A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Cai, Zhifeng

Working Paper

Dynamic Information Acquisition, Comlementarity, and

Market Liquidity

Working Paper, No. 2020-04

Provided in Cooperation with:
Department of Economics, Rutgers University

Suggested Citation: Cai, Zhifeng (2020) : Dynamic Information Acquisition, Comlementarity, and
Market Liquidity, Working Paper, No. 2020-04, Rutgers University, Department of Economics, New

Brunswick, NJ

This Version is available at:
https://hdl.handle.net/10419/246485

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/246485
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Dynamic Information Acquisition, Comlementarity, and Market Liquidity

September 22, 2018

Abstract

This paper studies dynamic information acquisition in financial markets with information asymme-
try. It first shows that multiplicity can arise in the information market due to a dynamic complementar-
ity in information acquisition. It then characterizes interactions between information complementarity
and market liquidity, in particular how market liquidity shapes information complimentarity through
the liquidity component in future stock returns. I find that i)information complementarity is always
more prominent in low-volatility financial market equilibrium; ii) information complementarity can
be more prominent with less persistent stock fundamental and/or more persistent stock supply and
iii) regardless of the type of financial market equilibrium, public disclosure always makes information
complementarity less prominent.

Keywords: Information acquisition; Financial markets; Dynamic complementarity; Multiplic-
ity; Market Liquidity



1 Introduction

Information acquisition activities are pervasive in financial markets. Since Grossman and Stiglitz
(1980) and Hellwig (1980), economists have been seeking to understand incentives behind investors’
decision to acquire information as well as the nature of interactions among market participants.
Most of this literature has focused on a static marketplace. The real-world financial market, on
the other hand, is inherently dynamic where investors condition their information choices not only
on what their peers know, but also on what information is available from the past, as well as what
information will be incorporated into the stock price in the future. In a sense, dynamic information
acquisition resembles a repeated game across investors at different points in time. Understanding
the nature of dynamic coordination in information acquisition is important and may unveil some

key forces that are absent when the information market is modeled as a static environment.

This paper seeks to understand coordination motives in information acquisition in a dynamic
financial market with information asymmetry. It incorporates the static information-acquisition
model of Grossman and Stiglitz (1980) into a dynamic noisy rational expectations framework (as
in Wang 1994; Spiegel 1998; Watanabe 2008). In the model, there is a long-lived stock that pays a
dividend each period. The dividend is stochastic and consists of a persistent component (the stock
fundamental) and a noisy component. The stock’s supply follows some mean-reverting process.
Overlapping generations of investors, upon their birth, freely observe the entire history of stock
prices, dividends, and public signals. They are then offered an opportunity to become informed,

i.e., to observe the history of the stock fundamental at a cost.

In this environment, there are two main forces that shapes coordination motives in information
choices. The first one is the classic static substitutability in information acquisition as in Grossman
and Stiglitz (1980): as more peer investors get informed, the value of information decreases due to
price learning. The second one is a dynamic complementarity in information acquisition: as more
investors get informed in the future, the incentives to acquire information today increase, as the

future resale stock price becomes more sensitive to the stock fundamental. This paper shows that



the dynamic complementarity may overpower the static substitutability and leads to an upward-
sloping value of information as a function of steady-state share of informed investors. This suggests

that multiplicity arises with appropriate level of information cost.

Previous literature has studied the dynamic complementarity in information acquisition in finite-
horizon setups (Froot et al. 1992; Avdis 2016). Relative to the literature, this paper analyses
interactions between information choices and market liquidity in an infinite-horizon overlapping-
generation framework. The relation between information choice and liquidity is trivial in static,
or finite-horizon models: more informed investors always imply a more liquid financial market, in
the sense that liquidity traders have less price impact. In infinite-horizon models with overlapping-
generations of investors, however, this relation becomes nontrivial: with more investors acquiring
information, the financial market could become less liquid. This brings about interesting inter-
actions between market liquidity and information choice incentives, to the extent that value of
information is affected by the liquidity component in the future resale stock price. This is the

dynamic liquidity channel that this paper will focus on.

The key contribution of the paper is to characterize information complementarity and its interac-
tion with market liquidity under different types of financial market equilibria. It is well known that
infinite-horizon overlapping-generation models with asymmetric information typically exhibit two
financial market equilibria with different levels of stock market volatility (Spiegel, 1998; Bacchetta
and Van Wincoop, 2006; Watanabe, 2008; Biais et al., 2010). The paper derives a unified necessary
and sufficient condition under which dynamic information multiplicity arises across both types of

financial market equilibrium.

Utilizing this condition, I first show that dynamic information multiplicity is always more likely
to arise in the low-volatility equilibrium. That is, the low-volatility equilibrium is the more ” fragile”
equilibrium when endogenous information choice is incorporated. It is surprising given that the
low-volatility equilibrium, when information choice is taken exogenous, is generally perceived to be

the more stable and robust equilibrium.! The key mechasim that leads to this result is the dynamic

!This paper does not take a stand on which financial market equilibrium one should select, as both high-volatility



liquidity channel. In the low-volatility equilibrium, more informed investors implies a more liquid
financial market, or equivalently noise traders have less price impact. This implies that future
stock return is less affected by liquidity trading, and thus fundamental information is more valu-
able, increasing the value of information. This makes dynamic coordination in information market
relatively easy to achieve. In the high-volatility equilirbium, in contrast, more informed investors
imply a less liquid financial market and thus a lower value of information. Hence, information

multiplicity is less likely to arise in high-volatility equilibrium.

I then show that this dynamic liquidity channel offers new insights of comparative statics re-
garding dynamic information complementarity. For example, Avdis (2016) finds that a more per-
sistent stock supply always makes information multiplicity less prominent. This is not true in the
overlapping-generation framework, as a more persistent stock supply could strengthen the liquidity
channel and makes an upward-sloping value of information easier to arise. I also examine the re-
lation between information complementarity and fundamental persistence. One might expect this
relation to be trivial as a more persistent stock fundamental implies a stronger intergenerational
link which makes dynamic coordination easier to achieve. Surprisingly, the model predicts a non-
monotonic relation between information multiplicity and fundamental persistence, again due to the

liquidity channel.

Lastly, the paper considers issues related to policy. Would public disclosure reduce information
fragility? The answer is yes: information fragility always becomes less prominent with more precise
public signals. More importantly, this conclusion is robust to the selection of financial market
equilibrium. Thus, for a regulator aiming to stabilize asset markets, disclosing more precise public
information is helpful as it helps eliminate equilibrium multiplicity in information acquisition. This
result contributes to the recent debate on the desirability of the regulatory effort to provide more

precise public information, such as the Sarbanes-Oxley Act and, more recently, the Dodd-Frank

Act.

Literature Review This paper is closely related to a set of papers that explore information

and low-volatility equilibria has desirable features. See discussions in Albagli (2015) and Banerjee (2011).



multiplicity in dynamic financial markets (see Froot et al. (1992) and Avdis (2016)). The key
differentiation of this paper is the overlapping-generation structure and the interactions between
information choice and market liquidity that arise within the framework. This paper characterizes
information multiplicity in both low-volatility and high-volatility financial market equilibrium. It
also finds that the dynamic liquidity channel changes some predictions of the previous literature.
For example, Avdis (2016) finds that information complementarity becomes less prominent with
more persistent stock supply. This relation can be reversed in an overlapping generation framework
due to the liquidity channel. Banerjee and Breon-Drish (2018) studies a dynamic information
acquisition problem of a strategic trader in a continuous-time setup and shows that the optimal
solution exhibits delay. This paper, on the other hand, focuses on the nature of coordination
in a dynamic information market. Cai (2018) also examines dynamic information acquisition in
overlapping-generation frameworks. Its focus, however, is on model dynamics and the interaction

between information choice and (endogenous and exogenous) variations in uncertainty.

The paper is also related to the literature that studies exogenous asymmetric information trading
models in an infinite horizon, pioneered by Wang (1993, 1994) and Campbell and Kyle (1993). It
is particularly related to models that study overlapping generations of investors (Spiegel, 1998;
Bacchetta and Van Wincoop, 2006; Watanabe, 2008; Biais et al., 2010; Albagli, 2015). Although
the physical structure of my paper is very close to these papers, in my model the information
acquisition choice is endogenous. Dow and Gorton (1994) study a dynamic overlapping-generations
model with private information where, similar to this paper, a dynamic informational linkage is
present: information gets incorporated into the price only if informed traders expect future traders
to also impound their information in the price. Unlike this paper, however, it does not concern the

issue of multiplicity.”

Information multiplicity also arises in static environments. For example, Veldkamp (2006a,b) gen-
erates complementary by embedding an increasing returns to scale information production sector

into an otherwise standard noisy rational expectations model. Ganguli and Yang (2009) illustrate

21 thank a referee for pointing this out.



that complementarity may result when agents own private information about their endowment.
Garcia and Strobl (2011) illustrate how relative wealth concerns leads to herding on information
and information acquisition multiplicity. Goldstein and Yang (2015) examines information com-
plementarity arising due to the presence of diverse information. Mele and Sangiorgi (2015) explore
market reactions to changes in uncertainty in a static model where investors are subject to Knigh-

tian uncertainty.

2 Model Economy

Time is discrete and runs from —oo to +o0o. The economy is populated by a continuum of
overlapping generations risk-averse agents who consume a single consumption good. The good is
treated as the numeraire. There are two assets in the economy: a bond in perfect elastic supply,

paying a return R;® and a stock that pays a dividend

D, =F + €tD (21)

each period. F; is the persistent component of the dividend process. Later I call F} the stock

fundamental. The stock fundamental follows an AR(1) process:

Fo=p'F_ +ef0<pf <1 (2.2)

The stock supply, x;, follows an AR(1) process as well:

= prriy +ef,0<p" <1 (2.3)

An interpretation of the stochastic stock supply is that there exists a group of liquidity traders
who trade in the financial market for liquidity reasons. Thus, the sensitivity of stock prices with

respect to stock supply can be interpreted as market liquidity, as it measures the price impact of

3 Alternatively one can interpret the bond as a storage technology without nonnegative constraint.



these group of liquidity traders. This interpretation is also consistent with Kyle (1985).

