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Abstract

We study optimal taxation in an economy with financial frictions, in which the government
cannot directly redistribute towards the agents in need of liquidity but otherwise has access to
a complete set of linear tax instruments. We establish a stark result. Provided this is feasible,
optimal policy calls for the government to increase its debt, up to the point at which it provides
sufficient liquidity to avoid financial constraints. In this case, capital-income taxes are zero in the
long run, and the returns on government debt and capital are equalized. However, if the fiscal
space is insufficient, a wedge opens between the rates of return on government debt and capital.
In this case, optimal long-run tax policy is driven by a trade-off between the desire to mitigate
financial frictions by subsidizing capital and the incentive to exploit the quasi-rents accruing to
producers of capital by taxing capital instead. This latter incentive magnifies the wedge between
rates of return on government debt and capital. It also makes it optimal to distort downward the

interest rate on government debt in periods of high government spending.
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1 Introduction

How should governments finance expenditures in the least costly way when capital is present? This
question has attracted much interest. Judd (1985), Chamley (1986), and a large literature that followed
their work have all argued that taxing capital in the long run is a bad idea and also that the interest rate
on government debt, which is a perfect substitute for capital, should not be distorted.! Furthermore,
Chari, Christiano, and Kehoe (1994) show there is no basis to distort capital markets to lower interest
rates in periods of high government spending.

More recently, a lot of attention has been devoted to the study of financial frictions that generate
imperfect substitution between assets. In this paper, we revisit the issue of capital taxation and in-
tertemporal distortions in this context. We uncover a tight connection between the two, which is at
work both in the short run and even more so in the eventual long-run limit.

Our starting point is a standard neoclassical growth model, in which the government aims to
achieve an exogenous stream of expenditures that is financed with taxes on income from labor and cap-
ital and by issuing debt. Our key point of departure is that investment is undertaken by entrepreneurs
whose net worth affects their ability to access external sources of finance. In the model, private agents
face idiosyncratic investment opportunities, as in Kiyotaki and Moore (2012). Some of them have
investment projects, while others do not. When private agents have investment projects, they seek
outside financing. But, because of asset liquidity frictions, only part of their claims to future invest-
ment or existing capital can be pledged. In contrast, government bonds are fully liquid instead and
therefore can better finance any investment opportunity that arises. For this reason, private agents
have a precautionary motive to buy them.

We first illustrate the optimal policy in a simple two-period deterministic model in which en-
trepreneurs finance their investment by selling up to a fixed fraction of their investment, as well as
their entire endowment of liquid government debt.” When entrepreneurs start with scarce liquid-
ity, financial constraints drive a wedge between the rate of return accruing to buyers of capital and
that perceived by the constrained entrepreneurs; the constraints reduce the elasticity of the supply of
capital to its after-tax rate of return.

In the special case of a perfectly inelastic supply of capital, increasing capital-income taxes has no
effect on investment and is simply a way of extracting a rent that entrepreneurs receive on their infra-
marginal units of investment. However, when financial frictions are such that investment can react to
Tobin’s g, a countervailing force emerges: by subsidizing capital, the government can push up the as-

set price (Tobin’s q) and alleviate underinvestment. Which of these forces dominates is a quantitative

"More recently, Lansing (1999), Bassetto and Benhabib (2006) and Straub and Werning (2020) show examples of
economies where the Chamley-Judd result does not apply, and taxes on capital remain high in the limit. The economy that
we study does not fall in this category; in the absence of financial frictions, the Chamley-Judd result would apply.

2 An alternative, equivalent interpretation is that entrepreneurs borrow and pledge as collateral up to a fraction of their
investment and all of their government bonds.



question, except when the government starts with enough assets: when the need to raise distortionary
taxes is zero (or close to it), optimal policy calls for undoing the financial distortions by subsidizing
capital. Conversely, when the government is desperate for funds, its labor-income tax policy may
depress the labor supply so much that investment drops to the point where financial constraints cease
to bind, in which case the Chamley-Judd result reemerges and the optimal capital-income tax is zero.
Positive capital taxation can emerge in an intermediate range in which the government finds it optimal
to exploit the low elasticity of the capital supply to raise funds, as we show in a numerical example.

We then extend the analysis to an infinite-horizon economy and one in which the fraction of
capital that can be sold can itself be endogenously determined from primitive assumptions about the
intermediation technology, and we study the long-run properties of an optimal allocation. A stark
result emerges. If the government is able to issue enough debt to completely eliminate financial
frictions, it will choose to do so and set capital-income taxes to zero in the limit. However, if this
level of debt cannot be sustained by raising enough labor-income tax revenues, then the economy
converges to a steady state with binding financing constraints, a positive capital tax, and an interest
rate on government debt that is lower than the rate of time preference. In this case, government debt
commands a liquidity premium because of the better liquidity service.

As in the two-period economy, when investment is inelastically supplied as constraints bind, the
planner always has an incentive to equalize the returns on government debt and capital by taxing
the latter to the point at which constraints stop binding: this tax raises revenue without introducing
any new distortions. In order to have rate of return differentials, it is important that investment react
to Tobin’s q. The interplay between Tobin’s q and rate of return differentials connects our theory
to the corporate/banking finance view of public finance, in which other policies related to financial
distortions are introduced, such as capital requirements, capital controls, liquidity coverage ratios,
and other instruments that drive a wedge between rates of return of assets in different classes, thereby
lowering the interest rate on government debt.

Finally, we explore quantitatively the economy’s response to a temporary variation in government
spending. We show that it is optimal for the government to design policy so that the interest rate on
government debt is lower in periods of high spending than it would be in the absence of spending
movements, thereby financing part of the additional spending through capital market distortions.

