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Abstract

This paper studies the role of information acquisition in propagating/stabilizing uncertainty shocks in a 
dynamic financial market. In a static world, uncertainty raises the value of information, which encourages 
more information acquisition. In a dynamic world, however, uncertainty can depress information acquisi-
tion through a dynamic complementarity channel: More uncertainty induces future investors to trade more 
cautiously. This renders future resale stock price less informative and reduces the value of information 
today. Due to the dynamic complementarity, transitory uncertainty shocks can have long-lasting impacts. 
Direct government purchases can stimulate information production, eliminate equilibrium multiplicity, and 
attenuate the impacts of uncertainty shocks by raising the effective risk-bearing capacity of the informed 
investors.
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1. Introduction

Fluctuations in economic uncertainty matter for asset-market fluctuations as well as business-
cycle dynamics. Persistent uncertainty risks are shown to be a crucial driver of asset prices (e.g., 
Bansal and Yaron, 2004) and business cycle dynamics (Bloom, 2009). But why are uncertainty 
risks persistent in the first place? After all, information acquisition activities are ubiquitous in 
modern financial markets. Moreover, market participants’ abilities to collect and analyze in-
formation have improved tremendously thanks to the adoption of new technologies and the 
availability of big data in recent decades. Can short-lived uncertainty shocks still generate long-
lasting impacts on the financial market when information can be endogenously acquired?

The answer is yes. This paper presents a mechanism whereby heightened uncertainty deters, 
instead of encourages, information acquisition activities. Therefore, transitory uncertainty shocks 
can have long-lasting impacts even if an effective information acquisition technology is avail-
able. The core of the mechanism is dynamic complementarity in information acquisition,2 which 
arises naturally in dynamic financial markets in which assets are long-lived. In such a world, 
investors care not only about dividend payoffs but also about resale asset prices, and heightened 
uncertainty can depress information acquisition due to a dynamic feedback effect: Heightened 
uncertainty induces future informed investors to trade more cautiously. As a result, future resale 
stock prices become less sensitive to the fundamental, thus reducing the current value of informa-
tion. Note that, in this world, investors remain uninformed not because of exogenous restrictions 
on their information choices, but because they endogenously choose not to do so, as there is 
excessive noise and very little information in the future resale stock price, rendering information 
acquisition unprofitable.

The mechanism is illustrated in two steps within a standard dynamic trading framework (as 
in Wang, 1993 and Watanabe, 2008), in which investors are allowed to endogenously acquire 
information a la Grossman and Stiglitz (1980). In the first step, I analytically characterize a 
special case in which the dynamic complementary channel is absent. In this case, I formally 
show that uncertainty shocks exhibit no persistence in the presence of endogenous information: 
Rising uncertainty will be fully offset by private information acquisition activities and have no 
impact on equilibrium price informativeness.

Two important assumptions underlie this result. First, there exists an effective information 
acquisition technology through which one can observe the true fundamental at a cost (Gross-
man and Stiglitz 1980). This condition is mild, in the sense that such a technology can be very 
costly and in equilibrium is only adopted by a negligible (but positive) share of the investor pool. 
Second, it is assumed that noisy stock supply shocks exhibit no persistence.3 This assumption 
leads to an irrelevance property: Current information does not affect future return sensitivity
with respect to fundamental. This property implies that the dynamic complementarity effect is 
absent and the incentive to acquire information closely resembles the one-shot financial market 

2 For a brief survey of the dynamic complementarity effect in the financial market, see the literature review section 
(Froot et al., 1992; Dow and Gorton, 1994; Chamley, 2007; Avdis, 2016).

3 The noisy supply shock summarizes trading motives orthogonal to fundamental reasons, such as liquidity demand, 
hedging incentives, and behavioral motives. Thus the noisy supply shock drives a wedge between stock prices and their 
fundamental value.
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of Grossman and Stiglitz (1980), in which future resale stock prices are fixed to be zero.4 In sum, 
the “One-shot Theorem” says that if (1) there exists an effective (and perhaps costly) informa-
tion acquisition technology and (2) there is no dynamic complementarity, then the information 
market can efficiently absorb exogenous uncertainty shocks.

In the second step, I explore the case where the dynamic complementarity channel is present: 
with persistent noisy supply shocks, past uncertainty affects future return sensitivity. Because of 
this, no easy analytical solution is available. A further complication is that due to the presence 
of equilibrium multiplicity, the standard shooting method cannot be applied here. By exploiting 
the recursive structure of the dynamic Kalman filter, I find that all past history of prices, divi-
dends, and public signals can be summarized into two state variables: fundamental uncertainty 
and prior price informativeness. I thus numerically solve for the model focusing on a notion 
of recursive equilibrium in which pricing coefficients are time-invariant functions of these state 
variables. Applying the methodology to solve the model around the unique interior stable steady 
state, I find that the dynamic complementarity works to reduce future asset return sensitivity, and 
thus prolongs the impact of uncertainty shocks: Persistent supply shocks endogenously depress 
information acquisition and hence lead to persistent impacts of uncertainty shocks.

Why do more persistent stock supply shocks depress the value of information? When both 
fundamental shocks and noise supply shocks are very persistent, the current stock price serves as 
a fairly good summary statistic for the two shocks and by itself is a good predictor of future stock 
returns. Knowing separately the fundamental and noise information does not add much value on 
top of observing the current stock price. Intuitively, investors would like to identify stocks that 
(1) are underpriced today and (2) will be correctly priced in the future. When noise shocks are 
persistent, any currently underpriced stock will be persistently underpriced. This lowers the value 
of information acquisition, and hence prolongs the impact of uncertainty shocks.

The analysis calls for identification of a deep model parameter: the persistence of noisy sup-
ply shocks. Such persistence could arise for various reasons. For instance, it could be due to 
order-splitting, which is the common practice of splitting a parent order into a series of child 
orders and executing them over time (Choi et al., 2018). This is particularly relevant nowadays, 
given the prevalence of algorithmic trading and smart execution algorithms that facilitate institu-
tional investors in trading large quantities of stock gradually over time (Hendershott et al., 2011). 
This persistence could also arise due to herding behavior, in which investors mimic each other 
in terms of their trading strategies, and in particular individual retail investors (Kumar and Lee, 
2006; Dorn et al., 2008; Barber et al., 2009a,b). Barber et al. (2009b) provide direct evidence that 
retail tradings are highly persistent in time and the persistence horizon extends beyond one year. 
These evidences suggest that uninformed demand shocks tend to be persistent in the data. This, 
combined with the theoretical analysis presented previously, indicates that transitory uncertainty 
shocks could indeed have long-lasting impacts on asset markets, even when information can be 
endogenously acquired.

Lastly I study the impacts of government interventions. They theory predicts that the impact 
of uncertainty shocks is intimately linked to market liquidity, i.e. the sensitivity of stock prices 
with respect to noisy supply shocks.5 In particular, more liquidity financial markets should ob-
serve less impacts from uncertainty shocks. Thus, policies that boost price informativeness and 

4 The static information acquisition model of Grossman and Stiglitz (1980) also has the following “one-shot” property: 
Rises in fundamental uncertainty are instantly offset by a rising share of informed investors, leaving the equilibrium price 
informativeness unchanged (Grossman and Stiglitz 1980, p. 400, Theorem 4).

5 The supply sensitivity measures the price impact of noise traders, and is standard in the literature.
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hence market liquidity would be particularly helpful in eliminating uncertainty shocks. Guided 
by this observation, I first consider public disclosure policies where the government varies the 
precision of the public signals. I find that disclosure has little impact, as it hardly alters the infor-
mation/noise composition of the asset prices. This is because more public information tends to 
crowd out private information production, leaving equilibrium price informativeness and liquid-
ity unchanged.

I then consider direct-trading policies whereby government are allowed to directly purchase 
security in financial markets. I show that direct purchase policies are more effective, because 
they resemble shocks to investors’ risk appetite.6 As informed investors effectively become less 
risk averse and more aggressive in trading, more information gets incorporated into the asset 
prices. This effectively boosts price informativeness and thus reduces the supply sensitivity. This 
eliminates equilibrium multiplicity and renders uncertainty shocks less persistent. I thus conclude 
that direct intervention can be an effective form of regulation in the information markets.7

The direct-trading policy can also be interpreted as high-frequency traders (HFT) looking to 
maximize profit by trading with permanent price changes and against transitory noises (Hender-
shott et al., 2011; Brogaard et al., 2014). The result of this paper thus uncovers another benefit 
of HFT, in addition to its role of, among others, liquidity provision and price discovery: it helps 
to eliminate information equilibrium fragility and renders financial markets more resilient to 
uncertainty shocks.

Literature Review. This paper provides a theory of endogenous persistence of uncertainty 
risks in a dynamic financial market with information asymmetry and endogenous information 
acquisition. It is first related to the literature that studies strategic interactions in investors’ infor-
mation acquisition activities (e.g. Veldkamp 2006a,b; Ganguli and Yang 2009; García and Strobl 
2011; and Goldstein and Yang 2015). The classic insight (Grossman and Stiglitz, 1980; Hellwig, 
1980) is that informations are static substitutes because asset prices leak useful information to 
uninformed investors, reducing their incentives to learn. In a dynamic environment with long-
lived assets, however, informations are also dynamic complements: more information tomorrow 
implies that future resale stock price becomes more sensitive to fundamental and thus raises the 
value of information today. This dynamic complementarity has been shown to have important 
implications on arbitraging activities, price efficiency, and market fragility (equilibrium multi-
plicity) (Froot et al., 1992; Dow and Gorton, 1994; Chamley, 2007; Avdis, 2016).

The most closely related paper is Avdis (2016), who also studies information choices in a 
dynamic financial market. His focus is on equilibrium multiplicity, whereas I focus on the non-
stationary dynamics and endogenous persistence of uncertainty shocks. The novel contribution 
of this paper is that the dynamic complementarity in information acquisition makes uncertainty 
shocks endogenously persistent, which has important asset-pricing (Bansal and Yaron, 2004) 
and business-cycle implications (Bloom, 2009). Related to this point, Mele and Sangiorgi (2015)
also explores market reactions to changes in uncertainty in a static model in which investors 

6 With exponential utility, investors’ demand is given by E(Q)
αV ar(Q)

, where E(Q) is expected excess stock return, 
V ar(Q) is stock return variance, and α is the risk aversion parameter. When the government replicate private investors’ 
demand with intensity η, the total demand becomes (1 + η)

E(Q)
αV ar(Q)

= E(Q)
α

1+η
V ar(Q)

, which is equivalent to the demand 

of an investor with risk aversion α̃ = α
1+η

< α if η > 0.
7 A potential caveat is that government trading could itself introduce noises into the financial system, as in Brunner-

meier et al. (2018).
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are subject to Knightian uncertainty. They do not, however, explore dynamics upon uncertainty 
shocks.

