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Maximum likelihood estimation of stock volatility
using jump-diffusion models
Nixon S. Chekenya*

Abstract: We investigate whether there are systematic jumps in stock prices using
the Brownian motion approach and Poisson processes to test diffusion and jump
risk, respectively, on Johannesburg Stock Exchange and whether these jumps cause
asset return volatility. Using stock market data from June 2002 to September 2016,
we hypothesize that stocks with high positive (negative) slopes are more likely to
have large positive (negative) jumps in the future. As such, we expect to observe
salient properties of volatility on listed stocks. We also conjecture that it is valid to
use maximum likelihood procedures in estimating jumps in stocks.

Subjects: Financial Mathematics; Mathematical Finance; Quantitative Finance

Keywords: Merton jump diffusion model; Black scholes volatility (IV) curves; Weiner
process; maximum likelihood estimation
Subjects: C12; C18

1. Introduction
We explore asset return volatility in actively traded stocks. Specifically, we investigate whether
there are systematic jumps in stock returns using the Brownian motion and Poisson processes to
test diffusion and jump risk, respectively, on the Johannesburg Stock Exchange and whether these
jumps cause asset return volatility. Our hypothesis is that stocks with high positive (negative)
slopes are more likely to have large positive (negative) jumps in the future.
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Asset return volatility is central to finance. High-frequency data exhibit fat-tailed distributions
(excess kurtosis), skewness and volatility clustering. Excess kurtosis of stock can be attributed to
jumps-sudden but infrequent movements-of large magnitude in stock prices (Campbell, Giglio,
Polk, & Turley, 2018; Maheu & McCurdy, 2004; Yan, 2011). A number of studies document the
presence of jump in stock returns in developed countries’ contexts (Bollerslev, Todorov, & Li, 2013;
Cremers, Halling, & Weinbaum, 2015; Jarrow & Rosenfeld, 1984; and Jorion, 1989). Systematic
jumps in stock prices in developing countries have rarely been tested. Our study begs the question
of whether there are jumps in stock prices using stock returns data from the Johannesburg Stock
Exchange. Closest in spirit with our paper are those by Hanson, Westman, and Zhu (2004) which
develops jump-diffusion stock-returns models and investigates the log-uniform distributed jump-
amplitudes in the jump-diffusion model for fitting financial market distributions and Trautmann
and Beinert (1995) whose study employs ML-techniques to estimate a Poisson type jump-diffusion
model that describes the return behavior of actively traded German stocks and the DAX stock
index as a proxy of aggregate wealth, respectively.

Randomness and persistence are two salient properties of stock volatility. Stocks with high
positive (negative) slopes are more likely to have large positive (negative) jumps in the future.
The statistical properties of stock returns have long been of curiosity to financial decision makers
and academics (see Eraker, 2004). Positive kurtosis implies concave, U-shaped implied Black-
Scholes volatility (IV) curves.

Diffusion processes are widely used to describe the evolution of asset returns over time. In
option pricing, they enable the use of Black and Scholes-type formulae to price European options
on stocks, foreign currencies, commodities, interest rates, and futures. The Jump Diffusion model is
chosen in this study because it can potentially explain stock returns more accurately at the
expense of making the market incomplete, since jumps in the stock prices cannot be hedged
using trade securities.

One purpose of this paper is to provide answers to the question of whether there are systematic
jumps in stock prices using stock returns data in developing countries, Johannesburg Stock
Exchange in particular. We do this by extending Merton’s (1973, 1975) jump-diffusion model and
intertemporal asset pricing model.

The remainder of our paper is organized as follows. The next section generalizes the Merton
Jump Diffusion (MJD) model to a developing country’s case. Empirical tests for the presence of
jump components in the stock returns are contained in section 3. Section 4 concludes the paper.

2. Theory
Our assumed model is similar to those contained in Jarrow and Rosenfeld (1984) and Merton
(1975). It contains a finite number of assets and traders. There is one good which serves as a
numeraire. The basic assumptions we make are:

(1) No transaction costs, no taxes, and frictionless markets.

(2) Competitive markets (traders are price takers)

(3) Continuous trading at equilibrium prices

(4) There are m risky assets whose prices satiate1

dSj
Sj

¼ αjdtþ σjdZjþ �λjKjdtþ πjdYjð Þ j ¼ 1; : . . . ;m; (1)

where Sj(t) is the price of an asset j at time t; αj, σj, λj, and Kj are constants; dZj is a Wiener process;
dYj is a Poisson process with parameter λj; πj is the jump amplitude with expected value equal to Kj;
and dZj, dYj, and πj are independent.
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(1) Traders have standardized opinions over {αj, σj, λj, Kj, j = 1, . . .m}

(2) Traders’ tastes are represented by a von Neumann-Morgenstern utility function which is
strictly increasing and strictly concave.