Related Literature. Our paper builds on a large literature that introduced financial frictions in
the form of imperfect asset liquidity. In addition to Kiyotaki and Moore (2012), similar economic
environments appear in Shi (2015), Nezafat and Slavik (2010), Del Negro, Eggertsson, Ferrero, and
Kiyotaki (2017), Ajello (2016), and Bigio (2012), among many others. In particular, Cui and Radde
(2016, 2020) and Cui (2016) propose a framework in which asset liquidity is determined by search

frictions and the supply of government debt can affect the participation in asset markets.” Search

3Recent papers by Lagos and Rocheteau (2008), Rocheteau (2011), and Cao and Shi (2014) also use search models
to endogenize liquidity and asset prices, but they do not study the individual trade-offs that agents face between asset

2



frictions exist in many markets, such as those for corporate bonds, IPOs, and acquisitions. They can
also capture many aspects of frictional financial markets with endogenous market participation (see,
e.g., Vayanos and Wang, 2013; Rocheteau and Weill, 2011), while still keeping the simple structure of
the neoclassical growth model. This tractability is crucial because it allows us to use all the insights
from a standard Ramsey plan. In particular, we use the “primal approach” (see, e.g., Lucas and
Stokey, 1983; Chari and Kehoe, 1999) to show the allocations chosen by a Ramsey planner. While
not essential for our results, this asset-search specification carries the benefit of smoothing some of
the kinks inherent in the financing constraints, thereby improving tractability and intuition.

The presence of liquidity constraints opens the possibility of government bonds or fiat money
circulating to improve efficiency, as in Holmstrém and Tirole (1998).* In this paper, government
debt provides liquidity and has a “crowding-in” effect, similar to the one in Woodford (1990).° At the
same time, the need to raise distortionary taxes limits the government’s ability to flood the market with
liquidity so that an optimal supply of public liquidity emerges. Our work complements that of Collard,
Dellas, and Angeletos (2020), who study a model where non-state-contingent government bonds also
may crowd in private investment.® An important difference of our paper is that we allow for capital-
income taxes, so that the tax system is complete at the macroeconomic level. This separates the role of
interest-rate distortions as a way of indirectly taxing capital (whose production is facilitated by debt
due to the financing frictions) from their germane role as a manipulation of relative intertemporal
prices.” The completeness implies that our results would extend to implementations that use other tax
instruments, for example, a consumption tax or an investment credit.

A related recent literature, for example, Bassetto and Cui (2018); Blanchard (2019); and Brunner-
meier, Merkel, and Sannikov (2020) focuses on government debt dynamics when the interest rate is
low. Our paper contributes to this body of work by analyzing optimal policy and highlighting how the
government budget constraint affects financing constraints of private agents.

While taxes impinge on all of the intratemporal and intertemporal margins of households’ choices,
the timing we assume rules out the possibility of the government’s directly sending differential pay-
ments to agents when they need liquidity. In this respect, our paper is different from Itskhoki and
Moll (2019), who study the mix of labor- and capital-income taxes as a way of redistributing across
different actors along the development path of an economy with two classes of agents and financial

constraints. Redistribution across different agents also plays the dominant role in Azzimonti and

liquidity and prices. This channel gives rise to different degrees of liquidity constraints and risk sharing.
4Changing the portfolio compositions of the two assets can potentially affect the real economy. More recent papers
enriched the basic structure by explicitly introducing financial intermediaries that are subject to independent frictions.
See, for example, Gertler and Karadi (2011) and Gertler and Kiyotaki (2010).
SThis feature is in contrast with Aiyagari and McGrattan (1998), in which government debt is a perfect substitute for
capital. In their model, government debt relaxes agents’ borrowing constraints but also crowds out capital accumulation.
A similar setup is used in Cao (2014) to analyze inflation as a shock absorber in the government budget constraint.
Capital appears only in the appendix of Collard, Dellas, and Angeletos (2020). In the paper itself, the untaxed good
is the “morning” good, and government debt serves a liquidity role in its consumption, rather than in investment.



Yared (2017, 2019), who consider the optimal supply of public liquidity with lump-sum taxes when
agents differ in their income. Their framework also generates an incentive for the government to
manipulate debt prices, keeping interest rates low and some agents liquidity constrained. Finally,
redistribution also takes center stage in Chien and Wen (2018, 2020), who revisit capital-income taxa-
tion and debt in incomplete-markets models a la Bewley. Our paper complements theirs. Although the
frictions are substantially different, as capital tends to be overprovided in Bewley models, while it is
underprovided in models of financial constraints on capital, a common theme is that the government
is pushed to move away from tax smoothing towards increasing debt to relax financial constraints
to the extent that this is possible, and it resorts to distorting capital accumulation through taxes only
when this avenue is exhausted. In contrast, the specific nature of optimal tax distortions is different
in the two settings and has to be tailored to the friction that impinges on capital accumulation. A link
between government debt and capital-income taxation emerges also in Gottardi, Kajii, and Nakajima
(2015), in which labor income is the result of investment in human capital subject to uninsurable
idiosyncratic shocks. Issuing government debt partly backed by capital-income tax revenues is an
optimal way of indirectly providing insurance against this risk.

Finally, a different motive for manipulating interest rates is analyzed in Farhi, Golosov, and
Tsyvinski (2009), in which this distortion is introduced to alleviate the impossibility of signing exclu-
sive contracts with financial intermediaries in the presence of private information.