This paper is also related to the literature that studies dynamic trading models with asymmetric 
information, pioneered by Wang (1993, 1994) and Campbell and Kyle (1993). It is particularly 
related to models with overlapping generations of investors (Spiegel, 1998; Bacchetta and Van 
Wincoop, 2006; Watanabe, 2008; Biais et al., 2010; Albagli, 2015). This literature takes informa-
tion choices as given and only focus on stationary equilibria where price functions are invariant 
over time. This paper’s contributions here are that it: (a) analyzes endogenous information choice 
in dynamic noisy rational expectation models and (b) develops a methodology to study non-
stationary equilibria in which steady-state multiplicity presents. This methodology (recursive 
equilibria) can be potentially applied to other similar frameworks, as equilibrium multiplicity is 
pervasive in overlapping-generation noisy-rational expectation models.

A recent literature explores the implications of dynamic information acquisition on long-run 
trends observed in (international) financial markets (Farboodi and Veldkamp 2017; Farboodi 
et al. 2018; and Valchev 2017). It is related to Brunnermeier et al. (2018), who demonstrate that 
active government intervention may harm information efficiency by leading investors to learn 
about noises introduced through the intervention. Although similar dynamic coordination forces 
exist in their frameworks, this paper instead focuses on the interactions between information 
markets and uncertainty shocks.

2. Model economy

The model can be viewed as a perpetual repetition of Grossman and Stiglitz (1980) static 
model with long-lived assets. The physical environment is identical to that of Wang (1994), 
except for the overlapping-generations structure and endogenous information market. Time is 
discrete and runs from −∞ to +∞. The economy is populated by a continuum of overlapping-
generations agents who consume a single consumption good. The good is treated as the nu-
meraire. There are two assets in the economy: a bond in perfect elastic supply, paying a return 
R,8 and a stock that pays a dividend

Dt = Ft + εD
t (2.1)

each period. Ft is the persistent component of the dividend process, labeled as the stock funda-
mental. The stock fundamental follows an AR(1) process:

Ft = ρF Ft−1 + εF
t ,0 ≤ ρF ≤ 1. (2.2)

(The restriction that ρF > 0 is an economic one. Mathematically, we could allow ρF within the 
unit circle (−1, 1).) The stock supply, xt , follows an AR(1) process as well:

xt = ρxxt−1 + εx
t ,0 ≤ ρx ≤ 1. (2.3)

As in Wang (1994), I assume that there is a public signal every period about the current 
fundamental:

St = Ft + εS
t . (2.4)

8 Alternatively, one can interpret the bond as a storage technology without nonnegative constraint.
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Fig. 1. Timeline.

The shock vector �εt = [εD
t , εF

t , εx
t , εS

t ] is i.i.d. over time, with mean 0 and covariance matrix 
diag(σ 2

D, σ 2
F , σ 2

x , σ 2
S ).

Investors live for two periods with exponential utility.9 They are born with a certain amount 
of wealth w and freely observe the entire history of the dividend and stock price. They are 
then offered an opportunity to acquire information at some cost χ . If they choose to acquire 
information, they also observe the history of the stock fundamental. I call investors who choose 
to acquire information the “informed” investors and the rest “uninformed.” Denote the time t
share of informed investors λt and the equilibrium stock price Pt . The information set of the 
generation-t uninformed is

	U
t = {Ps,Ds, Ss}ts=−∞,

and that for the informed is

	I
t = {Ps,Ds, Ss,Fs}ts=−∞.

An informed investor, observing the true stock fundamental, can perfectly infer the stock supply. 
For uninformed investors, their conditional expectations are derived from Kalman filter equa-
tions. I use F̂ and x̂ to denote the conditional mean of the current fundamental and stock supply 
for the uninformed:

F̂t = E(Ft |	U
t ) (2.5)

x̂t = E(xt |	U
t ). (2.6)

After the information acquisition stage, the financial market opens and trade occurs. After that, 
old investors exit and consume their wealth. The timeline is summarized in Fig. 1.

The period-t investors’ problem is as follows. Upon birth, they make information acquisition 
decision

max{WI
t ,WU

t },
where WI

t denotes the expected utility of generation-t informed investors and WU
t denotes the 

expected utility for the generation-t uninformed. Then, conditional on the information set, they 
make their portfolio choice to maximize expected utility derived from terminal consumption:

Wi
t = maxs,c E(− exp(−αc)|	i

t )

c ≤ (Dt+1 + Pt+1 − RPt)s + R(w−1{i = I }χ),
(2.7)

9 An alternative model is that investors live forever but are myopic when making investment decisions. Given expo-
nential utility, and thus no wealth effect, the two models are isomorphic.
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where s denotes shares of the stock, c denotes terminal consumption, and w denotes their initial 
wealth. α is the risk-averse parameter.

It is challenging to solve noisy rational expectations models with general, potentially non-
linear, price functions. Breon-Drish (2015) shows that the linear equilibrium is the unique con-
tinuous equilibrium in the static model of Grossman and Stiglitz (1980). It therefore stands to 
reason that the dynamic model considered here has the same linear equilibrium as the unique 
continuous solution. I therefore focus on linear equilibria in which the equilibrium stock price 
depends linearly on the (expected) stock fundamental and supply. That is, there exists a set of 
time-varying coefficients {p̄t , pF̂ t

, pFt , pxt } such that

Pt = p̄t + p
F̂ t

F̂t + pFtFt − pxtxt . (2.8)

Observing the stock price Pt is equivalent to observing a price signal:

Spt = Ft − pxt

pF t

xt . (2.9)

The price signal partially reveals the true value of stock fundamental Ft . The informativeness of 
the signal depends on the relative sensitivity of the fundamental and noisy supply with respect to 
stock price. I denote this ratio

θt = pFt

pxt

.

3. Characterization

The equilibrium is characterized by three dynamic relations between investors’ beliefs, pricing 
coefficients, and the endogenous share of informed investors. The first is a Kalman filter equation 
that characterizes the evolution of the conditional expectations of uninformed investors. The 
second is a financial market-clearing condition that pins down pricing coefficients. The third is 
an information optimality condition that pins down the share of informed investors.

Conditional Expectations of Uninformed Investors
Uninformed investors form their beliefs based on the entire history of dividends, public sig-

nals, and equilibrium stock prices. This history can be summarized by two state variables by 
exploiting the recursive structure of the Kalman filter.10 One is prior fundamental uncertainty:

zt−1 = V ar(Ft−1|	U
t−1).

The other is the informative ratio of the last period:

θt−1 = pFt−1

pxt−1
.

θt−1 is necessary because it affects the conditional correlation between fundamental and price 
signal. The next proposition characterizes how the conditional beliefs evolve.

Proposition 3.1. Given the sequence of price informativeness {θt}, the law of motion for condi-
tional volatility zt is

10 In principle, the (expected) level of stock fundamental and stock supply are also part of the state. With a utility 
function that exhibits no wealth effect, however, pricing coefficients are determined only by second moments.
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1

zt

= 1

V ar(Ft |{Pt } ∪ 	U
t−1)

+ 1

σ 2
D

+ 1

σ 2
S

, (3.1)

where V ar(Ft |{Pt } ∪ 	U
t−1) is the fundamental volatility upon observing past history and the 

current price signal (but not the dividend and public signal), and is a function of zt and pricing 
coefficients pFt , pxt :

V ar(Ft |{Pt } ∪ 	U
t−1) =

(
ρF

)2
zt−1 + σ 2

F −
[
ρF

(
ρF − ρx θt−1

θt

)
zt−1 + σ 2

F

]2

(
ρF − ρx θt−1

θt

)2
zt−1 + σ 2

F +
(

1
θt

)2
σ 2

x

(3.2)

Detailed proofs are relegated to the appendix. Note that θt−1 enters into the posterior variance 
of fundamental upon observing stock price Pt . When stock supply shock is i.i.d. (ρx = 0), equa-
tion (3.1) collapses to the standard formula for uncorrelated signals: ex post precision is equal to 
the sum of ex ante precision and the precision of the price signal.

1

zt

= 1(
ρF

)2
zt−1 + σ 2

F

+ 1(
1
θt

)2
σ 2

x

+ 1

σ 2
D

+ 1

σ 2
S

(3.3)

Note that θt−1 drops out of the expression. Thus, in the case where supply shocks are i.i.d., we 
only need to keep track of fundamental uncertainty; otherwise we need to track both zt and θt .

Excess Stock Return and Optimal Portfolios
Given the equilibrium price function and uninformed investors’ beliefs, one can derive the 

expression for the excess stock return and optimal portfolios. The excess return in dollars is:

Qt+1 = Dt+1 + Pt+1 − RPt (3.4)

= Ft+1 + εD
t+1︸ ︷︷ ︸

Dt+1

+ p̄t+1 + p
F̂ t+1F̂t+1 + pFt+1Ft+1 − pxt+1xt+1︸ ︷︷ ︸

Pt+1

−RPt (3.5)

where we substitute out stock dividend and equilibrium stock price. Using the law of motion for 
Ft+1 (equation (2.2)), xt+1 (equation (2.3)), and F̂t+1 (given in appendix), Qt can be expressed 
as a linear combination of time t variables and time t + 1 shocks:

Lemma 3.1. The excess stock return Qt+1 can be expressed as

Qt+1 = q̄t+1 + q
F̂ t+1F̂t + qF t+1Ft − qxt+1xt + �qεt+1�εt+1 − RPt

where q
F̂ t+1, qF t+1, qxt+1 > 0 are scalars and �qεt+1 is a 1 by 4 vector coefficients. All coeffi-

cients depend on θt , zt , θt+1, zt+1, and pxt+1. In particular the supply sensitivity coefficient is 
given by:

qxt+1 = ρxpxt+1. (3.6)

Equation (3.6) indicates that persistent supply shocks have a negative impact on the future 
stock return, as it predicts unfavorable future stock supply.

