,;09;0g| , SuDyer geo |035(g; 1)/ 01pDg?| and
SUPyeR gco 1025(g; 1) /0g>| can be bounded by a finite constant.

Furthermore, condition S.1 of Straumann and Mikosch| (2006, Theorem 2.10) says that we
need a bounded log™ moment for the unperturbed recurrence ¢} evaluated at some deterministic
point. In other words we must show that Agi) and B; evaluated at the stationary limit sequences
{9:(0)} and {9g:(0)/90} have a finite log™ moment uniformly on ©. This follows automatically
from the fact that Agl) and B; have n > 0 bounded moments, and A§2) has n/2 > 0 bounded
moments, uniformly over ©, which will be shown in Step 2 of the proof.

Finally, condition S.2 of [Straumann and Mikosch! (2006, Theorem 2.10) must hold. It was
shown in the proof of Proposition [I} that it suffices to show that

Esupsuplog® |4;(g,0)] < oo and Esupsuplogé; ™ (g,0)] <0.
0cO geR 0cO geR

The first condition holds trivially, because the value of each of the elements of gb;‘ is equal to
B(0,g:(0)) = 1—as'(g4(0),0) for both derivative processes, and By is uniformly bounded. The
second condition follows from the contraction in @ Namely, it is not hard to see that for
both the first and the second derivative process, the derivative of the r-th convolution of the
corresponding stochastic mapping ¢} with respect to each single element is equal to

r—1

[1B6:9-:8)).

=0
which does not depend on 9g,(6)/00 and 9?g,(0)/9006’, but only on g,(0). Hence, the supre-

mum over g can be dropped and the contraction condition simplifies to

r—1
E sup log H B(6;9:-i(0))| <0.
0co |y
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Upon closer inspection, it can be seen that this condition is weaker than condition of

Proposition |1 I Namely, (T)( ,0) has the same form, but then in the place of g;—;(0), there is

ET 11)1(9, 0). Hence, we obtain

r—1 r—1
[E sup log H B(H;gt_i(e))‘ = Esup log H B(6; ETZZ)l(gt ~(0), 0))‘
6co i=0 S i=0

< E sup sup log
0cO geR

r—1
[ B®6;6 " (9, e))‘
=0

= E sup sup log ‘qﬁgr) (9, 9)‘ <0,
0cO geR

where it was argued in (i) that the final inequality holds because of @D This finishes the proof
of the convergence result in (7i) and (i)

Step 2: bounded moments. We can almost directly apply the proof of Lemma 3| to the
unperturbed systems of the derivative processes. If we denote by ¢; the stochastic mapping
defining the SREs of the first or second derivative process, then we can use that by the discussion

(r)

above we have that |gﬁr(r)(9)| < supgeR]gﬁgr)(g, 0)| = p;’. This is convenient, because by
assumption we have (E supgeg(p((]r) (0))")'/" < 1. This means we can straightforwardly apply

the proof of Lemma [3] using this bounding argument, as long as we can show that

S}

n*

;" (3. 0)

< 00,

which proves that the derivative process has n* bounded moments.
We will proceed by showing that this moment condition holds for n* = n the first derivative
process and for n* = n/2 for the second derivative process, which will prove the bounded

moment result in (77) and (%ii) respectively. Notice that

r—1 /7—1
(5.0 z(HB (0 ) +gHB s

if we let ¢f denote the mapping function of the first derivative process ¢ = 1 or the second
derivative process i = 2. By inspecting the expression of B; in Technical Appendix [C.2] it
follows that B; has bounded moments of any order, since ds(g;%)/dg is uniformly bounded in
g and 6. Hence, using the C,-inequality of Loeve| (1977) in a similar way as in the proof of
Proposition 3.4 of Blasques et al. (2021)), it follows that to show that the moment condition
holds, it suffices to show that the elements of AEI) and AEQ) have n and n/2 bounded moments

respectively.
For AY

Jit?

n, because in Lemma it is given that s(g;1) and the elements of Jds(g;1p)/0y can be
bounded by d; + da|g| for positive constants d; and dz, and from (i) we know that ¢:(8) has n

the j-th element of Agl), it is clear that the number of moments is equal to

bounded moments. Finally, the ¢, j-th element of A§2), Ag?j{t has n/2 bounded moments, because
0s(g; 1) /00 and 9%s(g; 1) /0000 have n bounded moments, ds(g;)/dg, 0*s(g;v)/000g and
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0%s(g;)/0g* are uniformly bounded. Therefore, using that we have that dg;(60)/00 has n

bounded moments by the result in (7i), we obtain that

05(g:(0); ) 0g:(0)  82s(g:(0); %) Dge(0)  9?s(g1(0); ) Dgi(0) Dge(6)
g 00" 900y 00" 9g2 00 00’

have n, n and n/2 bounded moments respectively. This finishes the proof. O

Proof of Theorem[1. First consider some notation. It is convenient to use the following average

log-likelihood representation

T T
TZ TZ (A.11)

where £,(8) = £(5:(8),v) = logp,(ye|fit(8); %) is the log-likelihood contribution of the t-th

observation:

2
20'j

A ; - (3(6) — <;)*
04(8) = log py (yi|f12(0); 1) = log p<(§+(8) Z—exp _BO Z ) ) (A

because y; — [1:(0) = §:(0). We ignore the constant 1/1/27, because it is irrelevant for the
maximization of the log-likelihood over 8. Define L1(0) as the average log-likelihood with g.(8)
replaced by ¢+(0) of Proposition (1] for every t:

T T

Lr(6) = 3 0(0) = 7> au(6), ). (A.13)

where (4(0) = £(g:(0),%) = logp:(g:(0);v). Also define L(0) = E ¢1(0), where we note that
{4+(0)} is stationary and ergodic by Proposition 4.3 in Krengel (1985) because {g:(0)}icz is a
stationary and ergodic sequence by Proposition [1jand ¢(g, %) is continuous in g for every 0 € O.

Now turn to the real consistency proof. We use the same approach as in the proof of[Blasques
et al.| (2018, Theorem 4.1), which is similar to that of |Straumann and Mikosch| (2006, Theorem
4.1). Following the proof of Theorem 4.1 of |Blasques et al.| (2018)), the following conditions are

sufficient for the strong consistency of the MLE 01 to the true parameter value 0g:

(A1) The function Ly converges almost surely to Ly uniformly over ©:

sup |[L7(0) — Lr(0)] 3 0 asT — 0.
6co

(A2) supp)erxe £(9,%) < oo and E|f1(60)] < oo

(A3) The model is identifiable, so the parameter 8 is the unique maximizer of the limit log-
likelihood L(8), i.e. L(6) < L(8y) for any 6 € O, 8 # 0.
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Below we complete the proof by showing that (A1)-(A3) hold.

(A1) Is satisfied by Lemma

(A2) The first claim of this condition, namely that the log-likelihood is uniformly bounded
from above over R x ©, is not hard to verify when looking at ¢(g, %)) which is defined in .
We namely have that © is compact and that for every j, o; is bounded away from zero by (ii1)
of Assumption PS. Furthermore, for any g € R and 8 € O, it is clear that exp(—(g—cj)2/2ajz) is
bounded from above by 1. Hence, ¢(g, ) is uniformly bounded from above by some finite value
which depends on the bounds of ©. Note that this uniform upper bound on ¢(g, %) implies that
E ¢(g:(0),%) = L(0) exists for any 8 € O and that L(0) € {—oco} UR.
The second claim is that E|¢(g1(60), )| < oo. Recall from the proof of Proposition [1](iz) that
9¢(0¢g) = &; with probability one for every ¢t. Therefore, using the form of ¢(g, 1) given in :

E[6(g1(680), %) <E

+5[1og (22 + Blow(an). ) )

)

where we use that |log(wio/o10 + B(g,%)| is uniformly bounded by some constant C' by
arguments given in the proof of Lemma 4l Furthermore, we use that £, has bounded moments
of any order because it is mixed normally distributed and that © is compact and condition (i)
of Assumption PS implies that Uio > 0.

(A3) By (A2) we know that ¢;(0) is uniformly bounded from above and therefore it is
integrable, so in other words L(0) = E/1(0) exists for any @ € ©. Furthermore, we know by
(A2) that |L(0¢)| < oo and that L(0) € {—oco} UR for any other @ € ©. For any 8 € © for
which L(0) = —oo, it is therefore clear that L(0) < L(8p). So we can from now on consider
values of 6 € ©, 6 # 6 for which L(0) € R and show that for those values L(0) < L(6y) also
holds.