As in Wang (1994), I assume that there is a public signal every period about the current funda-
mental:

Sy = F; + Ef. (24)

The shock vector e = [eP,ef,e¥,ef] is i.i.d. over time, with mean 0 and covariance matrix

; 2 2 2 2
diag(cp),05,05,0%).

Investors live for two periods.*When they are born, they are endowed with a certain amount of
wealth and also observe the entire history of the dividend and stock price. They are then offered an
opportunity to acquire information at some cost x. If they choose to acquire information, they also
observe the history of the stock fundamental. I call investors who choose to acquire information the
“informed” investors and the rest ”uninformed.” The information set of the generation-¢ uninformed
is

ng = {PmDs»Ss}t

=—0Q?

and that for the informed is

Qf = {Ps,Ds, S, Fs}!__ ..

As is standard in this class of models, an informed investor, observing the history of the fundamental
and stock price (denoted by Ps), can perfectly deduce the stock supply. For uninformed investors,
their conditional expectations are derived from Kalman filter equations. I use F and # to denote

the conditional mean of the current fundamental and stock supply for the uninformed:

Fy = B(R|QY) (2.5)

= E(a|Q). (2.6)

After the information acquisition stage, the financial market opens and trade occurs. After that,

old investors exit and consume their wealth. The timeline is summarized in figure 1. The period-t

4An alternative, but equivalent model is that investors live forever but are myopic when making investment
decisions.



Timet Timet+ 1

Dividend paid Period t agents are born. Financial market opens Period t — 1 agents exit
tot — 1agents Choose whether to and consume wealth
acquire information at cost y

Figure 1: Timeline

born agents’ problem is as follows. Upon birth, they make information acquisition choice:

max{Wy, W/},

where W/ denotes the expected utility of generation-t informed investors, and WY denotes the
expected utility for the generation-t uninformed. Then, conditional on the information set, they

make their portfolio choice to maximize expected utility derived from terminal consumption:

Wi = max,.E(U(c)|) o
¢ < (D1 + P — RP)s + R(w—1{i = I}x),

where s denotes the number of stock shares to purchase and ¢ denotes terminal consumption. As

as standard in the literature, I assume that utility is exponential:

U(c) = —exp(—ac)



Where « is the risk-averse parameter.

I will focus on the stationary equilibrium where the pricing function is constant over time. Let

A be the steady-state share of informed investors.

Definition 2.1 Denote the state of the economy ¢ = {E,F,z}.

A steady state is {P(p), A, {si(¢), ci(¢) bi=v,1} -t

1. si(9),ci(¢) solves the uninformed and informed agents’ problem given P(¢).
2. The market clears: Asp(¢) + (1 — N)sy(¢) = z(¢) .

3. Wy =WrifAe (0,1); if A\=0, Wy > Wi if \=1, Wy < W,

where F' is the conditional expectation defined by equation 2.5. The last condition guarantees that
agents’ information choice is optimal. For instance, if there is a positive fraction of both informed
and uninformed investors (A € (0, 1)), it has to be the case that the expected utility of the informed

and the expected utility of the uninformed are equalized.

It is challenging to solve noisy rational expectations models with general, potentially nonlinear,
price functions. Breon-Drish (2015) shows that the linear equilibrium is the unique continuous
equilibrium in the static model of Grossman and Stiglitz (1980). It therefore stands to reason
that the dynamic model considered here has the same linear equilibrium as the unique continuous
solution. I therefore focus on linear equilibria in which equilibrium stock price depends linearly
on the (expected) stock fundamental and supply. That is, there exists a set of time-invariant

coefficients {p,pz, pr,p:} such that

Py =p+ppky + prFy — puay. (2.8)



2.1 Characterization

In this section I focus on characterizing how trading and dynamic learning works in this economy,
taking agents’ information choice as given. This paves the way to characterizing the information
market in the next section. To begin, I define an exogenous-information steady state where the
steady-state share of informed investors A is given. The notion of steady-state equilibrium is the

same as in Spiegel (1998), Watanabe (2008), and Biais et al. (2010):

Definition 2.2 An exogenous-information steady state given X is ®(\) = {P(¢), A, {si(¢),ci(¢) }i=v1}

such that it satisfies condition 1 and 2 in definition 2.1.
In what follows, I start by characterizing beliefs of the investors in such an equilibrium.
Conditional Expectations of the uninformed investors

The uninformed investors form their beliefs observing the entire history of dividends, public
signals, and equilibrium stock prices. Note that current prices contains information about both

stock fundamental and stock supply. From the current stock price

Py Zﬁ‘i‘ppﬁt +prEy — peay

the uninformed investors can infer a price signal:

Spt =prFy — pa1y

Note that F} is common knowledge. Crucially, given the price signal, stock fundamental F} and stock
supply x; are perfectly positively correlated. This observation implies that the variance-covariance

matrix for fundamental and supply is degenerate:

_gP
Cov (Fy,z|Q) = Couv (Ft, MIQ?) = Z—FVar (F|QY) (2.9)
U prF = SE v pr\’ U
Var (z|Q%) = Var <p|Q > = () Var (F|Q) . (2.10)

10



This observation greatly simplifies the linear filtering problem faced by the uninformed investors,
reducing it from two-dimensional (i.e dynamics of both F; and z;) to single-dimensional.” Exploiting

this property gives us the following proposition:

Proposition 2.1 In an exogenous-information steady state ®(X) with price coefficients pg,py:

1. the law of motion for Var (FAQ?) s characterized by

! - ! 1L (2.11)
Var(Fe1|QF ) Var (Fea|Spe1, Q) of 0% .

2. the law of motion for Fy = E(F,|QV) is characterized by

VaT(Ft+1|Q£]+1) (pF - ﬂz) PFVW’(FHQ%]) + U%‘

Fyp v [PFF+ 3 (Spt+1 - (PF - pz) By — stpt)
Var (FistlSpi+1,9F) (oF — o) Var(Riod) + ot + (22) o2
Var(Fe+1|QY, ) Var(Fi+11QY, )
+72H1Dt+1+72t+15t+1 (2.12)
D 95
= [F A+ f2F+ faefy) — fagtiy + fselin + feeiia (2.13)

where Var (Ft+1]Spt+1, Q?) denotes the conditional volatility of Fiy1 upon observing the price
signal Spi+1 but not dividend signal or public signal, and is given by:
[(p" = p") p" Var(F|QY) + 03]

2
(o7 = p7) Var(FIQY) + o3 + (£2) 02

Var (Ft+1|spt+1,9§f) - (pF)2 Var(F|QY) + o —

fi >0 are all functions of py and p.

The law of motion for Var (F|Qf') is similar to the Kalman Filter formula where the ex-post
precision is the sum of the ex-ante precision plus the precision of signals. The only complication is
that the price signal is correlated with the stock fundamental in a way that is different from white

6

noises. Thus the Kalman Filter formula is not readily applicable ® and one needs to invoke the

projection theorem of normally distributed variables to obtain the law of motion.

In a steady state, conditional volatility of stock fundamental Var (Ft]Q? ) is time-invariant.

Denote the steady-state volatility Var(F|QV). Give equilibrium stock price, I can solve Var(F|QY)

51 thank an anonymous referee for suggesting to make it more explicit.
51t is readily applicable if one is willing to work in a two-dimensional space which involves matrix manipulation
and is quite involved. Details are available in the appendix of previous versions of the paper.

11



from equation 2.11:

1 1

1 1
Var(FIQ7) o2 vap(PlaU) + 02, — L@ —retVarsot] o, o

2
(PP —=p)*Var(FIQU)+o%+( 22 ) 02

This is the first restriction of exogenous-information steady state.
Excess Stock Return and Optimal Portfolios

Given the equilibrium price function and the uninformed investors’ belief, one can derive the
expression for excess stock return and optimal portfolios. The excess stock return consists of

dividends and capital gains, less the interest cost of holding the stock:
Qt+1 = Diy1 + Pry1 — RP;

Using the law of motion for Fy,; (equation 2.2), 2,1 (equation 2.3), and F};;(equation 2.13), one

can show that:

Lemma 2.1 The excess stock return Qiy1 can be expressed as a linear combination of time-t

variables and time-t + 1 innovations:

_ ~ F D S
Qir1 = D+erFy — RP + eaFy — e3xy + eqe,q — e5efy 1 + €6y 1 + €768

Where the coefficients on fundamental and supply {ea,e3} are given by:

Var(F|QU Var(F|QV
%D 0s

2. e3 = ppy
One can see from the loading coefficient es that the excess stock return depends on stock fun-

damental F' through three channels: first, future dividend depends on the fundamental; second,

future capital gain (stock price) depends on the fundamental; third, uninformed investors trade

12



upon dividend signal and public signal, which both depend on the stock fundamental. All three

channels are discounted by the persistence parameter pt’.