Lemma 3.1 indicates that the excess stock return can be decomposed into the following three 
components:
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Qt+1 = q̄t+1 + q
F̂ t+1F̂t − RPt︸ ︷︷ ︸

known to all

+qF t+1Ft − qxt+1xt︸ ︷︷ ︸
known to informed only

+ �qεt+1�εt+1︸ ︷︷ ︸
noises

(3.7)

The first component consists of a constant, current stock prices, and uninformed investors’ belief 
F̂t . These are known to all agents in the economy. The second component consists of the realized 
current stock fundamental and stock supply. This information is known only to the informed 
investors. The third component consists of future noises that no one at period t could possibly 
know. Thus the conditional volatility of the excess stock return for informed investors is just the 
volatility of the noise term:

V I
t = V ar(Qt+1|	I

t ) = V ar(�qεt+1�εt+1|	I
t ) (3.8)

Since the vector of shock coefficients depends on p
F̂ t+1, pFt+1 and zt+1, V I

t also depend on 
these variables. The conditional volatility faced by the uninformed also reflects the fact that 
current investors are uncertain about the current stock fundamental Ft and stock supply xt :

V U
t = V ar(Qt+1|	U) = V ar(qF t+1Ft − qxt+1xt + �qεt+1�εt+1|	U) (3.9)

= V ar(qF t+1Ft − qxt+1xt |	U) + V I
t . (3.10)

Note that uninformed investors observe the current price signal. Using the price signal to substi-
tute out supply xt , we have

V U
t = V ar(qF t+1Ft − qxt+1

pFt

pxt

(
Ft − Spt

) |	U) + V I
t (Definition of Spt )

=
(

qF t+1 − qxt+1
pFt

pxt

)2

V ar(Ft |	U
t ) + V I

t (Price signal Spt is known)

= (qF t+1 − qxt+1θt )
2 V ar(Ft |	U

t ) + V I
t (Definition of informativeness θt ) (3.11)

Given the expected stock returns and conditional volatility, we can now state the financial 
market equilibrium condition that pins down pricing coefficients θt and pxt :

Proposition 3.2. Given a sequence of conditional volatility {zt} and share of informed investors 
{λt }, the following equations define the law of motion for pricing coefficients θt and pxt :[

λt

1

αV I
t

+ (1 − λt )
1

αV U
t

](
Rpxt − ρxpxt+1

) = 1 (3.12)

λt

qF t+1 − ρxpxt+1θt

V I
t

= θt (3.13)

where V I
t and V U

t are the conditional volatility of the stock return for informed and uninformed 
investors defined by (3.8) and (3.9) and are functions of θt , zt , θt+1, zt+1, and pxt+1.

Information Optimality
Following the noisy rational-expectation literature, I define the value of information as the 

ratio of the expected utility of the informed and uninformed investors (equation (2.7)). An elegant 
theoretical result of Grossman and Stiglitz (1980) is that this ratio is proportional to the ratio of 
the conditional stock return volatility. This result carries over to this environment because agents 
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only live for two periods.11 Thus conditional on the distribution of the excess stock return, they 
solve exactly the same problem as in Grossman and Stiglitz (1980) world, yielding the same 
expression for the value of information.

Proposition 3.3. The value of information is proportional to the ratio of conditional volatility of 
the excess stock return and is given by

It = e−αRχ

√
V U

t

V I
t

,

where V I
t and V U

t are the conditional volatility of the stock return for informed and uninformed 
investors defined by equations (3.8) and (3.9) and are functions of θt , zt , θt+1, zt+1, and pxt+1.

In view of Proposition 3.3 and the fact that conditional volatilities are functions of 
θt , zt , θt+1, zt+1, and pxt+1, we can write the information optimality condition as follows:

I(θt , zt , θt+1, zt+1,pxt+1) = 1 if λt ∈ (0,1) (3.14)

I(θt , zt , θt+1, zt+1,pxt+1) ≤ (≥)1 if λt = 0(1)

To summarize, the equilibrium is fully characterized by three dynamic relations between con-
ditional volatility, pricing coefficients, and share of informed investors. The first relation is a 
Kalman filter equation that characterizes the evolution of conditional volatility (Proposition 3.1). 
The second relation is a set of market clearing conditions that pin down the evolution of the pric-
ing coefficients (Proposition 3.2). The third relation is an information optimality condition that 
is given by equation (3.14).

4. Dynamic complementarity in information

This section discusses the key force of my later analysis: the dynamic complementarity in 
information acquisition. Due to the presence of long-lived asset and persistent information, in-
vestors’ information choices exhibit dynamic complementarity: The current value of information 
depends on how sensitive the future resale stock price is the fundamental. This force is absent 
in the static framework of Grossman and Stiglitz (1980), as there the resale stock price is ex-
ogenously fixed to zero. To see this effect, focus on the difference in return uncertainty faced by 
uninformed and informed investors:

�Vt = V U
t − V I

t .

�Vt measures how much stock return uncertainty is reduced through information acquisition and 
is positively associated with the value of information.12 Rearranging equation (3.11), we obtain 
an expression for �Vt :

11 When agents’ horizon extends to more than two periods, this result no longer holds. In particular, the value of 
information would presumably depend on first moments of the model.
12 To see this, note that the value of information can be rearranged as a function of the information differential �Vt and 
informed uncertainty V I

t .

It ↑= e−αRχ

√√√√V U
t − V I

t

V I
+ 1 = e−αRχ

√
�Vt ↑
V I

+ 1

t t
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�Vt = (qF t+1 − qxt+1θt )
2︸ ︷︷ ︸

Future sensitivity

V ar(Ft |	U
t )︸ ︷︷ ︸

Fundamental uncertainty

.

Thus the value of information depends on two aspects. First, it depends on how much un-
certainty there is conditional on public history: V ar(Ft |	U

t ). This is the conventional effect, 
as in Grossman and Stiglitz (1980): More uncertainty leads to higher value of information and 
induces more information acquisition. Second, in this dynamic world, the return to information 
acquisition also depends on how sensitive the future stock return is to the fundamental. The fu-
ture sensitivity term (qF t+1 − qxt+1θt )

2 is endogenous to future investors’ information choices 
and trading behavior. Let’s denote it Rt :

(Future Return Sensitivity) Rt := (qF t+1 − qxt+1θt )
2 . (4.1)

A crucial observation is that the future sensitivity Rt potentially depends on current informa-
tion θt (when qxt+1 	= 0, as we will show later). It is through this dependence that the dynamic 
complementarity is at work: More current price informativeness (higher θt ) leads to lower fu-
ture return sensitivity (lower Rt ), reducing incentives to learn. This has important implications 
regarding uncertainty dynamics.

4.1. Equilibrium multiplicity

Avdis (2016) shows that multiple equilibria could exist due to the dynamic complementarity 
in information. This result carries over to this environment. To see how equilibrium multiplicity 
arises, imagine that there are many informed investors in period t + 1: λt+1 is large. This implies 
that excess stock return Qt+1 is highly sensitive to fundamental: qF t+1 is large. This implies that 
the future return sensitivity term Rt is large, which raises the value of information in period t
and leads to more informed investors in period t . This dynamic complementarity, coupled with 
an infinite-horizon structure, leads to equilibrium multiplicity:

Proposition 4.1. Multiple stationary equilibrium can arise in the information market with ap-
propriate information costs.

The basic proof strategy is similar to Avdis (2016): it is shown that the local slope of the value 
of information is positive when the share of informed investors is zero.13 Fig. 2 depicts a situa-
tion where multiplicity arises. The value of information is initially rising and then decreasing as 
a function of the steady-state share of informed investors. This implies that for some intermedi-
ate level of information cost χ , there exists a boundary steady state where λsteady state = 0, and 
two interior steady states where the value of λsteady state is determined by equating the value of 
information to unity.14 Note that the value of information does not necessarily take the shape in 
Fig. 2. It can be decreasing initially, then increasing, and then decreasing again. In this case there 
is no boundary equilibrium, but three interior equilibria. This case is shown in the computation 
appendix (Fig. 10).

This paper will focus on the information differential to deliver intuitions. All numerical analysis are conducted using the 
value of information expression.
13 The detailed proof is available as an online appendix of this paper.
14 For sufficiently high (low) information cost there exists a unique steady state where no one (everyone) is willing to 
acquire information λ = 0 (λ = 1).
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Fig. 2. Value of information: benchmark parameterization.

4.2. Response to uncertainty shocks

I turn now to analyzing endogenous reactions to time-varying uncertainty. Imagine that in 
period t there is an (unanticipated) negative shock to the precision of the public signal St . 
The transmission of such uncertainty shocks is depicted in Fig. 3: fundamental uncertainty 
V ar(Ft |	U

t ) rises on impact, inducing more investors to acquire information, and λt goes up. 
This implies that the period t stock price becomes more sensitive to the fundamental (θt goes up), 
mitigating the impacts of uncertainty shocks. In the static world of Grossman and Stiglitz (1980), 
this would be the end of the story. In this dynamic world, however, the value of θt also affects 
the future sensitivity term Rt (equation (4.1)), which introduces an additional channel through 
which the value of information is affected. The direction of this effect will depend on the sign of 
qF t+1 − qxt+1θt and hence the relative return sensitivity of fundamental qF t+1 vs. supply qxt+1: 
If fundamental sensitivity is much greater than supply coefficient — and hence the net sensitivity
is positive (qF t+1 − qxt+1θt > 0) — an increase in θt would reduce the future return sensitivity 
Rt , hence reducing the value of information.

As fundamental sensitivity includes both capital gains and dividend payoff, and the dividend 
is very persistent in the data, the loading coefficient of fundamental qF t+1 is generally larger than 
the loading of stock supply qxt+1: qF t+1 −qxt+1θt > 0. This means that a rise in θt reduces return 
sensitivity Rt , depressing investors’ information acquisition activity, and prolongs the impact of 
uncertainty shocks.

Given the dynamic complementarity, it is generally challenging to trace out impulse responses 
to uncertainty shocks in an analytical manner. However, we are able to obtain an analytically 
tractable case when the noisy stock supply shock is serially uncorrelated: ρx = 0. In this case, 
future sensitivity does not vary with the current information choice, and hence the dynamic 
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Fig. 3. The dynamic feedback effect.

feedback channel is shut down. To see why, plug the expression of supply sensitivity qxt+1

(Lemma 3.1) into the future sensitivity term:

Rt = (qF t+1 − qxt+1θt )
2 = (

qF t+1 − ρxpxt+1θt

)2
. (4.2)

Note that θt shows up in the second term. If ρx = 0, the second term vanishes. Rt = q2
F t+1

which is independent of current information θt .15 We summarize the observation in the following 
lemma:

Lemma 4.1. (Irrelevance Property) When the supply shock is serially uncorrelated ρx = 0, the 
dynamic complementarity channel is shut down: Future return sensitivity is independent of cur-
rent information choice:

∂Rt

∂θt

= 0.

