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a b s t r a c t

Nowadays, attractions are focused on Stirling engines because of their low noise, external combustion,
and the possibility of employing solar energy. These engines can be designed and applied in cases
of low or high-temperature differences, as needed. Evidently, the cylinder’s layouts and how they
are arranged and the used movement mechanism can affect the engine performance. Experts and
Engineers are always looking to increase efficiency and also increase the output work of the Stirling
engines. In this study, the dimensional synthesis of the kinematic chain using in the Stirling engine
will be discussed. For this purpose, kinematic relationships of different layouts of Stirling are extracted,
and by optimizing the mechanism based on the maximum output work, the optimal values of the
geometrical parameters of the mechanism and the lengths of its links are obtained. Evolutionary
optimization Algorithms, including genetic algorithm, particle swarm optimization, and imperialist
competition algorithm methods are employed to optimize the problem, and their obtained results are
compared. The problem is solved for four different layouts of the Stirling engine. Based on the results,
the output work can be increased 9 to 14 times by varying the geometrical parameters of the Stirling
engine mechanism without considering changes in thermodynamic parameters, high-temperature, and
low-temperature values. Moreover, average improvement (between three optimization algorithms) for
output work is about 13.05, 9.14, 10.71 and 14.36 times for α type with slider-crank, β type with
slider-crank, γ type with slider-crank and α type with Ross-Yoke, respectively. Therefore, the α type
Stirling engine has better advance than β and γ types, for maximizing the output work based on
changing the geometrical parameters.

© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Reduction in the amount of fossil fuels resources which is
integrated with environmental pollution causing by combustion
of these kinds of fuels is caused to reduce their utilization and
started to replace clean and renewable fuels such as solar energy,
geothermal energy, etc. as an alternative option for conventional
fossil fuels (Ahmadi et al., 2019, 2018). As a result, various indus-
tries are also working to make the most of these clean, renewable,
and free energy by conducting extensive research and creating
the right atmosphere. Mechanical engines, such as gasoline and
diesel engines, have a significant share in the use of fossil fuels
due to their high usage in the modern era. Researchers are study-
ing how to find a replacement for these engines that can provide
simple utilization of renewable energy and have more scientific
and economic justification. In this regard, the Stirling engine has
received much attention recently (Babaelahi and Sayyaadi, 2014;
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Martini, 1983; Toghyani et al., 2014; Duan et al., 2014; Bayón
et al., 2002; Bayon and Suarez, 2000; Boubaker et al., 2013; Motsa
and Shateyi, 2012; Finkelstein, 0000; Deac, 1994; Tlili et al., 2008;
Ahmadi et al., 2017; Abuelyamen et al., 2017; Almajri et al., 2017;
Xiao et al., 2017a; Cheng and Yu, 2011; S et al., 2007; S. Scollo
et al., 2013; Liao and Lin, 2015; Hooshang et al., 2015). Due to
its structure and performance, renewable fuels, especially solar-
generated fuels, can be applied in these engines (Kongtragool and
Wongwises, 2003; Hachem et al., 2018).

The Stirling engine is a closed-loop external combustion en-
gine that its operating fluid never leaves the cylinders of the
engine (Ahmadi et al., 2013a,b). The external combustion feature
brings about the possibility to power this engine utilizing renew-
able fuels (Ahmadi et al., 2013c,d). This engine can be used in
cases where a low-noise engine such as submarines is needed
because it generates very low volume sound density (Ahmadi
et al., 2016).

The first prototype of this engine was introduced by Dr. Robert
Stirling in 1816. Schmidt (Walker, 1980) introduced the first ther-
modynamic model to simulate the performance of a real Stirling
engine, assuming that the compression and expansion processes
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occur under isothermal conditions. Urieli and Berchowitz (1984)
developed the adiabatic model of Stirling engines using numer-
ical calculations, considering that in high-speed engines, these
processes, expansion and compression, tend to be performed in
adiabatic mode. Babaelahi and Sayyadi considered mechanical
friction and heat loss and introduced a new numerical ther-
mal model called Simple-II. This model, which was examined
by the Lewis Research Center, was found to be more similar to
the actual model (Babaelahi and Sayyaadi, 2014; Martini, 1983).
Some researchers have modeled the engine with CFD models
and achieved good results (Abuelyamen et al., 2017; Almajri
et al., 2017; Xiao et al., 2017a). The thermodynamic analysis
is not capable of investigating the transient mode of the en-
gine. Cheng and Yu et al. As well as Scollo et al. combined the
dynamic relationships of the engine with the thermodynamic
equations. This combination made it possible to calculate the
transient state, instantaneous mass effects of wheel flash inertia,
initial rotation speed, initial load pressure, hot and cold source
temperature, phase angle, and piston displacement rate (Cheng
and Yu, 2011; S et al., 2007; S. Scollo et al., 2013). Bataineh has
proposed a combined thermodynamic and dynamic model for the
α-type Stirling engine with the Ross-Yoke mechanism (Bataineh,
2018). Moreover, He had a parametric study to investigate the
effect of geometric and operation parameters on engine per-
formance, including the effects of regenerator effectiveness, the
dead volume ratio, the heat source temperature, and the swept
volume ratio. Researchers need to analyze these difficult differen-
tial equations to optimize the Stirling engine. Instead of solving
complex equations for the Solar Stirling engine, Liao and Lin
developed a simple mathematical model using the irreversible
thermodynamic method and the Lagrangian coefficient (Liao and
Lin, 2015). Shendage et al. have designed and developed a β-
type Stirling engine with a rhombus mechanism by considering
the combined effect of the net output power and efficiency as
the objective function (Shendage et al., 2017). Moreover, Altin
et al. have proposed the α-type Stirling engine concept based on
Scotch-Yoke linkage with parallel cylinders (Altin et al., 2018).
In their research, by using a thermodynamic–dynamic simulation
program, some thermodynamic and dynamic features of the en-
gine were studied. In addition, the output power of the engine
was optimized concerning the area ratio of pistons, the crank
radius ratio of pistons, and the phase angle. Hooshang et al.
(2015) used a multi-layer perceptron in order to calculate the
maximum output work and efficiency. The authors considered
the phase angle, stroke, and operating frequency of the engine
as design variables.