Var(F|QV Var(F|QU
e = p'( L+ o+ Efz| )y (02’ ) (2.15)
D S

dividend  capital gain

~
signal to uninformed

U U
For simplicity, denote the ratio of variances p = % and Og = %
D S

Excess stock return depends on stock supply x only through the capital gain term as it does not

enter into dividend nor signals.
es = ppy (2.16)

Lemma 2.1 suggests that the excess stock return can be decomposed into the following three

components in terms of information content:

= n F D S
Qi+1 = p+eFy, —RP+  exFy —egwr;  +eqciy —esepy +eseipy +ereryy (2.17)
—_—— —_————
known to all known to informed only not known to either

The first component consists of constants, current stock prices and uninformed investors’ belief
F}y. These are known to all agents in the economy. The second component consists of actual stock
fundamental and actual stock supply. These information are known to only the informed investors.
The third component consists of future noises that no one at period ¢ could possibly know. Thus

the conditional volatility of excess stock return for both the uninformed and the informed is given

VtU = Var(Qt+1|QU) = VCW’(@QF,: — e3x¢ + 646tF_i_1 — 655?_,'_1 + 6663_1 + 678f+1|QU) (218)
Vi = Var(Qua|) = Var(easr, | — esefq + esciny + erep4|Q) (2.19)

Given the expected stock returns and conditional volatility, I can now derive the investors’ optimal

portfolio. As agents live for two periods and possess exponential utility, the optimal portfolio choice

13



is particularly simple:
3% _ E (Qt+{1|9§)
‘/t’L

Market clearing condition implies that
Ash 4 (1= N\)s¥ =y

The price coefficients are then determined by matching coefficients so that the market clearing
condition holds for any F) x, F , given agents’ belief. Combining the market clearing condition and
the steady state equation characterizing conditional volatility, I obtain a full characterization of
the exogenous-information steady state. To summarize, an exogenous information steady state
given A is a triple (Var(F W), pr, px) characterized by three equations. One equation is derived
from private agents’ dynamic filtering problem whereas two other equations come from coefficients

matching in the market clearing condition:

Proposition 2.2 Given X\, an exogenous information steady state (Var(F\QU),pF,pm) s fully

characterized by:

L = L TR L (2.20)
Var(FIQ7) " p2 yar(Flav) 4 0% — —GF e Veriatyiab P T of T o} '
F (pF7p”‘)2Va7‘(F|QU)+U%‘+(5—;)2o'%

1 1 .
a = AW +(1=X) VU (R—=0") pa (2.21)
F
pE )\PF-F rorfat (" = p* — f2) pr (2.22)
Dz B Vi ’

Where VI and VU are conditional volatility of stock return for informed and uninformed investors
defined by 2.19 and 2.18 and are functions of (Var(F|wU),pF,pw), expressions of which are given

in the appendix. pp is given by

Pp=a—pr (2.23)

where a = 5~

14



R
R—p*

As is standard in the literature the sum of p; + pr is equal to regardless of X\. This is a

standard property of asymmetric information trading model such as Wang (1994).

3 Value of Information

Given that I can fully characterize the exogenous information steady state conditional on the
steady state share of informed investors A, I now define the value of information as the ratio of the

expected utilities for the informed and uninformed investors net of information cost:

Definition 3.1 Denote the expected utility of the informed W' and uninformed WV net of in-
formation cost at each erogenous-information steady state ®(\). Define the value of information

conditional on A

T(A) =W /Wt,
where W',i=1,U are given by equation 2.7 with x = 0.

The value of information measures the expected gain from information acquisition. Comparing the
benefit to the cost of acquiring information determines whether an exogenous-information steady

state is a steady state in the benchmark economy:

Lemma 3.1 VA € (0,1), an exogenous-information steady state ®(\) is a steady state if and only
if
m(A) = exp(aR).

For A=0 (1), ®(\) is a steady state if and only if

m(A) < (=) exp(aRy).

In a static environment as in Grossman and Stiglitz (1980), value of information is monotonically

decreasing due to price learning, giving rise to a unique equilibrium. In this dynamic environment,

15



however, value of information can be upward-sloping due to a dynamic complementarity effect. To
see this, I need to evaluate the slope of the value of information function. An elegant theoretical
result in Grossman and Stiglitz (1980) for characterzing the value of information is that the value of
information is equal to the (square root of the) ratio of conditional volatility of excess stock return
faced by the uninformed and informed. This result carries over to this dynamic model. The crucial
assumption here is that agents are, as in Grossman and Stiglitz (1980), two period lived. Thus,
conditional on equilibrium price function, they solve exactly the same problem as in Grossman and
Stiglitz (1980), yielding the same expression of expected utility, and hence the same expression for

the value of information.

Proposition 3.1 The value of information is equal to the square root of the ratio of conditional

volatility of excess stock return faced by the uninformed and informed:

Where VU and V! are the steady-state conditional stock return volatility faced by uninformed and

informed investors. I can express the value of information in terms of V! and the difference in

volatility defined as AV = VU — V1.

VU AV

AV
Thus, to evaluation the slope of m(\), one only need to evaluate the slope of 2R or equivalently

dAV AV dv?!
X VI odX

the sign of

. We summarize this observation into the following lemma:

Lemma 3.2
dm(\) dAV AV dvI

sgn(=gx ) =l T Vo )
~—— —_————
fundamental component liquidity component

The lemma decomposes the slope of the value of information into two components. The first

component, %, is only affected by fundamental sensitivity py. Thus, I label it the fundamental

16



component. The second component, %%, is mainly affected by variations in supply sensitivity

Pz, and is therefore labelled liquidity component.

To see the dynamic complementarity effect, I first focus on the fundamental component ddA—/\V.
Write out expression of AV using equation 2.18 and 2.19:
AV = VCLT(Qt+1|QtU) — V(IT(Qt_A,_l‘Q{)
= Var(eoFy — e3z|QY)
= 2Var(F|QY) + e2Var(z|QV) — 2ege3Cov(Fy, 2| QY). (3.1)

All the noise terms drop out because they are not known, nor are they correlated with current
fundamental and supply. Information acquisition reduces the uncertainty associated to stock fun-
damental F} and stock supply x;. The first two variance terms reflect, respectively, that information
is useful in reducing the uncertainty regarding stock fundamental and stock supply. The last cor-
relation term is negative, reflecting that with high correlation, information is not that useful in
guiding agent’s portfolio choice because any signal that predicts good fundamental (suggesting
buying the stock) also predicts excessive stock supply (suggesting shorting the stock). In what

follows, I will characterize how change in A affects each term:

dAV  de3Var(F|QY) n de2Var(z|QY) B d2ese3Cov(Fy, 7|V

dX dX dX dX

The predictive role of stock fundamental

The first term de3Var(F|QV)/d reflects how perturbations in A affect the value of information
through the predictive role of fundamental F. When the share of informed, A, increases, two
opposing forces affect the value of information about stock fundamental. On the one hand, classic
substitutability says that more informed investors today implies a more informative current stock
price. Thus, the conditional variance of fundamental Var(F|QY) tends to decrease. On the other

hand, since there are more informed investors in the future, the future stock price loads more

17



heavily on the fundamental, and thus the loading coeflicient es increases. One can see this effect

by differentiate es with respect to pg:

Oe Var(F|QU Var(F|QUV
2 (- Vet Ve

Opr op og

The ”Kalman Gain”, VMETI;‘QU) + VW(U?QU), is always less than 1 because uninformed investors
react less aggressively to noisier signals. When A increases, more informed investors in the future
implies that the excess stock return is more sensitive to future stock fundamental, hence current
stock fundamental. This is dynamic complementarity effect. Note that the effect is discounted

by p!" because loading on future fundamental gets discounted by the persistence parameter when

translated into loading on current fundamental.

Apart from the dynamic complementarity effect, I still need to evaluate the static substitutability
effect. Observe two properties regarding the steady-state equations charactering the conditional
volatility Var(F|QY): first, A does not enter into the equation directly. This implies that there is
no direct impact of variations in A on Var(F|QUY). Second, the price coefficients pr and p, enter
the equation only through the square of the price ratio (1;—5)2. Thus the derivatives always contain
the price ratio Z—f, which converges to 0 when A — 0. This implies that changes in A cannot
have indirect effect on the conditional volatility through changes in the price coefficients locally
around A = 0. These two properties taken together implies that the conditional volatility of stock
fundamental is not affected by changes in A, and thus it can be treated as a constant when A is

very close to 0.

2
To see this more explicitly, write equation 2.20 as G <Va7°(F|QU)), (’;—:) ) = 0 for some dif-

ferentiable function G. Total differentiate with respect to conditional volatility Var(F|QUY) (first

term), price coefficients pr, p; (second term) and A (last term):

oG oG 2pp PrF oG
——d FIQV ——(——-dpp — —dp, —d\ =
oVar(rramy " ”@(my(p% pr pr b R =0
Pz
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Note that pr — 0 when A — 0, thus the second term disappears. Also note that equation 2.20

does not depend on A directly, so the last term disappears as well. Thus:

oG

—_— F|QY) =
8Var(F]QU)dvar( [27) =0

= dVar(FIQY) =0
We summarize this observation into the following proposition
Proposition 3.2 (Local Absence of Static Substitutability) Suppose X — 0:

dVar(F|QY)
dA

—0

Thus, perturbing A near A = 0 does not affect the conditional uncertainty faced by the uninformed
investors becaue it barely improves the precision of the price signal. In contrast, the magnitude of
the dynamic complementarity effect is generally bounded away from zero. When A is very small,
the loading of stock price on the fundamental, pr, is negligible. But the loading of excess stock
return on the fundamental, es, converges to some strictly positive number p (14 a(6p + 6g)) > 0.
This is because of the presence of the interim dividend payout, as well as the fact that uninformed
investors observe noisy signals about the fundamental. Thus we have:

2
% =2(p")*(1 +a(fp +0s))(1 — p — Gs)%F when A = 0. (3:3)

Combining the static substitutability (equation ??) and the dynamic complementarity (equation

3.3), one can show that the first term in equation 3.2 is always positive at the limit:

d[e2Var(F|QY)) dVar(F|QYV) ,

2
lim @ Var(F|QU) + lim
A=0 dA N—————

lim = e
A—0 d\ A—0 d\ 2
———
=0 >0 =0

dynamic complementarity>0 static substitutability=0
dpr

= 2?1 +a(0p +05))(1 —0p — 0s)Var(F|QY) 0
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The predictive role of supply «

The second term de2Var(z|QY)/d)\ in equation 3.2 captures the predictive role of supply x. As
discussed in Avdis (2016), the equilibrium stock price becomes a noisier signal of supply when there
are more informed investors. This force tends to increase the conditional supply uncertainty faced
by the agents and thus increase the value of information. Note that both the uninformed and the

informed observe the price signal S¥ = ppF — pyx. Thus

_gP 2
Var (:U]QU) = Var <pFFpS|QU) = (ZF> Var (F|QU) . (3.5)

As )\ increases, the stock price becomes more sensitive to the fundamental, and thus the ratio %
increases in general. This tends to push up the conditional uncertainty of supply and thus increase

the value of information.

