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A B S T R A C T

While optimal forest harvesting regulations (regional forest regeneration schedules) have been established using the
linear programming technique, its modeling restriction is still a challenge in practice. In this study, we developed an
alternative framework for establishing an optimal forest harvesting regulation using the continuous approximation
technique. The regulation problem was reformulated as a problem to find optimal smooth control of regeneration area,
thereby overcoming the difficulties in finding the global optimum for the optimization models that include nonlinear or
more complex models. A seven-dimensional optimization model was developed involving efficient assurance of the
convergence to a stable forest state and prohibition of clearcutting in immature stands. Using this model, we established
optimal forest harvesting regulations in Nagano Prefecture, Japan. Simulated annealing was utilized to explore optimal
solutions. Analyses based on extreme value theory and comparison with solutions produced by grid search indicated
that the best solutions may be sufficiently close to global optima. The best solutions suggested controlling timber supply
to keep prices high in the early years, due to the supply–demand log price model and the use of net present value as the
objective function. Because of the low profitability of the region, the solution suggested delaying the achievement of the
target state as far as possible.

1. Introduction

Forestry has a much longer crop rotation cycle compared to other
agricultural systems. Optimal rotation age, the forest age at which clear-
cutting provides maximum net profit, can often be more than half a century
[1–3]. The long rotation cycle implies that forest owners who planted their
forests may not always benefit from the crop while they are alive. Therefore,
without any regulation, it is possible that forest owners neglect reforestation
after clearcutting, which results in deforestation. Another problem is over-
cutting in immature stands. This may occur when there is a shortage of
timber supply compared with timber demand. If rotation ages are too short,
forest lands are overused, and forest degradation occurs. These problems
can result in the decline of available forest stock, increases in greenhouse
gas emissions [4], and degradation of biodiversity [5]. As a result, and at the
very least, wide-scale generational cooperation among forest owners may be
needed to prevent such problems. However, without a guide, controlling
regional forests with multiple owners is not a simple mission. Consequently,
a regional forest regeneration (clearcutting and the following reforestation)
schedule with enforcement of reforestation and prohibition of clearcutting

in immature stands, so-called forest harvesting regulation (FHR), may be
needed even in regions where most forest stands are privately owned.

We should also note that FHR constrains forest owners with respect
to their choice of rotation age. In other words, an FHR may force the
forest owners to choose a suboptimal rotation age. Therefore, an FHR
should be, at least, established optimally for accountability for the
forest owners. Optimal forest harvesting schedules have been estab-
lished by several researchers, depending on the characteristics of the
regions and the objectives of forest use [6]. One approach is to identify
an optimal harvesting schedule for each forest stand in the subject re-
gion [7–11]. This approach can provide concrete schedules as to which
forest stands should be regenerated during each period, taking the
spatial constraints between each forest stand into account. On the other
hand, when applying the approach in forest areas with numerous pri-
vate owners, the concrete schedule might be an obstacle in practice
because it does not allow any change by the forest owners with respect
to rotation age. As a result, although this type of schedule is effective
for forests owned by a single owner or a few owners, the schedule might
be too strict as a regional schedule of forest regeneration. Therefore, in
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practical cases, the FHR in a region is often established in laxer form: by
identifying optimal control of the forest area for each forest type in the
region, rather than considering spatial properties of each stand. Here-
after we use “FHR” for indicating this type of schedule.

The FHRs have usually been established using the linear program-
ming (LP) technique [12–15]. Treating the area of each age-class
(classified stand ages, such as 1- to 5-year-old stands into class 1, 6- to
10-year-old stands into class 2, and older stands as well) of each period
in the FHR as the decision variables, and formulating the FHR as the
control problem of the age-class distribution (forest area distribution on
the age-class) over time, an FHR can be formulated as an LP problem.
The advantage of using the LP technique is that the identification of a
global optimum in polynomial time is assured [16–18]. By contrast, we
have a great constraint in modeling: we cannot use nonlinear models in
most cases,1 whereas models related to forest management are often
nonlinear. As a result, although the LP technique for the FHR has been
developed, the scope of the optimization model is still limited so that
nonlinear phenomena that violate the linearity in the optimization
model are not incorporated.

Recently, a few researchers used nonlinear programming (NLP) to
find optimal forest management strategies [19]. However, we should
note that there is no assurance that a global optimum can be identified
for general nonlinear models. If we only create the nonlinear optimi-
zation model for the FHR by simply extending the ordinary formulation
that is originally assumed to be solved with the LP technique, the model
will have numerous variables and large search space. As a result, it is
possible that we may obtain local optima rather than a global optimum
[19,20]. The use of the approximation method of nonlinear program-
ming models using mixed-integer linear programming models is a
means of overcoming the difficulty in finding the global optimum [21].
However, the increase of the number of integer variables associated
with the linear approximation may cause considerable increase of
computation time; this also causes a difficulty in finding the global
optimum in practice. These difficulties seem to be the fundamental
reason that FHRs have rarely been modeled as NLP problems.

A possible way to develop an FHR with nonlinear models is to de-
velop an optimization model so that it can be optimized with existing
techniques. This is similar to the way we have modeled the FHR pro-
blem so that it can be solved with the LP technique. For example, if we
can construct the model so that the objective function is convex, the
model can be optimized with a simple downhill method such as
Newton's method. Another possible way is to devise optimization al-
gorithms using the features of objective optimization models [22].
However, we should note that the models and principles in regional
forest management vary greatly owing to both the diversity among
regions and the diverse management principles and concerns of each
planner. Moreover, on a regional scale, it seems necessary to consider
the price changes due to the balance of supply and demand. The models
tend to be complex and diverse due to strategic interactions between
suppliers and consumers [23–25]. As a result, developing specific
models that can be optimized with specific optimization techniques or
model-specific optimization techniques may cause problems similar to
the FHR problems that arise from the use of LP.