Ding et al. have presented an advanced model based on the
ideal adiabatic model in which various loss mechanisms, in-
cluding the loss of heat and pressure in heat exchangers, are
considered (Ding et al., 2018). They found that the relationship
between thermal efficiency and volume ratio was not monotonic,
and there exists a peak value. They also introduced optimal values
of volume ratio according to the maximum thermal efficiency at
different cooler and heater temperatures. Karabulut et al. have
developed a Martini type free-piston Stirling engine concept and
have conducted its performance analysis (Karabulut et al., 2019).
Furthermore, they have optimized the input parameters of the
analysis for 2500 rpm engine speed. Toghyani et al. carried out a
multifunctional optimization with four design variables, including
hot source temperature, stroke, average effective pressure, and
engine frequency, to increase the efficiency and the output work
and also reduce the pressure (Toghyani et al., 2014). Besides,
some other researchers performed this study with other different
algorithms (Duan et al., 2014; Bayón et al., 2002; Bayon and
Suarez, 2000; Boubaker et al., 2013). Rao et al. have proposed an
improved multi-objective Jaya optimization algorithm for a solar

dish Stirling engine (Rao et al., 2019). The proposed approach uses
an adaptive multi-team perturbation guiding Jaya (AMTPG Jaya)
algorithm. They have examined the proposed algorithm using two
multi-objective optimization case studies of a solar dish Stirling
heat engine system and a multi-objective optimization case study
of the Stirling heat pump and have got the superior results.
In recent studies, Egas and Clucas (2018) studied several types
of Stirling engine layouts. Regarding the pressure–volume (P–V)
charts, the authors determined which of these configurations of
the Stirling engines would work in what type of temperature
difference. However, the effect of link length on the output results
in not investigated yet. In addition, the effect of these lengths
on the output power of the engine is another issue that is not
discussed yet.

In this study, the four well-known layouts of the Stirling
engine (Fig. 3) are considered, and the thermodynamic relations,
Schmidt’s theory, and the kinematic relations by neglecting the
movement factor are also regarded. As the outputs of the current
study, pressure, volume, the output work of the engine, and the
effect of the link’s length on the output power of the engine are
also investigated. It is also worth checking that if the link lengths
are changed, the classification of Jose Egas and Don M. Clucas
is still acceptable (Egas and Clucas, 2018). Indeed, the engine’s
design and its optimization are based on the changes in the
kinematics relations of the engine. Therefore, all the geometric
parameters of each layout of the Stirling engine are considered as
the design variables. Considering that the final purpose is to in-
crease and maximize the output work of the engine, the heuristic
optimization algorithms for each of the layouts are studied, and
the optimal values for the links length are calculated.

2. Performance mechanisms of the Stirling engine

The Stirling engine can be divided into three categories de-
pending on how the cylinders are connected, namely α, β and
γ layouts (Urieli and Berchowitz, 1984; Egas and Clucas, 2018;
Thombare and Verma, 2008). Moreover, each of these layouts can
have different movement mechanisms, including slider-crank,
Ross-Yoke, and rhombic mechanisms, the most important of
which are briefly discussed in the following.

2.1. Different layouts of the Stirling engine

2.1.1. α type
The α layout of the Stirling engine (Fig. 1a) has two power

pistons in two separate cylinders which a heater, a heat recov-
ery, and a cooler are placed between the cylinders, respectively.
The upper space of the hot piston is heated continuously and
the upper space of the cold part is continuously cooled. In this
type, pistons simultaneously carry out the task of expansion
and compression of the fluid and also the task of fluid transfer
between the hot and cold chambers (Bataineh, 2018; Thombare
and Verma, 2008; Cheng and Yu, 2012).

2.1.2. β type
β layout of the Stirling engine (Fig. 1b) is the first type of

layouts which was introduced by Dr. Stirling in 1816. This type
has only one cylinder. Also, the power piston only has the task of
expanding and compacting the fluid, and the transfer of fluid be-
tween the hot and cold compartments is defined to another part
which is so similar to the piston and is called a displacer (Thom-
bare and Verma, 2008; Cheng and Yu, 2012).

2.1.3. γ type
The γ layout of the Stirling engine (Fig. 1c) is in fact so similar

to the β layout, except that separate cylinders are provided for
the power piston and the displacement piston and the fluid flows
between the two cylinders (Thombare and Verma, 2008; Cheng
and Yu, 2012).
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Fig. 1. Different layouts of the Stirling engine.

2.2. Stirling engine’s mechanism

2.2.1. Slider-crank linkage
Slider and crank linkage (Fig. 2a) have been used in internal

combustion engines for many years and it is known as a very
reliable and valid mechanism. This mechanism is widely used
in Stirling engines (Thombare and Verma, 2008; Cheng and Yu,
2012).

2.2.2. Ross-Yoke mechanism
The Ross-Yoke mechanism (Fig. 2b) was first introduced in

1979. Mr. Ross outlined this model to employ in an α type Stirling
engine at the University of Cambridge, England. It is often used
in alpha motors to reduce frictional force (Urieli and Berchowitz,
1984; Bataineh, 2018; Altin et al., 2018; Thombare and Verma,
2008; Cheng and Yu, 2012).