A condition that implies uniqueness of 6y as a maximizer of L(0) is that ¢(g:(0),v) =
0(g¢(09), 1) almost surely if and only if @ = 8y. Lemma [5|says that this condition holds under
the current assumptions. This condition implies identification by a standard argument (see for
example the proof of Theorem 4.1 of Blasques et al| (2018)) which we will repeat here: The
well-known inequality log(xz) < x — 1, which holds for any x > 0 and is only an equality for
x =1, implies that

U(gi(8).%) — L{gr(B0). o) < PeIO: W)y

P:(9:(60), %)

Clearly, if we can show that ¢(g:(0),%) = €(g:(00),%,) almost surely if and only if 8 = 8,
then the inequality above will be strict with a probability greater than zero for any 8 € © with
0 +# 6, . Hence, if this condition holds, then for any 6 € © other than 6,

E[£(9:(8), %) — ((51(80), o)] < E [m] “1-E [E [W\f” S
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using the law of total expectation, the fact that g;(6y) = ¢; with probability one and that the
conditional expectation has value one. The true conditional density function is namely given

by pe(et; ¥p), which implies that

=(9:(6); ) e(h t;)
. [pp:(]fft;%bo) ‘Ft_l] N /pps(;t_;ibo)

Z/Ps(h+st;¢)d€t’ =1,

hzgt(e)*Et

p=(et; o) dét)h:gt(e)_&

where we use that ¢¢(0) — &; is F;_1-measurable, because §:(0) — ey = u¢(00) — f14(0) is clearly
Fi—1-measurable and will converge e.a.s. to ¢:(0) — ¢; by the same arguments as used in the
proof of Proposition (1| for the convergence of §;(0) to g;(0). The final integral is equal to one
because the integrand is a probability density function of a mixed normally distributed random

variable with j-th component mean ¢} = ¢; — h. Therefore, we have that

L(6) — L(60) = E[¢(9:(0), %) — £(g:(00), )] <0,

in case £(g:(0),v) = €(g+(60), 1) almost surely if and only if & = 6y. Hence, (A3) must hold,

because Lemma [B] shows that this condition is satisfied here. O

Proof Theorem[3 This proof follows the same approach as the asymptotic normality result of
Theorem 3.1 of |Gorgi and Koopman| (2021)), which is based on the asymptotic normality proof
in Section 7 of |[Straumann and Mikosch! (2006). This approach starts by deriving the asymptotic
distribution of the ML estimator 87, defined by

61 = argmax L7() ,
6co

where L is the limit log-likelihood, see . The final result is then derived by showing that
61 and 67 have the same asymptotic distribution.

Ly is twice continuously differentiable in ©, see Technical Appendix [C.3|for the expressions
of the first and second derivatives L. and L/, which are based on the limit processes {g:(0) }icz,
{0g:(0)/06%} ez and {5%g,(0)/06000'} iz, which are stationary and ergodic by Proposition
It follows from [Krengel (1985, Proposition 4.3) that L/, and L/, are stationary and ergodic.
Looking at the proof of Theorem |1} it is clear that éT 8 0y, where g lies in the interior of ©
by assumption. In the proof of (Gorgi and Koopman| (2021), it is argued that v/T(67 — 6y) L\
N(0,9) as T — oo with Q = —E[¢/(80)] 7}, if the following conditions hold:

(A) Esupgee [|€7]] < o0,
(B) —E[¢/(60)] is positive definite,

(C) VTLy(80) % N(0,Q71).
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It is shown that these three conditions hold in Lemmas [6] [7] and [§] respectively. Now it is argued
by |Gorgi and Koopman| (2021)) that given condition (A), the following condition is sufficient to

show that the asymptotic distribution of 01 and éT are equal:

ﬁzug IL7(0) — L7 (8)] %3 0,
S

which is proved to hold in Lemma [9] This finishes the proof. O

B. Lemmas

Lemma 1. Let the assumptions of Pmposz'tz'on hold. Then, ||¢¢(g,")||© < oo for anyn >0

and for any g € R.

Proof. For any n > 1, we can use the sub-additivity of the norm || - || . Tt follows immediately

that the condition holds for 0 < n < 1. We can take n > 1 and have
16:(g: I, < o] +Ztelg|04| ls(g: ) + 1A% [l
< Jwl + sup laf - Is(g; )17 + lwol + (Elewra[")/™ + (Ele|") "+
|ao| - [[s(et: o) [l -

Since © > g is compact and ¢; has bounded moments of any order, it suffices to show that
l|s(ee;90)||9 is finite (which implies ||s(; %)/ is finite for some g € R too). Using the notation
fi(z;1p) = exp(—(x — cj)2/2aj2-)wj/aj , we have

z—c; fi(@9)

s(z;p) = ZJ 1xagcjfﬂ(x 7#) _ 9:0161 +Z] 2 o7 fi(zy) 513—61 +§J:x—cy f] z; )
Zj:1fj($a'¢) 1—|—Z] Q}E(ii B iz oi  filz;)’

where we divide the numerator and denominator by fi(x;)), which is strictly positive for every

(z,0) € (R, ©), since O is compact and wy > k > 0 for every 8 € ©. The inequality follows from

the fact that the denominator 1 + Z}]:Q fi(x;4)/ fi(x;4) only attains values on the interval

[1,00) for any (z,60) € (R,0). Now we will argue that the sum from j = 2 to J in the final

expression can be uniformly bounded by a finite value over all (z,60) € R x ©. Namely, because
2 2

of —0j 2 k> 0and w; > £ > 0 for any 6 in the compact set O, it is clear that for any

1=2,...,J:
—c; filz; . W;01 L — Cj 1| (z—c¢;)? x—c1)?
11m sup 2 jM = lim sup jil 5 J exp | —= ( 2,]) _ ( 21) ,
|z|—ocgco | OF fi(z; ) 2|00 gco | W10 O 2 o3 0?2

equals zero by I’'Hopital’s rule, because the exp(-)-term will go to zero at an exponential rate.
By the compactness of © and because for all j, o 2 > Kk > 0, it follows that there exists a finite
number C such that




Therefore, we have that:

& —C
2
01

Is(e; )l =

)
1
+C< 7<H€tH,(;) + sup |e1]) + C < 0,
K 0co

n

because €; has bounded moments of any order. Hence, the desired result holds. O

Lemma 2. Let the assumptions of Proposition [1] hold. Then, there is a positive constant K
such that supgee SUPger 1$:(g,0)] < K < .

Proof. We have that q.St(g, 0) =1—«a-0s(g,%)/dg, so by the compactness of O, it will suffice
to show that

ds(z, )
ox

sup sup
0cO zeR

‘<oo.

When again using the notation f;(x;) = exp(—(z — Cj)2/20']2-)’wj/0'j, we have

sz, ) J S 1
= iy D Siwm ) | | D i)
j=1 J=1 Jj=1"J
J A rT—c; T —¢ ?
|2 filww) | XY ( - ) Fi(@: ) filas )
j=1 j=11i=j+1 J i

Dividing the numerator and the denominator by fi(x;), so the factor of the component with
the largest variance, leads to
-2

Os(x, %) L fis ) L)) (11 fis)
oz 1+j;f1(x;7/’) 1+§f1($§'¢) o? +]§2sz fi(z; )
L)) e s (a— a—c) fme) )
— JI\T T J { g\ i\ L5
1+jz_;f1(90;¢) ;Z§1< a3 a7 > fi(z;ap) fi(z;ah)

We will argue that this expression can be bounded uniformly. The denominator is bounded
from below by 1, because f;(z;%)/fi(z;1) > 0 for every z € R and 6 € ©. All the factors in
the numerator can also be uniformly bounded, because as |z| — oo none of the sums diverge

and it can be seen that for any value z € R all sums are finite uniformly over O, given the

restrictions on © that are in place. For example, for any j =1,...,J and ¢ > j:
2
lim sup | 250 =G fi(z; ) fi(x;4p)
el geo |\ 07 o; fr(@s ) fi(a; )

] K3

2
. 1 1 Cj C; ijiU%
= lim sup S| |35 3
|z|—00 9O o; o; o; o; 00;W]

o <_1 (=), (o= _2<x—cl>2]>

2 o% or

=0,
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because of the restrictions on the compact set © and in particular the fact that for every 8 € © ,
0% > 03 >--- > 0%. More specifically, the exp(-)-factor will converge to zero at an exponential
rate, while the term containing z? will only diverge at a quadratic rate. The convergence to

zero can be shown formally by bounding the expression on © and applying ’'Hopital’s rule. O

Lemma 3. Let the assumptions of Proposition (1| hold. Furthermore, assume that for some

nteger r > 1

E sup sup\q'bgr)(g,e)\” <1l, n>0.
0c0O geR

Then, the following uniform moment condition is satisfied
|’Vl

E sup |g:(0)|" < oc.
6co

Proof. This proof is similar to the proof of Proposition 3.1 of Blasques et al. (2021)), but this
proof is more general because we look at the r-th iterate and do not impose i.i.d. ‘innovations’
Ay,. Consider the stationary limit sequence {g;(0)}+cz that exists by Proposition |1, We can
bound ||g:(8)||® as follows, for any g € R:

19:()1|° = 116", (e (6). 0)[|°
< 16", (91--(6).68) — 6”1 (3, 0)1° + 61" (5. 60)I|°