On the other hand, the dynamics of age-class distribution with time
and the optimality have been analyzed theoretically and computa-
tionally [26–31]. It indicates that the FHR problem is fundamentally
the optimization of the control of the dynamics of age-class distribution.
In other words, the FHR can be established with the optimization of
parameters of system dynamics simulation [32–35]. In practice, the
control of the annual total regeneration area in a region should be

smooth. For example, even if the optimal solution suggests that the
annual total regeneration area should be 5 ha, 50 ha, and 5 ha for three
consecutive years, the solution may not be practical. Similar smooth-
ness is required in the regeneration area between different stand ages at
a time. For example, even if an optimal FHR suggested 90% regenera-
tion (in forest area) for 40- and 42-year-old stands but 10% regenera-
tion for 41-year-old stands, the solution may not be practical.

These requirements indicate that the FHR problem can be modeled
as an optimization problem with the few parameters of the smooth
control. The conversion can be done using the continuous approxima-
tion technique [36–38], which translates a discrete model to a con-
tinuous model, thereby reducing the dimensionality of the optimization
problem. The reduction of dimensionality enables us to introduce di-
verse models into the FHR models since the reduction enhances the
ability to identify exact solutions. The reformulation itself is not com-
plex for the FHR problem; however, for the efficient generation of
feasible solutions, the constraints in FHR models should be re-devel-
oped.

In this study, we developed an optimization model to establish
optimal FHR using the continuous approximation technique. The con-
straints for the control of age-class distributions that involves the pre-
vention of clearcutting immature stands and achievement of a stable
state in the age-class distribution at the end of a planning horizon were
developed. We then applied this approach for the establishment of
FHRs for Nagano Prefecture, Japan. The remainder of this paper is
structured as follows. In Section 2, we develop the objective model. In
Section 3, the application for the establishment of FHRs for the Nagano
Prefecture is presented. Finally, the applicability of the continuous
approximation technique for the FHR in other situations is discussed.

2. Model development

The FHR is established as optimal control of the age-class distribu-
tion of a set of forests, thereby gaining maximum utility (or minimum
loss) from forests at present value. Let us denote the stand age, the year
since regeneration, as τ (year; positive integers starting with 1).
Generally, an age-class can be defined with multiple ages, such as 1- to
5-year-old stands into class 1, 6- to 10-year-old stands into class 2, and
older stands as well [19,39]. In the ordinary LP formulation, the class
grouping reduces the dimensionality of the problem. In contrast, for
simplicity, we define each age-class as corresponding directly with the
stand age. Therefore, age-class-1 indicates 1-year-old stand age, age-
class-2 indicates 2-year-old stand age, and so on. Similarly, in this
study, the time period from the start of the schedule denoted as t (po-
sitive integers starting with 1) is equivalent to the year from the start.
t = 1 is the first year of the schedule, t = 2 is the second year of the
schedule, and so on. We use stand age to identify an age-class, and year
to identify a time period for simplicity. If humans regenerate a τ-year-
old stand at t, the age of the stand will be one at the next year (t+ 1).
The stand area of 1-year-old stands at t + 1 is thus the total of the
regenerated area at t. If a stand is not regenerated, the age of the stand
will be τ + 1 at the next year.

FHRs are often required to achieve a stable and sustainable age-class
distribution (such as the state of “normal forest,” introduced later) at the
end of a schedule [40]. FHRs can also be established without this constraint.
However, because the FHR model involves the discrete-time control of the
dynamics of age-class distribution, the destination states of an optimal FHR
can include a cyclic fluctuation in age-class distribution [29,30,41] similar
to the behavior of a discrete-time logistic map [42]. It has been established
that stable age-class distribution can be the convergence state of the optimal
FHR with the continuous-time models [26].

Because such cyclic fluctuations of age-class distributions may be
problematic from a practical standpoint, some desire the FHR to
achieve a given stable age-class distribution, called the normal forest
[43], which has a rectangular-shaped age-class distribution owing to
constant stand area per stand age and identical rotation age, at the end

1 Simple and specific nonlinear models such as geometric decline of the
present value factor and simplified forest growth model do not violate the
linearity of the optimization problem and can be used in the LP formulation
(described in Section 2.2).
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of the schedule. We denote the normal forest to be achieved as desti-
nation normal forest (DNF). We also assume that when the DNF is
achieved, all conditions of forest management, such as log price, will be
stable, and consequently, the annual revenue will be constant. Although
both realizing a normal forest and the assumption of a steady-state are
unrealistic ‘ideals,’ it enables us to consider forest utility in infinite
terms, whereas FHR models without those assumptions consider the net
present value (NPV) with a finite time horizon. The concept of the FHR
is shown in Fig. 1. Letting tF be the year until we achieve the DNF (year;
virtual time horizon) and τU the possible maximal stand age (year), the
optimal FHR problem can be formulated as an optimal control problem
of stand area for all t in {1, 2, …, tF} and all τ in {1, 2, …, τU}.

Since the whole model is large, we formulate the model in four
separate sections below.

2.1. Objective function and basic models

The objective function and basic models are formulated as follows
(without notations, all constraints imply ∀t | t ∈ {1, 2, …, tF}, or ∀τ | τ ∈
{1, 2, …, τU}, or both):
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where NPV is the net present value in yen, Dt is the present value factor
at t, Ut is the annual revenue at t from the set of forests (yen), UNF is the
annual revenue from the set of forests after achieving the DNF (yen), d
is the annual interest rate (%), τLt is the lower bound of the regenerable
stand age at t (year), ut,τ is annual revenue at t from τ-year-old stands
(yen), yτ is the mean yield per area of τ-year-old stands (m3/ha), pt is the
log price at t (yen/m3), cC is a constant clearcutting cost (yen/m3), rt,τ is
annual regeneration area of τ-year-old stands at t (ha), cR is a constant
reforestation cost (yen/ha), at,τ is the area of τ-year-old forests at t (ha),
Rt is the annual total regeneration area at t (ha), aNF,τ is the area of τ-
year-old forests of the DNF (ha), RNF is the annual total regeneration
area after achieving the DNF (ha), and τNF is the rotation age of the DNF
(year). All variables except for t, τ and their specific values (τLt, τU, τNF,
and tF) are real numbers. All other variables appearing in the remainder
of the paper are real numbers.