In this case the future resale stock price is still endogenous as the stock is long-lived, but its 
sensitivity is disconnected from the past history of trading and information acquisition behavior. 
Given this irrelevance property, we are able to characterize the impulse response following un-
certainty shocks in an analytic way. In this case, uncertainty shocks can only have a “one-shot” 
impact and the level of fundamental uncertainty reverts to its steady state level the next period. In 
the next section, we will first introduce some general methodology and then consider the analytic 
case where uncertainty exhibits no persistence.

15 Note that this is not a rigorous proof as we still need to check that the fundamental sensitivity qF t+1 does not depend 
on θt .



14 Z. Cai / Journal of Economic Theory 184 (2019) 104947
5. Nonstationary dynamics and recursive linear equilibrium (RLE)

Going beyond steady state requires a method to pin down time-varying pricing coefficients. 
One possibility is to use shooting method whereby one fixes a steady state in the long run and 
works out the transition path by backward induction. This approach does not work with multiple 
steady states, because one is not certain which steady state the economy would converge to.

In view of this difficulty, I use an alternative recursive method to solve for model dynam-
ics. Specifically, I look for equilibria in which pricing coefficients are time-invariant functions 
of the state variables (zt−1, θt−1). This notion of equilibrium allows for time-varying pricing 
coefficients in a systematic way, governed by predetermined state variables. The state variables 
summarize all past histories and information, and are the only payoff-relevant states of this sys-
tem.16

Definition 5.1. A recursive linear equilibrium (RLE) consists of a set of functions z′(z, θ), 
θ ′(z, θ), px(z, θ), and λ(z, θ) such that the time series {zt , θt , pxt , λt } generated by these 
functions zt = z′(zt−1, θt−1), θt = θ ′(zt−1, θt−1), pxt = px(zt−1, θt−1), and λt = λ(zt−1, θt−1)

satisfies the Kalman filter equation (Proposition 3.1), the market-clearing conditions (Proposi-
tion 3.2), and information optimality condition (3.14).

Chracterizing recursive equilibria is a nontrivial task. However, we are able to obtain a closed-
form expression when the noisy supply shocks are i.i.d. In this case, given the irrelevance 
property shown in Lemma 4.1, we are able to show that uncertainty shocks can only have one-
shot impacts.

5.1. One-shot theorem

Theorem 1. (One-shot Theorem) Suppose ρx = 0. There exists an RLE satisfying the following 
property: for any prior fundamental uncertainty zt−1, the next-period fundamental uncertainty 
will immediately revert to its steady-state level as long as the information market does not hit the 
boundary. That is, for any zt−1:

z′(zt−1) = z̄ss whenever λ(zt−1) ∈ (0,1)

where z̄ss is the steady-state level of fundamental uncertainty associated with the RLE. In re-
sponse to heightened uncertainty, both the share of informed investors and price informativeness 
increase:

∂λ(zt−1)

∂zt−1
≥ 0

∂θ(zt−1)

∂zt−1
≥ 0.

Imagine that the economy has been operating at some steady state up to period t − 1. At the 
end of period t − 1 there is an unexpected uncertainty shock that raises public uncertainty. The 
value of information increases, and the information sector responds with an increasing share of 

16 That equilibrium prices can only depend on the payoff-relevant state rules out the possibility of reputation concerns. 
In the overlapping-generation framework with no bequest motive, however, this concern is likely irrelevant.
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informed investors (λ′(zt−1) ≥ 0). This delivers a more precise price signal ∂θ(zt−1)
∂zt−1

≥ 0. The the-
orem states that as long as the information market does not hit boundary (λ(zt−1) ∈ (0, 1)), such 
a response would exactly offset the impact of uncertainty shock, so that the economy reverts to 
the steady state in the following period. This means that the dynamic world closely resembles the 
static world of Grossman and Stiglitz (1980) where any uncertainty shocks can be instantly fully 
offset by rising shares of informed investors (Grossman and Stiglitz 1980, p. 400, Theorem 4).

Here I provide a constructive proof of this theorem. That is, for any starting value of zt−1 that 
represents an unanticipated uncertainty shock, I will construct an RLE in which the evolution of 
zt is given by zt+j = z̄ss , ∀j ≥ 0. Given this constant future path of zt , the economy will be at 
the steady state starting from period t +1, and thus all future equilibrium conditions are automat-
ically satisfied. We therefore only need to verify period t equilibrium conditions. There are three 
equilibrium conditions—the Kalman filter equation, the financial market clearing condition, and 
the information optimality condition—but only two degrees of freedom: θt and λt . Since there is 
one less degrees of freedom, generically not all equilibrium conditions can be met.

The key step of the proof is that when ρx = 0, the information optimality condition is redun-
dant due to the irrelevance property (Lemma 4.1): The value of information in this case does not 
depend directly on the current informative ratio θt , but only on future variables and current fun-
damental uncertainty zt . Hence the information market must be in equilibrium when fundamental 
uncertainty zt is at its steady-state level.

To see this more precisely, focus on the conditional volatility of excess stock return V I
t and 

V U
t . Equation (3.8) shows that the conditional volatility faced by informed investors V I

t only 
depends on t + 1 variables, and thus is at its steady state level. When future return sensitivity Rt

is independent of θt , the uninformed uncertainty V U
t only depends on fundamental uncertainty 

and future noises:

V U
t =Rt zt + V I

t (5.1)

Thus, V U
t is also at its steady-state level. Since information optimality only involves conditional 

volatility and these objects are at its steady state level, the information optimality condition is 
satisfied regardless of the value of θt and λt .

Now we have two variables (θt , λt ) and two equilibrium conditions given by Kalman filter 
(3.3) and financial market clearing (3.13). Simple manipulations yield the following closed-form 
expressions for the two variables:

θt = σx

√
1

z̄ss
− 1(

ρF
)2

zt−1 + σ 2
F

− 1

σ 2
D

− 1

σ 2
S

λt = θt V̄
Iss

q̄ss
F

where z̄ss , V̄ I ss , and q̄ss
F are steady-state fundamental uncertainty, conditional return uncertainty, 

and return sensitivity w.r.t. the fundamental. This implies that both θt and λt increase with zt−1.
Let us recap important assumptions underlying the one-shot theorem. First of all, we need 

ρx = 0 so that current information does not affect future return sensitivity (Lemma 4.1). This 
assumption is crucial as otherwise the dynamic complementarity kicks in and the information 
optimality condition would not be redundant. Another implicit assumption is about the infor-
mation acquisition technology. As in Grossman and Stiglitz (1980), the information acquisition 
technology is very effective: Informed investors get to observe stock fundamental perfectly after 
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The figure illustrates the equilibrium law of motions zt (zt−1) for various recursive linear equilibria (RLE) when 
ρx = 0. There are three equilibria, corresponding to three steady states in Fig. 2. Two of them are dynamically 
stable (blue and red solid line) and the intermediate one (yellow dashed line) is unstable. The law of motion for the 
optimistic RLE is perfectly flat due to the one-shot theorem (Theorem 1). The dotted purple line depicts an 
exogenous-information equilibrium where the share of informed investors is fixed at the steady-state level.

Fig. 4. Equilibrium law of motion. (For interpretation of the colors in the figure(s), the reader is referred to the web 
version of this article.)

paying the cost. This assumption is mild because one can set the information cost χ to be very 
high so that few investors would acquire information at the steady state. As long as the steady-
state share of informed λ is strictly positive (no matter how small), the information optimality 
condition holds with equality and hence the one-shot theorem applies. In an alternative world 
where investors face a menu of information acquisition technologies with different levels of effi-
ciency, the result of this paper would carry over if the most efficient technology admits a positive 
(no matter how small) share of investors to observe the true fundamental.

5.2. Equilibrium law of motion and impulse responses

Fig. 4 illustrates the equilibrium law of motions of fundamental uncertainty zt = V ar(Ft |	U
t )

when supply shocks are serially uncorrelated. There are three equilibria. Two are dynamically 
stable, in the sense that the equilibrium is robust with respect to local perturbations of future 
beliefs. There exists a pessimistic RLE (solid blue line) in which no investors acquire informa-
tion because of their pessimistic beliefs that future generations will remain uninformed, and an 
optimistic RLE (solid red line) in which positive shares of investors acquire information due to 
their optimistic beliefs. Note that the law of motion for the optimistic RLE is perfectly flat due 
to the one-shot theorem (Theorem 1). In contrast, the law of motion for the pessimistic RLE 
is upward sloping because at the pessimistic RLE, the information market is constrained at the 
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This figure presents impulse response functions upon rising uncertainty by 30% in period 1. With endogenous 
information, uncertainty only has a “one-shot” impact and reverts to the steady-state level in period 2 (solid red 
line, Panel A) whereas uncertainty is more persistent with exogenous information (dotted purple line, Panel A). The 
information market responds with a rising share of informed investors upon higher uncertainty (panel B). Panels E 
and F show that the endogenous-information amplifies the impact of uncertainty shocks on price volatility and 
trading volume, compared to exogenous-information case.

Fig. 5. Impulse response to (unanticipated) exogenous uncertainty shocks.

boundary: The share of informed investors λt is always zero along the equilibrium path. Thus 
high uncertainty tends to persist into the future.

Apart from the two stable equilibria, there also exists an intermediate unstable equilibrium 
(dashed yellow line), in which small perturbations of future beliefs would drift the equilibrium 
to the two stable equilibria (as shown by the black arrow). Note that the middle equilibrium is also 
largely flat except for the left-most part, where uncertainty is really low and thus no one is willing 
to acquire information. In this case, it coincides with the pessimistic RLE. The dotted purple 
line in Fig. 4 depicts an endogenous-information equilibrium in which the share of informed 
investors is exogenously fixed at the steady-state level. It has a steeper slope than the solid red 
line (endogenous information), indicating that information acquisition plays stabilization role 
against uncertainty.