~ up <|g”<e>g><’¢t 1(91-+(0).0) = 445 )‘>+||¢§’“’1<g,e>u@

0co |9:—(6) — g
] 6171 (91,8) = 6", (92, 0)]

< llge-r(0) = g[® x sup  sup = L +[l6{”, (3.0)]|°
0€0O g1,92€R,g1#9g2 ‘91 - 92‘

< |lge-r(8) — g||® x supsup 4" (g,0)| + |6f", (3.0)|1°
0cO geR

< sup 971 (0) v+ (0)|° + sup pi(60) - gl + 1101”1 (5, 0)]°

€
where we use the subadditivity of the || - |®-norm and the mean-value theorem. Also, we use

the notation py)(O) = SUPgeR |q5§r) (g,0)]. Now unfold this recursion k steps backwards:

l9:(8)]1° < <H Suppt il )) Nlge-r1(6)]1° (B.14)

+2<Hsuppt >> (500217, 1(0)- a1+ 167, ,@.0)1° )

100

Because ¢(g,0) = g —w — as(g;9) + Ayy1, it is clear that ¢(g,0) does not depend on
Ayy. It follows that pET) (0) does not depend on Ay;41, but only on Ay, ..., Ay_ry2. As was
argued in the proof of Proposition |1} Ay L Ay s for s > 2, because the innovations sequence
{ethiez is i.1.d. It follows that for any s € Z, {supgcg pgrt(a)}tez is an i.i.d. and therefore

stationary and ergodic sequence. Furthermore, its elements are nonnegative random variables
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with Elogsupgeg pér)(O) < 0 by the conditions of Proposition Therefore, it follows from
(Straumann and Mikosch, 2006, Lemma 2.4) that for every ¢ we have that:

quppt i ( 0) “% 0, as k — oco.
=0

Together with the fact that {||g;(0)||®}scz is stationary and ergodic by the first part of this

proposition, this implies that there exists some large k € N, such that

k—1
(Hﬂmﬁulwﬂw%rawW<1, a.s. (B.15)
i €0

First consider the case where n > 1, so then | - || is sub-additive. Clearly, showing that

E||g:(0)]| < oo implies the result Esupgeg |g:(0)|" < co. Now taking a large enough k such
that (B.15) holds, we have by (B.14) and the sub-additivity of || - ||, that
lge(O)]7) < 1+ Z

Obwmm1>>@w¢%l@wmﬂ@%»@mﬁw
-0 0coO n

<1+]g|- kil C[[l (E 31618 (pgr_)ri_l(e))n> V”) (E sup (PE )r] 1(0))”> .

k—

‘= \izo 0co
k—1 /j—2 n\ 1/n
F(ﬂ@mpggm)> gé%nﬂHmmNN@
j=0 \i=0 "
k 1
<1+ (D)2 191+ K718, @, (%)
]=0
(r)\2 T [C]
+ K
§1+<>|g| WUUA e _

1—pn

where || - ||, = (E[]")V/", ﬁg) (Esupgee(p (T)(O))”)l/" < 1, which holds by assumption

and where K is the uniform bound in Lemma (2| Also, we use that {supgcg pﬁ?rt(B)}tez
(r)

s+r(t+1)
N\ {0,1}, by the independence of the innovations {5t}teZ|ﬂ The third inequality holds be-

is an i.i.d. sequence for any s € Z and that (bgrt is independent of p for all i €
cause SUPgce pl(ti)r(jil)il(O) can be uniformly bounded by K" because of Lemma Lastly,
Lemma [1| shows that ||¢¢(g,0)[| < co for any n > 0. Using the same approach (so using that
sup, g (g, %) < di + dalg| for finite constants d; and dp), it can be shown that for any integer
r > 1 also Hqﬁir)(g,a)\\g < o0o. This finishes the proof of Esupgeg |9:(0)|" < 0o for n > 1.

For 0 <n <1, ||| is no longer sub-additive, but then the result can be proved by simply
directly using (|| - |2)" = Esupgeg | - |, which is sub-additive in that case. O
“More specifically, it can be verified that pg:)T(t +4) only depends directly on

AYsir(t4iys - - - AySJrT(tH 1)+2, and that ¢S+Tt only depends directly on Aygyrit1s- - AYsir(t—1)42-
(r)

S0 Pyl ity

L ¢s+,.t for ¢ > 2 because Ay, L Ay,_, for any integer ¢ > 2.
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Lemma 4. Let the assumptions of Theorem hold. Then the function Ly defined in (A.11])
converges almost surely to Lt defined in (A.13) uniformly over O:

~

Lr(0)—Lr(@)] “3 0 asT — .

sup
0co

Proof. First is convenient to rewrite the log-likelihood contribution ¢(g, 1) defined implicitly in
(A.12) in the following manner:

_ lg=al) |m  y~w; (9-c)® _(g—cr)?
l(g,v) = log | exp ( 207 - + 32232 o exp 2%2 207

)2 w T s — )2 — )2
- _(92021) + log <011 +ZU—7€Xp <— [(g 20]2]) C 20%1) ]) ) : (B.16)

1 =2 J

~~

=B(g,%)

By part (i) of Assumption PS and because © is compact, it follows that wy /o1 + B(g, ) can
be uniformly bounded from below and above over R x ©. The uniform upper bound follows
from the mentioned assumption which says that o? is strictly greater than all other 0]2-’5 and
that all U?’s are bounded away from zero. So, the arguments in the exp(-)’s go to —oo as
lg] — oo uniformly over ©, because o? > JJQ- +k for j =1,2,... and k > 0. The arguments
in the exp(-)’s can be positive for intermediate values of g + ¢; if ¢; # ¢1, but this value can
be uniformly bounded by a finite constant because of the compactness of ©. The uniform
lower bound follows from part (iv) of Assumption PS, which says that for any 8 € © we have
w; > K > 0 for all j. Together with the fact that B(g, ) only attains non-negative values, this
assumption implies that the argument in the log, so w1 /o1 + B(g, ), can be uniformly bounded
from below by k/53 > 0, over R x ©. Here 77 < 0o is the maximum value that o7 attains in the
compact set ©. In conclusion, the second term of ¢(g, ) in can be uniformly bounded
between two finite values.

Now we can turn to showing that Ly converges to L; almost surely uniformly over ©. Using the
expression for £(g, ) in (B.16) and that £, = £(g;, %) and & = £(g.(0), %), we have that

T
ir(8) - Lr(6) = ;2—1% (@1(6) — 1) — ((6) — 1)?)

X ;i [log <w1 . B(gt((,),,p)) log (jjll . B(gt(O)ﬂP))] |

Both these averages converges to zero uniformly almost surely over ©. For the first term this
holds true, because we can show that its terms converge to zero exponentially fast almost surely
uniformly over ©. It follows from (Straumann and Mikosch, 2006, Lemma 2.1) that the sum of
these terms from ¢ = 1 to oo then converges almost surely, and therefore the average of these

terms converges to zero almost surely. The terms converge to zero e.a.s. because
1 1

SUD |52 ((3(8) = e1)* = (0(8) — 1)) | < 5 5 sup (5:(0) — c1)” — (9:(6) — 1)?|

35



where we use that by part (iii) of Assumption PS, 02 > x > 0 for any 8 € ©. It follows from
Proposition [T] that

sup |(31(6) — 1) = (9:(8) — )| = sup (6) — (6)] “5" 0.
6co 0c6

as t — 0o, where g; has a uniform log™ moment, i.e. Elog™ supgcg |g:(0)] < oo. Therefore,
it follows that the difference of the squares of §.(0) — ¢; and g.(6) — ¢1 also converges to zero
uniformly over O, see Lemma TA.17 of |Blasques et al.| (2021).