This effect is absent locally around A = 0 because its magnitude depends on the square of the
price ratio (1‘;—5)2. Thus, just like Var(F|QY), the derivative of Var(z|QY) with respect to \ is also

proportional to Z;—i. As a result, it tends toward zero as A tends toward zero:

dVar(z|QY)

7\ — 0,as A — 0.

Also note that as pr — 0, price signal becomes a perfect signal about stock supply. Thus,
the conditional volatility of stock supply coverges to 0 as well. Combining these observations, we

conclude that the supply channel does not play any role locally around A = 0:

. d[e2Var(z|QY)] .. de? U . dVar(z|QY) ,
1 — lim &% OU) 4 lim ZORERE ) a :
B0 dA A50 dA \_V‘”"(‘T._,' )+ Jim dA =0 (36)
=0
v =0

=0

The Covariance Term
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The third term —d2eze3Cov(F, z|QY)/d)\ in equation 3.2 reflects the fact that an increase in A
may reduce the value of information due to higher covariance between fundamental and supply.
The logic is as follows. When X increases, the price becomes a noisier signal of stock supply. This
increases the conditional volatility of stock supply relative to the conditional volatility of stock
fundamental and thus raises the conditional covariance between the fundamental and supply relative
to the conditional volatility of stock fundamental. When the covariance increases, information
about the fundamental is not that useful in guiding agent’s portfolio choice because any signal
that predicts good fundamental (suggesting buying the stock) also predicts excessive stock supply

(suggesting shorting the stock).

To characterize the covariance term, we first substitute in expression 2.9 and expressions for e

and e3 (equation 2.15 and 2.16):

2e0e3Cov(F,z|QY) = 26263@‘/@’)“ (F|QY)

T

= 20" (1 4+ pp + (a —pr)(6p + 95))pxpx];—FVar (F|QU)

= 2p"p"(1 +pp + (a — pp)(0p + 05))prVar (F|QY)

dVar(F|QY)

T\ — 0. With these facts and the chain rule of

Note that when A\ — 0, pr — 0 and

differentiation, one get:

d2ese3Cov(Fy, 2|V
dX

dpr
dA

— 2p" (1 + a(0p + 05))Var (F|QU) (3.7)

Thus, this offsetting force depend on the product pp® as it measures the covariance of future
fundamental and future supply. By combining equation 3.4 and 3.7 we are ready to derive the

slope of the information gain component:

dAV
s 205 (1 +a(0p + 05))Var (F|QU) (1 —6p —05)p" — p%)

dpr

- (3.8)

Note that the slope of the fundamental component does not depend on how market liquidity
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changes with A. It only depends on how fundamental sensitivity varies with the share of informed
investors. The next proposition shows that, regardless of the type of financial market equilibrium,

fundamental sensitivity always increases with fraction of informed investors:

Proposition 3.3 For both high-volatility and low-volatility equilibrium: as A — 0,

d 1+a(6p +6
dpr plta(0p+0s)

I p 2 Pz >0 (3.9)

Where V1 is the conditional volatility of excess stock return defined by equation 2.19.

Thus, all other terms in this equation are strictly positive except (1 — 8p — 0g)p!” — p®. Thus I

arrive at the following proposition:

Theorem 1

A
% > 0 for X sufficiently small.

if and only if

(1—0p —0s)p" > p"

Theorem 1 provides sharp characterization of the fundamental component. The necessary and
sufficient condition for the fundamental component to be upward sloping is that the (precision-
adjusted) fundamental persistence is greater than the supply persistence. The intuition is the
following. The dynamic complementarity says that when there are more informed investors in
the future, future stock return would be more sensitive to the future stock fundamental, hence
the current stock fundamental, increasing the value of information. When the fundamental is not
very persistent, loading on future stock fundamental gets heavily discounted, reducing the dynamic
complementarity. When signals available to uninformed agents are very precise, change in the share
of informed investors does not lead to big change in the loading coefficients of stock fundamental.
This also reduces the strength of dynamic complementarity. The condition also confirms the insight
from Avdis (2016) that when the supply is also very persistent the information gain is less likely

to be upward-sloping. Whether this component is upward sloping or not depends on a horserace

22



between the two forces and turns out one only needs to directly compare the two parameters to

figure out the slope. Thus the model suggests that

Prediction 1 Information multiplicity is more likely to arise when
1. the stock fundamental is more persistent than stock supply
2. Public signal is less precise.

Note that the slope of the fundamental component does not depend on how market liquidity
changes with A. It only depends on how fundamental sensitivity varies with the share of informed
investors. Does this imply that market liquidity is irrelevant for the value of information? The
answer is No. And I now turn to analyzing how market liquidity impacts dynamic coordination

motives in the information market.

3.1 Dynamic Liquidity Channel

In this section I characterize the liquidity component of the value of information.

Avav?

VI dx
Changes in A can affect the value of information by directly affecting the level of uncertainty faced
by the informed investors V. This is where liquidity comes into play. To see this, consider an
increase in A. If it raised the price impact of noise traders, then the future stock return uncertainty
faced by informed investors would increase and thus information acquisition would becomes less
appealing. This is the dynamic liquidity channel that works through expectations of future stock

returns. I first state an existence theorem:

Proposition 3.4 Let

A= M — 407 ((1 +a(0p + 05))? {(pp)2 Var(FIQY) + o3| + (14 abp)® op + (abs)? Ug)

o?

23



If A > 0, there ezists two financial market equilibria characterized by different level of p, at A =0
with values given by:

RN

3.10
202 ( )

Pz =

This proposition is similar to the classic result of Spiegel (1998). Under appropriate assumptions,
there exists two values of p, consistent with equilibrium conditions. The equilibrium with the
smaller root is called ”low volatility equilibrium”, whose unique limit corresponds to the equilib-
rium in Wang (1994) (Albagli (2015)). The other equilibrium is the "high volatility equilibrium?”.
Both types of financial market equilibria have some appealing properties. This paper does not take
a standing on which financial market equilibrium one should select, but rather provides character-

ization of information choice in both scenarios.
The first proposition states how p, varies with A:
Proposition 3.5 As A — 0:

p*+ R dpp
L (R —p*) — 2p,03 dA

dpz
dA

— —(1+a0p+0s) p"Var (F|Q) (3.11)

Where V1 is the conditional volatility of excess stock return defined by equation 2.19.

d
The sign of % depend on the sign of é (R — p*) — 2p,o2. Plug in the expression of p, from 3.10,
one can see that

1
—(R—p") — 2py02 = +VA
@
where A is defined in Proposition 3.4. This leads to the following proposition:

d
Proposition 3.6 The sign of % depends on the type of financial market equilibrium.:

dpz . .

1. % < 0 for low-volatility equilibrium
dpy . .. ey

2. —= > 0 for high-volatility equilibrium

dA
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This proposition states that, in the low-volatility equilibrium, market becomes more liquid with
more informed investors. The opposite is true in the high-volatility equilibrium. Thus, stock return
uncertainty behaves differently under different financial market equilbrium, and this feeds back into

the value of information, as stated in the following theorem:

Theorem 2 When \ — 0:

I
Opr O
o vIop, . i
2. The dynamic liquidity effect Opa ON depends on the type of financial market equilibrium.:
I
(a) In a low-volatility equilibrium: 88‘;:0 %pf <0
VI op,

>0

(b) In a high-volatility equilibrium: )

From the theorem 2, one can draw a couple of conclusions. First, in a low volatility equilibrium,
increases in A increases pr and reduces p,, both reducing the uncertainty faced by the informed
investors. In a high volatility equilibrium, however, both pr and p, are increased. This increases
the uncertainty faced by the informed investors, making information acquisition less appealing.
Thus, the value of information is more likely to be upward sloping in a low-volatility equilibrium.
Therefore information multiplicity is more likely to arise in a low-volatility equilibrium than in

high-volatility equilibrium.

Prediction 2 Information multiplicity arises in high-volatility equilibrium implies that it also

arises in low-volatility equilibrium. The inverse is not necessarily true.

One might wonder what is the magnitude of the dynamic liquidity channel. The next proposition
shows that it can be the dominating force shaping the value of information as its magnitude can

converge to infinity:

Proposition 3.7 Let p*" and p* be the upper bound at which financial market equilibrium exists

(that is, A > 0). As either p — p¥" or p* — p%, the magnitude of noise trading effect goes to
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v op,
Opz O

|— oo

infinity: |

The proposition says that the dynamic complementarity effect can be arbitrarily large when the
stock fundamental or stock supply is sufficiently persistent. The proof of the proposition hinges on

the following observation. From equation 3.11, when A\ — 0,

—-p"—R dpr

dps: F v
— (1+a(fp +0s)) p" Var (F t)é(R—px)_2px0'920 dA

dX

(3.12)

If p™ or p* is pushed to its upper bound, the denominator % (R — p*) — 2p,02 converges to zero,

d
and thus % goes to infinity.

To what follows, I first state a necessary and sufficient condition under which information multi-
plicity arises. I then use this condition to explore numerically the role of each force in determining

the strength of information multiplicity:

Theorem 3 The value of information is upward-sloping

d
() 50
N )
if and only if
F 2 AV [ g P’ +R
[(1 —0p—0s)p” —p } T (P (1-(p +95))+pxUzW> > 0 (3.13)

Where V1 is the conditional stock return volatility for informed investors at X = 0. AV is the
information gain component at A = 0. p, is the loading of stock price on noisy supply, given by

equation 3.10.

Theorem 3 combines the fundamental component and the liquidity component and provides a
complete characterization of the dynamic complementarity in information acquisition. The first
part of the condition 3.13, (1 —6p — 0g) p!" — p*, comes from the information gain component

whereas the rest comes from the volatility component. In particular, the dynamic liquidity effect

P R

is captured by the last term p,o?2 =T . As shown in 3.7, this term could dominate other

—2py ‘7925
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effects under certain conditions. Thus, in the next section, I conduct numerical exercises to study

these forces jointly.