Fig. 5 plots impulse responses after an (unanticipated) one-time uncertainty shock in period 
1 that increases fundamental uncertainty by 30%. I plot two cases with endogenous informa-
tion (red solid line) and exogenous information (purple dotted line). As shown in panel A, the 
uncertainty shock is less persistent with endogenous information choices. In particular, with en-
dogenous information uncertainty fully vanishes in period 2 (Theorem 1), due to an endogenous 
reaction of share of informed investors λ (Panel B). Price informativeness, defined as the ratio of 
fundamental sensitivity and noise sensitivity in the price function, increases with endogenous in-
formation because there is a rising share of informed investors. Panel D studies market liquidity, 
defined as the inverse of the supply sensitivity coefficient px . This captures the idea that a more 
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liquid market implies that noise trading has less price impact. As shown in panel D, there are 
divergent predictions from model with endogenous v.s. exogenous information. The former pre-
dicts market becoming more liquid because there are more informed investors; the latter predicts 
the opposite because informed investors trade more cautiously due to heightened uncertainty.

I then compare model behavior along two other important dimensions: price volatility and 
trading volume. The definition of price volatility and trading volume is standard, as in Watanabe 
(2008) and Albagli (2015). Price volatility is defined as the variance of price changes across 
consecutive periods σ(�p) = V ar(Pt+1 − Pt ). Trading volume is defined as the aggregate net 
demand changes across all agents. Since there are only two types of investors in this model, 
we only need to sum up the net demand changes for the two classes of investors: Volume =
1
2

∑
i=I,U λi |(si

t − xt ) − (si
t−1 − xt−1)| where xt is interpreted as random aggregate endowment 

of generation-t investors and si
t − xt is the net demand for stocks from investors of type i in 

period t . The measure is then scaled by 1
2 to avoid double-counting.

In sum, I find that while endogenous information stabilizes market beliefs (panel A), it am-
plifies price volatility and trading volume. As shown in panel E, the stock price becomes more 
volatile with endogenous information, this is because more informed investors lead to a more 
sensitive stock price function with respect to fundamental. Trading volume (panel F) shrinks 
more in the endogenous-information case, because a rising share of informed investors (from 
67% to 74%) effectively makes the pool of rational investors more homogeneous.

5.3. Persistent stock supply

In this section we explore numerically the case with persistent stock supply, and hence the 
dynamic complementarity channel is turned on. In particular, it highlights the trade-off between 
endogenous v.s. exogenous uncertainty shocks: under more persistent stock supply shocks, equi-
librium multiplicity is less likely to arise, whereas the impacts of exogenous uncertainty shocks 
become more persistent. This information tradeoff motives our discussions about government 
intervention in the next section.

Fig. 6 displays comparative statics results where we increase the persistence of stock supply 
from 0 to 0.4 and 0.8. In each case, variations in uncertainty is computed as percentage deviations 
relative to their respective stable interior steady state.17 When supply persistence is i.i.d., the 
One-shot theorem applies and rising uncertainty only last for one period (solid yellow line). 
When supply persistence increases, so does the persistence of uncertainty shocks (dotted red line 
and dashed blue line). This is due to the dynamic feedback effect (Fig. 3) which depresses the 
future return sensitivity and hence prolongs the impact of uncertainty shocks.

Why is there a tradeoff between equilibrium multiplicity and persistence of uncertainty? Let’s 
examine the information gain term �Vt = Rt zt = (qF t+1 − ρxpxt+1θt )

2zt . The source of mul-
tiplicity is the following: as the steady-state share of informed investors increase, future stock 
return becomes more sensitive to fundamental (qF t+1 increases) and thus return sensitivity Rt

increases:
∂Rt

∂λ
= 2(qF t+1 − ρxpxt+1θt )

∂qF t+1

∂λ
> 0

given that fundamental is sufficiently more persistent than supply: qF t+1 − ρxqxt+1 > 0. Now, 
when ρx increases, qF t+1 − ρxqxt+1 decreases, reducing the value of the derivative ∂Rt

∂λ
as well 

17 There is a unique stable interior steady state, as shown in Fig. 4.
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This figure presents comparative statics results for different values of supply persistence ρx : A more persistent 
stock supply shock (blue dashed line) makes exogenous uncertainty more persistent over time due to stronger 
dynamic complementarity.

Fig. 6. Equilibrium functions (persistent stock supply).

as the incidence of equilibrium multiplicity. In terms of persistence, we need to examine how the 
sensitivity term Rt varies with current price informativeness θt :

∂Rt

∂θt

= −2(qF t+1 − ρxpxt+1θt )ρ
xpxt+1 (5.2)

Notice that, this is a quadratic equation with respect to ρx . When ρx increases, the first term 
(qF t+1 − ρxpxt+1θt ) decreases whereas the second term ρxpxt+1 increases. When supply per-
sistence is relatively small compared to fundamental persistence, the second effect dominates 
and therefore future sensitivity becomes more responsive to current information choices. This 
implies less incentive to acquire information and hence more persistence of uncertainty.

5.4. Market liquidity

Another crucial observation is that, the impacts of uncertainty shocks are intimately related to 
pxt+1, the price sensitivity to noisy supply shocks. This can be seen from equation (5.2), where 
pxt+1 is multiplicative to persistence parameter ρx . So if uncertainty persistence increases with 
more persistent stock supply, it would also increase with higher supply sensitivity. What, then, 
is the interpretation of a higher supply sensitivity? It implies that noise traders have bigger price 
impact, which in turn means that the financial market is less liquid. Thus, the theory predicts that 
any policies that improves market liquidity (i.e. mitigate the price impact of noise traders) would 
also likely render uncertainty shocks less persistent. This observation is crucial as it guides the 
next section of government intervention.
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This figure presents comparative statics results when we vary the precision of the public signal σs . As shown in panel A, 
the equilibrium multiplicity is retained under public disclosure, as the complementarity region (upward-sloping region 
of the value of information) remains largely the same (panel A). Due to the crowding-out effect, public disclosure has 
little impact on market liquidity, and hence on the persistence of uncertainty shocks.

Fig. 7. Impact of public disclosure.

6. Policy intervention

In this section I explore possible government interventions that could stabilize the information 
market. I consider two classes of government policy: information disclosure and direct govern-
ment purchases. The former is a crucial form of government intervention (Goldstein and Yang, 
2017) whereas the latter has been particularly relevant since the Great Recession as the Fed-
eral Reserve implemented unconventional monetary policy to directly intervene in the financial 
market, and in developing countries (in particular, China) where the government wants to step 
in and stabilize the financial market (Brunnermeier et al., 2018). We evaluate them along var-
ious dimensions, including their effects on equilibrium multiplicity, persistence of exogenous 
uncertainty shocks, and various market statistics.

I find that direct trading is in general a more effective form of intervention, compared 
to disclosure. The reason is that public disclosure plays its crowding-out role with little im-
pact on information/noise composition in the equilibrium stock prices. Thus, it hardly elimi-
nates equilibrium multiplicity and has little impact on the persistence of uncertainty shocks. 
On the other hand, when the government conducts direct trading in the financial market, it 
effectively changes the risk-bearing capacity of the rational investors. This improves mar-
ket liquidity as rational investors trade more aggressively on their private information. Ac-
cording to section 5.4, this eliminates multiplicity, and leads to less persistence of uncer-
tainty.

Fig. 7 presents results for public disclosure policies where we change the variance of the 
public signal σs . When the public signal gets more precise, overall it has little impact on the 
complementary (upward-sloping) region of the value of information function. Thus equilibrium 
multiplicity is retained (panel A) and the degree of persistence hardly changes (panel B). The 
reason why persistence hardly changes is because market liquidity hardly improves (Table 1, 
row D). This result is due to the crowding-out effect of public information release (Goldstein and 
Yang, 2017): disclosure of more public information reduces the private incentives to acquire in-
formation. This leave the equilibrium price informativeness largely unchanged and hence market 
liquidity is hardly affected.
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This figure presents comparative statics results when we vary policy choice η1 and keep η2 = 0, i.e. we allow the 
government to trade along with fundamental investors. The upward-sloping proportion of the value of information 
shrinks (panel A) when government trade more aggressively with fundamental (yellow solid line), leading to 
equilibrium uniqueness. More aggressive government trading also makes exogenous uncertainty shocks less persistent 
(panel B).

Fig. 8. Direct intervention I, trading with fundamental.

6.1. Direct trading: with fundamental and against noise

We next consider direct government purchases. We think of the government as an additional 
player in the financial market with demand in period t denoted by sG

t . It is able to observe the 
order flows from rational informed investors, uninformed investors, and noise traders. For expo-
sition purposes, for now we assume away noises in the government intervention (Brunnermeier 
et al., 2018), and delegate the discussion at the very end. Specifically we consider the following 
form of trading rule:

sG
t = η1λt s

I
t + η2xt ,∀t

Where η1, η2 ≥ 0 are policy choice variables. The idea is that regulators would like to improve 
information efficiency by either trading with fundamental investors or to absorb supply shocks 
coming from noise traders. Now the market clearing condition becomes:

λt s
I
t + (1 − λt )s

U
t + sG

t = xt

Plug in the government trading rule:

(1 + η1)λt s
I
t︸ ︷︷ ︸

Amplify Rational Demand

+(1 − λt )s
U
t = (1 − η2)xt︸ ︷︷ ︸

Against Noise Demand

(6.1)

One can see that direct government intervention serves to amplify rational informed demand 
λt s

I
t and mitigate noise demand shocks xt . In what follows, I will consider both cases: trading 

with informed demand η1 > 0, η2 = 0, and trading against noises η1 = 0, η2 > 0 separately.
Fig. 8 depicts a situation where regulators trade with fundamental: we vary η1 while maintain-

ing η2 = 0. Unlike public disclosure policies which do not affect the upward-sloping proportion 
of the value of information, here the upward-sloping region shrinks substantially as η1 increases 
(Panel A). This eliminates equilibrium multiplicity (yellow solid line). Moreover, as shown panel 
B increases in η1 also makes exogenous uncertainty shocks less persistent.
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This figure presents comparative statics results when we vary policy choice η2 and keep η1 = 0, i.e. the government is 
allowed to trade against noise demand shocks. Results are very similar to Fig. 8: more aggressive intervention leads to 
equilibrium uniqueness, and makes uncertainty shocks less persistent. As illustrated in the main text, 
trading-against-noise policies is effectively isomorphic to trading-with-fundamental policies.

Fig. 9. Direct intervention II, trading against noises.