We finalize the proof by arguing that the second average in also converges to zero almost
surely. Again we do this by showing that the terms of the average converge to zero e.a.s. We
will do so by applying the mean value theorem twice. First apply the mean value theorem to

log(w1 /0% + z) to get

sup [log (“’ T B@t(e),w) ~ log (w ; B(gtw),w))'
0cO o1 g1
1
- |. B(g. (0 — B (7]
Sges@Lg)eR By ) ggg\ (9:(0),) (9:(0),9)] ,

where supgcg |1/(wi/o1 4+ B(g,%))| < oo because in the discussion above we argued that
wi/o1 + B(g,%) is bounded from below on R x © by a strictly positive value. Now apply
the mean value theorem again to the continuously differentiable function B(g, ) for fixed % to

get:

0B
sup [B(3:(0), %) — B(gi(0), )| < sup gﬂ’)
0co 0c0,9eR g

< B'-sup|g(0) — g:(6)] “=" 0,
0co

~sup [§¢(0) — g¢(0)]
6o

as t — oo. The convergence result follows from the e.a.s. convergence of ¢ to ¢; uniformly
over © that follows from Proposition (I} Furthermore, we use that the derivative 9B(g,)/0g

is uniformly bounded over g and 1) by a finite constant B’, because:

J
dB(g, ) wj (g—¢ g—a (9—¢)® (g—a)? -
b\, Y)| _ Wi _ . _ _ B
‘ dg Z oj 032. o? P 20]2- 203 <& <00,

j=2

where the bounding constant B’ exists by similar arguments that we used to argue that the
term B(g, ) itself is bounded. More specifically, we have by part (ii7) of Assumption PS that
o? — 0]2- > Kk > 0, for every j > 1, which ensures that the factor exp(-) converges to zero at
an exponential rate as |g| — oo. The term in front of the exp(-)-function diverges as |g| —
oo, but not at an exponential rate. Therefore, for every j the product converges to zero as
lg| = oo, uniformly over © (this can be shown more formally using ’'Hopital’s rule). Because
of the compactness of © and the fact that the variances are bounded away from zero, it is now

straightforward to see that the derivative can be uniformly bounded by some finite value B’.
This finishes the proof. O
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Lemma 5. Let the assumptions of Theorem[1] hold. Then

0(g:(0),7) = £(g:(00),vg) almost surely if and only if 6 = 6.

Proof. We proceed in a way similar to the approach used, for example, by |Blasques et al.[ (2021)).
Recall from the proof of Proposition [If(ii) that g.(6g) = e; almost surely for every ¢. Our first
step is to show that ¢(h + &;,%) = l(e¢,%) can only hold with probability one if h = 0 and
1 = 1py. Because ¢; is mixed normally distributed with parameter ¥, from O, e; has a positive
density function on the entire real line R. This implies that it is sufficient to show that for any
Y1,%9 € O, l{(h+ z,1,) = {(x,1y) can only hold for every z € R if h = 0 and 1 = 5. Look
at the expression of ¢(g,®) given in (A.12). For any %, and %, from © and any h € R, it is
clear that to have

J 2 J 2
wj1 (e =) w2 _(@—cp)”

j=1 71 j=1 792

for any = € R, we must have ¢, = ¢, and h = 0. By Assumption PS we namely have that
the component variances 0]2 > 0 are such that 02 > .. > J?], that all weights are non-zero
and that the J-th component mean c; is such that Z}]:1 wjc; = 0. Hence, it follows from this
discussion that for some t, £(g:(00), %) = l(et, %) = €(h + &¢,7) can only hold almost surely
if h =0 and ¥ = .

Therefore, to show that £(g:(0),v) = £(g:(00), %) a.s. holds if and only if @ = 0y, it only
remains to be shown that given that @ = (w, a, 1) € O is such that 1 = 1, then ¢:(0) = ¢:(609)
almost surely if and only if (w, &) = (wp, ap) . Recall that {g:(0)}icz is stationary and ergodic.
Hence, we can use that if g;(0) = g.(0g) = &; almost surely, for some ¢, then it holds for every

t € Z. Now, given that ¢¢(0) = g:(0¢) = €; almost surely, then g;11(0) will satisfy

9i+1(0) = & —w — as(e; ¥y) + Ay
=wo —w + (a0 — a)s(et; Pg) + €41,
using the model equations and to work out Ayyy1. First, we can argue that if g;1(0) =
€i+1 almost surely, then we must have w = wg. Namely, if w # wg, then we must have
(g — a)s(er; YPg) = w — wp # 0 almost surely. This implies that we must have that ag — «
and s(e4; 1) are non-zero constants. However, s(g4;1p,) is not degenerate because clearly
8s(x;1,b0)/8x‘x:€t # 0 for almost every ;. So we must have w = wp. Because w = wy and
s(e¢; 1) is non-zero with probability one, we can only have g;41(0) = e¢41 almost surely if

« = ag. This finishes the proof. O

Lemma 6. Let the assumptions of Theorem[q hold. Then:
Esup [|£{(0)]| < oo,
6co

where 0}(0) = 0%0(g¢(0),1)/0000', as defined in Technical Appendi:c and || - || denotes the

operator norm induced by the Li-norm.
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Proof. For notational convenience, we define the sup-norm as || - ||©
define the following functions: ¢%(g,) = 0¢(g,)/0a and (%(g,v) = 0*((g,v)/0adb’ with

a,b € {0, g}. Using the sub-additivity of the sup-norm

= supgee || - || and we

9g,(0) ||° 0g:(0 ’
W et

99:(0) 0, (0) 824,(0)|°
90 00’ 0000’

so it suffices to show that each of these terms is bounded. By the assumptions in Theorem

E[0)]° <E[|(00). %)+ E||(a(0). %)

S}

+E|199(9:(0), ) +E

t(9+(6),9)

)

Proposition [2] implies that
Esup |g:(6)|" < 00, Esup [[9g:(6)/06]" < o0, Esup|[0°g,(0)/0008'|"* < oo,
0co 0co 0co

for some n > 4. Furthermore, from the bounds of the log-likelihood derivatives given in Lemma
it follows that the first term is finite as ¢/(0) has n/2 > 1 uniform bounded moments.
To show the boundedness of the next terms, use the generalized Holder’s inequality, which says
that if || - ||, = (E| - ||?)/?, for random variables or vectors = and y, ||z - y|l1 < ||z|,]|y|l4, Where
p,q > 0 are such that 1 = p*¢q/(p + q). For the second and third term use the generalized
Hoélder inequality and the submultiplicativity of the sup-norm to see that:

99:(8) 9g1(0) ||° e

06’ 00" ||, ’

This expression is finite because both dg,(0) /00 and £99(g;(6), ) have n > 4 bounded moments.
The fourth term is also finite, because £99(g, 1)) is uniformly bounded in g and 6, and dg,(0)/00

e o

B < |[e#2aut0), )|

1%9(9:(6), %)

2

has n > 4 bounded moments. Finally, for the last term apply the generalized Holder’s inequality,
and use that £9(g;(0), ) has n > 4 bounded moments and 9%¢;(0)/0006' has n/2 > 2 bounded

moments. O

Lemma 7. Let the assumptions of Theorem[3 hold. Then the Fischer information matric
T = —E[t{(80)] = E[(;(80)¢;(60) "]
1s positive definite.

Proof. We use a proof similar to that of Lemma A.5 of |Gorgi and Koopman| (2021)). First of all,
—~E[¢}(80)] = E[¢,(00)¢}(00) "] because of the Fischer information matrix equality. We namely
assume that the model is correctly specified, so ¢;(6y) is the true log density evaluated at y; and
the second derivative of the log-likelihood function has a finite moment by Lemmal6l Therefore,
we can obtain the result above via a standard argument.

Now turning to the positive definiteness result: E[¢}(80)¢;(0¢) "] is positive semi-definite by
construction, so it only remains to be shown that it is invertible. This can be done by proving

that

0 00:(60)
Ja

o GO0 =T || 0|+ | 20 | (e, 4p) | =0,
9% o
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almost surely, only if v = 0, where v € R3/ and ¢9 is defined in the proof of Lemma @ We can
split up the vector v = (v},v’ ;) with v; € R? and v_; € R3/~2 such that v; corresponds to
the derivative with respect to o and w and v_1 corresponds to the derivative with respect to
1. Recall from the proof of Lemma [5[ that ¢;(6¢) = &; almost surely. Furthermore, notice that
9(g,v) = —s(g; 1), so it is equal to the score function.

Similarly to the proof of Gorgi and Koopman| (2021, we can now argue that v'#(6g) = 0
almost surely, can only hold for v # 0, if we are in one of the following cases: (i) v; # 0 and
v—1 =0, (ii) v1 =0 and v_; # 0, and (iii) v; # 0 and v_; # 0. For (i) to hold, we must have

. 99:(80)
s(ee; Po)vy (85;?(&90)) =0

Ow

Looking at the score function, it is clear that s(e;%) # 0 with probability one. So for
the equation to hold, we must have vy 10g:(00)/0a + v1209:(60)/0w = 0 a.s. Note that the
derivative processes of 9g;(0p)/0a and 0g.(0y)/0w are virtually the same, but the former has
‘innovation’ —s(e¢;10) and the latter has ‘innovation’ 1, see Technical Appendix It is
clear that both processes are not degenerate and since s(e¢; 1) # —1 with probability one, the
derivative processes are linearly independent. Hence, option (i) is ruled out.

For case (ii), we would need to have

Ty [2C00) )1 — 2L

o o
this is ruled out because the elements of the vector in brackets are linearly independent. To
see this, first notice that dg.(0¢)/0y is F;—1-measurable, and 9l(e¢, )/0¢ and s(e¢; 1) are

not. Next, look at the expression of the vector 0¢(e, 1)/, which can be constructed using
the building blocks in Technical Appendix

o) _ oo () 1 e — e g ew (U5

=0,

i=1,...,J—1: 5 _ 2 : ( |
w; T —
l Zj:l %ﬂ_exp (—%(}?)
e ws N2 - e
i=1,..., _ ( |
dei S B <_<>>
1= o 20_j
eeg)” : (=)’
i=1 J- (e, ¥) [% - 1] 507 €XP (_tzT)
— gy . 60'12 B J Wy (st—Cj)Z .
Ej=1 ?jexp _T?