The paper has the following structure. The two-period economy in which entrepreneurs can sell a
fixed fraction of capital is our focus in Section 2. In Section 3, we posit a more primitive intermedi-
ation technology and endogenize the fraction of capital sold, proving that our conclusions are robust
to this more tractable environment. Section 4 extends the analysis to an infinite-horizon economy and
studies the properties of the limiting allocation. Section 5 provides a quantitative assessment of the

theory, and Section 6 concludes.

2 A Simple Two-Period Framework

We start our analysis with a two-period model. Both the provision of public liquidity and private
assets’ degree of illiquidity are exogenous in this section. We analyze how liquidity frictions affect
the choice of distorting return on capital and interest rates and how this choice depends on the fiscal
constraints faced by the government. Throughout the paper, we use lowercase variables for individual

choices and uppercase ones for aggregate allocations, except for prices and taxes.

2.1 The Environment

In period 1, a continuum of firms can produce output by using labor using a constant-returns technol-

ogy, with one unit of labor normalized to produce one unit of output. In period 2, the firms have a
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technology F'(K7, Ly), where K and L, are capital and labor utilized in period 2. We assume that
I satisfies Inada conditions, so we can neglect corner solutions. Firms hire labor and rent capital in
competitive markets at the wage rates (w;, ws) and the rental rate 75.

The economy is populated by a continuum of families, each of which has a continuum of agents.
In period 1, they start with some (exogenous) government debt B,. A fraction x of agents from each
household are revealed to be entrepreneurs, and the remainder 1 — y are workers. Entrepreneurs and
workers are separated at the beginning of the period. In total, the entrepreneurs have B units of

government bonds, whereas workers have BY units,® and we define total per-capita bonds to be
By = B§ + By

Period 1. Workers supply labor to the firms. Entrepreneurs do not supply labor. Rather, in period
1, they can turn one unit of the firms’ output into one unit of new capital to be used in period 2. This
ability will be used only in the first period, since the economy ends after period 2. The amount that
each entrepreneur invests is k{, the amount of capital available at the beginning of period 2.
Entrepreneurs cannot sell the capital directly, but they can sell claims to the capital £{ in a frictional

competitive market in the amount s{:
s < ¢1kT, (1)

where ¢, is asset liquidity. An entrepreneur has internal funds arising from holdings of government
debt, which are equal to R, B§/x, where R; is an exogenous initial return on government debt (in-

cluded only for symmetry of notation with period 2). The entrepreneur’s budget constraint is
ki < RiBi/x + q1s7. 2)

Entrepreneurs can “borrow” only by selling claims to capital at the price ¢, and at the end of the
period, any leftover funds after investment has taken place are brought back to the family. If constraint
(2) is binding, entrepreneurs use all of their available funds to undertake new investment.

Workers use some income to buy new claims to capital from entrepreneurs and new government

debt b, and they return the remaining funds to the family. Their period-1 budget constraint is
¢'sy +0Y < RiBy /(1= x) + wily, (3)

where s}’ > 0 is the end-of-period private claims on capital that they purchase, ¢; is their labor supply,

and ¢}’ is the price at which claims to capital can be bought.

8The per-entrepreneur level of initial bonds is therefore BS/, and the per-worker amount is BY /(1 — x). In multi-
period versions, the entrepreneurs’ identity will not be known ex ante and B§/x = B /(1 — x). We separate the two
initial conditions in order to study how the problem changes as a function of the entrepreneurs’ initial net worth.



At the end of the first period, entrepreneurs and workers rejoin their family, pool their capital and

their leftover funds, pay taxes, and consume. The family’s constraint is
a=(1- Tf)w1€1(1 —Xx) + BiBo — (1 = x)by — (1 — x)ay’sy’ — x(k{ — aq15Y), 4)

where c; is the family’s consumption in period ¢, and 7/ is the tax rate on labor income.
Claims to capital are subject to an intermediation cost. Intermediaries are competitive, and their

cost is 7 per unit of capital intermediated; therefore, we have

qq =n+q. %)

In period 1, the budget constraint for the government ensures that its revenues from labor-income

taxation and new borrowing cover debt repayments as well as any government spending G :’
G1 +RlBO = Bl +TfUJ1L1. (6)

Period 2. The second and final period is similar to the first, except that no new investment takes
place, so entrepreneurs no longer have any role. We can then collapse the two subperiods and write

the joint family budget constraint simply as
ez = (1= m)wa(1 = x)la + [(1 = 7)) [x(kf — s5) + (1 = )s] + Ro(1 —)0Y, (D)

where 74 is the labor-income tax in period 2, 7¥ is the capital-income tax in period 2, and R, is the
return of government bonds between period 1 and period 2.

The government budget constraint is
G+ ReBy = 1yTa Ky + Tyw Lo, ®)

where (G5 is government spending in the second period. In contrast to period 1, the government is
allowed to tax (or subsidize) capital in the second period at a rate 75, and our goal is to study how this
power, together with interest rate 75, 1s used in the presence of financial frictions.

The household preferences are represented by

2

> 87 uler) = v (1= )], )

t=1

Note that the individual labor supply is normalized in per-worker terms, while the aggregate labor supply is in per-
capita terms. So, an aggregate labor supply L, corresponds to L1 /(1 — ) for each worker. Similar normalizations occur
for aggregate capital K1, bonds Bj, and intermediated capital .S;.
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where v and v are strictly increasing and continuously differentiable functions, u is weakly concave,

and v is strictly convex.'”

2.2 Competitive Equilibrium

Next, we characterize a competitive equilibrium. The household maximizes (9), subject to (1), (2),
(4), and (7), taking prices and taxes as given. We note that in any equilibrium in which ¢; < 1, there
would be no sales of capital.!! With this observation, we can limit our analysis to ¢; > 1 without loss
of generality.'

