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Abstract

The analysis and synthesis of reliability of energy systems, particularly district heating systems (DHS), is based on
probabilistic modeling of different system states and events connecting these states (usually, these are failures and restoration of
system components). The paper deals with the problem of modeling the probabilities of DHS states based on a Markov random
process under conditions that can be characteristic for actual systems: joint and dependent failures of several components. For
this purpose, it probabilistic models of the evolution of events in DHS taking into account non-ordinary events and dependent
between them are developed. The methodology is based on the theory of Markov random processes and the basic laws of
probability theory. The formation principles of developed models are illustrated by the state graphs. Numerical studies were
carried out, the results of which allows determine some properties and application limits of developed models.
c⃝ 2019 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license

(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Mathematical apparatus of reliability theory for simple and complex systems includes a large number of methods:
logistics and probabilistic, decomposition, asymptotic, heuristic, statistical, analytical, and analytical and statistical
ones in [1–7]. Solution of many reliability problems for technical systems, including district heating systems (DHS)
is based on the analytical methods that use data on failures and restoration of system components, methods based on
the theory of Markov random processes being among most popular ones by Barlow and Proschan [1], M.Ross [2],
Polovko and Gurov [3], Sennova and Sidler [4], Lisnianski et al. [5] and Rudenko et al. [6]. Operation of DHS from
the standpoint of probabilistic description is characterized by a sequence of failures and recoveries occurring with
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a certain frequency at all the stages of heat production and distribution processes. In the simplest case (at minimum
constraints) the sequence of events at DHS is described as a simple occurrence of events associated with conditions
of ordinariness, independence and time invariance (stationary) of probabilities of DHS states, and by exponential
distribution laws of time for any possible system states. At the same time, in the operation of actual systems,
simultaneous events may occur, for example, parallel failures of several system components. Also dependent events
can occur, for example, failures of technologically related components. This paper presents probabilistic models
based on Markov process to take into account these factors. The main purpose of taking into account these factors
is to improve the adequacy of results of modeling to the actual conditions of systems operating.

2. Methods

2.1. Simple stationary Markov model

A stationary Markov model of DHS is represented by the following system of linear algebraic equations
(Kolmogorov equations for steady-state conditions) in [8–10]:

ps

∑
z∈E1

νsz =

∑
z∈E2

pzνzs, s ∈ E, (1)

where s and z – numbers of states; ps and pz – state probability; E – all the possible states; E1 – a subset of
states that allow immediate (without intermediate states) transition from state s; E2 – a subset of states that allow
immediate transition into state s; νsz – rate of transitions from states s into z, where z ∈ E1; νzs – rate of transitions
from states s into z, where z ∈ E2.

All the transitions between states are related either to failures or restorations of components, therefore, at
reliability calculations all the values of νsz and νzs correspond either to failure or restoration rates of DHS
components, that are usually denoted by symbols λ and µ, accordingly. Further two modifications of this model
are presented.

2.2. Model with non-ordinary events

During operation of such complex system as DHS included subsystems such as heat network, sources (district
and distributed), storages etc., a large number of different processes run in parallel, and simultaneous failures of
several components are expected to be more probable than within separate DHS subsystems. In case of mutual
independence of events the probability of their coincidence is a product of their probabilities by Polovko and Gurov
[3], Linton [11] and Garrett [12]. Rate of non-ordinary transitions between DHS states is determined as a product
of components failure and restoration rates, subject to their independence:

νsw =

∏
k∈Ew

λk

∏
l∈Es

µl , s ∈ E, w ∈ E∗

1 , (2)

where νsw – rate of non-ordinary transition from state s into state w; E∗

1 and w – a set of states or each state
separately the complex may convert into from state s due to coincidence of separate events; λk and µl – failure
and restoration rates of components k and l respectively; Ew – a set of components failed states in case of state w

occurrence; Es – a set of components failed states in case of state s occurrence.
Depending on the number of considered simultaneous events, consideration is given to several levels of non-

ordinary events occurrence, each being associated with a certain type of relations between states. The set E∗

1
describing a set of rates νsw for all the states s is constructed for each level separately. The above conditions being
taken account of, the stationary Markov model of DHS operation for a non-ordinary sequence of events (transitions
between states) in an aggregate form is expressed as:

ps

⎛⎝∑
z∈E1

νsz +

∑
u∈U

∑
w∈E∗

1

νswu

⎞⎠ =

∑
z∈E2

pzνzs +

∑
u∈U

∑
w∈E∗

2

pwνwsu, s ∈ E, (3)

where νswu and νwsu – rates of non-ordinary transitions from state s to state w and back for the uth level of events
non-ordinariness; U – the number of considered non-ordinariness levels; pw and E∗

2 – probability and a set of states
from which the complex may go over to state s due to simultaneous occurrence of several events.
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A graph of non-ordinary transitions between failure states of four (for example) DHS components that
corresponds to dual events only is given in Fig. 1-a, b. Each directed line of the graph (in one direction) implies
one out of three possible combinations: two failures and two restorations, or one failure and one restoration of
components simultaneously. The scheme of graph construction is given in Fig. 1-c, where rates of dual transitions
from the state corresponding to failure of two components 1 and 2 into any other probable state are shown on the
directed lines.