4 Numerical Experiments

In this experiment I closely follow the calibration strategy in Albagli (2015). Volatility of stock
fundamental 012; is set to 1 as well as the dividend volatility. Volatility of public signal is set to 1
as well. Volatility of stock supply o2 is set to match an annual turnover rate of 10%. Risk averse
parameter « is set to 1. The risk free rate is set to 1.05. I start by examining the case where
stock fundamental is quite persistent pf = 0.75 whereas the stock supply is relatively transient

p¥ = 0.15. I plot the value of information as a function of share of informed investors A:

1.02 L L

The blue curve depicts numerically solved w(\). The black dashed line depicts the information
cost. Red dots are numerically solved steady states. Graph depicts a situation where the value
of information is locally increasing when A is sufficiently small, and thus for appropriate level of
information cost there exists multiple steady states. Parameter values: o = 1,R = 1.05, pf" =
0.75,p” = 0.15,0% = 1,0% = 1,02 = 0.01,0% = 1.

Figure 2: The value of information m(\)
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The graph depicts a situation where the the value of information is locally increasing when A
is sufficiently small, and thus for appropriate level of information cost there exists multiple steady
states. Next, I conduct comparative statics exercises to see how the slope of value of information

at A = 0 changes with various model parameters.

The fundamental persistence p’

In the first experiment, I keep all other parameters at benchmark value and vary the fundamental
persistence pf from 0.4 to 0.8. The first row of the figure plots slope of value of information 3—’/{ at
0. Left panel depicts high-volatility equilibrium and right panel depicts low-volatility equilibrium.
The shaded area is the multiplicity region where the derivative is positive. The derivative is then

decomposed into the following three parts:

via pp via pg

—_—— —
dAV AV [ oV dpr | V! Op. (41)
d\ VI | Opr OX Ops OX '

——
Fundamental Component

Liquidity Component
The first part is the fundamental component which is unaffected by market liquidity. The second
part captures how stock return uncertainty is affected by fundamental sensitivity. This part does
not play significant role. The last part is the dynamic liquidity channel where variations in market
liquidity affects condition stock return volatility and impacts the value of information. Results are

shown in figure 3.

First of all, one can see that information fragility is more likely to rise in the low-volatility equi-
librium (larger shaded area). Second, in term of the relation between information multiplicity and
fundamental persistence, at low-volatility equilibrium (right panel), information fragility is always
more prominent with more persistent stock fundamental, as both the fundamental component and
the liquidity component are upward sloping. This is consistent with prediction 1. Turning to the
high-volatility equilibrium reveals a different pattern: there is a non-monotonic relation between
fundamental persistence and multiplicity: the slope of value of information increases initially, but
then drop sharply for sufficiently high stock fundamental. The drop is entirely driven by the dy-

namic liquidity channel (last row, left column), namely how A affects conditional volatility though
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pz. As X increases, stock price loads more heavily onto supply noise in the high-volatility equi-
librium, p, increases. The increase in p, is more significant with persistent fundamental, which
amplifies the information channel. The increase in p, then raises V!, the conditional volatility of
stock return faced by the information investors, making information acquisition unfavorable. Thus,
the model’s prediction regarding p" depends on the type of financial market equilibrium. In par-
ticular, at high-volatility equilibrium, more persistent stock fundamental could make information

coordination harder to achieve.
The fundamental persistence p”

In the second experiment, I experiment with variations of supply persistence. Results are shown
in figure 4. First of all, similar to figure 3 the shaded area is bigger under low-volatility equilibrium,
suggesting that information multiplicity is more pronounced. Second, in the low-volatility equilib-
rium, there exists a nonmonotonic relation between supply persistence and information fragility:
increasing the stock supply persistence reduces the slope of value of information initially, but for suf-
ficiently big values of p® the trend is reversed. Decomposing the derivative into three components,
one can see the the reversal is driven by the liquidity channel. In the low-volatility equilibrium
greater value of \ reduces loading of stock price on supply noise: p, (see proposition 3.6). This
reduces the conditional volatility faced by informed investors, increasing the value of information.
This effect is more prominent with greater supply persistence. In a high-volatility equilibrium,
since increase in A increases the value of p,, the volatility component predicts the same trends as
the information gain component. Thus increase in p® generates a monotonic decreasing pattern in

volatility equilibrium.

The general lesson here is that the overlapping-generation structure changes some of the existing
findings in the literature. In particular, information multiplicity can be more prominent with
less persistent fundamental, and with more persistent stock supply. This is summarized into the

following prediction:

Prediction 3 Information multiplicity can be more prominent:
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The figure plots slope of value of information Z—’; at 0 for a range of fundamental persistence p*. Left panel depicts

high-volatility equilibrium and right panel depicts low-volatility equilibrium. The shaded area is the multiplicity region
where the derivative is positive. The derivative is then decomposed into three components according to equation 4.1:
the information gain component, volatility component with partial derivative through p., and volatility component

with partial derivative through ps.

Figure 3: Comparative Statics I: pf’
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1. with less persistent stock fundamental in the high-volatility equilibrium
2. with more persistent stock supply in the low-volatility equilibrium
Public precision ag

In the previous two experiments, I show that prediction of the model depends on which financial
market equilibrium is selected. Somewhat surprisingly, when it gets to comparative statics with
respect to public signal precision 0?9, this is no longer the case. The result is shown in figure 5.
Both low-volatility and high-volatility equilibrium predicts that increasing the precision of public
signal (i.e. reducing its variance a?g) tends to reduce the information multiplicity. The reason is
that the strength of the liquidity channel is bounded even when the precision of the public signal
goes to zero, as there is still the dividend signal providing reasonably precise information about
stock fundamental. This implies that the value of A is bounded away from zero. Thus, the overall

slope of the value of information closely follows the fundamental component.

This result provides an interesting perspective on recent policy attempting to provide more precise
public information. It says, for a regulator seeking to stabilize asset prices, it is universally desirable
to disclose more precise public information because it helps to eliminate information multiplicity,

regardless of the type of financial market equilibrium.

5 Conclusion

This paper studies dynamic information acquisition in a financial market with information asym-
metry, with an emphasis on characterizing the relation between information choices and market
liquidity. This relation is trivial in static, or finite-horizon settings: as more investors become
informed, market liquidity improves. In infinite-horizon models with overlapping-generations of in-
vestors, however, this relation becomes nontrivial: with more investors acquiring information, the
financial market could become less liquid. This brings about interesting interactions between mar-

ket liquidity and information choice incentives, to the extent that value of information is affected
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The figure plots slope of value of information % at 0 for a range of supply persistence pt . Left panel depicts high-
volatility equilibrium and right panel depicts low-volatility equilibrium. The shaded area is the multiplicity region
where the derivative is positive. The derivative is then decomposed into three components according to equation 4.1:
the information gain component, volatility component with partial derivative through p., and volatility component

with partial derivative through ps.

Figure 4: Comparative Statics II: p*
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The figure plots slope of value of information % at 0 for a range of supply persistence pt . Left panel depicts high-

volatility equilibrium and right panel depicts low-volatility equilibrium. The shaded area is the multiplicity region
where the derivative is positive. The derivative is then decomposed into three components according to equation 4.1:
the information gain component, volatility component with partial derivative through p., and volatility component

with partial derivative through ps.

Figure 5: Comparative Statics II: 0%
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by the liquidity component in the future resale stock price.

The paper analyzes how the dynamic liquidity channel shapes investors’ information incentives.
I find that i)information complementarity is always more prominent in low-volatility financial mar-
ket equilibrium; ii) information complementarity can be more prominent with less persistent stock
fundamental and/or more persistent stock supply and iii) regardless of the type of financial mar-
ket equilibrium, public disclosure always makes information complementarity less prominent. The
theory provides a unified necessary and sufficient condition under which dynamic information mul-
tiplicity arises. This condition can be tested empirically either for aggregate US stock markets or

for individual stocks. I leave it to future research.
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A Appendix

Proof of Proposition 2.1

The target of this proof is to find Var (Ft+1|Q£J+1) and E (Ft+1\Q£J+1) as functions of Var (F;|QY) and E (F;|QY) . Note
that

QY1 = {Spt+1, Dey1, Sex1} U QY

Where Spi41 denotes the price signal
p
Sptt1 = Feqy1 — ——zpq1
PFr

The proof is proceeded in a sequential fashion. That is, we first derive Var (Ft+1| {Spt+1} U Q?) and F (Ft+1| {Spt+1} U Q?)
beliefs conditional on the price signal only. Note that the price signal can be expressed as a linear combination of F, Sp¢, and

time-t + 1 noises:
D
Sptr1 = Fip1— —meqa
PFr
D.
= Fip1—-— (0" (xt) +€f1q)
PFr

= Fy1—— (Pxpl (Ft — Spt) + 5f+1)
PF

Pz

= Fip1—p" (F— Spr) — 2oty
pr

P
= Fop1—p"Fr— el +p"Spt
pr

Pz o
= plFitefi —p"Fr— ——efiq +p"Spe
PF
P
= (PF - Pz) Fi+efyy — =i +0"Spe
PF
Also write out the expression for future fundamental F;y1
Fepr=pP ' Fy + etF_,_l
Thus, conditional on Q%], Fiy1 and Spi41 are jointly normally distrbuted with mean:

PP E (FQY) ]
(p"" = ") E (F|Qf) + p* Spe

And variance-covariance matrix

(p7)? Var (FIQY) + 0%, (b7 = p%) pTVar (F|QY) + oF:
2
(pF —p%) pFVar (RIQV) + 02 (oF — p”)2 Var (F|QY) + 0% + (ﬁ) o2

Thus, we can invoke the projection theorem with normal variables to obtain the conditional distribution of Fiy1 given
{Spt+1}UQY:
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Var (Ft+1| {Spt+1} @] Qg)
Cov (Fig1, Spr1|QY)°
Var (Fz+175pt+1‘ﬂy)
F_ x|\, F QU 212
= (,OF>2Var<Ft|Q?)+U%_ [(ﬂ P )p Va?"( d t)+JF1 P}
(pF — p=)* Var (F|QV) + 02 + (p—“") o2

PF

= Var (Fenlof) -

E (Ft+1\ {Spt+1} U Q?)