From the intermediaries’ and firms’ optimality conditions, we obtain (5),
wy; = 17 Wa :FL(K17L2)7 (10)

ande:FK(Kl,LQ). (11)

From the families’ necessary and sufficient first-order conditions, we obtain

e labor supply in period ¢t = 1, 2:
(1= 7w (Cy) = v'(Ly); (12)
e demand for government bonds:
Bu'(Cs)
1 =—F="Ry; 13
u’(Cl) 27 ( )
e demand for claims on capital:
Bu'(Cs) kyx
> ——"(1 - 14
4 = 1/(01) ( T2 )T27 (14)
with equality if S; > 0;
e investment and supply of claims:
u'(Cr) < Bu/(Co) (1 — 75)7, (15)

with equality if S; = 0; and

10The particular choice of scale for the function v is a pure normalization that is convenient for obtaining simpler
expressions when studying the aggregate allocation.

'"To see this, consider a family whose entrepreneurs are selling capital. By reducing investment and capital sales one
for one, the family can simultaneously relax the constraints (1), (2), and (4). The last budget constraint is necessarily
binding, since families would otherwise increase their consumption; hence, the original plan cannot be optimal.

12For any competitive equilibrium in which ¢; < 1, there exists a competitive equilibrium with the same allocation
and the same prices, except forg; = 1and ¢’ =1+ .



e the financing constraint of an entrepreneur implies

(16)

qlzmax{l,w}.

P15

In addition, a competitive-equilibrium allocation must satisfy the government budget constraints (6)

and (8) and the resource constraints:
Li=Ci+ K+ (¢ —@1)S + G, (I7)

and F(Kl,LQ) :CQ+G2. (18)

By Walras’s law, the household budget constraints (4) and (7) must be satisfied as an equality by
the aggregate allocation (chosen by the representative family). Furthermore, consumption is always
strictly positive, and it is always weakly preferable for a household to first use the workers’ resources
to fund consumption and cut back on the entrepreneurs’ investment only after these are exhausted.
Therefore, equation (3) does not bind in equilibrium: it constrains workers not to invest more than all

of their earnings and assets and is slack if something is left for consumption.

Definition. A competitive equilibrium is an allocation {C}}%_|, { L, }?_,, and K; asset prices {¢¥’, q1 };
wage rate {w; }2_,; capital income rate 7»; and an interest rate R,, such that (5), (6), (8), and (10)-(18)
are satisfied, given a labor-income tax rate {7/ }2_,, capital-income tax rate 7%, and bond supply B;.

In any competitive equilibrium, market clearing implies that S; = S}° = SY, where .S; is the
per-capita level of intermediated capital. If ¢; > 1, then both the financing constraint and the en-
trepreneurs’ budget constraint (1) and (2) bind; if ¢ = 1, (1) is certainly slack and (2) may or may
not bind.

2.3 Optimal Policy with Zero Intermediation Costs

We start from the case in which intermediation costs are absent (1 = 0). The financing constraint is

the only departure from a standard neoclassical growth model.

Forming the Policy Problem We study the Ramsey outcome, that is, the best competitive equi-
librium that maximizes (9). To do so, we follow the primal approach, deriving a set of necessary
and sufficient conditions for an allocation to be part of a competitive equilibrium, without reference
to prices and tax rates. These conditions include a restriction that allows us to derive intermediated
capital S; given the other variables (equation (19) below), and it is thus convenient to substitute this
variable out from the policy problem.

Given any allocation, we can ensure that (10) and (11) hold by setting factor prices w; and 7; to

the appropriate marginal product. Similarly, we can ensure that (12) holds with a suitable choice of

8



7/ for t = 1,2 and (13) holds for the appropriate choice of R,. Without loss of generality, we set
Rl - 1

Next, in order for (1) and (2) to hold and for .S; to be optimally chosen, we must have

0 if K3 <(1—¢)K*
Si=9K —(1-¢)K* ifK € ((1-¢)K* K" (19)
¢1K1 if Ky > K*,
where K* is the maximum level of investment that entrepreneurs can finance when ¢; = 1, and

(1 — ¢1)K* is the maximum that they can finance using internal funds only:

By

K* = .
L—¢

As aresult, 72’“ can be chosen so that either (14) or (15) hold as an equality, depending on whether
Sy 1s 0 or positive, with the remaining equation holding as the appropriate inequality. Finally, equation
(16) can be used to determine ¢; and (5) to determine ¢’

The remaining conditions that characterize a competitive equilibrium are the following:
e the resource constraints (17) and (18); and
e the household budget constraints evaluated at the aggregate allocation, (2), (4), and (7)."

Substituting prices and tax rates from the first-order conditions, we can aggregate the household

budget constraints into the following implementability constraint for period 1 and period 2:

22:5“[ (GO, — (L)L) = (C)Bo+ | | if 16 < K-
U(Cy)Cy —v (Ly) L) = U ‘
1)Do (L _ 1) W(C)(K — K*)  if K, > K*

t=1 é1

(20)

As usual in Ramsey problems, the implementability constraint represents the cost of the government’s
not having access to lump-sum taxation.'*

The implementability constraint has two branches corresponding to the two possible types of
equilibria. First, the financing constraint can be slack with the price of capital ¢; = 1. This happens
either when the entrepreneurs are sufficiently wealthy to finance all of the investment internally or
when they issue claims to capital that fall short of the constraint (1). In this case, our economy behaves

as a standard neoclassical growth model. Second, when the financing constraint is binding, a new term

B3The financing constraint (1) holds by construction when (19) holds.