The right side of Eq. (1) is derived using the formula of geometric
series, based on the assumption that the annual revenue is constant
after achieving the DNF. Eq. (2) has d and t, both are given values, in
the argument. Therefore, the value of Dt at each t is constant. Eqs. (3)
and (4) indicate that Ut is calculated with a simple balance equation of
profits and costs. In Eq. (3), τLt is mainly defined considering the ca-
pacity of forest use discussed in Section 2.4. By contrast, τU is defined
considering computing capacity to treat all the possible stand ages; we
can set the value by adding tF to the maximum stand age of the present.
Eqs. (5)–(8) express the dynamics of the age-class distribution. Eq. (9)
expresses the prohibition of regeneration in immature stands. Eq. (10)
indicates that the DNF must be obtained after regeneration at tF.
Eq. (11) indicates the total area of forests must be identical to that of
the DNF throughout the schedule.

The decision variables that can be controlled by forest managers are
rt,τ. Furthermore, Eq. (10) indicates =+r at 1, NF,F NF NF and +rt 1,F = 0 ∀τ
|τ≠ τNF. Therefore, the search space of the problem is ×RtF U.

2.2. Nonlinear models

We used the yield model defined as Eq. (12) and log price model
defined as Eqs. (13)–(15):
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where y∞, Ly, ky and my are given parameters of the growth model, pL
and pU are the lower and upper bounds of log price (yen/m3), respec-
tively, pS is the standard log price (yen/m3), kp (<0) is the slope
parameter of the log price model, Yt is the annual total yield from the
set of forests at t (m3/year), Yt′ is the annual yield at t to make the log
price be pS (m3/year), Y′NF and Y′0 are annual yields of the DNF and at
the start of the schedule (m3/year), respectively, kY′, gY′ and tY′U are
given parameters, ς(x; k, g) denotes the logistic function (0 < ς(∙) < 1)

Fig. 1. Concept of forest harvesting regulation (FHR). Each horizontal bar set
(with identical color) indicates the age-class distribution at each time period.
Starting at a given age-class distribution, we manage the age-class distribution
optimally, aiming for a destination normal forest (DNF) at the end of the
schedule.
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with steepness k and inflection point g (when k > 0 then dς/dt > 0,
k= 0 then dς/dt= 0 and dς/dt< 0 otherwise), and ς'(x; k, g, xL, xU) is
the logistic function which is scaled so that the values at x in [xL, xU]
are in [0, 1].

Eq. (12) presents the forest stock of each stand age modeled with
Bertalanffy–Richards model [44,45]. See Appendix A for the derivation.
Eq. (13) is the price model considering discrepancy from “standard”
wood supply at t (a supply which makes the log price be pS) with the
lower and upper bounds of prices. Because kp < 0, the model indicates
the log price at a given t decreases with the increase of annual total
yield. See Appendix B for the modeling.

Since the right side of Eqs. (12) and (15) have only given parameters
and only either τ or t in their arguments, yτ and Y′t at each τ or t is
constant. As a result, the linearlity could be kept even with these
models. By contrast, Eq. (13) violates the linearity of the optimization
problem since Yt, provided with rt,τ, is needed for the calculation.

2.3. Smooth control of regeneration area

The changes in annual total regeneration area and difference of
regeneration rates between stand ages should be smooth. We model the
constraints for the smoothness using the logistic function. Because the
control of the annual total regeneration area is critical to achieving
DNF, we used a procedure that determines the annual total regenera-
tion area of each year first, then allocates the regeneration area into
each stand age of each year. The following are the constraints for the
controls:
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where RNF and R0 are the annual total regeneration areas of the DNF
and at the start of the schedule (ha), respectively, kR and gR are con-
trollable parameters, ψt,τ is the regeneration rate of τ-year-old stands at
t, ϕt,τ is the variable to control the regeneration rate of τ-year-old stands
at t, which we call regeneration intensity in this paper, αϕk, βϕk, αϕg, and
βϕg are controllable parameters that allow the changes-with-time of
both the steepness and inflection point of the logistic function, and ξt is
a utility variable to assure Eq. (8) for a given Rt with the control of
Eqs. (19)–(24). Since the annual total regeneration area cannot be
larger than the total area of regenerable stands, Rt should be given as
Eq. (18).

If Rt= R′t, ϕt,τ is acceptable as the value of ψt,τ. For the case of Rt<
R′t, Eqs. (19) and (21)–(24) can prepare the annual regeneration area of
each stand age so that Eq. (8) is satisfied as follows:
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Because Rt < R′t, ξt < 1 in this case. Therefore, Ineq. (20) estab-
lishes as far as 0 ≤ ϕt, τ ≤ 1, which is assured by defining ϕt, τwith the
logistic function as Eq. (22). In Fig. 2, adjusted regeneration rate for a
given regeneration intensity (black line) is shown as the dashed and
dotted line. For the case of Rt > R′t, the same preparation can violate
Ineq. (20). To adhere to Ineq. (20), we adjusted the distance between ϕt,

τ and 1 (the upper horizontal line of Fig. 2), as we adjusted the distance
between ϕt, τ and 0 for the case of Rt < R′t. ψt,τ and ξt for Rt > R′t in
Eqs. (23) and (24) represent this adjustment. In fact, the annual re-
generation area of each stand age can be prepared so that Eq. (8) is
satisfied as follows:

= + = +
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Thus, ψt,τ which assures Eqs. (8) and Ineq. (20) is prepared using a
function whose range is [0, 1] for ϕt,τ even for this case.

rt,τ is now completely controlled by kR, gR, αϕk, βϕk, αϕg, and βϕg.
That is, using the continuous approximation technique, we formulated
the FHR model as the function of these six variables. If we simply
combined the nonlinear models with ordinary formulation for the LP
technique, and we established an FHR with tF = 100 and τU = 250, we
had to optimize rt,τ which totaled 25,000 (100 × 250). Even reducing
the number of age-classes by defining age-class-1 with 1–5-year stands,
and older as well, and reducing the number of time periods to every five
years, we still had 1000 variables. Compared with this, our model has a
substantially more compact search space. It is also notable that the
number of decision variables in our model is independent of the gath-
ering of the plural ages stands and length of the term. Even if tF = 150,
the dimension of the search space of our approach is 6, while that of
ordinary formulation increases to 37,500. Hoganson and McDill [46]
indicated that the time horizon of a FHR can be of interest. The in-
dependency of the dimension of tF indicates that we can also make tF as
a decision variable. Therefore, we treated tF as a decision variable and
optimized the seven variables simultaneously.

2.4. Achieving a normal forest

Although the assurance to achieve a given DNF (Eq. (10)) is easily
implemented in the LP framework, our approach needs alternative ef-
ficient constraint for its assurance. We used the following constraint set
which is stricter than Eq. (10):

Fig. 2. Preparation of the regeneration rate. In the case of Rt < R′t, ψt,τ is
prepared by decreasing ϕt,τ as the dashed and dotted line. In the case of Rt> R′t,
ψt,τ is prepared by increasing ϕt,τ while keeping ψt,τ < 1 as the dashed line.
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where t′ denotes the time from tF – τNF (year), τ'L is a constant lower
bound of regenerable stand age that should be given by planners con-
sidering the capacity of forest land use (year, 1 ≤ τ'L ≤ τNF), and at ,
means at, τ with the relationship of Eq. (28), e.g., = +a at1, 1,F NF .
Eq. (27) regulates the control of annual total regeneration area for τNF
years at the end of the schedule. Eqs. (28)–(29) are the minimum
harvest age constraints that control the lower bound of regenerable age
[47,48]. Ineq. (30) is the condition of age-class distribution to achieve
the DNF with the controls.

The simplest control to achieve the DNF is to annually regenerate
RNF ha stands for τNF years. Eq. (27) indicates ensuring such control
during τNF years at the end of the schedule. In this regeneration, we also
need to restrict the number of regenerations in a stand only once after
starting the control. This restriction can be implemented by setting the
lower bound of regenerable stand age (τLt) to be t′ of Eq. (28). However,
we need to prevent clearcutting of stands younger than τ'L to conserve
the capacity of the forest. As a result, Eq. (29) should be used. Eq. (29)
indicates that τLt = τ'L while t ≤ tF – τNF.

For the control to succeed we must be able to ensure annual re-
generation stands for τNF years continuously. This constraint is for-
mulated as follows:

…
=

R a t {1, 2, , }tNF , NF
tL

U

(31)

Although Ineq. (31) is simpler than Ineq. (30), it requires us to refer
to the age-class distribution of τNF years to examine whether it estab-
lishes. On the other hand, Ineq. (30) only refers to the age-class dis-
tribution at t′= 1. Below it is explained that combining with Ineq. (31)
and Eqs. (28) and (29), we obtain Ineq. (30). Let us use the following
inequality, which is identical to Ineq. (30) because of Eq. (11), for this
explanation instead:

…
=

t R a t {1, 2, , 1}
t

NF
( 1)

1, L

L

U

(32)

First, let us consider the case of τLt= τ'L (i.e., t′ < τ'L). When t′ = 1,
Ineq. (32) is simply equivalent to Ineq. (31). Let us assume that Ineq.
(32) is valid for t′ = 1 and that we could regenerate RNF stands. When
t′ = 2, stands whose ages were τ′L – 1 at t′ = 1 grow to be τ′L-year-old,
i.e., reach regenerable age. Hence, the total area that can be re-
generated at t′ = 2 is = a1 1,L

U – RNF. Similarly, the total area that can
be regenerated at t′ is = at( 1) 1,L

U – (t′ – 1)RNF provided that we
could ensure regenerable stands at t′ – 1 during the case. Therefore,
whether we can ensure regenerable stand area continuously can be
evaluated using Ineq. (32) for this case.

Next, let us consider the case of τLt = t′ (i.e., t′ ≥ τ′L) if Ineq. (32)
has established. At the first year (i.e., τLt= τ′L = t′), all a′t′,τ such that τ
< t′ have become RNF. Consequently, the total regenerable stand area
has become τNFRNF – (t′ – 1) RNF = RNF + (τNF – t′)RNF. This value is ≥
RNF while t′ ≤ τNF. This means that if we could satisfy Ineq. (32), the
area of regenerable stands after t′ becomes τLt is naturally ensured. In
conclusion, Ineq. (30) is the equivalent condition to Ineq. (31) if we use
Eqs. (27)–(29).

In our framework, only Ineq. (30) can be violated when calculating
the NPV with a given set of the seven variables. Additionally, because
τ′L ≤ τNF, the following inequality is stricter than Ineq. (30):

…
=t

a R t1 {1, 2, , 1}
t

L 1
1, NF L

L

(33)

This inequality indicates that the mean stand area per stand age
from τ = 1 to a given stand age less than τ′L should be equal to or less
than RNF. The inequality is satisfied if we control Rt ≤ RNF for τ′L years
each time. In our case, Eq. (18) manages Rt in this way. Therefore, our
model always produces feasible solutions.