2.2.3. Rhombic mechanism
The Philips developed the rhombic mechanism (Fig. 2c) in

1950 for single-cylinder Stirling engines (Thombare and Verma,
2008; Cheng and Yu, 2012).

How the cylinders are connected to one another, and in par-
ticular, the mechanisms of the Stirling engine, causes the engine
to operate at different temperatures. This feature is another rea-
son for choosing a Stirling engine. Engines capable of operating
at high temperatures are called the High-Temperature Differ-
ence Engine (HTD), and engines capable of operating at low
temperatures are called the Low-Temperature Difference Engine
(LTD) (Wang et al., 2016). In addition, these layouts will affect the
output work of the engine.

Fig. 3 demonstrates the four layouts which are studied in this
investigation.

3. Thermodynamic modeling

The performance cycle of the Stirling engine can be exam-
ined from two perspectives: theoretical analysis, which performs
mathematical calculations on the Stirling cycle, and empirical
measurements, which illustrate the actual characteristics of the
cycle. The engine is designed based on the results of the math-
ematical and physical equations, and the obtained design is ac-
ceptable when the experimental measurements of the engine are
approximately acceptable with theoretical values and meet them.
The first acceptable mathematical analysis for the analysis of the
Stirling cycle, fifty years after its invention, was introduced by
Schmidt, known as the Schmidt theory (Urieli and Berchowitz,

1984). In this theory is assumed that the engine temperature
in the hot and cold side of the engine is constant and is equal
to the hot source and cold source temperature, respectively. In
addition, compression and expansion processes are isothermally
performed. This analysis linearizes the thermodynamic equations
and makes calculations easy.

As noted in Schmidt’s analysis, the key principle in this anal-
ysis is that the fluid in the expansion volume of the engine
and the hot exchanger is always kept at a constant tempera-
ture equal to the temperature of the engine’s hot source, and
the fluid temperature in the compression volume and the cold
exchanger is constant and equal to the engine’s cold source. This
assumption makes it possible to simplify the equations to obtain a
simple relation for fluid pressure changes as a function of volume
variations. The assumptions of this analysis are (Schmidt, 1871):

1. All processes are reversible.
2. The heat recovery process is ideal.
3. The working fluid follows the ideal gas state equations.
4. The fluid mass inside the system is constant and the system

has no leakage.
5. Workload volumes have a sinusoidal relation with the

crank angle.
6. There is no temperature change in heat exchangers.
7. The instantaneous pressure of the working fluid is the same

in all engine parts.
8. The wall temperature of the cylinders and the engine pis-

ton temperature are constant.
9. The rotating parts of the engine rotate at a constant speed

(the angular acceleration is zero).

If an ideal gas is used in the engine:

P .V = mol.R.T (1)

where P is the absolute pressure, V denotes the volume, mol
indicates the molar mass of the gas, R is the Global constant of
gases, and T is the absolute temperature.

The Stirling engine is divided into 5 parts, namely Volume of
compression (Vc), Cooling (k), Recovery (r), Heater (h), Volume of
expansion (Ve).

Assuming the isothermally of the Schmidt theory and that
there is no dead volume in any of the engine compartments
including the recovery and also in the connecting tubes, the
pressure can be obtained as a function of the rotation of the crank
angle (β) as follows (Babaelahi and Sayyaadi, 2014):

P(β) =
mol.R

Vc (β)
Tc

+
Ve(β)
Te

(2)
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Fig. 2. The different mechanisms of the Stirling engine.

Fig. 3. Four Studied layouts of this study (Egas and Clucas, 2018).

β is the Crankshaft rotation angle, Ve and Vc are the expansion
volume and compression volume in proportion to the rotation
angle, and Te and Tc denote the expansion and compression
temperatures, respectively.

Using the initial conditions which are supposed to be at the
standard pressure and temperature (room condition), the molar
mass can be calculated from the state relation as follows:

mol =
Pmean.Vmax

R.Troom
(3)

Pmean is the engine’s absolute pressure in static conditions, Vmax is
the maximum engine volume, and Troom is the room temperature.

Each of the above volumes can be calculated for each of the
layouts by using kinematic equations.

4. Kinematic modeling

Using the governing kinematic relationships of each layout,
regardless of the moving factor, the compression volume (Vc)
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Fig. 4. α type with slider-crank linkage.

and the expansion volume (Ve) can be calculated. If the values
of pressure and volume relative to the rotation angle are known,
the equation of fluid pressure variations as a function of volume
changes would be yielded. Given this relation, the pressure di-
agram in terms of the volume of the engine and the output of
the engine, which is actually the area of the enclosure, can be
calculated.

4.1. α type with slider-crank linkage

Regarding the geometry of the mechanism in α type Stirling
engine with slider-crank linkage that is shown in Fig. 4, one can
find the displacement of the pistons with β as follows:

AE (β) = OE − OA = (r1 + l1) −

(
r1. cos (β) +

√
l21 − r21 . sin (β)2

)
(4)

BD (β) = OD − OB = (r2 + l2)

−

(
r2. cos (α − β) +

√
l22 − r22 . sin (α − β)2

)
(5)

where r1 is the crank radius (r1 = r2), l1 and l2 are the lengths of
the connecting rods, α indicates the phase angle, and β denotes
the rotation angle of the crank relative to the horizontal surface.