“We assume here that any lump-sum transfers would be paid to the households after investment has taken place, so
that they do not relax the financing constraint (2). In this case, the binding side of the constraint is that the left-hand side
must be no smaller than the right-hand side, as is the case in standard Ramsey problems.

9



appears in (20); this term captures the fact that when financing constraints are binding, entrepreneurs
face an intertemporal trade-off different from that faced by workers. When the present-value budget
constraint is evaluated at the trade-off faced by workers, who are the unconstrained agents in the
family, capital appears as an extra source of revenues. This happens because the entrepreneurs require
only one unit of period-1 good to produce one unit of capital, but the price of capital is ¢g; > 1, and
the last term in (20) captures the family’s profits from investment. These profits emerge because
entrepreneurial net worth plays the same role as a factor of production: it expands the economy’s
ability to produce capital.'”

Taxation of capital in the Ramsey outcome is shaped by two countervailing effects.

First, the presence of entrepreneurial net worth as a fixed factor implies that the government has
an incentive to tax the associated rents, which can be done through capital-income taxes. To see this
transparently, consider a modification of the environment in which the price of capital does not enter
in the entrepreneurs’ constraints. Rather, (1) and (2) are replaced by a single collateral constraint that

involves only the entrepreneurs’ initial net worth:
0ki < RiBg/x, 21)

where 6 > (0 measures the tightness of the constraint. In this scenario, as long as the financing con-
straint is binding, investment is fixed by initial conditions and exogenous parameters and is completely

unresponsive to taxes. Then, the implementability constraint would change to

o , , 0 if 0K, < R\ B
E BT (CH)C =V (L) Ly) = ' (Ch) By + ) . . .
t=1 [6'[/(02)7“2(1 — 7'2) — U/(Cl)]Kl if HKl = RIBS

In the presence of a binding financing constraint, taxing capital is equivalent to taxing a pure rent
or to having access to a lump-sum tax: it relaxes the implementability constraint and has no further

® The government would thus optimally make 74 sufficiently high

direct effect on the allocation.'
that Bu’(Cy)72(1 — 78) — 4/(C1) = 0 and so that (21) is not binding.!” Compared with a standard
neoclassical growth model, financing constraints thus introduce an extra motive to tax capital.
Second, when (more realistically) investment can respond to changes in Tobin’s q, capital-income
taxes retain their ability to capture some of the pure profits arising from entrepreneurial net worth. At
the same time, they may depress investment, which is already inefficiently low. In this case, it may be

optimal to subsidize capital to increase its price and relax the entrepreneurs’ financing constraint.

SNote that K7} is proportional to entrepreneurial net worth.

160f course, there would be an indirect beneficial effect on the allocation from the government’s ability to use the extra
revenues to reduce distortionary labor-income taxes.

7In a competitive equilibrium, household optimality implies that the government cannot drive Su/(Cy)72(1 — 78) —
u/(Cy) < 0: once the financing constraint becomes slack, further increases in capital-income taxation would depress
incentives to invest in the same way they do in an economy that is not subject to financing constraints.
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2.4 A Special Case

In this part, we consider the special case of a Cobb-Douglas production function, F'(K; 1, L;) =
AKS (L™ 4+ (1 — §)K,_, , where a € (0,1) is the capital share and ¢ is the depreciation rate;

preferences are given by
gl—i—l/
MY
1+v’

where ;© > 0 and v > 0. These preferences are convenient because they abstract from the usual

u(ey) —v(ly) = ¢

incentive to distort intertemporal prices and devalue the families’ initial claims, as emphasized by
Armenter (2008). Without financing constraints, they imply that the optimal tax on capital income is
zero not just in the long run but in every period (except period 1, which in our model has no capital).
We can thus focus on intertemporal distortions that arise from financial frictions.

We now derive the first-order necessary conditions if the Ramsey plan is interior. However, it is
possible that the plan will be at the kink, which needs to be checked separately. We are particularly
interested in studying comparative statics when the financing constraint is binding and Tobin’s q
responds to investment. This will occur when the entrepreneurs’ wealth is sufficiently low relative to
the return on capital and the government’s resources are sufficiently scarce relative to its spending.

Let 311\, be the Lagrange multiplier on the resource constraint, for = 1 and ¢ = 2, and let ¥,
be the Lagrange multiplier on the implementability constraint. The planner’s first-order conditions

for consumption C; and C'; are

U/(C1)<1 + \Ill) + \Illu"(C’l)C'l — )\1 — \Plu”(Cl)Bo
0 if K1 < K* . (22)
Uy (1/d — Du"(C) (K — K*)  if K > K*

U,<CQ)(1 + \I/1> + \Iflu”(OQ)CQ - )\2 = 0. (23)

The planner’s first-order conditions for labor supply L; and L, are
/U,<L1)(1 + \Ill) + ‘1111}//([/1)[/1 = )\1A, (24)
U/(Lg)(l + \111) + \Ill’l}”(Lg)LQ = AQFL(Kl, Lg) (25)

The first-order condition for capital K is

=0 if K, < K*
— A1+ BAAFK (K, L) § € [0, U/ (C)(1/gy — 1)) if Ky = K* . (26)
= \Iflu’(C'l)(l/gbl — 1) if K1 > K*

11



In our special case, the marginal utility of consumption is one. From the planner’s first-order
condition for consumption, we have \; = Ay = 1 + W;. The labor supply in period 1 is simply a
function of Wy, and we can express the other two first-order conditions for labor supply and capital

used in period 2 as follows:

1
1 U, (1 K\ @ A(l = 1 ) atv _o

S L, o 1+ (1+v)¥,
0 if Ki < K*
BAUK /L) =1 - 8(1—8) + 4 € o, %] if K, = K* (28)
nle 1 if K, > K*.