3. Application

3.1. Subject region

We established FHRs for cedar (Cryptomeria japonica D. Don; “Ura”
type), cypress (Chamaecyparis obtusa Sieb. & Zucc.), red pine (Pinus
densiflora Sieb. & Zucc.), and larch (Larix kaempferi (Lamb.) Carr.) in
Nagano Prefecture, Japan. Related parameters for these species are
shown in Table 1.

The profitability of forestry in Japan is so low that clearcutting in-
come is often less than planting cost, even without considering the
discount rate with rotation age [49]. This is largely due to the high costs

Table 1
Parameters for each species.

Parameter Unit Description Cedar Cypress Red pine Larch

cC †a yen/m3 Clearcutting cost 7716 8919 8419 5987
cR †b yen/ha Reforestation cost 2644,926 2651,926 1896,028 1788,228
τNF †c year Rotation age of DNF 58 60 55 52
τ′L †d year Lower bound of regenerable stand age 40 45 40 40
RNF †c ha/year Annual regeneration area of DNF 225 157 123 2077
R0 †e ha/year Initial annual regeneration area 1.282 9.478 0.037 5.340
Y′NF †c m3/year Annual yield of DNF 154,559 80,635 48,084 767,785
Y′0 †f m3/year Initial annual yield of clearcutting 920 4999 10 2146
y∞†g m3/ha Asymptote of mean yield of forests 847.3 674.9 479.7 440.2
Ly †g – Location parameter of mean yield growth model 1.066 1.050 1.116 1.114
ky †g 1/year Steepness parameter of mean yield growth model 0.0348 0.0258 0.0357 0.0416
my †g – Shape parameter of mean yield growth model 1.37386 1.08077 1.20119 1.27443
pS †b yen/m3 Standard log price 9795 12,269 9265 9088
pL †h yen/m3 Lower bound of log price 5861 6282 7140 7140
pU †h yen/m3 Upper bound of log price 13,800 17,376 12,780 12,780
kp †h – Slope of log price model –3525 –20,251 –8980 –8980
UNF †c yen Annual gain of DNF –3.321⋅108 –1.462⋅108 –1.925⋅108 –1.197⋅109

†a: Average clearcutting cost [87]. †b: Estimated cost in this region [76]. †c: The optimal rotation age of the normal forests [56], but modified for integer rotation
ages. †d: “Standard rotation age” for each species [88]. †e: Annual artificially regenerated forest area [57]. †f: Estimated from the annual regeneration area assuming
that clearcutting is done at τNF-year-old. †g: See Appendix A. †h: See Appendix B.
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of planting, weeding, and harvesting in a climate that enables diverse
plants to regenerate naturally, and on a complex topography with steep
slopes [50,51]. Consequently, from a purely economic perspective, the
rational decision may be to abandon forestry in Japan. However, from
an environmental perspective, it may be necessary to continue forestry
to supply woods, thereby reducing global deforestation and CO2 emis-
sions. Consequently, the government set a policy target to increase the
self-sufficiency rate of woods to 50% [52]. Even though up to 70% of
the costs for planting and silviculture are subsidized [53], regeneration
is rarely conducted. Smoothing of the age-class distributions is there-
fore recognized as a major national issue for forest management
[49,54,55].

Because of low profitability in the region, the NPV of our applica-
tion will be negative. Hence, although we maximize the NPV of profit,
the practical aim is to minimize the NPV of deficit that will be com-
pensated with a subsidy. Additionally, the objective function (Eq. (1))
indicates that not only the schedule to achieve the DNF but the DNF
itself can be optimized. However, the optimal DNF would be empty (no
forest) because of the low profitability of the region.

For the four species in Nagano Prefecture, the stands to be sub-
sidized in order to achieve the required self-sufficiency rate were de-
termined assuming the choice of optimal rotation age in each stand,
minimization of annual expense for the subsidization, and stable age-
class distribution [56]. Optimal rotation age usually changes with the
site quality (biological site productivity). However, when a policy for
spending the minimum subsidy on each stand is accepted, a normal
forest is the optimal age distribution even when variation in the site
quality is accounted for [56]. Therefore, we used the optimal normal
forests with constraint of annual yield [56] as the DNF for each species.
The normal forests are consistent with the DNFs in our case. For more
detail of the normal forests and statistics of the subject forests, see
Moriguchi et al. [56].

We used real age-class distributions of each species in 2012 [57] as
the initial age-class distribution. We set d= 0.08, τU = 250, kY′ = 0.12,
gY′ = 40, tY′L= 0 and tY′U= 80 for each species. Other fixed parameters
in the model are shown in Table 1. We set the ranges of decision
variables which construct the search space as shown in Table 2. Note
that tF should be an integer because it denotes the number of years to be
simulated. Although the optimization of tF makes our problem MINLP,
the effect of tF on the objective function is almost smooth (Fig. 3) be-
cause the year to achieve the DNF is fundamentally a continuous real
number. However, the function is not unimodal. A profile of the ob-
jective function of cedar is shown in Fig. 4. We could not expect to find
the global optimum using simple downhill methods because of the
multimodal nature.

3.2. Optimization method

We used the simulated annealing (SA) [58,59] to find the optimal
solutions. The probability of finding the global optimum using SA is
theoretically proven to converge to one as computation time increases,
when using particular “cooling” functions, which control the

“temperature” parameter, and corresponding proposal density func-
tions, which suggest next candidate solutions [60–63]. The SA is a
major method to optimize various scheduling problems [48,64,65].

In practice, the time that we can use for simulating the annealing
process is limited. As a result, we usually use functions that experi-
mentally elicit good performance [66,67]. We should also consider that
the range of the objective function changes the efficiency of the opti-
mization process. Appropriate parameters of the cooling function and
the proposal density function should be explored for a given model.

Moriguchi et al. [68] explored the efficient implementation of

Table 2
The bounds of controllable variables to be optimized.