Given the radius of compression (Cr ) and expansion pistons
(Er ), respectively:

Ve(β) = π.E2
r .AE(β) (6)

Vc(β) = π.C2
r .BD(β) (7)

Then the total volume is obtained from the expansion volume and
the compression volume in the following equation:

Vt (β) = Ve (β) + Vc (β) (8)

The minimum and maximum volumes of the engine can be
obtained using derivative of the Vt relative to β by calculating
the roots of the following equation:

d (Vt (β))

dβ
= 0 (9)

Eq. (9) has two roots of β = 45o, and β = 225o. Therefore, the
minimum and maximum volume equations can be calculated as

follows:

Vmin = Vt (β = 45◦) (10)

Vmax = Vt (β = 225◦) (11)

Now by employing the equations of pressure and volume, the
output work equation of the engine can be obtained as follows:

W(α_sc) =

∫ β=225◦

β=45◦

P(β).
(
dVt (β)
dβ

)
−

∫ β=405◦

β=225◦

P(β).
(
dVt (β)
dβ

)
(12)

4.2. β type with slider-crank linkage

Regarding the geometry of the mechanism in β type Stirling
engine with slider-crank linkage that is shown in Fig. 5, the
displacement of the pistons can be extracted as follows:

EG(β) = OG − OE = (r2 + l2 + C2) −

(
C1 + r1. cos(β)

+

√
(l21 − r21 . sin(β)2)

)
(13)

FG(β) = OG − OF = (r2 + l2 + C2) −

(
C2 + r2. cos(β + α)

+

√
l22 − r22 . sin(β + α)2

)
(14)

where r1 is the radius of the crank (r1 = r2), l1 and l2 are the
lengths of the connecting rods, C1 and C2 indicate the pistons
lengths, α is the phase angle, and β denotes the rotation angle
of the crank relative to the horizon.

In this case, the expansion volume and the total volume are
obtained using the expansion piston radius (Er ):

Ve(β) = π.E2
r .FG(β) (15)

Vt (β) = π.E2
r .EG(β) (16)

Then the compression volume is obtained from the following
relation:

Vc(β) = Vt (β) − Ve(β) (17)

Therefore, The minimum and maximum volumes are the roots of
the derivative of Eq. (17):

d (Vt (β))

dβ
= 0 (18)

Eq. (18) has two roots of β = 0o and β = 180o, which are used
for extreme values of the engine volume. Then, the minimum and
maximum volume equations can be calculated as follows:

Vmin = Vt (β = 0◦) (19)

Vmax = Vt (β = 180◦) (20)

With the pressure and volume equations, the output work of the
engine can be simply calculated as follows:

W(β_sc) =

∫ β=180◦

β=0◦

P(β).
(
dVt (β)
dβ

)
−

∫ β=360◦

β=180◦

P(β).
(
dVt (β)
dβ

)
(21)

4.3. γ type with slider-crank linkage

Due to the geometry of the mechanism in Fig. 6 that are
based on the γ type Stirling engine with slider-crank linkage, the



A. Rahmati, S.M. Varedi-Koulaei, M.H. Ahmadi et al. / Energy Reports 6 (2020) 1468–1486 1473

Fig. 5. β type with slider-crank linkage.

Fig. 6. γ type with slider-crank linkage.

position of the pistons can be extracted as follows:

FG(β) = OG − OF = (r2 + l2 + C2) −

(
C2 + r2. cos(β)

+

√
l22 − r22 . sin(β)

)
(22)

CD(β) = OD − OC = (r1 + l1) −

(
r1. cos(β − α)

+

√
l21 − r21 . sin(β − α)2

)
(23)

where r1 is the crank radius (r1 = r2), l1 and l2 indicate the lengths
of the connecting rods, C2 is the slider length, α denotes the phase
angle, and β is the rotation angle of the crank. Given the radius of
the expansion piston (Er ) and displacement piston (Dr ), one can
find the volumes as follows:

Ve(β) = π.D2
r .FG(β) (24)

Vc(β) = Ve(β = 180◦) − Ve(β) (25)

Then, the total volume is obtained as follows:

Vt (β) = Ve(β = 180◦) + π.E2
r .CD (β) (26)

Similar to other cases, the minimum and maximum volumes are
obtained using the derivative of Eq. (26):

d (Vt (β))

dβ
= 0 (27)

The two roots of Eq. (27), which are β = 90o and β = 270o,
are used for obtaining the minimum and the maximum volume
equations as follows:

Vmin = Vt (β = 90◦) (28)

Vmax = Vt (β = 270◦) (29)

Using the equations of pressure and volume, the output work of
the engine is obtained as follows:

W(γ _sc) =

∫ β=270◦

β=90◦

P(β).
(
dVt (β)
dβ

)
−

∫ β=450◦

β=270◦

P(β).
(
dVt (β)
dβ

)
(30)

4.4. α type with Ross-Yoke mechanism

Considering the geometry of the α type Ross-Yoke mechanism
represented in Fig. 7:

OA(β) = OD −

(
−r1. sin(β) −

r1.l2. cos(β)
2.l1

+

√
l21 − r21 . cos(β)2

)
(31)

OB(β) = OD −

(
−r1. sin(β) +

r1.l2. cos(β)
2.l1

+

√
l21 − r21 . cos(β)2

)
(32)

where r1 is the crank radius, l1 and l2 are the links lengths, and β

is the rotation angle of the crank relative to the horizontal surface.
Furthermore, OD can be calculated as follows:

OD =

√
((l1 + l2)2 + r1)2 − l22 (33)

The cylinders volumes are obtained using the radius of the ex-
pansion piston (Er ) and the radius of the compression piston (Cr )
as follows:

Ve(β) = π.E2
r .OA(β) (34)

Vc(β) = π.C2
r .OB(β) (35)

Then, the total volume is obtained from the following equation:

Vt (β) = Vc(β) + Ve(β) (36)

According to the previous cases, the derivative of Vt result in the
minimum and maximum volumes of the engine:

d (Vt (β))

dβ
= 0 (37)

The preceding equation, Eq. (37), has two roots of β = 90o and
β = 270o, which are used for extracting the minimum and
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maximum volume equations as follows:

Vmin = Vt (β = 90◦) (38)

Vmax = Vt (β = 270◦) (39)

Then, by applying the pressure and volume equations, the output
work of the engine is obtained as follows:

W(α_RY ) =

∫ β=270◦

β=90◦

P(β).
(
dVt (β)
dβ

)
−

∫ β=450◦

β=270◦

P(β).
(
dVt (β)
dβ

)
(40)

The output work of the Stirling engine (W ) for each layout is
obtained from the pressure integration of the volume variations,
which is equivalent to the surface enclosed in the pressure–
volume ( P–V ) graph.