Cov (Fey1, Spi+119Y) .
Var (Fet1, Spe+1|92Y) (Spt+1 <Spt+1\ : ))

(p" = p*) prVar (RIQF) + o

2
(oF — p*)2 Var (Fe|Qf) +oF + (%) o

= F (Ft+1‘9%]> +

= p'E (FAQ?) + (Spt+1 - (pF - ﬂz) E (Ft|Q?> - PISpt)

Next we need to also incorporate the dividend signal and the public signal. Notet that these signals are F;41 plus white
noises (eﬂl,sts +1) . Thus, standard Bayesian updating formula for normal variable applies where the precision of the posterior

variable is the sum of the precision of ex-ante variable and the precision of the signals:

1 1

Var (Ft+1|QU ) B Var (Ft+1|{Spt+1,Dt+1,St+1}UQ?)

t+1
1 I 1 I 1
Var (Ft+1| {Spt+1} @] ng) 0'2D O’%

Thus we obtain the law of motion for Var (Fy+1 |Q£J+1) .

The posterior mean is a weighted average of the ex-ante mean and signals:

E (Ft+1\9§]+1> = E (Ft+1| {Spt+1, D41, St41} U Qg)
Var (Fe|QY, ) Var (Fi1|9QY, ) Var (Fiy11QY, )
- E (Fry1] {SpesrtuQV) + D + S
Var (Ft-o-l\{spt-;—l}UQ?) ( t+1]{Spt41} t ) U% + U% +

p"E (F1QY)
(Spt+1 = (07 = p*) B (F]Qf) — p*Spt)

U
_ VGT(Ft+1|Qt+1) = (prpw)pFVar(Ftlﬂg)+o'%
Var (FenH{Spent} V) | 0 oava (Rial ) son s (22) 702
PR T

Var (Fii1|QU Var (Fi1|QY,
" ar( 1] t+1)Dt+1+ ar( b1l t+1)

S
o) 0% t+1
Thus I get equation 2.12. Substituting in expression for
p
Spt+1 = (PF - Pz) Fe+efyq — platerl + p* Spt
F
Diy1 = Fi+el i =p"Fi+ell +e8,
Siv1 = Fiqa +€f+1 = pFFt + 6{:_1 + 629—!—1

Rearrange and collect terms, we obtain:

E (Ft+1|9g+1) =fiE (thg) + foFi + faefyy — factyy + foebon + foctia
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where

Var (Fi1|Qf 1)

o= F (p" = p*) p"Var (F|QF) + 03, (pp B px)
Var (Frya] {Sp1} U 9) (0" — o) Var (F19F) + 0% + (22) 02
Ve (Ralel) (" =) Var (FUOF) 403 o (Var(Faal9h) | Ver (Rol9))
2= Var (Foy1[{Spir1} UQY)  p _ 22 U 2 pe\? 2 (p -7 )+ o? * o3 P
t ) (pF — p%) Var(Ft|Qt)+JF+(E) Z b 8
f = Var (Ft+1|Q£J+1) (oF = p%) pFVar (F1|QY) + 0% N Var (Ft+1\Qy+1) N Var (Ft+1|Q?+1)
Vor (Rl o} UOF) (or — po2 var (R 403+ () 02 %D
f Var (Ft+1|Q£J+1) (oF = p%) pFVar (F1|QY) + 0% Pz
4 = Pz
For ol el 0 v i)+ (27
Var (Fi11Qf,4)
s = 2
9D
Var (Ft+1\Q£/+1)
fo = —s—
95

Thus we obtain equation 2.13.
Proof of proposition 2.2

With exponential utility, the decsion rule for informed and uninformed investors si,i = I, U are given by:

i E(Qunl9))
T Var (Quga|2)

Given the expression for Q¢1
Qity1=p+erFy +exFy —esxy + e4€f+1 —esefyig + esaﬂl + e76ts+1 — RP;

we can derive expectation and variance of Q¢41 for both informed and uninformed investors.

For informed investors:

E (Qt+1|Q£’> = p+erFi+exFi — ez, — RP;

VI

I 2 2 2 2 2 2 2 2
Var <Qt+1|Qt> =ejor +es0y +egop +ero
For uninformed investors:

p+e1Fy +eaFy — et — RP;

E (Qui1l2f)

= preiFitesF—e3 (plﬁt - ple + :vt) — RP;
Pz Pz

= p+ (61 +ex — €3pl> Fy+ €3plFt —e3xt — RP;
Pz Px

Where we substitue out Z: using the relation:

Spt = Fy — pixt =Py - piit
PF PFr
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This relation is obtained because both uninformed and informed investors observe the price signal Sp¢. The conditional volatility

of stock return faced by uninformed investors is given by:

VU = Var (Qialof)

e3Var (FHQ?) +e3Var (mtm?) — 2e2e3C0ov (Ft,:ptmg])

2 2 2 2 2 2 2 2
tejor +e50, +egop +erog

With expressions for E (Qt+1 |Q{) B (Qt+1 \Q%]) , VI VU we obtain the decision rule for both types of investors. We turn next
to the market clearing condition:
Ast+(1=N)sV =2

Substitutue in demand function for informed and uninformed investors:

D+ (61 +e2 —es%) Ey +esPEFy — e3xy — RP;

x

P+ e1F 4+ eaFy — esze — RP;

A VT +(1-— VU =z
We also know that the equilibrium price function is
Py =p+ppFy + ppFi — pem
Thus we can match coefficient in front of ﬁ’t, Ft and x; in a standard way. This gives us three equations:
PF
. .e1—Rpp (81 +ez—e3g) — Rpp
Fp: Ad—— 1-— =0 Al
b 1 T ) v (A1)
PR
e2 — Rpr es'e — Rpr
Ft i A——— 1—-AN)———=0 A2
k aVl + ) aVl (A-2)
—e3 + Rpy —e3 + Rpy
A 1—-A)—=1 A.3
o aVvl + ) aVl (A-3)
Given the three equations, we first show that
F
p
P+ PR = R_F

Add up equation A.1 and A.2:

€1 — Rpp +e2— Rpr
aVvi

e1+e2— Rpyp — Rpr
aVvV

A +(1-)) =0

1 1
Factor out A—7 + (1 = A) 7 -

e1 — Rpp +e2— Rprp =0
Note that e; + e2 is given by:

e1 + ea
= ppfi+o" U +pr)+ppf
= pp(f1+f2)+p" 1 +pr)
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Plug in expressions for f1 and fa :

e1+ ez pe (fr+ f2) +p" (1 +pF)

Var (Fi119%,,) F Var (Fe+11Q7 ) | Var (Bl )\ g P
- +of (1
Pi <VM + p p" (14 pr)

p
(Fera {Spe13 U QY) op o3

Using equation 2.11, the first term collapses to pﬁpF. Thus:

er+ex=ppp" +p" (1+pp)

Thus

e1 — Rpp+e2—Rpp = 0
ppp+p" (1+prp)— Rpp —Rpr = 0
ot + (pF —R) (pr+pp) = 0O
F
o p
PF+pp = R—pF

Thus we only need to solve for pr and pgz to obtain the equilibrium price function. Now focus on equation A.2:

yaal
es”t — Rpp
+(1—/\)"ZT:0

ez — Rpp

A
aVl

Plug in expression of e2 and e3 :

pF (L4 pp)+ppfo— Rpr
aVl

p*pr — Rpp

A
aVl

=0

+(1-X)

pF (L+pr) +ppfe — p°pr + p*pr — Rpr

“pp — R
| _ ) P°pr = Bpr
aVl

A
aVl

=0

+(

Collect terms related to p*pp — Rpp and move to the right hand side:

A

pF (L4 pr) +ppfo— p®pr _Ty
aV!

1
1—X) — | (R-)p"
2 +0=) | (R e

Substitute out pp :

F
PP (L4 pr) + (757

A
aVl

ST Ha=Y

fpp) f2 — p¥pF { 1
- aV

%} (R—p")pF

Thus

A

F
pF+(R’ij —pF)f2+(pF—p””—f2)pF N RSN P
poYa] *[74'( - )m]( - p")pF

Now turn to equation A.3:

—e3 + Rpx e3 + Rpx
1—X 1
aVl +( ) aVU
Plug in e3 :
—p*pz + Rpe PPpz + Rps
1—X =1
aVv! *( ) aVl

1 1
A+ (1= —— | (R—p)pa=1
7 TN | (R )
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Divide equation A.4 by A.5, one get

F
PF+<#*pF)f2+(PF*PI*f2)pF pr
A 7 == (A.6)
aV Pz

Thus, equation A.5 and A.6 solves for coefficients pr and p; given beliefs of the agents. The two equations plus the law of

motion for belief jointly pin down an exogenous information steady state given A.
Proof of Proposition 3.1

We will show that, at the exogenous-information steady state ®()\), the value of information

iU U
VLY s
Wi vi

This is an extension of Theorem 2 in Grossman and Stiglitz (1980). Plug agents’ budget constraint: ¢t = (D¢y1+ Piy1 — RP:)s

into the utility function, we obtain the expected utility of each type of agent conditional on the realized market price Py:
WiH(P) = max BU((D11 + Peya — RP;)s|Y)
Given CARA utility and normally distributed random variables:

WiP) = m;}xEU((Dt+1 + Pyy1 — RP)s|Q)

= max EU(—e (Pt+1+Prp1-RP)s |1y
S

; 1
= max—exp[~a(E[Diy1 + Prp1 — RPQi]s — Eas2Var(Dt+1 + Pi11 — RP))) (A7)
Hence, maximizing over the objective function is equivalent to maximizing
. 1 .
max B[Diy1 + Pry1 — RPQ]s — §aSQVar(Dt+1 + Pyy1 — RPQY)

Solve for optimal s*: _
v EDi1 + Pryr — RP Q]

- aVCLT(Dt+1 + Piy1 — RPAQ%)

Plug back into the original objective function:

]

WH(P;) = —ex [_1 (E[Dit1 + Pit1|Q] — RP;)?
t e Var(Qi+1/9%)

Let
h=Var(Qi:1|QY) — Var(Qi11|Q) >0 (A.8)

The reason why h is greater than 0 is that the information set of the uninformed investors is more coarse then that of the informed

investors. Taking the ex-ante conditional expectation of the informed W' (P) with respect to the uninformed’s information set
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1 (B[Dyy1+Py119f1-RP)?