Variable Description Lower bound Upper bound Interval in grid search †a

kR Slope parameter of the scaled logistic function of the annual regeneration area 0 0.5 0.05
gR Shift parameter of the scaled logistic function of the

annual regeneration area
0 150 15

αϕk Final value of the slope parameter of the logistic function of the regeneration intensity between stand ages –0.5 0.5 0.1
βϕk Initial value of the slope parameter of the logistic function of the regeneration intensity between stand ages –0.5 0.5 0.1
αϕg Final value of the shift parameter of the logistic function of the regeneration intensity between stand ages 0 150 15
βϕg Initial value of the shift parameter of the logistic function of the regeneration intensity between stand ages 0 150 15
tF The final year of the schedule (year) 80 150 7

†a: The intervals in the grid search are set so that each variable has 11 candidates.

Fig. 3. Relationships between the values of the objective function and tF. Values
in the range of 80 ≤ tF ≤ 150 with kR = 0.1, τR = 50, αϕg = 120, βϕg = 120,
αϕk = 0.1 and βϕk = 0.1.

Fig. 4. Relationships between the values of the objective function and αϕk and
βϕk. Values in the range of −0.5 ≤ αϕk ≤ 0.5 and −0.5 ≤ βϕk ≤ 0.5 with
kR = 0.1, τR = 50, αϕg = 120, βϕg = 120 and tF = 100.
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simulated annealing for a thinning scheduling problem of a forest stand.
They recommended the use of the geometric cooling function and the
Cauchy distribution for the proposal density. Because the control per-
formed well even in our case, we used the control with a modification
in the definition of the energy function.

The acceptance probability of a proposed solution is as follows:

=q
E E

T
min 1, exp proposed current

(34)

where q is the acceptance probability, Eproposed is the energy of a pro-
posed solution, Ecurrent is the energy of the current state, and T is the
temperature parameter. The energy is minimized by the annealing
process. Although the energy function can be simply defined with ne-
gative NPV (since NPV should be maximized), it should be noted that
the temperature parameter depends on the scale of the objective
function. Therefore, the energy function is scaled with the range of
minimum and maximum values of the objective function obtained since
the start of the annealing process [68]. The scale always keeps the value
of the energy function in [0, 1] with the dynamic scaling parameter. By
contrast, the energy function defined below provided better perfor-
mance than the use of the dynamic method for the FHR problem:

=E NPV
NPV NPV75 25 (35)

where NPV indicates the objective function of Eq. (1), and NPV25 and
NPV75 are 25% and 75% percentile NPVs obtained with 1000 evalua-
tions of the objective function with complete random generation of
solutions before the annealing process, respectively.

Similarly to Moriguchi et al. [68], we tested 125 parameter sets that
were defined using five initial candidate temperatures of 10–0.6, 100.0,
…, 101.8, five candidate rates of final temperature with initial tem-
peratures in 10–1.0, 10–2.4, …, 10–6.6, and five candidate rates of the
scaling parameter of the Cauchy distribution on the range of each de-
cision variable in 10–0.0, 10–0.6, …, 10–2.4. The Cauchy distribution is
the truncated version at the bounds of the decision variables. The
median before the truncation is at the current value of the decision
variable. We set the maximum iteration to be 500,000 and the number
of temperature levels to be 500. We terminated the searching process if
the maximum NPV was not updated for 50,000 consecutive iterations.
We executed the SA process 50 times for each SA parameter set. As a
result, we executed 6250 SA processes (125 parameter sets, 50 times)

for each species. The solution that provided the maximum NPV is
presented as the result of the SA process. The solution reported in this
paper is the best solution (which provides maximum NPV) of all 6250
SA runs.

Because SA is a stochastic heuristic optimization technique, and its
efficiency depends on subjective problems, whether the sufficient op-
timal solution could be found should often be evaluated. Bettinger et al.
[69] discussed that comparison with solutions produced with techni-
ques that can find the global optimum is ideal (Level 6 of [69]), and
even if this procedure cannot be used, estimation of the global optimum
using extreme value theory is a possible method for evaluation (Level 4
of [69]).

We used two approaches for evaluating optimality. One approach
was a comparison with the optimum solutions provided by the grid
search that evaluates the objective functions on lattice points in the
search space. The range of each of the seven decision variables was
divided evenly between eleven candidates (Table 2). We then generated
a total of 117 (≈ 1.95 ∙ 107) combinations, and we identified the so-
lution that provided the highest NPV. This process provides an exact
assessment of whether SA satisfied minimum quality in terms of imi-
tating full enumeration. However, the coarseness of the grid in the
search space limits the resolution of this evaluation. Therefore, we also
utilized a statistical estimation of the NPV of the global optimal solu-
tion. This was done by collecting resultant NPVs of SA processes that
ran with the best parameter set of SA (with which the maximum NPV
was produced). A reversed three-parameter Weibull distribution is often
used for this evaluation [69]; however, the distribution can be statis-
tically rejected in some cases [65,70]. Thus, we also used a reversed
generalized Pareto distribution, a type of extreme value distribution
with finite support [71]. Each distribution was fitted with the maximum
likelihood estimation (MLE). Using the Kolmogorov–Smirnov test, the
goodness of fit was also evaluated. We validated the optimality using
the estimated location parameters of the distributions.

3.3. Application results

3.3.1. Optimality
The summary of optimization results is shown in Table 3. For each

species, at least 25% of the SA processes provided NPVs higher than
that of the grid search. For all species, the Kolmogorov–Smirnov test
rejected the assumption that the NPVs produced by SA followed a

Table 3
Summary of results from grid searching and SA.