Assumptions 1–3, 5, and 6 are standard in the literature (See Jarrow & Rosenfeld, 1984, Merton,
1975). Assumption number 4 is the key conjecture in our analysis.

It is fitting at this time to rewrite assumption 4 in an alternate but equivalent form which
separates systematic and unsystematic risk components.

Consider the diffusion part of assumption 4,

dDj ¼ αjdtþ σjdZj; j ¼ 1; . . . ; m: (2)

Employing a comparable argument to Ross (1976, p.272), expression (2) implies that there exists
{uj, fj, gj, dØ, dƜj} j = 1, . . ., such that

dDj ¼ αjdtþ fjd�þ gjƜdj; (3a)

where f2j + gj
2 = σj

2; dØ, dƜj are Wiener processes; E(dØdƜj) = 0, j = 1, . . ., m; and

∑
m

j¼1
uj ¼ 1; xþ að Þn ¼ ∑

m

j¼1
uj gjdƜjð Þ ¼ 0;¼ ∑

m

j¼1
uj αj > r: (3b)

It is always likely to decompose a restricted number of normal arbitrary variables into a common
factor, dØ, and error terms, dƜj, which are normally distributed. The key property of normal returns
employed is that covariance of zero implies numerical independence. This same assumption is
confirmed in Fama (1973). Note that dØ, dƜi will be independent of dYi and πi by assumption 4.
This disintegration gives dØ the interpretation of being the unsystematic risk factor.

Substitution of expression (3) into (1) gives assumption 5a:

There are m risky assets whose prices satisfy

dSj
Sj

¼ αjdtþ fjd�þ gjdƜjþ �λKjdtþ πjdYjð Þ; j ¼ 1; . . . ;m; (4)

where SJ(t) is the price of asset j at time t; αj, fj, gj, λj, Kj are constants; dØ, dƜj are Wiener
processes; dYj is a Poisson process with parameter λj; πj is the jump amplitude with expected
value equal to Kj; and dØ, dƜj, dYj, πj are independent.

The jump component in expression (4), �λKjdtþ πjdYjð Þ, infers that stock returns can have
discontinuous ample paths. This generalizes existing models.

3. Data
The section tests for the stock returns to see if they contain jumps. If no jump component is present, then
this would be consistent with the proposition of the previous deduction and the satisfaction of an
instantaneous Capital Asset Pricing Model (CAPM). This section performs the following hypothesis tests:

H0, jump risk is diversifiable

H1, jump risk is non-diversifiable

We will survey the sample path of the stock price returns. To advance the testing procedure, note
that under expression (4) the stock market returns dynamics are given by:
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dS
S

¼ ∑
m

j¼1
sjαjdtþ ∑

m

j¼1
sjfj

 !
d�þ ∑

m

j¼1
sjðgjdƜj� λjKjdtπjdYjþ logVj (5)

where S = ∑n
j¼1 mjSj, logVj ~ i.i.d. N(α, σ2), normally distributed and models jumps in stocks.2

Under the null hypothesis, expression (5) reduces to

dS
S

¼ αdtþ σd� (6)

where α =∑n
j¼1 mjαj and σ = ∑n

j¼1 mjfj.

Under the alternative hypothesis, expression (5) reduces to:

dS
S

¼ α0dtþ σd�þ dq (7)

where dq = πdY denotes a Poisson process with parameter λ, π = jump amplitude with estimated
value equal to K, and α’ = α—λK.

To complete the method, another hypothesis is added to (7), that is, (π) has a lognormal distribution
with parameters (a, b2). This assumption is added in order that the Maximum Likelihood Estimation
procedure developed in Rosenfeld can be used to estimate the parameters of Equations (6) and (7).

For ease of reference, we re-write the hypothesis to be tested:

H0: jump risk is diversifiable,

dS
S

¼ adtþ σd�; (8)

H1: jump risk not diversifiable,

dS
S

¼ α0dtþ σd�þ dq; (9)

and (π) is dispersed lognormal (a, b2).

To properly test the null hypothesis, a likelihood ratio test can be used: A = −2(lnLc—lnLu), where Lc
signifies the likelihood value for the reserved density function (i.e., the null hypothesis, Equation (8)) and
Lu represents the likelihood function for the unconstrained density function (i.e., the alternative hypoth-
esis, Equation (9)).3

We perform empirical tests on one index the index consists of daily observations for the stock
market’s total return index on the Johannesburg Stock Exchange from June 2002 to September
2016.