5. Optimization

The output work for each of the layouts, Eqs. (12), (21), (30),
and (40), depends on the pressure and volume. Indeed, the pres-
sure and volume equations depend on the length of the links
and the radius of the cylinders. Therefore, the variation in the
output work is the function of the links length and the radius
of the cylinders. The output can be maximized by considering
the length of the links as well as the radius of each cylinder as
design parameters and by performing optimization algorithms.
In other words, the geometrical parameters of the engine are
selected for kinematic optimization of the engine, and the other
thermodynamic parameters are considered to be fixed. Then the
maximum output work can be simply achieved by using evolu-
tionary algorithms that are used in many practical engineering
problems.

In this study, the output work of the Stirling engine optimized
by using the Genetic Algorithm (GA), Partial Swarm Optimization
(PSO), and Imperialist Competition Algorithm (ICA), and reaches
to its maximum by considering the design constraints such as
maximum pressure.

5.1. GA

Among various evolutionary approaches used in the optimiza-
tion of energy systems, GA is very attractive and famous (Xiao
et al., 2017b; Kraitong and Mahkamov, 2011; Woon et al., 2005).
Genetic Algorithm (GA) has represented by Holland and his stu-
dent DeJong in 1975 (Holl, 1975), which is an applicable and
global search method based on the concepts of genetics, natural
selection, and evolution law of Darwin’s theory, the survival of the
fittest (Rao, 2019). Design variables of the problems are encoded
to chromosomes, and then a random initial population is gener-
ated by the chromosomes. By the estimation of competency of the
chromosomes in fitness function (objective function), offsprings
are generated using three operators, namely Reproduction, Cross-
over, and Mutation. The fundamental operators of this approach
which are based on natural genetics are as:

– Reproduction: This operator is also called the selection oper-
ator because it is used for selecting the favorable individual
of the considered population. Indeed, the reproduction oper-
ator is applied to separate good individuals from the popu-
lation and insert their multiple copies in the next step based
on a random scheme, for instance, Roulette-wheel (Rao,
2019).

– Crossover: This operator that is the main one, is applied
for new individual creation by transferring data among the
mating pool individuals. In the current step, usually, two
random individuals are separated from the mating pool

Fig. 7. α type with Ross-Yoke mechanism.

generated by the reproduction operator, and some sections
of the individuals are interchanged (Rao, 2019). This op-
erator can be applied in the single-point or several-points
crossover, based on the cutting positions.

– Mutation: This operator that has modeled the natural ge-
netic mutation, is used for random changing some of the
individuals’ specifics with a small mutation probability, pm
This step of GA can be implemented in different ways, in-
cluding single-point mutation, bit-wise mutation, etc. (Rao,
2019).

In the optimization procedure in GA is initiated based on
a random population. Afterward, the mentioned operators are
applied to operate the selected population in the last step in
order to generate a new set of points (designs). Subsequently,
the produced points or population are re-evaluated to obtain
the fitness values and checked to assess convergence. In the
GA method, each cycle, which consists of the mentioned three
operators in addition to the assessment of fitness values, is known
as a generation. Therefore, the information of the population
transmits from generation to generation, and finally, the best
value of the objective function is obtained as an optimized design.

5.2. PSO

PSO optimization approach, defined by Kennedy and Eberhart
in 1995 (Kennedy and R., 1995), is based on bees, birds, and
fish social behavior and their dynamic movement (Rao, 2019).
The particle path in the swarm is dependent on their own in-
formation and knowledge in addition to swarm’s knowledge and
information that might be adopted during the iterations. Indeed,
if a particle detects a suitable direction to food, or find a path
to the maximum point in the optimization problem, the other
particles of the swarm will also be able to follow this path, even
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if their position is not close to the optimum point. The most
appropriate location of the jth particle is named ‘‘Pbest,j’’ while
the corresponded location for the swarm is noted by ‘‘Gbest’’ in all
iterations. The following equations are employed for the determi-
nation of jth particle position and velocity (Sardashti et al., 2013;
Praveen and Duvigneau, 2009).

Xj (i) = Xj (i − 1) + Vj (i) , j = 1, 2, . . . ,N. (41)
Vj (i) = γ (i) Vj (i − 1) + c1u1

[
Pbest,j − Xj (i − 1)

]
+ c2u2

[
Gbest − Xj (i − 1)

]
, j = 1, 2, . . . ,N. (42)

c1 and c2 are the constants, which are known as learning coef-
ficients of Cognitive (individual) and Social (group), respectively.
The corresponded values of these constants are generally 2. Two
random numbers, denoted by u1 and u2, which are in the range
of 0 and 1, are used in the equation mentioned above. Finally,
a weighting factor, which is shown by γ (i), is utilized in this
approach, which can be kept constant or changes (between 0
and 1). This factor, usually, is reduced linearly by increasing the
number of iterations as follows:

γ (i) = γmax −

(
γmax − γmin

imax

)
i (43)

where γmax and γmin are the initial and final values of the weight-
ing factor, respectively, where usually are considered as γmax =

0.9 and γmax = 0.4. Moreover, imax is the maximum number of
iterations used in the optimization process.