Attributes Cedar Cypress Red pine Larch

Grid search solutions Maximum NPV (yen) †a –2.013⋅1010 –8.157⋅109 –1.280⋅1010 –5.328⋅1010

Number of SA processes that provided higher NPVs †b 1574
(25.2%)

3368
(53.9%)

4521
(72.3%)

5569
(89.1%)

Parameters of reversed Weibull distribution †c Shape 0.227 0.190 0.170 0.223
Scale 2.28⋅105 5.44⋅106 4.58⋅104 1.67⋅107

Location –2.013⋅1010 –8.046⋅109 –1.273⋅1010 –5.097⋅1010

D statistic †d 2.09 ⁎⁎⁎ 1.55 * 1.65 ⁎⁎ 2.12 ⁎⁎⁎

Parameters of reversed generalized Pareto distribution †c Shape 5.651 4.991 4.756 3.740
Scale 421.9 2.35⋅104 205 3.49⋅105

Location –2.013⋅1010 –8.046⋅109 –1.273⋅1010 –5.097⋅1010

D statistic †d 1.24⋅ 1.01 1.14 1.99 ⁎⁎

Best SA solution †e Maximum NPV (yen) †a –2.013⋅1010 –8.046⋅109 –1.273⋅1010 –5.097⋅1010

kR 0.0482 0.0425 0.0380 0.0258
gR 150.0 81.3 150.0 150.0
αϕk 0.500 0.462 0.500 0.500
βϕk –0.424 –0.500 –0.415 –0.388
αϕg 82.0 116.8 83.8 112.1
βϕg 56.8 0.0 31.0 0.0
tF 150 150 150 150

†a: Maximum NPVs are negative in these cases due to low profitability in the region. See Section 3.1. †b: Out of a total of 6250 processes. †c: Estimated using the
maximum likelihood method with 50 NPVs produced by SA processes that used the same parameter with the best SA solution. †d: The D statistic of the Kolmo-
gorov–Smirnov test. ∙: 10%; *: 5%; **: 1%; ***: 0.1%. †e: The variables are detailed in Table 2.
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reversed Weibull distribution with a 5% significance level. By contrast,
the Kolmogorov–Smirnov test did not reject the assumption that the
distribution of the NPVs followed a reversed generalized Pareto dis-
tribution, with the exception of larch, with a 5% significance level. For
all estimations, the estimated location parameters were rarely different
from the maximum NPVs. These results may indicate that the maximum
NPVs that we obtained are sufficiently close to the global optima.

3.3.2. Analysis of solutions
Comparing the decision variables, it is clear that several decision

variables are similar among species (Table 3). For example, tF is 150 for
all species. This means the achievement of the DNF for these species
should be delayed for as long as possible. Relatively small kR values
indicate that the annual total regeneration area should be increased
gradually. Suggestion to set gR equal to tF, i.e., upper bound values,
indicates the increase of annual total regeneration area should not be
sigmoidal since there is no inflection point in t< tF. The set of positive
αϕk and negative βϕk means the regeneration intensity should be high in
old stands at the beginning of the schedule, then high in young stands
later in the schedule. The values of αϕg and βϕg, which imply the in-
flection points of the regeneration intensity, have the relationship of αϕg

> βϕg; however, there are several variations compared with other de-
cision variables. Age-class distributions simulated using the values in
Table 3 are shown in Fig. 5. Compared with the plots at t = 1 and
t = 50 of each species, we can confirm that regeneration is majorly
done in old stands at the beginning of the schedule. By contrast, the
plots at t = 100 show a complete division in age-class distribution

caused by high regeneration intensity in young stands. Even with the
division, each species finally achieved the DNF.

The annual total regeneration area, supply, log price, and income of
FHR of each species simulated with the solutions in Table 3 are shown
in Fig. 6. Controlling the annual total regeneration area so that it in-
creases gradually, the solutions ensure a certain level of yield but
maintains a low yield so that the log price remains high, especially at
the beginning of the schedule. As a result, annual revenues for each
species were positive at the beginning of the schedule. Since the NPV
weights the revenues during the early period with a high present value
factor, it is a logical strategy for maximizing the NPV. After a peak of
the annual yield, it decreases with time and consequently, the log price
increases. This is because the steepness parameter of regeneration in-
tensity shifts from positive to negative, thereby the regeneration in-
tensity shifts from the older stands to the younger stands. This control
contributed to decreasing annual yields even with a constant annual
total regeneration area in the final phase of the schedule. Although
there was an increase in annual yield and a consequent decrease in log
price at the end of the schedule, the present value factor is the lowest at
the end of the schedule. Therefore, the reduction in NPV is minimized.

The Forestry Division of Nagano Prefectural Government [54] pre-
sented an FHR for the region for the next 80 years assuming a constant
annual total regeneration area beginning immediately. Ordinary FHR
often endeavors to achieve the DNF as quickly as possible, maybe based
on the turnpike theory [72]. However, our results suggest a gradual
increase in the annual total regeneration area. The log price models that
take the balance of supply and demand into account worked as a

Fig. 5. Change-with-time of age-class distribution of each species.
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natural “penalty function” in response to an overproduction. The sug-
gestion of the delay in the achievement of the DNF seems reasonable
since we used a DNF which is optimal involving a constraint on annual
total yield [56]. In other words, the DNF is not purely optimal such that
the turnpike theory assumes. Because the DNF requires a subsidy for
supplying yield, the delay of the achievement is reasonable for max-
imizing the NPV.

While it is debatable whether we should allow higher regeneration
intensity in younger stands, which results in a complete division of age-
class distribution as shown at t = 100 (Fig. 5), it may be acceptable
since it helps to increase NPV. However, preventing such age-class
distribution can also be a possible management principle. For this case,
it is possible to provide alternative solutions by constraining αϕk and βϕk

to positive values. The optimal solutions for this case are shown in
Supplementary File 1. Modeling the regeneration intensity with other
functions is also possible. Although we used the logistic function for the
regeneration intensity, this requirement for the design is solely to make

the values always in [0, 1]. Similarly, the requirement for the function
of the annual total regeneration area is only Eq. (30). Therefore, any
functions and controls which satisfy the requirements can be used in-
stead of our application. The controls may even be procedures relating
the adaptive forest management [73,74]. Although incorporating such
complex controls with FHRs has been difficult, the reformulation with
the continuous approximation technique may enable it.