It is immediately clear that all the elements of 9¢(ey, 1) /0 are linearly independent given the
identification conditions in Assumption PS, and they are also non-degenerate. Hence, there is
no nonzero vector v_; such that v',0¢(ss,v)/0% = 0 almost surely, and in effect, the same
counts for (s(es; %)) 1w 100(e,py)/0% = 0. This rules out case (ii), because dg;(6¢)/0 is
independent of 9(gy, 1) /0 (s(es; 1))~
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Lastly, for case (iii), we would need to have

Y1 | ag:(00) U_1 Bl V_1 )

: (agé(g())> o s = (s(e;%pp)) "0 Ot(er, %o)
99t\%0) ! 31/7

ow

but this condition will not hold for a similar reason. The left hand side is namely F;_1-
measurable and the right hand side is not, and the derivatives on both sides are not degenerate.
This namely implies that for this condition to hold, we must have that both sides of the equation
are equal to zero, and we just argued that the elements of 0¢(g¢, 1))/ are linearly indepen-
dent, so there exists no v_; € R3/~2 for which the right hand side is equal to zero almost surely.

This means case (iii) is also ruled out, which finishes the proof. O

Lemma 8. Let the assumptions of Theorem[d hold. Then:
VTLp(00) % N(0,K)  asT — o,

with K = E[¢;(60)¢;(00)"] and where Ll and £,(0) = 0(g:(0),4)/00 are defined in Technical
Appendiz [C-3

Proof. We obtain this result by applying the Central Limit theorem for stationary and ergodic
martingale difference sequences of Billingsley| (1999). In order to be able to apply this theorem,
we have to argue that {¢}(00)}:cz is a stationary and ergodic martingale difference sequence
with a finite second moment.

It follows from (Krengel, 1985, Proposition 4.3) that {¢}(6¢)}+cz is stationary and ergodic,
because ¢} is a continuous function of ¢;(0) and 9g:(6)/00, while Proposition [2| states both are
elements of stationary and ergodic sequences. Furthermore, {;(0¢)}:cz is a martingale differ-
ence sequence since the model is assumed to be correctly specified and ¢;(6p) is the conditional
score, defined as the derivative of the conditional log-likelihood with respect to 0, evaluated
at the true parameter value 6y. The weak regularity conditions needed for this result are met
here, because the observational density function is continuously differentiable and its derivative
with respect to 8 can be uniformly bounded in all its arguments by some finite constant, which
implies Leibniz integral rule can be applied.

Finally, we show that the second moment of () is finite, i.e. E|[£,(0¢)||*> < oo, where
|| - || denotes the Li-norm. This is equivalent to showing that ||¢}(60)|2 < oo, where || - |, =
(E|| - [|")/", which is sub-additive if n. > 1. Hence:

d9¢(00)

£9(g1(80), ) 22

)

1648012 < [[£9(91(80), o) +
2

where ¢¢ and ¢9 are defined in the proof of Lemma @ By Lemma we know that the first
derivative has n/2 bounded moments, where n > 4 are the number of bounded moments of g;(0)
by the assumptions in Theorem [2| and the results in Proposition [2l Hence, the expectation is

finite. For the second term, we can use the generalized Holder’s inequality, which says that for
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random variables z and y, ||z - y||1 < ||z||p|lyllq, where p,q > 0 are such that n =p*q/(p + q).
It follows that ||z - y|[n < [|2||npllyllng. Hence, we can bound the absolute second moment of the

separate elements of the term as follows:

09:(00)
00;

09¢(00)
00;

(9:(60), %) < [[€9(9:(60), %0) 4

2

4

Both terms on the right hand side are finite, because 9g.(6y)/06 has n > 4 bounded moments
by the assumptions in Theorem [2] and the results in Proposition [2| and the other term also
has n bounded moments, as is argued in Lemma Alternatively, we could have used that
9+(00) = & almost surely, and that ¢9(e¢, 1) and 0g:(6o)/00 are independent. This finishes
the proof. O

Lemma 9. Let the assumptions of Theorem[d hold. Then:

VT sup HIA}AF(H) - L'T(O)‘ 0 asT — oo,

6co

see Technical Appendiz[C.3 for the expression of the log-likelihood derivative. ||| is the Li-norm.

Proof. For notational convenience, define the sup-norm as || - |© = supgeg || - || Similar to
Lemma A.6 of |Gorgi and Koopman| (2021), we will show that the convergence result holds, by
showing that

1£,(8) — £,(6)]|° “™ 0, (B.17)

as t — oo, as this implies that

4

T

o (C] ~

Er(0) = Lr(8)]| " < 3 sup 1(6) ~ £,(6)[° < oo,
t=2

almost surely, by the subadditivity of the sup-norm and Lemma 2.1 of [Straumann and Mikosch
(2006). This in turn implies the final result v/T'||L5-(8) — L (0)[|° %5 0.
To show the result in (B.17)), consider the expression given in Technical Appendix and

using the subadditivity of the sup-norm bound it as follows:

~ (C]
16(8) = £:(0)]1° < || (5u(8). %) — (51(6), v (B.18)
N ©
+ |00, 2O (g0, )220 Bag)

where ¢9 and ¢9 are defined in the proof of Lemma@ Hence, it suffices to show that both terms
on the right hand side vanish e.a.s. as t — oo. For the second term, we use Corollary TA.16 of

Blasques et al.| (2021), which says it suffices to show that

agt(e) o agt(e) H® e.a.s.

169(G:(6), %) — £9(g¢(0),%)||® “* 0,  and H 96 06 -~ 0
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as long as £9(g;(0),%) and 0g;(0)/00 are stationary and ergodic and have a finite log™ || - ||
moment, which is the case here. In particular, 0g,(6)/00 is stationary and ergodic and has
n > 4 finite moments by the assumptions in Theorem [2| and the results in Proposition
Furthermore, ¢9(g4(0),1) is also stationary and ergodic by (Krengel, 1985, Proposition 4.3)
and also has n > 4 moments by the bounding result given in Lemma The convergence
of the first derivative 0G;(0)/00 to the stationary limit 0g;(6)/060 also follows directly from
Proposition [2| Finally, use the mean value theorem in order to see that:

109(31(6). ) — £2(00(8). #)||° < supsup £49(g, )] - 9:(8) — 9 (B)]|° “* 0,
0cO geR

where the convergence result follows from the fact that ¢99(g, 1)) is uniformly bounded in g and
0, see Lemma and [|g:(8) — g¢(0)]|® converges to zero e.a.s.

The first term of the right hand side of needs a more intricate treatment, because not
all terms of the derivative vector £99(g, 1) are uniformly bounded. To be more precise, all the
terms are bounded except for the term corresponding to 2. For the terms that are uniformly
bounded, we can again apply the mean value theorem in the same way. So it is not hard to
see, that it now suffices to show that also 9(g;(8),)/00? converges to O(g¢(8),)/0o? e.a.s.
uniformly over ©. The expression of 9¢(g,)/00? is given by

w1

90(g,%) (el 1)

80'% - J W (g—C')Q (g—c1)2 )
L2 gy exp (= 5 — a2
Notice that the denominator cannot be smaller than one given Assumption PS. Denote the

numerator by N(g;v) and the denominator by D(g;1). We can apply Corollary TA.16 of
Blasques et al.| (2021) to show that N(g.(0); 1) converges e.a.s. to N(g:(0);1) uniformly over

© and the same for the inverse of D(g;1)). We namely know that both factors are stationary
and ergodic if evaluated at ¢.(0) by (Krengel, 1985, Proposition 4.3) and they both have a
finite moment, because g¢(0) has n > 4 bounded moments by Proposition [2 © is compact by
Assumption PS and D(g; ) is never smaller than 1 given Assumption PS. For the convergence

of the numerator:

= C|(3(8) — 1)? — (9:(8) — 1)?]|° %" 0,

where C is some finite constant and where the convergence result follows from another ap-
plication of Corollary TA.16 of Blasques et al. (2021), since [§:(0) — c¢1 — (g:(8) — c1)||® =
1G:(0) — g:(0)]|® “%™ 0. Finally, to show that the inverse of D(§;(0);) converges e.a.s. to the
inverse of D(g:(0);), the mean value theorem approach from above can be applied, since it is

straightforward to see that 9(1/D(g;v))/0g is uniformly bounded over 8 € © and g € R, since:

o( 10 1
09 \ D(g;v) dg 14 ZJ &exp (_ ((Q—Cj)2 - (9—c1)2>>

Jj=2 o; 20]2- 20%
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J wj|g=¢ _ g-a (9= (g—c)?
2= ; [ oF o7 | P 207 202