EW (P)IQf] = Bl-e *  Ve@mlen o]
7l(E[Dt+1+Pt+1|SZ§]—RPt)2 h
_ E[—e 2 R Var(Qt+1\QtI)|Q£J]

_% h . 22
= E[-e ~Ver@ulfo 07,

(E[Diy1+Pi11|QY |- RPy)

here z =
W VR

Thus, by the moment-generating function of a noncentral chi-squared distribution (formula A21 of Grossman and Stiglitz
(1980)):

_ Uil h
E[Z|Qt } 2 Var(Q4+1197)

- (
= exp 7
h 1+ —i—p
1+ Var(@era19) Var(Qey119)
o vi2_ A
_ Jre@eiop Bl s vara oD )
= 7 7
Var(Qi4+1|927) 1+ Var@eel)
Var Qf
— LHIZ)WU (Py)
Var(Q+1/9)
Integrating on both sides with respect to the current stock price Py, one gets:
i = [Var@uilod) o
Var(@Qealo))
WI _ V'tI
wo T\ Ve

Note that the time script ¢t does not matter in a stationary environment.

EWi(R)QY] = )

Proof of Proposition 3.3 and 3.5

Before we get to the proof, it is useful to show the following lemma which is about how the conditional volatility V!, VU

and the return coefficients {e;} change with pr, p, respectively when A — 0 :



Lemma A.1 AsA—0:

e — p"(1+a(0p+90s))

Oe
5o = #(1=(Op+0s)
PF
0
2, )
Opx
e3 — pps
O
s — 0
Opr
% — Z
Opa r
ea — l+a(Op+0s)
de
—L & 1-(6p+0s)
Opr
0
a4
Opa
es  — Pz
O
5 — 0
Opr
0
e R
Opx
e¢ — abp+1
Oeg
— 79D
Opr
% - 0
Opx
er  —r (l@s
Oer
— —93
Opr
0
L4 0
Opx

VI = (1+4a(0p+05)° 0%+ (pz)’ 02 + (14 abp)® o + (abs)* 0%

ovl 2

S = =2(p") (14 ap +65) Var (FIQV) (1= (6p +05)))
opr

ov!

opn — 2pzo:2c

2
VU o (1+a(0p +0s))? ((pF) Var (FlV) +cr%) +(p2)? 02 + (1+abp)? o + (afs)? 0% + (1 + a (Op + 05))*

vU
vz - —2(1+a(0p +05)) p*pFVar (F|QU)
Opr
ovyY
Opz

2

AV (pF) (1+a(0p +05))2 Var <F|QU)

OAV

Opr
OAV

Ops

—  2pg 0’2

— Q(pF—i-a(GD—I—GS)pF) (pF—(GD +05)pF—px> Var (F|QU)

To prove the lemma we start by examining each e; one by one. We start with e :
e2=p" (L+pr)+ppfo=p" 1+pr)+(a—pr)f2
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we first focus on the expression of fo

ho = Var (Ft+1|Q£J+1) (oF = p%) pFVar (F1|QY) + 0% (pF B pz) N <Var (FH_l\Q,Zrl) N Var (Ft+1\Q§J+1)
Var (Feal {Sp1}UR) (or — o2 Var (RIQV) + 0%+ (22) 02 oD 75
2
_ Var (Ft+1|Q?+l) [(pF — p*) pFVar (F|QY) + 2] (% (pF B pz> N (Var (Ft+1|QtU+1) N Var (Ft+1|QtU+1)
Var (Fig1| {Spe+1} U Q) [(pF — ) Var (FQY) + U%] (%)2 +o2 b 7%

2
Note that fo depends on pr and pg only through the square of the price ratio (’;—) , and thus, its derivative with respec to
pr and p, will have a term Z—F — 0 as A — 0. We conclude:

T

f2 = (0p+0s)p"

—8f2 — 0
Opr

0f2

— 0
Opz -

Thus

ey — pF (1+a(9D+05))

Oe 0

I S B SRy S
Oopr Opr

o

Oz

Opa

For e3 it is pretty straightforwad as it depends only on p; in linear way:

es = p°pa = pPpa
Oe

3 - 0
Opr

Oe

3 o

Opa

For ey

ea=1+pr+ppfs

We need to first examine f3

fsm Var (Fe1|QY, ) (pF = p®) pFVar (F|QY) + 0% N Var (Fe1QY ) N Var (Fe11QY )
Var (Fent (pe} V) (oF _ o) var (R10Y) + o3+ (22) o2 b o

2
Again, f3 depends on pr and p; only through the square of the price ratio (’;—F) , and thus, its derivative with respec to pg

and p; will have a term ’;F — 0 as A = 0. Thus

T

Var (Fiy1|927,,) n Var (Fiy1|97},)

fz = 5 5 =0p +0s
) 9s

0

7)‘3 — 0

Opr

0

9fs —- 0

Opx

The property that the function depends on pr and p, only through the ratio holds for f5 and fs as well. Thus it is easy to
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show that

es — 1+a(0p+0s)

0
“ 5 1-6p-0s
Opr
7]
a4 0
Opz
e¢ — afp+1
Oes — 0
—0p
Opr
O
&, 0
Oz

er — afg
Oer

— 795
Opr
der - 0
Opx

We omit the proof for these three coefficients. Details are available upon request. Now we need to examine es :
es =pz +ppfa

With
Var (FiyalY,,) (oF — %) oF Var (FUSY) + 0% po

= U 2
Vor (sl 51 UF) (o var (i) (2502 %

fa

2
Multiply both the denominator and numerator with (Z—f)

Var (Fip119V, ) (o7 — p) o Var (RIOF) + 03] (22)"
Var (Fip1|{Spe41} U Q) [(pF — ) Var (R|QV) + a%] (’;—‘:)2 + o2 PF
Var (Fie11QY, ) [(p" = p") pFVar (F|Q]) + o] 2
Var (P {Susa} V) [(oF — gy var (RI0Y) + 03] (22) + 02

fa =

Now note that there is a term Z—F Thus its derivative with respect to pr is not in general zero:

x

f4 — 0
o Ver(Ral9) (" ) o Var (IOF) + ]
opp Var (Ft+1| {Spt+1} @] Q?) pzag
% — 0
Opz
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Thus

Oes f Of4
= —fa-pr—
OpF OpF
Note that pp — 0. Thus
Oes
-0
Opr
o]
e — 1
Opa

Now we are ready to derive expressions for the conditional volatility V! and VV.

Start with V7 :
vi= e20% + 2o + ko2 + a2

Plugging in expressions for eq, €5, eg, ey and take limit, it is easy to show that:
"= (1+a(@p +05))? 0% + (px)* 02 + (1 + abp)? o}, + (abs)” 0%
I
For aL, one also needs to plug in the derivatives:
opr

ovi Oey Oes Oeg o Oer 4
— = 2e4 O'F + 2e5 —— 0' + 2e og
Opr Opr Opp Opr Opr

— 2(1+a(9D+05)) (17(9D+95))J%72(1+a0D)9D0%72(a05)9503
Var (F|QY Var (F|QU
Yar P19 63, 2 ats) <( | )>a§

2
9s

= 2(1+4+a(®p+0s)(1—(Op+0s))o%—2(1+abp)
9D

= 2(1+a(0p+0s)) (1= (Op +05)) 0% — 2(1+ a(0p +0)) Var (FIQ7)

(
= 2(1+a(p +6s)) [1—(9D+95))0F Var<F|QU>]
I

= 2(1+a(0p+0s) [(1—(0p +05)) 0% — Var(F\QU)]

_ " Var(F|QY)  Var U

= 2(1+a(fp+0s)) ( Var F|QU)+0- ) Var(F|Q ):|
2

= a ar UF -

= 2(1+a(fp +0s)) Var(F|Q )[(p P Var(FIaU) 1 o 1

= 2(s") (1 al0p +05) (1~ Op +05)) Var(FIQV)

Similarly for

avi 9 Oey PN Oes + 9% Oeg P Oer o2
= €4 —— o2 es—— eg 756 52 er

Opz Opa F 8pz Opa p Opa 78
— 2pzag

To derive expression for VU, we first derive expression for the information gain AV :
AV =Var (62Ft - egzﬂﬂ?)
Plug in expressions of ez and es :

AV = Var ((pF 1+pr) +ppf2) Fy — p“”pz:rt\fl?)
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Note that we can substitue out p;x: using the price signal:

Spt = prFi—pzwy
PzTt = pFFt_Spt
Plug in
Ava((F1 o) Fy — p% (ppFr — Spe) |QV
= Var((p" (1+pr)+ppfe) Ft —p” (pFFt — Spt) |

= Var ((pF (1+pr) +ppf2> Fy — PmpFFt‘Q%])
As the price signal is in the information set of the uninformed. Thus

AV = Var ((pF (I+pr)+ppfa— PZPF) Ft\Q?)

(pF (1+pr)+(a—pr) f2 — p’“pF)Q Var (FIQU>
Thus

AV = (pF +a(6p +05) o) Var (Fia”) = (pF>2 (1+a(0p +65)?* Var (FlOV)
Now examine the derivatives

NG

L —2(o (wr) + @) fa = oe) (o = fat (0= pr) 522 = %) Var (Pl

OpF
Here we omit the derivative with respect to Var (F\QU) as we will take A = 0 :

OAV
Opr

- 2 (pF +a(p +6s) pF) (pF —(6p +05) p" — px) Var (FIQU>

= 2 (pF +a(6p +6s) pF) ((1 —0p —0s)p" — p“) Var (F\QU)

OAV
Opx

0

As pz does not show up in the expression of AV.