Why is that direct government trading could eliminate multiplicity? This is because the 
dynamic complementarity force is attenuated when stock prices become more informative. In-
tuitively, this is due to the fact that the dynamic complementarity is proportional to the stock 
payoff uncertainty. Direct purchases of stocks in line with fundamental helps to improve stock 
price informativeness, because they make investors effectively less risk averse. To see this, plug 

the rational demand function sI
t = E(Qt+1|	I

t )

αV I
t

into the extended market clearing condition (6.1):

(1 + η1)λt

E(Qt+1|	I
t )

αV I
t

+ (1 − λt )s
U
t = xt (6.2)

Where α is the degree of risk aversion of investors and we set η2 = 0 for exposition purposes. 
Note that we can define an effective risk aversion α̃ = α

1+η1
, and the market clearing condition 

becomes:

λt

E(Qt+1|	I
t )

α̃V I
t

+ (1 − λt )s
U
t = xt (6.3)

Thus trading policy effectively reduces investors’ risk aversion (α̃ < α whenever η1 > 0). As 
rational investors become less risk averse, they trade more aggressively against noise traders, 
improving market liquidity (Table 1, row D). This boosts price informativeness as well as market 
liquidity. As a result, supply sensitivity decreases (row F), leading to equilibrium uniqueness and 
less persistence of uncertainty.

Fig. 9 depicts an alternative situation where regulators trade against noise: we keep η1 = 0
and vary η2. The model delivers very similar results to Fig. 8: multiplicity region shrinks and 
uncertainty shock gets less persistent. The reason is that the two trading strategies are essentially 
isomorphic regarding regulating the information market. To see this, let’s divide the extended 
market clearing condition (equation (6.1)) by 1 − η2:

1 + η1
λt s

I
t + 1

(1 − λt )s
U
t = xt
1 − η2 1 − η2
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Table 1
Market Statistics With Government Intervention.

No Intervention Disclosure Direct Trading

With Fundamental Against Noise

A. Trading Volume 0.01 0.02 0.05 0.03
B. Price Volatility 1.66 1.64 1.00 0.71
C. Market Uncertainty 0.15 0.15 0.07 0.09
D. Market Liquidity 0.19 0.18 0.32 0.23
E. Share of Informed 0.88 0.80 0.57 0.38
F. Supply Sensitivity 5.4 5.6 3.2 4.2
G. Fundamental Sensitivity 2.73 2.45 1.67 0.89
H. Multiplicity - Retained Eliminated Eliminated
I. Persistence - Ambiguous Less persistent Less persistent

Now, define η̃1 such that 1 + η̃1 = 1+η1
1−η2

, then the market clearing condition becomes:

(1 + η̃1) λt s
I
t + 1

1 − η2
(1 − λt )s

U
t = xt

This is equivalent to an alternative policy with government demand given by sG
t = η̃1λt s

I
t .18

This implies that trading-with-fundamental policy is equivalent to trading-with-supply policy in 
terms of the value of information, which yields similar comparative statics.

We now compared various market statistics across disclosure policy, trading-with fundamental 
policy and trading-against-noise policy (Table 1). All types of policies stimulate trading volume 
(row A) as they make rational investors more heterogeneous (row E, share of informed investors 
closer to .5). Direct trading policies greatly improves market statistics in various dimensions such 
as price volatility, market uncertainty, and liquidity whereas disclosure policy has little impact on 
these three dimensions (row B, C, and D). Interestingly, although the prediction of trading-with 
fundamental policy and trading-against-noise policy are very similar in most dimensions, the for-
mer is more effective in reducing market uncertainty (row D) whereas the latter is more effective 
in reducing price volatility (row B). This is because when regulators trade with fundamental, it 
amplifies rational demand and thus increase volatility whereas when they trade against noise, it 
reduces the impact of noisy supply and thus reduces volatility. Note that supply sensitivity hardly 
changes (and in fact increases) after disclosure (row F, 5.4 v.s. 5.6). This is due to the crowding 
out effect of public information–when the public signal gets more precise, less investors choose 
to acquire information. As they choose to remain uninformed, they trade less aggressively, thus 
noise traders have bigger price impact. In the cases of direct-trading, supply sensitivity has de-
creased quite a bit (5.4 v.s. 3.2 (4.2)), as direct-trading policies are more effective in stimulating 
rational demand and thus mitigates the impact of noise trading risks.

To conclude, I find that direct-trading is an effective form of intervention because it increases 
the effective risk-bearing capacity of the informed investors, inducing them to trade more ag-
gressively on their private information, thus pushing out the “aggregate information frontier”. 
A caveat here, as pointed out by Brunnermeier et al. (2018), is that direct trading itself could in-
troduce additional noise into the system. This introduces an additional layer of trade-off whereby 

18 A discrepancy is that now the uninformed demand sU
t is scaled by 1

1−η2
. Note that this does not affect the value of 

information as the uninformed demand is conditional on public history and hence is known to all market participants.
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one needs to weight the benefit of trading with the potential cost of introducing extra noises. Such 
an analysis needs to take a stand on the government trading process and is thus beyond the scope 
of this paper.

7. Conclusion

Persistent uncertainty risks have been shown to have important implications on asset prices 
and business cycles. But why is uncertainty risk persistent in the first place? This paper proposes a 
theory of endogenous uncertainty shock when information choices are endogenous: heightened 
uncertainty induces future informed investors to trade more cautiously, reducing the informa-
tiveness of future resale stock price, and thus rendering current information less valuable. This 
dynamic complementarity makes investors unwilling to acquire information, even if a very ef-
fective information acquisition technology is available.

I also consider possible interventions of the information market. Public disclosure plays its 
conventional crowding-out role and is thus ineffective in stimulating information production. 
Direct government intervention into the financial market, in contrast, can effectively stimulate 
information production, eliminate equilibrium multiplicity, and make uncertainty shocks less 
persistent. This is because direct intervention essentially increases the risk-bearing capacity of the 
investors, making them more willing to trade upon their private information. The direct-trading 
policy can also be interpreted as high-frequency traders (HFT) looking to maximize profit by 
trading with permanent price changes and against transitory noises (Hendershott et al., 2011; 
Brogaard et al., 2014). The result of this paper thus uncovers another benefit of HFT, in addition 
to liquidity and price discovery: it eliminates equilibrium fragility and makes the financial market 
more resilient to uncertainty shocks.

Appendix A. Theoretical proofs

Proof of Proposition 3.1. We first derive an expression for price signal Spt , which would be 
useful when we derive conditional distributions:

Spt = Ft − pxt

pF t

xt

= Ft − pxt

pF t

(
ρxxt−1 + εx

t

)
= Ft − pxt

pF t

(
ρx pFt−1

pxt−1

(
Ft−1 − Spt−1

) + εx
t

)
= Ft − ρx pxt

pF t

pF t−1

pxt−1

(
Ft−1 − Spt−1

) − pxt

pF t

εx
t+1

= ρF Ft−1 + εF
t − ρx pxt

pF t

pF t−1

pxt−1
Ft−1 − pxt

pF t

εx
t + ρx pxt

pF t

pF t−1

pxt−1
Spt−1

=
(

ρF − ρx pxt

pF t

pF t−1

pxt−1

)
Ft−1 + εF

t − pxt

pF t

εx
t + ρx pxt

pF t

pF t−1

pxt−1
Spt−1

The price signal Spt and stock fundamental Ft = ρF Ft−1 +εF
t are jointly normally distributed 

with mean:[
ρF E

(
Ft−1|	U

t−1

)(
ρF − ρx pxt pF t−1

)
E

(
Ft−1|	U

) + ρx pxt pF t−1 Spt−1

]

pFt pxt−1 t−1 pFt pxt−1
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and variance:[ (
ρF

)2
V ar

(
Ft−1|	U

t−1

) + σ 2
F

(
ρF − ρx pxt

pF t

pF t−1
pxt−1

)
ρF V ar

(
Ft−1|	U

t−1

) + σ 2
F(

ρF − ρx pxt

pF t

pF t−1
pxt−1

)
ρF V ar

(
Ft−1|	U

t−1

) + σ 2
F

(
ρF − ρx pxt

pF t

pF t−1
pxt−1

)2
V ar

(
Ft−1|	U

t−1

) + σ 2
F +

(
px

pF

)2
σ 2

x

]

By Projection Theorem

V ar
(
Ft | {Pt } ∪ 	U

t−1

)
= V ar

(
Ft |	U

t−1

)
−

[
Cov

(
Ft , Spt |	U

t−1

)]2

V ar
(
Spt |	U

t−1

)
=

(
ρF

)2
V ar

(
Ft−1|	U

t−1

)
+ σ 2

F

−
[(

ρF − ρx pxt

pF t

pF t−1
pxt−1

)
ρF V ar

(
Ft−1|	U

t−1

) + σ 2
F

]2

(
ρF − ρx pxt

pF t

pF t−1
pxt−1

)2
V ar

(
Ft−1|	U

t−1

) + σ 2
F +

(
pxt

pF t

)2
σ 2

x

Thus

V ar
(
Ft | {Pt } ∪ 	U

t−1

)
=

(
ρF

)2
zt−1 + σ 2

F −
[(

ρF − ρx θt−1
θt

)
ρF zt−1 + σ 2

F

]2

(
ρF − ρx θt−1

θt

)2
zt−1 + σ 2

F +
(

1
θt

)2
σ 2

x

Where θt = pFt

pxt
measures informativeness of stock price at time t .

And by standard Kalman filter Formula we can obtain Var
(
Ft |	U

t

)
. �

Proof of Lemma 3.1. We first derive the law of motion for conditional expectation F̂t :

F̂t+1 = f
F̂ t+1F̂t + fFt+1Ft + �fεt+1�εt+1 (A.1)

where f
F̂ t+1 and fFt+1 are coefficients and �fεt+1 is a 1 by 4 vector.