Fig. 1. A graph of dual events between DHS states: (a), (b) two groups of transitions corresponding to the structure of dual events; (c)
scheme of constructing a graph of non-ordinary transitions.

2.3. Model with dependent events

During DHS operation the dependent events may occur along with simultaneous occurrence of several events.
A set of DHS states in this case is developed using conventional probabilities by Polovko and Gurov [3], Linton
[11] and Garrett [12]. Let us consider component i with the failure rate λi ; in case of its failure the conventional
probability of the component k failure equals ϕk/ i . It is obvious that conventional probability of failure varies within
0 ≤ ϕk/ i ≤ 1 depending on conditions of operation and scheme of components connection. Rate of dependent failure
of component k in case of the element i failure will be equal to λk/ i and is determined by the value of conventional
probability ϕk/ i :{

λk/ i = λk(1 + ϕk/ i ) i f 0 ≤ ϕk/ i < 1,

λk/ i = λi i f ϕk/ i = 1.
(4)

Rate of non-ordinary failure of λik/ i , provided that rate of a dependent failure is described by Eqs. (4), is
determined similarly to two independent events:{

λik/ i = λiλk(1 + ϕk/ i ) i f 0 ≤ ϕk/ i < 1,

λik/ i = λi i f ϕk/ i = 1.
(5)

Joint use of model for non-ordinary events (3), subject to the use of Eqs. (4)–(5) for determining the rates of
dependent events, allows the stationary Markov model of DHS operation with account of both factors to be presented
in the following way:

ps

⎛⎝∑
z∈E1

νsz(2 ± ζz/s) +

∑
u∈U

∑
w∈E∗

1

νswu(2 ± ζw/s)

⎞⎠
=

∑
z∈E2

pzνzs(2 ± ζs/z) +

∑
u∈U

∑
w∈E∗

2

pwνwsu(2 ± ζs/w), s ∈ E (6)

0 ≤ ζz/s < 1, νsz > νsz/s; 0 ≤ ζw/s < 1, νswu > νswu/s;

0 ≤ ζs/z < 1, νzs > νzs/z; 0 ≤ ζs/w < 1, νwsu > νwsu/w;
(7)
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where ζz/s and ζs/z – conventional probabilities of ordinary transitions of a set from states z to s and back,
accordingly; ζw/s and ζs/w – conventional probabilities of non-ordinary transitions of a set from states w into s
and back, accordingly; νsz/s and νzs/z – rates of dependent transitions from state s into state z and back; νswu/s ,
νwsu/w – similar indicators for non-ordinary transitions. Each value of ζz/s is associated either with a failure (then
ζz/s = ϕk/ i ) or restoration (then ζz/s = γk/ i , where k, i are some DHS components). Fig. 2 shows a fragment of
the graph of DHS states that reflects construction process of the events structure under availability of dependent
failures and restorations on the example of considered components, formulas and symbols introduced.

Fig. 2. A fragment of the DHS state graph with account of dependent events.

3. Results of numerical study

Test computations of aggregate DHS schemes with account of both considered factors (non-ordinary and
dependent events) were performed. Fig. 3-a shows the dependence of the average ratio of states probabilities of
considered DHS scheme calculated for an ordinary occurrence of events to probabilities calculated for an non-
ordinary (in given case double) occurrence of events, on failure rates of system components when they change
from 0.0001 to 0.1 1/h. The dependence for probability of the state “0” (full operability) is highlighted by line
with square dots. As can be seen from the diagram in Fig. 3-a, significant deviations of probabilities of states
correspond to the failure rate values more 0.01 1/h (for example, probability ratio is 14% for the failure rate is
0.1 1/h). For components of actual operating DHSs, as a rule, failure rates are significantly lower than 0.01 1/h,
therefore, non-ordinary events can be neglected for most practical calculations of DHS reliability (however, there
are exceptions noted in the conclusions).

The stationary availability factor (AF) in the general case is calculated as the sum of probabilities of operating
states by Barlow and Proschan [1], M.Ross [2], Polovko and Gurov [3], Sennova and Sidler [4], and in the simplified
case corresponds to the probability of full operating state – p0. Based on the relationship between the AF and the
total time of interruption of heating to consumers of DHS in [4], it is possible to compare the change of its values in
the transition from an ordinary to non-ordinary events model. Thus, an increase in the value of p0 1.5% (for failure
rates 0.01 1/h in Fig. 3) corresponds to a decrease of heating time by about 70 h, which is 30% of its admissible
level, equal to 230 h (corresponds to AF of 0.96 under the annual heating period of 5700 h).