Note that consumption C'; and C'y can be derived from the resource constraints.

Comparing the planner’s optimality condition for capital (28) with the household optimality con-
ditions (14) and (15) (also using 7y = Aa(K;/L2)*"' + 1 — §), we have the following results.

If the allocation is such that the financing constraint is not binding, then capital-income taxes are
optimally set to zero, independently of the government bugdet constraint’s tightness (captured by the
multiplier W;). In this case, we recover the standard result that it is not optimal to tax capital as an
intermediate input.'® This case can arise either when entrepreneurs have enough wealth to finance
investment internally, in which case the private cost of investment is 1 and the social costis 1 + Wy,
or when they need to sell part of their capital but not to the point at which g needs to exceed 1. In
both cases, the private reward in the second period is 375, and the social reward is 575(1+ ¥1). Thus,
private and social costs are proportional to each other and capital-income taxes are zero; moreover, in
both cases, the trade-off coincides with the marginal rate of transformation coming from technology
alone, even taking into account the costs of intermediation.'”

When entrepreneurs are sufficiently poor that the financing constraint binds, we obtain a very
different result. In this case, in the absence of capital taxes or subsidies, the private rate of return does
not coincide with the marginal rate of transformation. Furthermore, changes in the level of investment
have an effect on the price of capital, and a higher price of capital tightens in turn the implementability

2V If the government has abundant

constraint, forcing the government to raise more distortionary taxes.
resources and ¥; =~ (, comparing (28) and (14) (and noting K; > K™), we can see that the optimal
policy calls for a capital subsidy. By subsidizing capital income in period 2, the government can raise

the price of period-1 claims to capital, thereby relaxing the entrepreneurs’ constraints and allowing

18This result also relies on our assumptions about preferences that rule out distorting intertemporal prices to devalue
initial claims or to enhance the present value of taxes on labor. For more general preferences, both of these forces would
be in play, as they are in a standard neoclassical growth model, and our effect would appear in addition to those.

YPositive intermediation costs 7 > 0 would not change this result, because both private/social rewards and pri-
vate/social costs would be multiplied by the same factor 1 + 7.

20The multiplier ¥ can be viewed as the cost to the planner of starting with an extra unit of debt in period 0.
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the economy to attain a higher (and more efficient) level of investment. However, as the cost of public
funds ¥, increases, the rents that we isolated in the case of a fixed collateral constraint become more
important: financing constraints may weaken the link between investment and future capital income,
so that capital-income taxes may be less distortionary than they would be in a world of perfect capital
markets. For this reason, it eventually becomes ambiguous whether a government strapped for cash
would subsidize or tax capital.

By assuming linear preferences, we automatically imposed from equation (13) that Ry = 1/f;
that is, the government’s choice of taxes or subsidies has no effect on the rate of return on government
debt. A further channel at work when preferences are not linear is that a capital-income tax reduces
the after-tax return on capital and hence further favors government debt, which is a further beneficial
force in the case of a constrained government. This effect appears on the right-hand side of equation
(22), and we will analyze it later in the infinite-horizon economy.

The above simplification implies that we can express all equilibrium outcomes in closed form.
There are three cases, with the last case having K at the kink K *. Rather than varying B and finding
the implied value of W;, we find it more intuitive to graph directly the optimal solution treating W, as
a parameter and then back out the corresponding B, from the resulting allocation and prices and the
government budget constraint.”!

Case 1: when K; < K*. This case occurs when the financing constraint is slack. The planner’s
first-order condition for capital becomes 75 = 1 and the price ¢}’ = ¢; = 1. This condition and the
household’s first-order condition for capital (Equation (14)) imply no taxes on capital: 73 = 0. From

the first-order conditions, we know that K; = K}'(¥;), where

171 CET
R

which is a decreasing function of W;. A higher ¥; implies higher labor-income taxes, which (given

N

K%(‘IJ1> .

_ 1+, A(l—a)}
I+ 1+ )Y

our preferences) reduces the labor supply and discourages investment.
Case 2: when K; > K*. We can express labor supply L, and capital stock K as functions of
U,. We know that Ky = K{(¥), where

N

Ke(0,) 1+, A(l—oz)}

_ {1 [ o1+ ¥y
I+ A+

Gonw

which is also a decreasing function of W, after noticing that ¢; € (0,1) and o € (0, 1).
Since (¢1 + Wy) /o1 (1 +¥q) > 1, K{(Vy) > K{(¥,), with the inequality being strict for any

Wy > 0. It follows that case 1 will occur when K} (V) < K*, so that the financing constraint is

2l this experiment, B is kept fixed, so that By affects the shadow cost of public funds but not the entrepreneurs’
financing constraints; all the residual bonds are allocated to the workers.
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slack; case 2 will occur when K¢(¥;) > K*, in which case the financing constraint binds and the
level K7(¥;) > K* can be financed only because ¢; > 1. When K* € [K{(V,), K}*(V,)], we obtain
the third case below.

Case 3: K; = K*. Labor in period 2 can be still expressed as in (27) by setting K| = K*. At this
kink, the incentive for the government to tax or subsidize capital undergoes a jump represented by the
two branches of Equation (28). As W, increases and the government budget constraint tightens, the
tax on labor must increase, discouraging labor supply in period 2. However, because of the kink, the
optimal level of capital stays constant for a range of values of W, with capital taxation adjusting to
ensure that this is the case.