Now we are ready to derive expression for VU :
vU=vltaAv

Thus

2
VU o (o) (L4 a (0 +09)* Var (FIQU) + (1+a (0 +05)% 0% + (p)? 0% + (1 + abp)? o + (abs)? o

= (1+a(bp +0s))? [(pF)2 Var (FIQV) + a%} +(p2)? 02 + (1 +abp)? 0% + (abs)? o

And
ovy  avl oAV
opr Opr Opr

5 -2 <pF>2 (1+a(0p +05) (1 — (0p + 05)) Var(FIQUV) + 20" (1 4+ a (6p + 05)) ((1 —0p —0g) pF — pz) Var (F|QU)
= 20" (14+a(0p +6s)) Var(F|QY) [(—1 +0p +0s)p" + (1 - 0p —0s) p" — pm}
= 207" (1 +a(0p +05)) Var(FIQY) <0
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And

ovU _ ovl oAV
Opz h Opx Opz
—  2pg crz

With the lemma, we are ready to prove proposition ?7?7. First note that as A — 0, Var (F\QU) does not change with A. Thus

we only need to characterize the derivative of pr and p, with respect to A from the two market-clearing coefficient matching

equations:
[A LI RP O }(R Ype—1 = 0 (A.9)
aVl aVl P ba - )
F o¥ F_ oz
pF + (357 —pr) f2+ (pF = p* — f2) pF
A (s —vr) PR~ (A.10)
aVl Pz
Total differentiate the two equations with respect to pr,ps, and A :
-1 ov! -1 vV
0 = ——— 4+ (1= ————— | (R—p") p2dp
a(VI)QapF ( )a(VU)2 aPF:|( ) Podpr
1 1 -1 ovt -1 ovlY
A b (1=A) — | R=p) + A—— Tt 1= —— T | (R=p®) ps s dps
+{[ S 0N | (Rt Do B s T (et } p
1 1
—— — — | (R= p") pad
* [aVI aVU] ( PP
F F Ao yI _ [ F o F_ ox vl
0 — AP —fat(p —ﬁ—b%ﬁm%ﬂV' %4{ﬁﬂp m)h+@ P h””]wF_iwa
a(VI)? Pa
F I
- [pF+ (R’ipp —pF> o+ (pF = p* _f2)PF] B .
+ A > + 7 | dpe
a(V1) (p=)
F
ot + (R‘ipF —pF>fz+(pF—p”—f2)pF
+ d\
aVl
Take A\ — 0 and hence pp — 0 :
-1 ovV 1 1 ovU 1 1
= (R—p%)pad —  R—p")— ————Z (R—p")ps pdps + | —— — —— | (R — p%) padA
a(vv)QGPF( P)p pF4{avU( p*) o (VU2 Op (R=p")p } p‘+{avl aVU}( )P

F F
p’ +alp +0s)p”
aVl

1
0=——dpr+

T

From the second equation one immediately see that

dpF o F1+a(0D+Gs)
dx aV1

x
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This completes the proof of Proposition 3.3. The derivation of % is as follows. From the first equation:

1 avY dp 1 1
dpa WW R—Pz)pwﬁ—[m—m] (R = p%) pa

U
A U (R—Pz)—m%(R—Pz)m

eliminate & and R — p® from both the numerator and denominator:

1 1
dp. _ (VU)? ok Pm W_W]pm

d\ 1 1 avU

VU T (vU)Z opg Pe

1 ovY  dpp [

When A — 0, equation A.5 becomes:

1
m( —p)pe = 1
_ aVl
be (R—p")
Plug p. into d;; :
1 avY _avU dpfF_':L_L] avy
dpz  (vU)? Opp (R—p%) dA vl vU ] (R—p®)
o 1 _ _ 1 _avU avU
v (vU)? 9pz (R—p®)
vl @J_[LU_]D(VU
_ 9pp (R—p®) dX v (R—p")
- 1— avvyu ey
Opx (R—p®)
avY dpp _ AV U
Opp dA vI
(R—p*) _ avVU
o Opa
Now plug in expression for %‘;}Z s %, % and AV :
Y2 (14a(0p+65))2Var(F|QU
dpe  —2070" (1+a(0p +0s)) Var(F|QU)pF LHelpiis),, (o) (el de)Ver(M9) oy
= Jp
dX BE=p®) _ 9p,02
F\2 2
Factor out (?) (1+‘c;(19D+95)) Var(F|QY)
dps _ (p")* (1+a(6p +65))* . —20"Lps — V'V
- ; Var(Flo¥) 2 st
dX \% L —2p02

Now use the relation VU = é (R—p")pe :

(p")? (1 4+ a(0p + 05))? 20°Lp, — L (R—p%) po

= Var(F|QU)— -
Vi (B—p?) ap ) _ 2pa:0'720
F)2(1+a(0p + 05))? 20" + R— p*
- _(P )" (1+a(p +65s)) Var(F\QU)pzpjip
aVI (R—p™) 2p:,;0’%
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= prz, plug in this expression:

d
Note that <& T
dpz F uy 20"+ R—p" dpp
— = —(1 0 [4 Var(F|Q2 —_—
X ( “Fa( D+ S))p a’l”( | )(R_apr) —2])10'33 d\
P+ R dpr

-1 Op +0 Fvar(FIQV)— L~ 28
( JF(Z( D+ S))p CLT‘( | )(R—pw) —2p950",)2: X
[e%

Proof of Theorem 1

To begin, we write out the partial derivatives:

dAV AV dpp  OAV dpp
dx  Opr d\ Ops  dA

: i OAV
Plugging in T

and 22V from lemma A.1 and 2Eand £ from proposition 77?:
Opax dX dX

1 +a(0D + 93)
Lipeiih S E R N VA, A1l
V7 P (A.11)

dAV
o =2 (pF +a(0p +93)0F> (pF —(60p +0s)p" — p””) Var (F\QU) p
All other terms are strictly positive for generic parameter values except

o — (0p + 65) p¥' — p*

Thus ddA)\V > 0 if and only if (1 — (0p + 05)) p¥' — p® >0

Proof of Proposition 3.4

Take equation A.5 and take A — 0 :
(R—p")pe = aV¥

Plug in value of VU from lemma A.1, rearrange:

o2 ()~ B2 (14 a (0 +05))? ((pF)2 Var (FIV) + a%) +(1+a0p)? o+ (abs)* o3 + (1 + a (0p +62))* =0

This is a quadratic equation from which one can solve for p,

R=p® + VA

pe = 202

Where
A ((R - ”z)>2 — 402 [(1 +a(Bp +0s))? ((pF>2 Var (F\QU> + o%) +(1+abp)? 02 + (abs)2 0% + (1 +a (0p + 05))2

[The proof of Proposition 3.5 is combined with that of Proposition 3.3.]

Proof of Proposition 3.6

From proposition 3.5:
dpz F U P+ R dpr
] £ 7=
I (1+a(0p +0s)) p" Var(FIQT) g—ay— o2 D

o1



All other terms are strictly positive except (note that dop 0)

dx
R _ T
w _ prai
We also know from proposition 3.4 that
foe- 1 VA
Po= "0

T

Thus at the low volatility equilibrium

T R—p”
(R—P)_2 zap -VA 2

« 202
R — p% R — p®
- p)—( p—x/K):x/Zzo
« 2a
Likewise at the high volatility equilibrium
R—
E=r") _ opo? = VA <0
Thus
dps e . s
Iy < 0 if it is low-volatility equilibrium
dpq e s _—
I > 0 if it is high-volatility equilibrium

Proof of Theorem 2

I I
In view of proposition 3.6 and 3.5, in order to prove Theorem 2 it suffices to show that gr% < 0 and %% > 0. This can be
seen from lemma A.1:

avT 2
AN (pF) (1+a(0p +0s)) Var (F\QU) (1= (6p +6s))) <0
Opr
I
ov — 2pxai >0
Oz

Proof of Proposition 3.7

Manipulate equation 3.10, we have
R — p%
&Lz 2Dz 0'028 =+VvA

Where the sign depends on the type of the financial market equilibrium. The sign is positive in low-volatility equilibrium and

is negative in high-volatility equilibrium.

We also know from lemma A.1 that as A — 0: s
oV

Opx

— 2pg o?c

And from equation 3.11:

dpa F U PP+ R dpr
=—(1 0 0 Var(FIQY) 55— ——
N (14+a(fp +0s)) p" Var(F| )(R;pz) ~opao? dA
Plug in expression for R;pz — 2pg02:

dpq
dX

p” + Rdpr
+VA  dx

= —(1+a(p +05) p" Var(FIQY)
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T
Thus the obsolute value of ‘?)L C%f is
P

p* + Rdpr

=2p02 (1+a(0p +0s)) pf*”vm(FmU)T Y

As p® and pf" are pushed to its boundary, vVA — 0 whereas all other terms are bounded. Thus we have

V! dpy
Opz dA

We still need to show that such boundary exists. This can be done by osberving that A is monotonically decreasing with respect
to both p® and p and for appropriate values of (pg”7 pF) A > 0.
Proof of Theorem 3

Note that to show the slope of dtl()\)‘) > 0, it suffices to show the slope of

Or equivalently
dAV AV av?

dA VI dx
From equation A.11:
dAV 14+a(0p +6
— =2 (1 +a(8p +05)) (pF —(6p +0g) pF — px) Var (F\QU) pFi( DI S)px
dA aV

Also
avl  ovlidpp = oVIdpp

d\ ~ Opp dx  Ops dA

Plug in the derivatives from lemma A.1 and proposition ?7:

ovlidpr ovI dpl
Opp dX Ope dA

= 2(s") (1 +a0p +05) (1 - (Op +05)) Var(FIQV)p

rl+a(@p+06s)

T

aVvl
20" + R — p® 1+a(@p+0s
~2pa0? (14 a (6 +05) o Var(FIQV) 22 F o italotls),
o T 2P0z @

Thus

P+ R

dAV U M2 (1 +a(@p+0s))° F F_ 2, AV
W—Zv‘"(ﬂﬂ )(P > s e L T —(Op+0s)p” —p +W

All other terms are strictly positive except

. AV "+ R
pr(ODJrHS)prp + — pF(1*(9D+95))+Png_€,7
v (Rp)_zp o2
@ %
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p" (1= (0p +0s)) + Peoy
< (B=2®) — op,o2

)



Thus ddAAV > 0 if and only if

AV z
p" = (0p +05)p" —p" + —F PP (1= (0p +05)) +pac?— 2 TH ) 5
VvV (R—p?%) *QPIO'Q
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