2 ’
1y e (- (1 ) )

which can be uniformly bounded given the parameter restrictions in Assumption PS, in partic-

ular because 0% < sz for all j # 1. This finishes the proof. O
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Technical Appendix

C. Derivatives

C.1. Derivatives of model expressions

In this section we will give the derivatives of s(g; %) and £(g, ) with respect to ¥ and g and argue how
they can be bounded. Let

caly) — . wj _(g —¢)?
Flgi) =) —Fexp | -5~ |, (C.20)

j=1 "7

and let

G(g;%) = —

J
P) g wj (9—c¢;)?
=) e | e |
=1 i J

such that ((g,%) = log F'(g,%) and s(g;9) = —0l(g,%)/0g = G(g9:%)/F(g;%). Let Gi(g;vp) =
0G(g;1)/0k where k can be g or the vector 1, and use similar notation for the function F' and for the

second and third derivatives. Then we have:

9s(g:p) _ Gylgip)  Glg:v¥)Fy(g: )

O Flgp) Flg;y)? 7
?s(g;9) _ Gy (g:%)  Fy(g:9)Gy(9:%)  Gul(g:9) Py (g:9)  Glg;9) Fyy (9:9)
Fpoy’ F(g;) (F(g:9))? (F(g;9))? (F(g;9))?
4 9GPy (g:9)
(Fg; 9 ))3
Os(g:v) _ Goloi®) | (Glgi9))?
dg Flgi) — (Flgi))?’
Os(g:p) _ Coglg:¥) | 3G(g:9)Gy(9:9) | 2(Clg:9))°
dg* F(g; 1) (F(g:9))? (F(g;4))®
Ps(g:p) _ Cogglg:¥) 4G( 1) Gog(9:9) | 3(Gy(g:9)? | 12(Gl9:))°Cy(9:%) | 6(Glg: )"
dg° F(g:) (F(g;9))? (F(g;9))? (F(g;9))? (F(g; )t
Os(g:9) _ Guglg:¥) | 2G(6:9)Gulgiv) _ Fulg:9)Cy(g:9) _ 2G(g:%)*Fylg:9)
Ipog F(g;1) (F(g34))? (F(g3))? (F(g:9))? ’
Os(9:%) _ Cuge(9:%) | 3G(g:9)Cuy(9:%) _ Fy(9:%)Cogl9:%) | 3Cy(9:%)Cy(9:9)
90g? F(g;) (F(g:4))? (F(g; 1)) (F(g:9))?
L 6(G(:9))*Cylg:9) _ 6G(g:9) Fu(g:9)Cy(g:%) _ 6(Glg: %)) Fylg;v)
(F(g; %)) (F(g; %)) (F(gy))t
s(g:9) _ Guwg(9:%) | 2G(5:9)Guyy (9:%)  Ful(g:9)Goy (9:%)  Goy(g;¥) Fyr(g: %)
oy’ og F(g;1) (F(g;9))? (F(g; 1#))2 (F(g:9))?
_ Gl ) Py (g:9) | 2Gy(g: )Gy (g5 9) _ 2(G(g: ) Fyy (g:9)
(F(g:9))? (F(g:9))? (F(g; %))
_AG(g; ) Fy(9:9) Gy (9:9) 4G (g: )Gy (g; %) Fyr (95 9h)
(F(g;9)) (F(g; %))
2Fy(g:9) Fyr(9:9)Co(9:%) | 6(C(g:9))* Fy (9:9) Fyr (9:%)
(F'(g;9))? (F(g;9))* '

The derivatives of the log likelihood function are given by

(g,¥) _ Fylg:9)

o F(g;v)
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g, ) Fypu(9:%)  Fylgi¥)Fy (g;9)

Moy’ Flgiyp)  (Flg)? 7

and the other derivatives of interest of the log likelihood function ¢(g,)) are already known given the

derivatives of s(g; ) above:

ot(g, %) 0*(g. ) 9 0*U(g, ) 0

09 —s(g;9), Tg; = _%S(g;¢)’ “oF o s(g; ),
Plgp) 0 Pelgp)  0* Pug.p) P
ooy 0"V Togae ~ awag" V) bgoyiag ~ away Y

We will now list all the derivatives of F' and G that occur above. We have to take into account that w

and ¢y are determined by the other weights and means in the derivatives. Remember that by Assumption

J—1_
PS we have that wy =1 — ZJJ 11 w; and that c; = —233'%‘;“]6], which implies that for every integer
1<i<J -1
611)] 8CJ 1 aCJ w;
=-1, =—/(cj—ci), =——.
ow; ow; w. ac; wy

To keep the expressions readable, we introduce the notation f;(g) := exp (—(g9 — ¢;)?/(202)). Note that

0fi(9)/0ci = (g — i) filg)/oF, 0fi(9)/doF = (9 — ci)?fi(g9)/(20}) and Ofi(g)/0g = —(g — i) fi(g)/o?
Hence, the elements of Fy,(g; ) are given by:

wiri< J—1, axm¢w:3mm—(1—g;wwj—m);/xm,

J
arisI=1 Fulgw) =TT - S ),
— )2 .
0—1'2 3 S J, Faf(.gad)) = <(go_QCZ) 1> ;Z_lgfz(g)

The elements of Fy,y(g; 1) are given by:

3
20

- (9 —cg)? (cs —ci)(cs = ¢j)
iy Wy 11, SJfla Fw~w 5 =|——-1 )
Wiy s il = (U5 = 1e)
. (9 —c)? w; (9—cs)? w;
Ci,¢i 1< J—1, 0101(g "p): 2 -1 ?fi(g)_F 2 -1 3 fJ(g)7
o; o; o5 oW
o o (9 —cg)? wiw;
7:7 j - ) S J—17 ) FC'C' ; = - 9 1 T )
R Y N N 1))
2 2. . (9 Ci)2 (g Ci)4 w;
0;,0; 21 <, Fafo?(gv"/)):(?’_(i 012 + O’?‘ 4015 z( )a
07,05 0,5 < J,j# 14, Fo2q2(g3) =0,
. g—c (9 —cn)?* wiles — ) —cy
i <J—1 Fyoe(g:9) = : 1—
wi, ¢ 11 < J , wlcl(gﬂ/’) 0_13 fl(g) + ( 0_3 ) U)JUJ fJ( ) 03 fJ(g),
2
o L g—c c w;
’U}Z',C]‘Z%jgj—].,j#l, lecj(gv,l/)):(l_( QJ) )(J ) jf( )
o chrJ
2. . (9— Ci)2 1
ws, 0 ] ZJ<J_1]7£7’7 leo'?(quvb):oa
_ —_ o _ _ o _ 2
wi ok i < J -1, Fyoz(g:9) = (1 3l C";(QCJ <) _ <1 _ C"()}_(QCJ Cl)) U Uzc‘]) >
J J J
2 , (9 —ci)? (9 — ci)w;
ci,o; 1< J—1, Fcia?(g,w) = <022 - 3> Tﬁ(g)a
Ciao—?:iajgjflaj#’h F (9,1/))*0,
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. —cy)? —cy)w;
Ciao—?] 1< J— 13 Fc,;az (9717[)) = <3 - (g 2 ]) ) (g ;) fJ(g)
J o5 20

The elements of Gy (g; 1) are given by:

. — ¢ —cy)? 1
w11 < J—1, Gu,(g;%) = gigfi(g) - (g — ¢ — M(CL} - Ci)) — f1(9),
g; 95 97
, —ci)? w; —cy)? w;
crizi-1 Galew) = (U o) Bae - (U 1) B,
i i 7 J
, (9—c)? (g — ci)w;
riss Galaw) = (UPE -a) UM ).
The elements of Gy (g; %) are given by:
. —cy)? cj—ci)lcg—c c
Wi, Wy :Zng‘]_lu Gwiwj(gv,l/]): <(g QJ) _3) ( 1 )( Js J)(g J)f (g)u
05 aywg
. (9 —ci)? (9 — ci)wi (9 —cy)? (9 — cow?
ci, ¢ 1< J—1, Geiei(9;9) = (o_lz -3 Tfi(g) + o2 -3 Ty fi(9),
. . (9—cs)? (9 — cr)wiw,
Ci, Cj 1 1, ij]-a z, Gc;c 5 = -3 )
g < —1# o) = (U L )
PRy 4
0,070 <, Gz (g:%) = (15 TG M Cht) ) (9 4‘3;)““ filg),
0; o 0
0f,0% i, < Jj#4, Goz02(g59) =0,
. —¢)? 1 —cy)? 1
wi, ¢t < J—1, Guiei(9;%) = <(gz) - 1> — filg) — (w - 1> — f(9)
g; o; o7 g7
—C 2 —C Cj — C;))w;
+<3_(g 2J) ) (g J)( J5 ) fJ(g),
05 wjoy
- o —cy)? —cy)ley —c))w
Wi, Cj 11,7 < J - 1,.7 7& Z, Gwlcj(g?’lﬁ) = (3 - (g O_QJ) ) (g J'l)U( J5 ) Jf (g)a
J Jo
2
iz = (G=_Yaa,
Wt i<, Gl = (L =) 1),
lUi,UJQ'Z’L',jSJ—l,j#i, Gwia?(g;,l/]):()v
5 o (9—cs)?(cs—c)\ 1
wiod i< T, G a:9) = (30— )~ 6= 2w 10
(9—ci)lcs—c) (g—cs)®
— (1=
( 5 i),
- (g—c)® | (g—c)'\ wi
Ci,O'iQIZSJ*]., ciaf( 17[)): (36 0_1_2 + 0_? ﬁfl(g)’

Ge.02(9;

Ciao—?:iajgjflaj#ia Gclaf(qup):(),
—C 2 —C 4 wW;

Guurplaiw) = - (3602 4 U200 W),

o 07

clv,ag-:ingl,
Next, Gg4(g;%), Ggg(9;%) and Gyqq(g; 1) are given by:

Gy(Gigp) =Y |1~ (9‘)> “35(9).