To further characterize the solution, we note that both K7'(W;) and K¢(\W,) are strictly decreasing
in ;. When ¥; = 0, the government has sufficient wealth at the beginning that the shadow cost
of resources in the government budget constraint is zero. In this case, the government can undo the
effect of financial constraints by subsidizing the return on capital in the second period, thereby raising
the price of capital ¢; to a level that replicates the efficient level of investment in the absence of
constraints, which is why K{(0) = K7*(0). In contrast, for any ¥; > 0 (i.e., when the government is
forced to raise revenues through distortionary means), if the solution to the Ramsey problem ignoring
the financing constraint would violate the constraint itself, we have K{'(W;) > K*: it is never optimal
for the planner to subsidize capital to the point that the constraint is slack from the perspective of the
households and that households thus invest K}*(\W; ). The properties of K}*(V;) and K{(W;) allow us

to describe how the Ramsey allocation changes with Wy, fixing other parameters.
Proposition 1. The Ramsey allocation can be characterized as follows:

e The economy under the planner’s allocation is financially unconstrained, regardless of V1, if
K* > K{(0) = K¥(0).

o If K{(0) > K* > K} (c0), then the economy is financially constrained for small levels of
U, and capital is given by K' = K°(U,); the economy is financially unconstrained for large
values of U, and capital is given by K' = K“(U,); and there is an intermediate range of

values of Vy for which the Ramsey allocation has capital exactly at the kink.

o IfK}'(00) > K* > K{(c0), then the economy is financially constrained for small levels of ¥,
and capital is given by K1 = K¢(\U,), and it is at the kink for higher values of V.

e Finally, the economy is always financially constrained for any V| > 0 and capital is K, =

K7(01) if Ki(o0) > K™ -

A Numerical Example In what follows, we use a numerical example to illustrate the preceding
results. We consider parameter combinations that lead to a binding financing constraint and also

others that make it slack.
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Figure 1: The functions K" (V) and K{ (V)
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Consider the following parameters: 5 = 0.96 (discount factor), o = 0.33 (capital share), 6 = 0.95
(depreciation rate), u = 1 (disutility parameter of labor supply), v = 1 (labor supply elasticity),
A = 1 (productivity), and ¢ = 0.5 (asset liquidity). With linear utility in consumption, the Ramsey
allocation depends on government spending only through the multiplier ¥, and we thus do not need
to explicitly specify it, as explained above.”> We plot K, 75, Lo, and ¢, against V.

Figure 1 plots K}'(¥;) and K{(¥;). As shown before, both are downward sloping, and K}'(0) =
K¢(0). However, the two curves converge to different levels with K}(co) > K{(oco). The critical
value K* = B§/(1 — ¢1) is a horizontal line whose position depends on the parameter values. As
shown by the proposition, four possibilities emerge. The first possibility is trivial: when Ki >

K{(0) = K{(0), the economy is always unconstrained. We now show the remaining three scenarios.

e When the liquidity is insufficient, the economy is always constrained. This happens when
K* < K{(oo). Figure 2 illustrates this case for three possible values of K* equal to 100%,
90% and 80% of the critical threshold K{(co). As W, goes from zero to infinity, the planner
initially implements a capital subsidy (between 80% and 90%), but as the budget tightens,
this turns into a capital tax. The capital tax converges to a level in the range of 20%-25% as
W, — oo. For this special example, the allocation in terms of capital and labor used in period
2 is independent of the initial level of internal funds in the hands of the entrepreneurs, as long
as it remains such that K* < K¢(oo). Taxes and asset prices adjust to exactly offset the effect
of tighter financing constraints. The less liquidity is given to entrepreneurs, the more capital is

subsidized when W, is small, and the less it is taxed for large values of V.

22The level of initial debt B, that corresponds to a given W is of course different based on the spending process.
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Figure 2: Economies with always binding financing constraints.
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e When entrepreneurs hold higher values of liquidity, we enter the range illustrated in Figure 3.
The pink dashed line shows what happens when the Ramsey solution hits the kink and remains
there as ¥; — 00.”> As in the previous case, it is optimal to implement subsidies for low
values of W, and taxes for higher values. The difference is that the capital income tax becomes
decreasing once the government hits A *. When W, goes up, the government needs to tax more.
In order to keep investment at K, the labor-income tax increases and it is necessary to reduce

the capital-income taxes.

e When entrepreneurs hold even higher levels of liquidity, (e.g., when K* = [K{(0) + K}'(00)]/2,
represented by the black lines in Figure 3), we get K; = K7 for intermediate ranges of ;.
When public resources are abundant and ¥, is low, the planner finds it better to choose the al-
location in the constrained region, which calls for a capital subsidy. As the government budget
tightens, the optimal capital level drops, and the subsidy eventually turns into a tax, until the
kink K" is attained. As W, grows, the government keeps increasing labor taxes, but it maintains
capital at the kink K by lowering capital taxes. For even higher values of W, the labor-income
tax is so large that the optimal level of capital is below the one at which financing constraints
bind. From this point forward, there are no further quasi-rents to be extracted, and the optimal

capital-income tax is zero. As the economy becomes unconstrained, ¢; falls to unity.

23The specific value that we choose to illustrate this case is K* = K¥(c0).