Table 1 presents estimates of parameters of the diffusion-only process for diverse observa-
tion intervals and time periods. The results suggest that the total return and volatility of the
market are not constant over time. The total standard deviation of return on the market is
measured by the Johannesburg Stock Exchange total return index over a 14-year period.

4. Methodology
Throughout this paper (as in Jarrow & Rosenfeld, 1984; Merton, 1976) we assume that St is the
price of a financial asset whose return dynamics are given by;

dSt
St� ¼ μ� λκð Þdtþ σdBtþ e J� 1½ �dNt (10)
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where µ is the instantaneous expected return per unit time, and σ is the instantaneous volatility
per unit time. The stochastic process Bt is a standard Wiener process under the market measure P.
The process Nt is a Poisson process, independent of the jump-sizes J and the Wiener process Bt,
with arrival intensity λ per unit time under the measure P, so that its increments satisfy;

dNt ¼ 1 with probability λdt; 0 with probability 1� λdtð Þ (11)

The expected proportional jump size is;

κ ; EP e J� 1½ � (12)

Jumps arriving at different times are assumed to be independent of each other. A filtered prob-
ability measure space (Ω, F, {Ft}, P) is assumed where the filtration {Ft} is the natural filtration
generated by the Wiener process Bt.

In the jump-diffusion model, the stock price St follows the random process;

dSt/St = μdt + σdWt + (J-1)dNt. The first two terms are familiar from the Black-Scholes model: drift
rate μ, volatility σ, and random walk (Wiener process) Wt The last term represents the jumps: J is
the jump size as a multiple of stock price while N(t) is the number of jump events that have
occurred up to time t. N(t) is assumed to follow the Poisson process;

P N tð Þ ¼ kð Þ ¼ λtð Þk
k!

E�λt

where λt is the average number of jumps per unit time.

The jump size may follow any distribution, but a common choice is a log-normal distribution;

J,m exp
ðy2
2

þ yN 0;1ð Þ

where N (0,1) is the standard normal distribution, m is the average jump size, and v is the volatility
of jump size. The three parameters λ, m, v characterize the jump-diffusion model.
5. Model
We use the basic excel spreadsheet to model the effects of jump-diffusion on stock prices.4 Our
equation is as follows:

rt ¼ αþ εt þ Itut

where rt is the log return, α is the mean drift, ε is the diffusion which follows a normal distribution
calculated as σ*NORMSINV(RAND()), where σ (sigma) is the standard deviation of the jumps, I is
equal to 0 (no jump) or 1 (presence of a jump). The value is determined by the jump probability; ut
is the value of the jump. This follows a normal distribution and is determined by E[u] +
σu*NORMSINV(RAN()), where E[u] and σu are the mean and standard deviation of the jump,
respectively.

Table 1. Summary statistics

Column1 Column2

Constant drift 0.10%

Standard deviation of drift 1.00%

Jump probability 3.00%

Jump mean 2.00%

Jump standard deviation 4.00%

Table 1 presents estimates of parameters of the diffusion-only process for diverse observation intervals and time periods.
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We then enter our parameters in the excel sheet to calculate the path of the stock prices. We
then click on the recalculate button to generate a new path.

6. Conclusion
This paper develops and tests sufficient conditions for amodel when stock returns follow a jump-diffusion
process. Based on daily stock price data, our results are that the stock market returns contain a jump
component, although its magnitude is small. We measure the jump component over larger intervals in
time (monthly interval) and find that the weekends and holidays tend to cover up the small jump
component. The economic intuition is that jump risk is not diversifiable.

Supplementary material
Supplemental data for this article can be accessed here.
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Notes
1. The random variable πj must satisfy certain technical

requirements in order that a solution to (1) exists.
(See Benaim & Friz, 2009; Johannes, Eraker, &
Polson, 2000; Kushner, 1967; Jarrow & Rosenfeld,
1984).

2. To follow the general literature of jump-diffusion
modeling, our variable is assumed to be an inde-
pendent and identically distributed random vari-
able. In this paper, we characterize stock returns as
i.i.d in order to estimate jumps in stocks without
violating the assumption of i.i.d and randomness in
the variable (see, for example, Andersen, Bollerslev,
& Dobrev, 2007; Camara & Li, 2008; Jiang, 1999).

3. The likelihood ratio statistic “A” is a Chi-Square distri-
bution with 3 degrees of freedom.

4. We conjecture that stock prices are normally dictated
by a Brownian drift.
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