<
Il
—_

<.

J
Gggg(Gi1p) = Z

J
GG = (‘g —aa) 3) W=l ),



The elements of Gq,4(g; ¥) are given by

_ )2
wg i< a1 Guglew) = (1- U0 S - L)

i i J
2
g—=c¢ g—=c¢
+<QCJ+<3(02‘])) (CJC%')) 0_5Jf.](g)7
J J
. —¢)? —¢;)w; —cy)? —cg)w;
chgsi<I-l Guylgw) = (3- U PR) UoW g (5 ol ) Do),
0; 0, i 07
. (9 — Ci)2 (9 — Ci)4 %
U?,gIZSJ, Gafg(g§¢): <_3+6 01'2 - 0_;1 ﬁfz(g)
The elements of Gug4(g; 9) are given by
2
. g—c; g—c Cj—C;
U)i,g,g:lgj_]-, Gwigg(g§¢): <( 0_2 ) _3> 0_5 fl(g)+3 JO_5 f](g)
i i J
_ _ _ _ _ 2 _
N (3 gl es)les —c) _ (1 el cz>> (9-c) ) ey
o o o o
J J J J
2 2
. w; g— G g — C) W
Ciagvg:ZSJ_la chgg(gﬂ/’)::‘s;ﬁ(g)_ (6_ ( 0_2 ) ) ( 0_7) fZ(g)
w; (9—cs)?\ (g —cs)’wi
3% —(6— ,
P fi(g) ( o2 ) o7 fi(g)
, (g—c)® | (g—c)\ (g — c)w
07,991 < J, Go2gg(g:%) = (15— 10 p + p 207 i(9) -
Finally, the elements of Gqq(g;0) are given by
L , (g=ci)?® (g—c)*\ (es—ci)les —¢))
wiijvg 2 S ‘] - 1a G’wiwjg(gv"p) = <_3 +6 02 - 0-4 inj f.](g)7
_ )2 _ )4 .
Ci,Ciy g : i < J— 17 Gcicig(g;w) =|-3 +6(g 261) - (g 461) %fl(g)
5 0 i
(g — CJ)2 (9— 0,1)4 w?
—-3+6 — L
e e ) i)
. s (9—ci)? (g—ci)' wiw;
Ciacj’g:%]SJ*l?]#Za GCing(g;,l:b): <3+6 O,LQI - UL% 0'3’[0] f.](g)
_ )2 _ )4 _ ~.\6 )
020t i < Gz g5 ) = (15 e -1
i Ui Ui Ui 40—1
0f,05,9:4,j < J,j #1, Gozo2g(9:9) =0,
s . _ (Q—Ci)2 g—G (9-&1)2 g—=cy
wi, ¢y g1 < J =1, quchzg(gv"p)_ 3- 2 5 filg) — |3~ 2 & fi(g)
o o 07 07
(g CJ)2 (9 — CJ)4 (c1 — ci)w;
3—6
+ ( 2] + O’§ 'LUJU§ fJ(Q),
- . (9—c1)? | (g—c)* (s —ciw,
iyCjyg 1, SJ_17 ) Gw'c: 5 =(3-6 )
Wi, Cj,g 1 1,] JFE i Jg(g 1/’) ( 03 + O’ﬁ 'lUJO'§ fJ(g)
) (9—c)® (g—e)*\ 1
U/Z‘,U?,g i< J — 1, Gwlogg(gv,l/}) = <_3 +6 U? - 0_21 Efl(g)
wiao—?ag:iajéj_lvj%u Gwia?g(g;¢):07
. g—c 3
wiodg i< 1, Gy (:) = (1 S =) (o ) 1 3es - cm) 2 i)
o5 20
)2 )
(amerrer—e (9- U2 ) ) Uil p).
o5 20



> _ (g—c)® (g—c)' (g —cows
Ci;0;,9 1 < J— 17 Gciafg(gv’ltb) = <15 +10 O_ig - O';l 20_;7 z(g)a
Ciao—?,g:iajgjflaj?éia Gcia?g(g;w):07

2 o . (g—cn)?® (g—cn)' (g—cpws
Ci,07,g 1< J -1, Gcicr%g(ng) == <15+ 10 0_3 - 06 20_3 fJ(g)

The resulting expressions of the derivatives of s and [ typically do not simplify to convenient forms,
so we will refrain from filling in the derivatives of F' and G to obtain them. However, it is straightforward
to check whether the expressions can be bounded by a constant or by a|g|* + b for some k as follows. By
Assumption PS we namely have that o? is the largest component variance. So if we write the derivatives
of s and [ as one big fraction and we divide and multiply the resulting expression by fi(g) to the power
of F' in the denominator, say k, then the resulting denominator is bounded away from zero. It is clear
that the only terms of the resulting numerator that can cause one of the derivatives to not be uniformly
bounded, are the terms containing f1(g) k times. We namely know that ¢”f;(g)/f1(g) will converge to
zero as |g| — 0 for any p € R and any j > 1, because f;(g)/f1(g) will go to zero at an exponential
rate. Hence, all of the derivatives with respect to w;, ¢; and o for i > 1 can be disregarded, because
they can be trivially bounded in this way, as they do not have f;(g) in their numerator k times. For the
derivatives with respect to ws, ¢; and/or o7 that do contain f;(g) k times in the numerator, it turns out
that the terms containing f;(g) are often canceled out in the derivatives of s and I.

The following lemma states how each of the derivatives can be bounded uniformly over ©. We will
not show the derivations of this, because it is straightforward, yet tedious, but it can be checked using

e.g. Mathematica.

Lemma TA.1. The derivatives of the log likelihood £(g, 1) and the score function s(g; 1) can be bounded

as follows:

o sup,, [s(g; )| = supy, [04(g,)/0g| < di +dalg| for some finite constants di and da. See the proof
of Proposition[]] for a derivation.

o sup, ., [ds(g; 1) /gl = sup, 4 [0%4(g,%)/0g*| < dy , see the proof ofPropositionfor a derivation.
o sup, ,|0%s(g; ) /0g%| = sup, 4, |0°L(g,%)/0g°| < dy,
o sup, ,|0%s(g;v)/0g% < dy,
e The elements of 9¢(g,v) /O can be uniformly bounded by dy, except for:
— supy, [06(g,)/0c1| < di + dag]
— supy, [00(g,v)/00F| < di + da|g]? ,
e The elements of 0%4(g, ) /00" can be uniformly bounded by dy, except for:
= supy, [0%€(g,)/0(07)?| < di + dag|? ,
— supy, |0%4(g,%) /01007 | < di + dalg],

o The elements of 9s(g; 1) /0 and thus of 8%4(g,)/0vdg can be uniformly bounded by dy, except
for:

— supy, [0s(g;9) /00| = supy, [0%((g, 1) /001g| < di + dag|,
o The elements of 0%s(g;1))/0vpdg and thus of 93((g,)/0pdg? can all be uniformly bounded by
dy.
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e The elements of 0%s(g;1b)/0pdg* can all be uniformly bounded by d; .

e The elements of 8%s(g; ) /0oy’ and thus of 93((g, 1)) /OO’ Dg can be uniformly bounded by
dyi, except for:

— supy, |0°s(g;9)/0(07)?| = supy, [0°L(g, ) /0(01)*0g| < d1 + dalg]
e The elements of 0%s(g;1b)/0pOp' dg can all be uniformly bounded by d; .

If evaluated at ¢:(0), where g;(€) has n bounded moments, the derivatives that can be uniformly
bounded by a constant have bounded moments of any order. The derivatives that can be bounded by

dy + da|g|? where p =1 or 2, have bounded moments of order n and %n respectively.