The dependence of the AF for test DHS on conventional probabilities of dependent events and on the level
of DHS components reliability parameters (failure rates) is presented in Fig. 3-b. This diagram shows qualitative
relations and allows some conclusions to modeling the dependent events at DHS reliability computation. Thus, the
results of calculations show that the reducing of AF is insignificant under a minimal change of failure rates (to the
level 0.0002 1/h) in the range of conditional probabilities from 0 to 0.2, compared to their further growth (Fig. 3-b).

Characteristics obtained reflect the decrease in heating reliability against the initial level due to interdependence
between DHS components failures rates and dependent events through conventional probabilities. This would allow
assessment of required redundancy in the system for the cases of probable emergencies caused by dependent failures
(with account of forced outages of components) in the given range of input data for modeling. Such, Fig. 3-c
presents the interruption time of designed heating to consumer during annual heating period when changing the
conventional probabilities of dependent events. Shown in Fig. 3-c diagram on the one hand, allows us to determine
a rational admissible area of conventional probabilities of dependent events, within which the change in reliability
is insignificant and can be neglected dependent events.

On the other hand, diagram in Fig. 3-c makes it possible to determine the degree of possible decrease in the
reliability of heating to consumers under the impact of dependent events whose probability cannot be accurately
assessment. So, for example, in Fig. 3-c, the bottom curve of solid area of the diagram corresponds to the failure
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Fig. 3. Results of numerical study: (a) dependence of the relation of states probabilities for test DHS in the case of ordinary and non-ordinary
events on failure rates of system components; (b) Dependence of the AF for test DHS on conventional probabilities of dependent events and
on the level of DHS components reliability parameters (failure rates); (c) Interruption time of designed heating to consumer during annual
heating period when changing the conventional probabilities of dependent events.

rate 0.0001 1/h and the conventional probability of dependent failures 0.45, at which the total time of heating
interruption for annual heating period will increase by 500 h/year.

By use of similar characteristics, it is possible to assessment the necessary time and capacity redundancy,
providing compensation from possible interruptions of heating to consumers caused by dependent failures of system
components.

4. Discussion and conclusion

When solving of reliability problems (analysis and synthesis) for DHS, the mathematical modeling of probabil-
ities of states for different operation modes is carried out, as a rule, on the basis of Markov random processes. In
the common case, the probabilistic random process model is described by the simple occurrence of events, which
are characterized by ordinary (at the same time there is no more than one failure or restoration) and independence.
However, with the operation of actual systems, both non-ordinary as well as dependent events may occur. In this
regard, the modeling of such events improve the accuracy of probabilistic describing of operating the system. An
approach to the formalization of probabilistic models for DHS into account simultaneous of several events using the
rule (law) of their combination under mutual independence is proposed. Dependence between some certain events
is taken into account using conventional probabilities of the occurrence of one event when occurrence of another.

Accounting for non-ordinary events usually there are no significant changes in the probabilities values of system
states, since according to the condition of multiplying probabilities the larger the number of simultaneous failures
contains an event, the less its probability. According to test calculations, changes in the probabilities of states when
taking into account non-ordinary events increase with increasing failure rates of system components and reach
practically significant values (more than 2%) with greatly high levels of failure rates (more than 0.01 1/h). In
this regard, for the majority of practical reliability calculations for the actual systems, the non-ordinary events can
be ignored. At the same time, such rare events associated with simultaneous failures lead to “cascade” accidents
and complete long-term heating interruptions of consumers. Local assessment of such events is necessary for the
decreasing of potential damages by the ensuring of required redundancy and restoration time.

Also, accounting the non-ordinary and dependent events is important for DHS units included components with
low reliability (failure rate more than 0.01 1/h) or operating under conditions that significantly reduce the reliability
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of equipment operation. This is for example some pipeline sections of heat network, whose service life significant
exceeds the admissible standards, or components under the high external loads.

Based on the results of probabilistic modeling, characteristics that allow us assessment the degree of possible
(expected) decrease the reliability of heating to consumers under the impact of factors connected with dependent
events whose probability cannot be accurately determined (including external factors) were obtained. These
characteristics can be used for a preliminary assessment of the necessary redundancy to compensate for the possible
heat undersupply to consumers caused by dependent failures of system components including the forced outages.

In any case, the use of models with non-ordinary and/or dependent events should be justified by influence of
these factors on the reliability analysis result under operating conditions of considered system. It is also necessary
to take into account the high uncertainty of this factors stochastic analyzing of which is very difficult, and that
can lead to some deviants in the calculating of reliability indices. In addition, it is recommended that some rare
(with low probability) events with significant consequences of failures should be considered separately from the
general probabilistic model of system, and their influence should be considered when assessing the survivability of
the system, which is the subject of special studies.
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