With similar derivation as in Proposition 3.1, one can show that the conditional mean of stock 
fundamental is

E
(
Ft+1| {Pt+1} ∪ 	U

t

)
= E

(
Ft+1|	U

t

)
+ Cov

(
Ft+1, Spt+1|	U

t

)
V ar

(
Ft+1, Spt+1|	U

t

) (
Spt+1 − E

(
Spt+1|	U

t

))

= ρF E
(
Ft |	U

t

)
+

[(
ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

×
(

Spt+1 −
(

ρF − ρx θt

θt+1

)
E

(
Ft |	U

t

)
− ρx θt

θt+1
Spt

)
The posterior mean is a weighted average of ex-ante mean and signals:

E
(
Ft+1|	U

t+1

)
= E

(
Ft+1| {Pt+1,Dt+1, St+1} ∪ 	U

t

)
= V ar

(
Ft+1|	U

t+1

)
V ar

(
F | {P } ∪ 	U

)E
(
Ft+1| {Pt+1} ∪ 	U

t

)

t+1 t+1 t
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+ V ar
(
Ft+1|	U

t+1

)
σ 2

D

Dt+1 + V ar
(
Ft+1|	U

t+1

)
σ 2

S

St+1

Substituting in

Spt+1 =
(

ρF − ρx θt

θt+1

)
Ft + εF

t+1 − 1

θt+1
εx
t+1 + ρx θt

θt+1
Spt

Dt+1 = Ft+1 + εD
t+1 = ρF Ft + εF

t+1 + εD
t+1

St+1 = Ft+1 + εS
t+1 = ρF Ft + εF

t+1 + εS
t+1

Collect terms, we obtain the law of motion for F̂t :

F̂t+1 = f
F̂ t+1F̂t + fFt+1Ft + �fεt+1�εt+1 (A.2)

Where

f
F̂ t+1 = V ar

(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

)
⎡
⎢⎢⎣ρF −

[(
ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

×
(

ρF − ρx θt

θt+1

)⎤
⎥⎥⎦

fFt+1 = V ar
(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

)
[(

ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

×
(

ρF − ρx θt

θt+1

)
+ V ar

(
Ft+1|	U

t+1

)
σ 2

D

ρF + V ar
(
Ft+1|	U

t+1

)
σ 2

S

ρF

The vector �fεt+1 consists of four entries:

f1 = V ar
(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

)
[(

ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

+ V ar
(
Ft+1|	U

t+1

)
σ 2

D

+ V ar
(
Ft+1|	U

t+1

)
σ 2

S

f2 = − V ar
(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

)
[(

ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

1

θt+1

f3 = V ar
(
Ft+1|	U

t+1

)
σ 2

D

f4 = V ar
(
Ft+1|	U

t+1

)
σ 2
S
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Then we can derive the expression for excess stock return Qt+1:

Qt+1 = Ft+1 + εD
t+1 + p̄t+1 + p

F̂ t+1F̂t+1 + pFt+1Ft+1 − pxt+1xt+1 − RPt

Plug in the law of motion for Ft+1, F̂t+1, and xt+1:

Qt+1 = (1 + pFt+1)
(
ρF Ft + εF

t+1

)
+ εD

t+1 + p̄t+1

+ p
F̂ t+1

(
f

F̂ t+1F̂t + fFt+1Ft + �fεt+1�εt+1

)
− pxt+1

(
ρxxt + εx

t+1

) − RPt

Collect terms:

Qt+1 = q̄t+1 + q
F̂ t+1F̂t + qF t+1Ft − qxt+1xt + �qεt+1�εt+1 − RPt

where

q̄t+1 = p̄t+1

q
F̂ t+1 = p

F̂ t+1fF̂ t+1

qF t+1 = ρF (1 + pFt+1) + p
F̂ t+1fFt+1

qxt+1 = ρxpxt+1

�qεt+1 = p
F̂ t+1

�fεt+1 + (1 + pFt+1) [0,1,0,0] + [1,0,0,0] − pxt+1[0,0,1,0] �
Proof of Proposition 3.2. Given the expression for excess stock return Qt+1, we can derive 
conditional mean for informed and uninformed.

For informed investors:

E
(
Qt+1|	I

t

)
= q̄t+1 + q

F̂ t+1F̂t + qF t+1Ft − qxt+1xt − RPt

For uninformed investors:

E
(
Qt+1|	I

t

)
= q̄t+1 + q

F̂ t+1F̂t + qF t+1F̂t − qxt+1x̂t − RPt

Use the relation

Spt = Ft − 1

θt

xt = F̂t − 1

θt

x̂t

to substitute out x̂t , we obtain

E
(
Qt+1|	I

t

)
= q̄t+1 + q

F̂ t+1F̂t + qF t+1F̂t − qxt+1

(
θt

(
F̂t − Ft

)
+ xt

)
− RPt

= q̄t+1 +
(
q
F̂ t+1 + qF t+1 − qxt+1θt

)
F̂t + qxt+1θtFt − qxt+1xt − RPt

We substitute demand of both types of investors into the market clearing condition:

λt s
I
t + (1 − λt ) sU

t = xt

λt

q̄t+1 + q
F̂ t+1F̂t + qF t+1Ft − qxt+1xt − RPt

αV I
t

+ (1 − λt )
q̄t+1 +

(
q
F̂ t+1 + qF t+1 − qxt+1θt

)
F̂t + qxt+1θtFt − qxt+1xt − RPt

U
= xt
αVt
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Matching coefficients with respect to F̂t , Ft , and xt yields the following three equations:

λt

q
F̂ t+1 − Rp

F̂ t

αV I
t

+ (1 − λt )
q
F̂ t+1 + qF t+1 − qxt+1θt − Rp

F̂ t

αV U
t

= 0

λt

qF t+1 − RpFt

αV I
t

+ (1 − λt )
qxt+1θt − RpFt

αV U
t

= 0

λt

−qxt+1 + Rpxt

αV I
t

+ (1 − λt )
−qxt+1 + Rpxt

αV U
t

= 1

We first show that pFt and p
F̂ t

sum up to a constant. Sum the first and the second equation:

λt

q
F̂ t+1 + qF t+1 − RpFt − Rp

F̂ t

αV I
t

+ (1 − λt )
q
F̂ t+1 + qF t+1 − RpFt − Rp

F̂ t

αV U
t

= 0

Factor out q
F̂ t+1 + qF t+1 − RpFt − Rp

F̂ t
:

(
q
F̂ t+1 + qF t+1 − RpFt − Rp

F̂ t

)[
λt

1

αV I
t

+ (1 − λt )
1

αV U
t

]
= 0

q
F̂ t+1 + qF t+1 − RpFt − Rp

F̂ t
= 0

This implies

pFt + p
F̂ t

= q
F̂ t+1 + qF t+1

R

=
p

F̂ t+1

(
f

F̂ t+1 + fFt+1

)
+ ρF (1 + pFt+1)

R

= p
F̂ t+1ρ

F + ρF (1 + pFt+1)

R

Solve this equation treating pFt + p
F̂ t

as one unknown and impose stationarity

pFt + p
F̂ t

= ρF

R − ρF
,∀t

Now focus on the coefficient matching for Ft :

λt

qF t+1 − RpFt

αV I
t

+ (1 − λt )
ρxpxt+1θt − RpFt

αV U
t

= 0

λt

qF t+1 − ρxpxt+1θt + ρxpxt+1θt − RpFt

αV I
t

+ (1 − λt )
ρxpxt+1θt − RpFt

αV U
t

= 0

Collect terms related to ρxpxt+1θt − RpFt and move it to the right hand side:

λt

qF t+1 − ρxpxt+1θt

αV I
t

=
[
λt

1

αV I
t

+ (1 − λt )
1

αV U
t

](
ρxpxt+1θt − RpFt

)
=

[
λt

1

αV I
t

+ (1 − λt )
1

αV U
t

](
ρxpxt+1

pFt

pxt

− RpFt

)

=
[
λt

1
I

+ (1 − λt )
1

U

](
ρx pxt+1

p
− R

)
pFt
αVt αVt xt
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For the equation of xt :

λt

−ρxpxt+1 + Rpxt

αV I
t

+ (1 − λt )
−ρxpxt+1 + Rpxt

αV U
t

= 1[
λt

1

αV I
t

+ (1 − λt )
1

αV U
t

](−ρxpxt+1 + Rpxt

) = 1

This is the first equation in Proposition 3.2. Divide the two equations, we obtain the second 
equation:

pFt

pxt

= λt

qF t+1 − ρxpxt+1
pFt

pxt

V I
t

�
Proof of Proposition 3.3. This proposition an extension of Theorem 2 in Grossman and Stiglitz 
(1980) into an overlapping generation framework. First define expected utility of agents net in-
formation cost Ŵ i . Plug agents’ budget constraint: ct = (Dt+1 + Pt+1 − RPt)s into the utility 
function, we obtain the expected utility of each type of agent conditional on the realized market 
price Pt :

Ŵ i(Pt ) = max
s

EU((Dt+1 + Pt+1 − RPt)s|	i
t )

Given CARA utility and normally distributed random variables:

Ŵ i(Pt ) = max
s

EU((Dt+1 + Pt+1 − RPt)s|	i
t )

= max
s

EU(−e−(Dt+1+Pt+1−RPt )s |	i
t )

= max
s

− exp[−α(E[Dt+1 + Pt+1 − RPt |	i
t ]s

− 1

2
αs2V ar(Dt+1 + Pt+1 − RPt))] (A.3)

Hence, maximizing over the objective function is equivalent to maximizing

max
s

E[Dt+1 + Pt+1 − RPt |	i
t ]s − 1

2
αs2V ar(Dt+1 + Pt+1 − RPt |	i

t )

Solve for optimal s∗:

si∗ = E[Dt+1 + Pt+1 − RPt |	i
t ]

αV ar( Dt+1 + Pt+1 − RPt |	i
t )

Plug back into the original objective function:

Ŵ i(Pt ) = − exp[−1

2

(E[Dt+1 + Pt+1|	i
t ] − RPt)

2

V ar(Qt+1|	i
t )

]

Let

h = V ar(Qt+1|	U
t ) − V ar(Qt+1|	I

t ) > 0 (A.4)

The reason why h is greater than 0 is that the information set of the uninformed investors is 
more coarse then that of the informed investors. Taking the ex-ante conditional expectation of 
the informed Ŵ I (P ) with respect to the uninformed’s information set 	U

t :
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E[Ŵ I (Pt )|	U
t ] = E[−e

− 1
2

(E[ Dt+1+Pt+1|	I
t ]−RPt )

2

V ar(Qt+1|	I
t ) |	U

t ]

= E[−e
− 1

2
(E[Dt+1+Pt+1|	i

t ]−RPt )
2

h
h

V ar(Qt+1|	I
t ) |	U

t ]
= E[−e

− 1
2

h

V ar(Qt+1|	I
t )

z2

|	U
t ],

where z = (E[Dt+1+Pt+1|	U
t ]−RPt )√

h
.