5.3. ICA

One of the recently-developed metaheuristic algorithms appli-
cable to the optimization problems is called ICA. This algorithm
was proposed by Atashpaz-Gargari and Lucas (2007) on the basis
of imperialistic competition. In the ICA algorithm, the optimiza-
tion process starts with an initial population whose individuals
are based on the country type. The countries of the individuals
are classified into the imperialist group and colony. These groups
are originated from empires. ICA operated on the basis of imperi-
alistic competition of the empires, which means power increment
empires with more capability and reduction in the power of
empires with weaker capabilities. The convergence criterion of
this algorithm is remaining just one empire, which is the optimal
solution; in this case, the rest countries are called the empire’s
colonies.

The steps of this evolutionary algorithm, which is based on the
process of human social and political evolution in the imperialis-
tic competition, can be written as follows:

− Creation of Initial Empires
The initial countries are produced by the size of Ncountry to

start the optimization algorithm. The most powerful countries
are separated as the imperialists of size Nimp, and the other
countries are assumed the colonies of size Ncol. The power of each
country is related to its fitness, and each colony is assigned to
imperialist countries based on its power. Indeed, an imperialist
and its colonies create an empire (Atashpaz-Gargari and Lucas,
2007).

− Assimilation
After creating initial empires, the assimilation process begins,

where the imperialist country attracts its colonies in each empire
based on the language and culture. This absorption is modeled
by the movement of the colonies towards imperialist (Atashpaz-
Gargari and Lucas, 2007).

− Revolution
In the process of assimilating an empire, when a colony moves

to the empire, a colony may reach a better position at a lower cost
than the imperialist. Therefore, in such cases, the position of the

Table 1
The used optimization algorithms’ parameters.
Parameter Method (s) Value

Maximum number of iterations
GA

100PSO

ICA

Population size
GA

30PSO

ICA

Crossover coefficient GA 0.7

Mutation coefficient GA 0.4

Inertia weight (velocity) PSO 0.5

Reduction factor of inertia weight PSO 0.9

Cognitive (individual) learning coefficient PSO 2

Social (group) learning coefficient PSO 2

Number of imperialists ICA 10

Assimilation coefficient ICA 2

Revolution coefficient ICA 0.1

Colonies mean cost coefficient ICA 0.1

colony and the imperialist will exchange, and therefore, the algo-
rithm will continue with the new imperialist (Atashpaz-Gargari
and Lucas, 2007).

− Total power of an empire
The power of an empire directly depends on the power of the

imperialist and the colonies, where imperialist power is more im-
portant. Therefore, the total power of an empire can be obtained
as follows (Atashpaz-Gargari and Lucas, 2007).

F(tot,n) = Fitness(Ximperialistn ) + ζmean{Fitness(Xcoloniesofempiren )} (44)

where Ftot,n is the total fitness of the nth empire, and ζ is a
positive number, which is considered to be less than 1.

− Imperialistic competition
In the following step, all empires tend to own and control the

colonies of other empires. Therefore, the competition will begin
for possession of the weakest colony (or colonies) of the weakest
empire by other empires. The weakest colony of the weakest
empire is more likely to be possessed by the most powerful
empire; in other words, this colony does not necessarily possess
the most powerful empire (Atashpaz-Gargari and Lucas, 2007).

− Elimination of the weakness Empires
As mentioned in the previous section, the weakest colonies of

the weakest imperialists are divided between the other empires.
In other words, the weakest empire will lose its weakest colonies
in iterations of the optimization algorithm. During the process of
losing the Empire’s colonies, the empire collapses and eliminates,
if it loses all its colonies (Atashpaz-Gargari and Lucas, 2007).

− Convergence of ICA
At the end of the imperialist competition, all empires are

eliminated, and only the most powerful (one) empire remains.
In other words, all colonies are under the control of the most
powerful empire (Atashpaz-Gargari and Lucas, 2007).

5.4. Optimization algorithms’ parameters

During introducing the optimization algorithms, one can find
that each algorithm has some selected parameters. The different
optimization algorithms parameters used in this work are pre-
sented in Table 1. For a better comparison between optimization
algorithms, the population size and the maximum number of
iterations are considered the same for all algorithms.
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Table 2
Thermodynamic parameters values.
Parameter Value

R 8.314*103 cm3 kPa/K mol
Pmean 101.325 kPa
Troom 298 K
Tc 398 K
Te 850 K

Table 3
The permissible range of engine pressure’s variations.
Variables α type

slider-crank
β type
slider-crank

γ type
slider-crank

α type
Ross-Yoke

P (kPa) Min 180 150 250 150
Max 1200 700 600 3000

6. Results

In order to present and evaluate the obtained results, first,
the constant values and then the constraints of each layout are
specified, and then the outcomes are presented and examined.

In order to compare the layouts, the expansion and com-
pression temperatures are assumed to be constant, the crank
radiuses r1 and r2 are assumed to be equal, and the phase angle
between the two pistons (α) is assumed to be equal to 90◦. The
thermodynamic parameters’ values are shown in Table 2. The
most important constraint for our optimization problem is the
permissible range of engine pressure variations. Engine working
pressure is always one of the parameters that designers must
be considered in their engine design. High pressures can lead to
high dynamic forces, difficulty in sealing, and less working life of
engine parts. Therefore, the maximum and minimum values of
engine pressure for different layouts are considered as the design
constraints where are shown in Table 3. Moreover, Table 4 shows
the search intervals of the design variables for different layouts.
These constraints result in a suitable and practical design for the
Stirling engine.