4. Conclusions

In this paper, we presented a new modeling approach for estab-
lishing FHR with the continuous approximation technique [37]. The
FHR problem was formulated as an optimization problem of a small
number of parameters relating to the control of the dynamic of the age-
class distribution. An efficient constraint to reduce solutions that cannot
achieve a DNF at the end of the schedule was also developed. Our FHR
model in Nagano Prefecture had seven parameters to be optimized. The

Fig. 6. Annual total regeneration area, annual yield, log price, and revenues. The solid grey lines in the plots of the annual yield indicate the supply that results in the
log price equal to pS.
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optimal solutions were obtained using SA. The solutions suggested a
gradual increase in the annual total regeneration area and the delay of
the achievement of the DNF, reflecting the low profitability of forestry
of the region. The approach presented here allows the use of various
nonlinear, or more complex, functions and models. Therefore, the de-
veloped approach may help us to explore effective forest management
policies from various candidates.

In this study, we formulated the FHR problem assuming that a
normal forest should be achievable at the end of the schedule. In our
example case, the objective function was defined to minimize subsidies.
Under this policy, normal forest was the optimal state in stable age-class
distributions even with variation in the site quality [56]. On the other
hand, an age-class distribution with variable rotation age of stands can
also be stable [40], and in general cases, optimal rotation age can vary
with the site quality [75]. Other factors such as planting and harvesting
costs can also change optimal rotation age, even within a species. For
such general cases, the age-class distribution with variable rotation age
can be the optimal destination state of a species. Even for these cases,
however, it is possible to establish FHR using our approach, by com-
piling forest stands separately with respect to stand conditions, in the
same way we have compiled separate forest stands based on species in
this study.
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Appendices

Appendix A. Estimating parameters of yield growth model

The yield model for a stand can be derived from the following equations [76]:

=H H L k[1 exp( )]m
H H H (A1)

=w H (A2)

=y w (A3)

where Hτ is the mean height of the dominant trees at τ-year-old (m), wτ is the maximum capacity of stock of the stand at τ-year-old (m3/ha), y′τ is the
yield volume per area at τ-year-old (m3/ha), and H∞, LH, kH, mH, σ, γ, and ω are given parameters. Eq. (A1) is modeled with the Bertalanffy–Richards
model [44,45] that is usually used for modeling height growth [77,78]. Height growth models in this region assume that only H∞ in Eq. (A1)
depends on the biological productivity of the site [56,79]. Eq. (A2) is a type of power-law that is commonly observed for full-density conditions
[80,81]. ω is determined with the ratio parameters that represent the sparseness in standard managed forests and yield rate at clearcutting. Using
Eqs. (A1) – (A3), the yield model for a stand is derived as follows:

=y y L k[1 exp( )]m
Y Y Y (A4)

where y′∞ = H , LY = LH, kY = kH, and mY = γmH.
Moriguchi et al. [56] showed that the area frequency of H∞ in the region could be approximated with the generalized gamma distribution [82].

Because the distribution is closed with respect to allometric transformation [83], the distribution of y′∞ can also be approximated with generalized
gamma distribution with parameter translation. Further, the set of forests stands to be managed for wood production in the region was determined as
the stands whose y′∞ is in a limited range [56]. The model of mean yield of a set of forests is therefore formulated as follows:

=

=

y y
y

y y
dy

y L k a
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=y
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U

where y L and y U are the lower and upper limits of y′∞ in the set of forests, respectively, and PDF(y′∞; · ) and CDF(y′∞; · ) represent the probability
density function and cumulative density function of y′∞, respectively. LY, kY, mY, y L and y U, and parameters of the distributions of y′∞ were
estimated by [56].
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Appendix B. Log price model

Because we planned an FHR of all forests for wood production in the region, we used a monopolistic price model, which assumes that the log
price in the region is completely controlled by the annual total yield from the set of forests. With the monopolistic price model, the demand curve
gives the price of a given supply. In practice, log price may have minimum and maximum bounds reflecting that imports to and exports from other
regions work to prevent extreme log prices. Further, we assume that the log demand will basically increase in the future, considering consistency
with the policy target [52]. Consequently, the annual total yield relative to the Y′t (annual total yield that realizes the “standard” price) is used as the
argument of the demand curve (Fig. B.1). As a result, we modeled the log price model as Eq. (13).

We estimated the slope of the log price (kp) based on the relationship between the annual log prices of middle-diameter 3.65–4.0 m length logs

Fig. B.1. Assumed log price model. Because annual demand is assumed to change with time, the log price is formulated as the relationship with annual total yield (Yt)
relative to the yield that makes the log price be pS (Y′t). The demand curve provides the price in the monopolistic price model. Upper and lower bounds are set to
incorporate the prevention of extreme prices by imports to and exports from other regions.

Fig. B.2. Relationship between log price and annual supply for each species from 1998 to 2015. Log price is the price of middle-diameter 3.65–4.0 m length logs [84].
The log price is standardized using the consumer price index of 2015 [89]. The annual supply of each species is standardized against the supply during 2015.
Significance level: ∙: 10%; *: 5%; **: 1%.
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[84] and the annual supply of logs relative to that of 2015 [85] (Fig. B.2). To avoid the problem of identification [86], we should use only data in a
term where the demand curve was stable for the estimation. For the estimation of slopes, we used only the data shown with black points in Fig. B.2.
For larch, the actual demand structure has been changing in recent years and therefore, the relationship between the supply and log price in Fig. B.2
cannot be interpreted as a normal demand curve. Therefore, we used the parameters of red pine, whose wood characteristics are most similar to
those of larch among the other species, for the larch model. The lower bound (pL) and the upper bound (pU) are determined with three times the
range of the log prices of the fitting data.
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