Thus, by the moment-generating function of a noncentral chi-squared distribution (formula 
A21 of Grossman and Stiglitz (1980)):

E[Ŵ I (Pt )|	U ] = 1√
1 + h

V ar(Qt+1|	I
t )

exp(
−E[z|	U

t ]2 1
2

h

V ar(Qt+1|	I
t )

1 + h

V ar(Qt+1|	I
t )

)

=
√

V ar(Qt+1|	I
t )

V ar(Qt+1|	U
t )

exp(
−E[z|	U ]2 1

2
h

V ar(Qt+1|	I
t )

1 + h

V ar(Qt+1|	I
t )

)

=
√

V ar(Qt+1|	I
t )

V ar(Qt+1|	U
t )

WU (Pt )

Integrating on both sides with respect to the current stock price Pt , one gets:

Ŵ I
t =

√
V ar(Qt+1|	I

t )

V ar(Qt+1|	U
t )

ŴU
t

Or

Ŵ I
t

ŴU
t

=
√

V I
t

V U
t

Lastly, observe that with information cost ŴU
t = exp (αRχ)WU

t . Thus

WI
t

WU
t

= exp (−αRχ)

√
V I

t

V U
t

�
Proof of Lemma 4.1. In order to show that future return sensitivity does not change with θt , it 
sufficients to show that when ρx = 0:

∂qF t+1

∂θt

= 0

∂qxt+1

∂θt

= 0

Now from the proof of Lemma 3.1 we know that qF t+1 = ρF (1 + pFt+1)+p
F̂ t+1fFt+1, where 

pFt+1 and p
F̂ t+1 are price coefficients and fFt+1 is the part of the law of motion for F̂t . Thus, 

we need to show that

∂
(
pFt+1,pF̂ t+1, fF t+1

)
= 0
∂θt
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Since all three objects are determined in equilibrium, we need to show that the dynamic system 
determining these coefficients does not involve θt .

From the proof of Lemma 3.1, we know that:

fFt+1 = V ar
(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

)
[(

ρF − ρx θt

θt+1

)
ρF V ar

(
Ft |	U

t

) + σ 2
F

]2

(
ρF − ρx θt

θt+1

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

×
(

ρF − ρx θt

θt+1

)
+ V ar

(
Ft+1|	U

t+1

)
σ 2

D

ρF + V ar
(
Ft+1|	U

t+1

)
σ 2

S

ρF

When ρx = 0, this expression simplifies into

fFt+1 = V ar
(
Ft+1|	U

t+1

)
V ar

(
Ft+1| {Pt+1} ∪ 	U

t

) [
ρF ρF V ar

(
Ft |	U

t

) + σ 2
F

]2(
ρF

)2
V ar

(
Ft |	U

t

) + σ 2
F + 1

θ2
t+1

σ 2
x

ρF

+ V ar
(
Ft+1|	U

t+1

)
σ 2

D

ρF + V ar
(
Ft+1|	U

t+1

)
σ 2

S

ρF

This is an expression that depends on V ar
(
Ft |	U

t

)
, or zt , but not θt . (Note that this expression 

still depends on price coefficients pFt+1, pxt+1 since Pt+1 is part of the information set 	U
t+1.)

Next, we use results from proposition 3.2 to find the equations determining the pricing coef-
ficients. The market clearing equations determining (pF t+1,pxt+1) is given by:[

λt+1
1

αV I
t+1

+ (1 − λt+1)
1

αV U
t+1

](
Rpxt+1 − ρxpxt+2

) = 1

λt+1
qF t+2 − ρxpxt+2θt+1

V I
t+1

= θt+1

When ρx = 0, the two equations simplifies into[
λt+1

1

αV I
t+1

+ (1 − λt+1)
1

αV U
t+1

]
Rpxt+1 = 1

λt+1
qF t+2

V I
t+1

= θt+1 = pFt+1

pxt+1

These two equation only depend on period t + 1 variables and hence does not depend on θt . 
(Note that the volatility terms V U

t+1 and V I
t+1 will depend on coefficients fFt+1.)

Lastly we need to show that the equilibrium value of λt+1 does not depend on θt . This is done 
by observing that the information optimality condition only depend on the relative volatility V I

t+1
and V U

t+1, but does not involed θt .
Thus we know that the system of equations from which we solve for (fF t+1,pF t+1,pxt+1)

does not involed θt and hence

∂ (pF t+1,pxt+1, fF t+1)

∂θt

= 0

Also note that

pFt+1 + p
F̂ t+1 = ρF

F
R − ρ
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Thus

∂p
F̂ t+1

∂θt

= 0

Therefore we proved the first statement

∂qF t+1

∂θt

= 0

To show that ∂qxt+1
∂θt

= 0, just observe that qxt+1 = ρxpxt+1 (Lemma 3.1) and we already have

∂pxt+1

∂θt

= 0

Thus
∂qxt+1

∂θt

= 0

Combining the two statements, we have proved the lemma. �
Appendix B. Numerical appendix

B.1. Computation

The RLE can be solved using the standard time iteration method (see, for example, Coleman 
1991). We start with an initial guess of the equilibrium functions and treat them as the equilib-
rium functions that generate time t+1 variables and solve for time t equilibrium functions. When 
solving for time t equilibrium functions, we first fix the share of informed investors λt and solve 
the pricing coefficients as functions of λt . We then measure the value of information and solve 
for the equilibrium λt with the information optimality condition. We then update the equilibrium 
functions. We repeat this procedure until convergence. In solving for the optimistic/pessimistic 
RLE we use initial guess from the upper/lower bound of the share of informed investors. For the 
middle unstable RLE, we construct it with the help of the One-shot theorem: since tomorrow the 
economy will be at the steady state, it essentially is reduced to a static period t problem which 
we can solve analytically.

The model is parameterized in such a way that multiple steady states arise in the informa-
tion market. Risk aversion parameter α is set to 1. Risk free interest rate R is set to 1.05 so 
that the model period is one year.19 The volatility of supply innovation σ 2

x is set to 0.01, corre-
sponding to an annual turnover rate of 10%. The volatility of fundamental innovation σ 2

F is set 
to 0.1. The volatility of both the stock dividend and public signal are set to be relatively large, 
σ 2

D = σ 2
S = 1, so that there is significant information asymmetry in the financial market. Finally, 

I set a relatively high fundamental persistent ρF = 0.9 and set supply persistence ρx to 0 as the 
benchmark. The information cost parameter χ is set to 0.085 to guarantee that information mul-
tiplicity arises for all numerical exercises conducted in this paper. Note that this is not meant as a 
fully quantitative exercise, but rather an informed numerical exploration of model dynamics with 
information multiplicity. Given the parameterization, there exist multiple financial market equi-
libria with different stock market volatility. Both types of financial market equilibria have nice 

19 Given that investors’ horizon is one period, the implied investment horizon is also one year.
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Fig. 10. Value of information: alternative parameterization.

properties, and this paper does not take a stand on which equilibria one should pick. I choose 
to focus on the low-volatility equilibrium to illustrate model dynamics, because it is stable, is 
the unique limit of an overlapping-generation model when traders become infinitely lived, and 
therefore is more comparable to classic papers such as Wang (1994).20 The benchmark param-
eterization gives rise to a value of information function as in Fig. 2: the value of information 
increases initially and then decreases. Note that the value of information does not always take 
such shapes. As shown in Fig. 10, the value of information could decrease initially, then in-
crease, then decrease again. And there will be three interior steady states. Parameter values used: 
α = 1, R = 1.05, σ 2

F = .1, σ 2
D = 1, σ 2

x = 0.01, σ 2
S = 1, ρF = 0.9, ρx = 0.512, χ = 0.0437.

B.2. Belief-shock dynamics

The existence of multiple RLEs implies that the economy is susceptible to belief shocks that 
changes investors’ belief about future information. Fig. 11 plots the transition path of the econ-
omy upon being hit by temporary/permanent pessimistic belief shocks in period 1. The blue 
curve plots the case with permanent belief shocks where agents belief anchors at the most pes-
simistic one whereas the dark-red curve plots the case with temporary belief shocks where agents 
belief reverts back to “normal” in period 5.

Let’s first focus on the case with permanent belief shocks (blue solid line). Upon hit by the 
negative belief shock the share of informed investors instantly drops to zero (Panel B), along with 
stock price informativeness (Panel C). Uncertainty gradually grows as the economy converges to 
the least informative steady state (Panel A). Supply sensitivity displays an interesting nonlinear 
pattern (Panel D): It drops sharply at time 1 and gradually recovers a bit. The initial drop is due 

20 See the discussion in Albagli (2015). I thank a referee for pointing this out.
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This figure plots the transition path upon being hit by permanent (blue solid line) and temporary (red dashed line, 
reverted in period 5) belief shocks. For permanent belief shocks, the share of informed investors instantly drops to 
zero and stays there forever (Panel B), along with stock price informativeness (Panel C). Price volatility increases 
because noise supply shocks have more price impact (Panel E). Trading volume (Panel F) drops to zero as there is 
no longer information-based trade. For temporary belief shocks (red dashed line), the economy eventually reverts 
back to normal. In this process, there can be over-correction in the information market in period 5 (Panel B) 
because excessive uncertainty induces more information acquisition. In this process, trading volume (panel F) also 
shoots up as more shares are changing hands.

Fig. 11. Impulse responses to permanent/temporary belief shocks.

to a sudden rise in expected future uncertainty, causing rational uninformed investors to trade 
less aggressively on their noisy price signal. The later gradual recovery occurs because after the 
future belief stabilizes, the volume of trade from rational investors continues to shrink due to 
growing uncertainty. Thus stock supply shocks become more important in driving stock prices. 
(Unconditional) price volatility increases over the long run as investors now have less knowledge 
about noisy stock supply. Trading volume drops to zero as all investors are homogeneous and 
there is no information-based trade. Note that our definition of trading volume interpret noisy 
stock supply as noisy endowment shocks to rational traders. Under an alternative definition where 
noisy supply captures demand from noise traders, trading volume would not drop to zero, as 
rational investors would trade against noise traders. Still, trading volume would drop because 
there is no heterogeneity due to information asymmetry.

Let’s now turn to temporary belief shocks. As the economy reverts back to normal, there 
is an overshooting in the share of informed investors λ because high uncertainty inherited from 
the past makes information acquisition particularly lucrative. Price volatility (panel E) follows an 
interesting nonlinear pattern as the composition of investors changes non-linearly (overshooting). 
Lastly, trading volume (panel F) also shoots up as more shares are changing hands.
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Appendix C. Supplementary material

Supplementary material related to this article can be found online at https://doi .org /10 .1016 /
j .jet .2019 .104947.
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