6.1. α layout with slider-crank linkage

The optimization results of this layout are demonstrated in
Table 5. Furthermore, the P–V diagram for the original and op-
timal engines, comparison between them, and the changes in the
objective function values for different iterations, using GA, PSO,
and ICA algorithms, are shown in Figs. 8–10, respectively.

The important points of the optimized designs using three
optimization methods are as follows:

• Crank length (r1 = r2) and expansion piston radius Er reach
the highest value.

• It can be found that regardless of other parameters, increas-
ing the value of r1 = r2 can be lead the higher output
work.

• Our several tests about pistons radiuses show that if either
Er or Cr has increased, it can result in higher output work.

• A comparison of the results of three optimization algorithms
shows that the PSO result has the lowest value for l1 and l2
and the highest value for output work. It makes it clear that
the higher value for the lengths of the links not necessarily
leads to higher output work.

• The output works of the optimized mechanisms extracted
using three optimization techniques are approximately 13
times greater than the original mechanism.

• PSO has the best result between three optimization tech-
niques for this layout of the Stirling engine.

6.2. β type with slider-crank linkage

The numerical results of the optimum designs using different
optimization techniques for this layout are represented in Table 6.
Moreover, the P–V diagram for the original and optimal engines,
comparison between them, and the changes in the objective
function values for different iterations, using GA, PSO, and ICA
algorithms, are shown in Figs. 11–13, respectively.

For this case of optimization, numerical results of Table 6 show
that:

• Crank length (r1 = r2) and expansion piston radius Er reach
the highest value.

• It can be found that regardless of other parameters, increas-
ing the value of r1 = r2 or Er can be lead the higher output
work.

• A comparison of the results of three optimization algorithms
shows that the ICA has the highest value for output work
and the lowest mean values for link’s lengths. It makes it
clear that the higher value for the lengths of the links not
necessarily leads to higher output work.

• The output works of the optimized mechanisms extracted
using three optimization techniques are approximately nine
times greater than the original mechanism.

• ICA has the best result between three optimization tech-
niques for this layout of the Stirling engine.

6.3. γ type with slider-crank linkage

The optimal values of the design variables for this layout using
different optimization techniques are represented in Table 7. Fur-
thermore, the P–V diagram for the original and optimal engines,
comparison between them, and the changes in the objective
function values for different iterations, using GA, PSO, and ICA
algorithms, are shown in Figs. 14–16, respectively.

The values optimum data in Table 7 for the γ layout with the
slider-crank linkage of the Stirling engine indicate that:

• Crank length (r1 = r2) and expansion piston radius Er reach
the highest value.

• It can be found that regardless of other parameters, increas-
ing the value of r1 = r2 can be lead the higher output
work.

• Our several tests about pistons radiuses show that if Er has
increased, it can result in higher output work, but increasing
in Dr has decreased the output work.

• c2 has not any effect on the maximization of the output
work.

• A comparison of the results of three optimization algorithms
shows that the ICA result has the lowest value for l1, and C2
and the highest value for output work. It makes it clear that
the higher value for the lengths of the links not necessarily
leads to higher output work.

• The output works of the optimized mechanisms extracted
using three optimization techniques are approximately 10
to 11 times greater than the original mechanism.

• ICA has the best result between three optimization tech-
niques for this layout of the Stirling engine.

6.4. α type with Ross-Yoke mechanism

Table 8 shows the optimization results of this layout. More-
over, the P–V diagram for the original and optimal engines, com-
parison between them, and the changes in the objective function
values for different iterations, using GA, PSO, and ICA algorithms,
are shown in Figs. 17–19, respectively.
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Table 4
Interval search for the design variables parameters.
Variables α type

slider-crank
β type
slider-crank

γ type
slider-crank

α type
Ross-Yoke

l1 (cm) Min 5 5 3 5
Max 70 30 20 20

l2 (cm) Min 5 5 3 5
Max 70 30 20 20

c1 (cm) Min – 1 – –
Max – 8 – –

c2 (cm) Min – 4 3 –
Max – 16 12 –

r1 = r2 (cm) Min 1 1 1 1
Max 4 4 5 4

Er (cm) Min 1 1 1 1
Max 5 4 4 4

Cr (cm) Min 1 – – 1
Max 8 – – 7

Dr (cm) Min – – 1 –
Max – – 7 –

Table 5
Optimal values for the variables of α type with slider-crank.

Original values
Egas and Clucas (2018)

Optimal values
using GA

Optimal values
using PSO

Optimal values
using ICA

l1 (cm) 10 48.7836 37.7336 38.382

l2 (cm) 10 60.3607 37.7336 62.3191

r1 = r2 (cm) 2 3.99999 4 4

Er (cm) 2 4.99997 5 5

Cr (cm) 2 4.90692 4.99908 5.00149

W (kg(cm/s)2) W0 = 15179.4865 196619.0045 198899.8143 198763.7692

W/W 0 1 12.9529 13.1032 13.0942

Fig. 8. Optimization results of the α layout with slider-crank linkage using GA.
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Fig. 9. Optimization results of the α layout with slider-crank linkage using PSO.

Fig. 10. Optimization results of the α layout with slider-crank linkage using ICA.

The values optimum data in Table 8 for the α layout with
Ross-Yoke linkage of the Stirling engine indicate that:

• Crank length (r1) and expansion piston radius Er reach the
highest value.
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Fig. 11. Optimization results of the β layout with slider-crank linkage using GA.

Fig. 12. Optimization results of the β layout with slider-crank linkage using PSO.
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Fig. 13. Optimization results of the β layout with slider-crank linkage using ICA.

Fig. 14. Optimization results of the γ layout with slider-crank linkage using GA.
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Fig. 15. Optimization results of the γ layout with slider-crank linkage using PSO.