C.2. Derivatives of prediction error process

In this section we give the first and second derivative of g;(0) with respect to 8. We use the same
notation as in Technical Appendix D.2 of Blasques et al.| (2021]). Considering the updating equation of
9:(6) in (7)), it follows that:

39t+1(9) _ A}(:l) 4 8gt(9)Bt

00 00

where

ALY = AV @a(0) = 5o~ Taslon@)) o

g:_(]t(g)

By = B(6;:1(0)) = 1 — as'(:(0):9) -
For the second derivative process we get:

829t+1 (0) (2) 829:5(9)
9006’ t

where

0AY 94N 94,(8)  9g,(0) OB;  9g,(0) OB; gy (0
AEQ) ZA(2)(0;gt(0),agt(0)/80) _ 94 i 09:(6) 9:(0) 0B, 9:( )716 9:(6)

06’ dgr 00 00 00’ 80 dg; 00’
_ [ 02 9s(g; %) L 9slg: ) Oa | 9s(g;¢)
06 06’ 00 06’ 0000’
9=9:(0) 9=9+(8) 9=9:(0)
(ooosgw)| | Pslow) 09,(6)
00  Og 000¢g 06’
9=9:(0) 9=9+(8)
_ 99:(0) [ 9s(g;:9) O 9s(g;¢) s 9) 99:(0) 09:(0)
00 dg 06’ 0900’ 0g? 00 06"
9=91(8) 9=9+(8) 9=9+(8)

For the expressions of the derivatives of the score function s(g; ), we refer to Section

C.3. Derivatives of log likelihood

Here we give the first and second derivative of the log likelihood function with respect to 8 = (w, o, 9")’.

Using the notation

Lr(0) = 3 Ua(6)y),  where L(g,9) =log F(g: %),

t=2
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and where F is defined in (C.20)). The first derivative is L1 (0)/960 = + ZtT=2 00(g+(0);1)/00, where

0l(9:(0), %) _ 0l(g, ) L g 99:(0)

00 90 lg=g.(9) g lg=gi0) 00 '
where we know that 0¢(g,)/0g9 = —s(g; 1) and 9¢(g,1)/00 is equal to

0

olg.y) _ |,
20 o6(9.%)

9

See section for the derivatives of the £(g, 1)) function and see section for the derivative process
of g:(0).
Now for the second derivative we have 9Ly (6)/8000" = L S, 80(g:(8);4) /0608’ , where

0%U(g:(0);9) _ 325(9,111)’ 023(9,1#)’ 99:(0) 82ﬂ(gn,b)‘ 0g:(6) 09:(6)
0000’ 0000’ g=g.(0) 000g lg=g.(8) 00’ 8g0g  lg=g.0) 00 00’
9g:(0) 9*4(g, %) 0l(g, ) ‘ 9%9:(6)
00  0goo’ g lg=g:.(6) 0006" ’
9=9:(0)
where 92((g,)/00060’ is equal to

0 0

g yp) |00

VY YO .

0000 : 826(5;,1/5)

0 0 POy

C.4. Fischer Information Matrix expression

Lemma TA.2. Under the assumptions of Theorem[d the Fischer Information matriz is given by

T — E[1}(80)(}(05)"] ( 4 C)

CcT B
A 1 2 —d 7
b \-a bz

B:D—!—% {caoE—i—

o Qo cGT —dFT
11— cFT+ HT )’

where a, b, ¢, d and e are the scalar-valued:

where

2 _
Haoe =) ppt _ oo(HFT + FHT)} ,

a=1-aoE[s'(e1:1h0)] = 1 — aoe,
b=1—2a0E[s'(e;%,)] + 2E[s' (e4;900)%] = 1 — 2a9c + ade,

c=E[s'(e;7)] = E[s(ey; ":bo)Q] )
d=E[s'(¢,90)s(et, ¥0)] ,
e =E[5'(e1, %)%,
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and where D, E, F, G and H are the matriz and vector-valued:

p-e[ MG

E=E :3(551;/’0) 5(2:;[}00)]

IO R L o
G=E }s(et; qpo)as(g;;/’o)} ,

H = [ (e ) 00

Proof. By the information equality, we know that Z = E[¢},(80)¢},(80) "], so it follows from the expression
of the derivative of the log likelihood function in section [C.3] that

A C
T =
(CT B)

! 1

[0€(e1, Do) OL(et, %)

with

o ey M e
e S 0] o] 120
0 =5 | 200 g |2t (e )| + Bl ) B | 2P 2

for 8; = (a,w) T, where we use that g;(6o) is equal to £; almost surely. Notice that we use that the
derivative of ¢(g,) with respect to g is equal to —s(g;v). Proving the equalities that are claimed to
hold in the definitions of the constants ¢ and F, can be done by taking the derivative of E[s(e;1))]
(which is zero by construction) with respect to £; and 1 respectively and by interchanging the integral
and the derivative, which can be done by a standard argument. For the expectations of the derivatives
of %990) and its square, we can use the derived expressions of section and the fact that by the
assumptions of Theorem [2] and Proposition 2] we know that these expectations exist and are finite and

that the derivatives are SE. Using the notation a as defined in the Lemma, for the expectation of 99:(60)

06
we get:

E [0g:(60) | _ E[—s(et; )] -0

| Oa | l1—a
E 'é)gt(ao)' _ 1

| Ow | 1l-a
E [09¢(60)] _ o g |93Esdy)| - o F

oY | l—a oY 1-a

Similarly, for the expectation of the square of %, using the notation defined in the Lemma, we get:

(39490))21 _ E[S(Et;’l/’o)Q] __¢
Do 1-b 1-b

. [(agé(f()))?] s

E
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09:(60) 0g:(00) i of 0s(et; 1) 0s(er; ) 1 0s(e; %) 0s(e; )
E{ O awT]_l—Ob]E{ P o' %1— ZE[ o ]E{ o’ }

2
- 1Oi)b {E+1_a [QFFT—OéoHFT—O‘OFHT]]
99,(80) 99,(8
E[ gta(aO) gta(w())] = T p e kol vo)
. (%)) d
- (1-a)(1-b)
[90,(00) 99:(00)] _ a0 [ . [Os(erinbe) % _ [95(eri o)
Bl =00 oo | 120 {E[ o : S(Et’%)} R 0
_ (o)) Oéod
10 {G_ 1—@4
[ 991(60) 991(00)] o 9s(e¢3 1) [Ds(243 1)
FlTow ow |TO-wi-b {_2 - [81#} M T
_ o [—2 F + oG]

(1—-a)(1-0)

| Bl e wos(ern ol

3(5t5¢o)”

0s(es: )
oy

Plugging these expectations into the expressions of A, B and C, and simlpifying the resulting expressions

leads to the final forms in the lemma.

D. Supplementary Monte Carlo simulation results

O

To supplement the asymptotic results on the MLE, we consider a Monte Carlo simulation study to

investigate the small sample results of the ML estimator for the model under consideration. Consider

the model with J = 2 and J = 3 components. The chosen parameter values are close to those that were

estimated in the application of Section [b| see Table [5| and just as in the application we set w = 0. We

simulate 1000 times for sample sizes T =

500, T'= 1000 and 7" = 5000.

The results of the simulation study are reported in Table [f] and Figure 5} Figure [f] displays the

estimated kernel density function for each of the estimated parameters. As the sample size increases, the

average estimates move towards the true values and the standard deviations become smaller. This is also

visible in the kernel density plots, as for most of the parameters the density is symmetric around the true

value and as the sample size increases, the estimates move closer around the true value. Furthermore,

the empirical standard deviation is generally larger than the average asymptotic standard deviation

calculated based on the asymptotic variance matrix of Theorem As the sample size grows, the

two standard deviations move closer together. We also see in Table [5[ that the parameters o? and c;

corresponding to components with a small weight w; are estimated less accurately, taking into account

the true value of these parameters might be larger for the component with the smaller weight.

The results for J = 3 components are notably worse than for J = 2; the average estimates are further

away from their true values, especially for the smaller sample sizes. This is also visible in the plotted

kernel densities of Figure 5] What stands out in particular, is that for J = 3 it seems to be difficult to

identify the second component. Namely, for the smaller sample sizes, a part of the estimates of o2 is not

around its true value 10, but around 3, which is the true value of 03. The second component weight ws

also has a peak around 0.8, while the true value is 0.15. Hence, for J = 3 or more components, it seems

like the ML estimator struggles to distinguish the different components, which has to do with the log

likelihood being ill-behaved. For the sample size T' = 5000, this problem is less pronounced, as the weight
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Figure 5. Kernel density estimates of estimated parameters of model with J = 2 (left) and J = 3
(right) components for sample sizes T' = 500 (red), 7" = 1000 (blue) and T' = 5000 (green). The results
are based on 1000 Monte Carlo replications. Black dashed line represents true parameter value.

wy is estimated rather accurately, but still the estimates of o2 are not very precise and there is more

mass left of the true value. In practice, when the number of components increases, the ML estimator

may not be very stable, especially if the sample size is small.
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