Fig. 16. Optimization results of the γ layout with slider-crank linkage using ICA.
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Table 6
Optimal values for the variables of β type with slider-crank.

Original values
Egas and Clucas (2018)

Optimal values
using GA

Optimal values
using PSO

Optimal values
using ICA

l1 (cm) 13.5 27.4205 27.7482 22.6894

l2 (cm) 10 24.5684 21.3918 25.6851

c1 (cm) 2.1 6.08209 1.3564 4.06067

c2 (cm) 8.5 14.0761 13.0591 6.36323

r1 = r2 (cm) 2 3.87036 4 4

Er (cm) 2 4 4 4

W (kg (cm/s)2) W0 = 7335.8998 65783.5783 67576.015 67896.6493

W/W0 1 8.9673 9.2117 9.2554

Table 7
Optimal values for the variables of γ type with slider-crank.

Original values
Egas and Clucas (2018)

Optimal values
using GA

Optimal values
using PSO

Optimal values
using ICA

l1 (cm) 10 17.4575 18.8686 17.1783

l2 (cm) 10 5.00156 7.3881 6.2952

c2 (cm) 6.5 11.6475 11.3428 4.48347

r1 = r2 (cm) 2 5 5 5

Er (cm) 2 3.72078 4 4

Dr (cm) 2 3.58853 3.85611 3.85611

W (kg (cm/s)2) W0 = 11935.0956 119871.0473 130718.8482 132960.2591

W/W 0 1 10.0436 10.9525 11.1403

Table 8
Optimal values for the variables of α type with Ross-Yoke.

Original values
Egas and Clucas (2018)

Optimal values
using GA

Optimal values
using PSO

Optimal values
using ICA

l1 (cm) 10 11.197 8.94124 11.5195

l2 (cm) 10 17.9108 13.8261 17.4637

r1 (cm) 2 4 4 4

Er (cm) 2 4 4 4

Cr (cm) 2 6.78741 6.7606 6.90844

W (kg (cm/s)2) W0 = 22218.6015 316245.6349 320805.9008 320335.1332

W/W 0 1 14.2334 14.4386 14.4174

• It can be found that regardless of other parameters, increas-
ing the value of r1 can be lead the higher output work.

• Similar to previous cases, if both Er and Cr have increased
together, it can result in higher output work; but increasing
in one of these radiuses has not any improvement.

• A comparison of the results of three optimization algorithms
shows that the PSO has the highest value for output work
and the lowest value for l1, and l2. It makes it clear that the
higher value for the lengths of the links not necessarily leads
to higher output work.

• The output works of the optimized mechanisms extracted
using three optimization techniques are approximately 14
times greater than the original mechanism.

• PSO has the best result between three optimization tech-
niques for this layout of the Stirling engine.

The comparison between three optimization techniques
(Fig. 20) for four design cases shows that PSO and ICA have better
results than GA. Moreover, average improvement (between three
optimization algorithms) for output work is about 13.05, 9.14,
10.71 and 14.36 times for α type with slider-crank, β type with
slider-crank, γ type with slider-crank and α type with Ross-Yoke,
respectively. Therefore, α layout has the best result than β and γ

layouts, for maximizing the output work based on changing the
geometrical parameters.

7. Conclusion

In the current study, the dimensional synthesis of the Stir-
ling engine by considering four different layouts (α-type with
slider-crank; β-type with slider-crank; γ -type with slider-crank;
α-type with rose-yoke) is obtained. The engine’s design and its
optimization are based on the changes in the kinematics of the
system. Thus, the design variables are geometrical parameters
such as links length, piston radiuses, etc., and the thermodynamic
parameters are fixed. The objective function is considered as the
maximization of the engine’s output work.

The maximum and minimum values of engine pressure for
different layouts and the permissible intervals for design variables
are considered as the constraints for this optimization problem.
This optimization problem is solved for different layouts and
using three evolutionary optimization techniques (GA, PSO, ICA).
From the presented results, it can be concluded that

• The low or high-temperature difference of the Stirling en-
gine is an intrinsic property of any layout, and even chang-
ing the length of the links, it retains this property.

• It can be found that regardless of other parameters, increas-
ing the value of the crank length can be lead the higher
output work.
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Fig. 17. Optimization results of the α layout with Ross-Yoke linkage using GA.

Fig. 18. Optimization results of the α layout with Ross-Yoke linkage using PSO.

• About the radius of the pistons, if the expansion and com-
pression pistons radiuses are increased together, the en-
gine’s output work is improved. But, increasing in one of the
two radiuses has not any good improvement.

• Results make it clear that the higher value for the lengths of
the links not necessarily leads to higher output work.
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Fig. 19. Optimization results of the α layout with Ross-Yoke linkage using ICA.

Fig. 20. The comparison between three optimization techniques.

• The comparison between the three optimization techniques
shows that PSO and ICA have better results than GA.

• Moreover, α layout has the best result than β and γ layouts,
for maximizing the output work based on changing the
geometrical parameters.
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Nomenclature
α Phase angle
β Crank angle
C1 Slider length
C2 Slider length
Cr The radius of the compression piston
Dr Displacement piston
Er The radius of the expansion piston
h Heater
l1 Length of the connecting rod
l2 Length of the connecting rod
mol The molar mass of the gas
P Absolute pressure
Pmean Engine absolute pressure in static conditions
R The global constant of gases
r Crank radius
T Absolute temperature
Tc Compression temperature
Te Expansion temperature
Troom Room temperature
V Volume
Vc The volume of the compression cylinder
Ve The volume of the expansion cylinder
Vmax Maximum engine volume
W Output work
W0 Output work of the original mechanism
x Vector of design variables
xmax The upper bound of the design variables
xmin The lower bound of the design variables
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