16



Figure 3: Economies with possible kinks and slack financing constraints.
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3 Endogenous Asset Liquidity

To study the long-run properties of the Ramsey policy and explore some quantitative implications,
we need to extend the model to an infinite horizon. However, before we do so in Section 4, we
provide microfoundations that allow for asset liquidity ¢ and the cost of trading to be endogenous.
We make this choice for two reasons. First and foremost, doing so gives us tractability in computing
numerical examples. In an infinite-horizon economy, the kink in each period at the infinite-horizon
equivalent of K would lead to a proliferation of kinks in optimal policy in previous periods. The
microfoundations upon which we build smooth that kink,** without affecting the economic intuition
developed in the previous section, as we will show below. Moreover, there is a further economic
reason to move in this direction. Cui and Radde (2020) have shown that endogenizing asset liquidity
is crucial for generating the positive co-movement of ¢ and ¢, which is empirically supported and

crucial for amplifying financial shocks.?

24While a kink remains at the point at which entrepreneurs start accessing external funds, the price of capital smoothly
moves from one region to the other, so that no kinks are present in the implementability constraint.

2In a general equilibrium framework like this one, exogenous negative shocks to asset liquidity push up the price ¢ to
reflect the scarcity of assets. The key is that the financing constraint is also tied to asset liquidity, so part of ¢ reflects the
tightness of the financing constraint. See Shi (2015) for a critique of models relying on exogenous financial shocks. A
negative co-movement of ¢ and ¢ can stabilize financial shocks, because ¢q together matters for investment financing.
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3.1 Competitive Equilibrium with Search-and-Matching

Following Moen (1997), who studied directed search in labor markets, we assume that intermediaries
set up private-claims markets where trade occurs and compete by offering a given cost of trading
(measured by the bid/ask spread) and market tightness. The competition among market makers im-
plies that they will offer Pareto-optimal contracts for buyers and sellers. Beyond that, the price will
reflect market clearing.

The fraction of claims to capital that entrepreneurs are able to sell, ¢, is directly related to market
tightness. We assume that financial intermediaries need to pay a cost = 7(¢;) to intermediate one
unit of capital in a market with tightness ¢;. We assume that (0) = 7/(0) = 0 and 7(.) is convex
and twice continuously differentiable. Cui and Radde (2020) and Cui (2016) provide complete mi-
crofoundations for these assumptions in a world in which intermediation is subject to search frictions
that prevent a full match between buyers and sellers of (claims to) capital.

Under these assumptions, for each value of ¢, the competitive financial intermediation sector will

set the bid/ask spread according the following revised version of (5):

q’ —q = (). 31

The left-hand side of (31) is the revenue for intermediating capital, and the right-hand side is the
cost. Hence, given a price ¢’ paid by workers to acquire one unit of capital, entrepreneurs face a
trade-off between asset liquidity ¢, and the price ¢; that they fetch for their sale. The assumption that
n(0) = 7'(0) = 0 implies that there is no kink at the point in which entrepreneurs stop selling capital.
At this point, there are no intermediation costs, and both ¢; and ¢}’ converge smoothly to 1.

Consider an entrepreneur who participates in a market of saleability ¢; in which the price is ¢;.
Combining the entrepreneurs’ budget and financing constraints, we obtain that the claims to capital

that an entrepreneur brings back to the household £ — s satisfy
q (k7 = s7) < BuBg/x,

1
where ¢ = ———. 32)

We can interpret ¢} as the replacement cost of capital. To bring back a claim to one unit of capital
to the household, an entrepreneur produces 1/(1 — ¢;) units; this investment is financed by selling
claims to ¢; /(1 — ¢;) units at a price ¢; and by the initial assets.?

In equilibrium, since all sellers (and all buyers) are identical, only one market will be open. Specif-

ically, in a directed search environment, an entrepreneur chooses the market that will offer her the

26This equation remains valid even when entrepreneurs do not sell any claims to their new investment. When this
occurs, ¢1 = 0and ¢; = 1.
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lowest value of ¢| and also maximizes the amount of claims to capital that she can bring to the house-
hold at the end of the period. Market makers will offer contracts only on the Pareto frontier. We index
the Pareto frontier by the price ¢}’ at which workers can buy claims to capital. We can then trace it by

solving
: r 1- ¢1Q1
min ¢ = ——,
(o1,q1) n 1— ¢

Substituting the constraint and taking first-order conditions, we obtain

subj. to (31).

¢’ =1+n(d1) + (1= ¢1)on (¢1).- (33)

Equation (33) defines an implicit positive relationship between the price workers are willing to pay
for a claim to one unit of capital and the entrepreneurs’ search intensity, which maps into the fraction
of capital that they sell. When ¢* = 1, ¢; = 0 and entrepreneurs retain all of the capital that
they produce. As ¢}’ increases above 1, ¢; > 0 and entrepreneurs sell some of their capital. The
specific point on the Pareto frontier between buyers and sellers that corresponds to the open market is
determined by market clearing. Under endogenous liquidity constraints, the competitive equilibrium
is thus characterized by conditions (10)-(18) plus (31) and (33). Equations (31) and (33) imply ¢; > 1,

so that the relevant term in the maximum in equation (16) is always the second one.

Proposition 2. In a competitive equilibrium, either the financing constraint is slack, in which case
o1 =0and 1 =q’ =1, or 1 > 0.

Proof. See Appendix C. 0

Appendix A derives the necessary first-order conditions for a Ramsey outcome and studies their
implications. As in the case of exogenous trading costs, optimal capital taxation in the presence of
financing constraints is driven by a trade-off between the desire to subsidize investment, the desire to
alleviate its underprovision, and the benefit of taxing the rents accruing to entrepreneurs in the face of
binding financing constraints. To show this transparently, we return to the special case of preferences
and technology from Section 2.4, while introducing endogenous intermediation costs.

To illustrate how the solution changes, we consider again the special case of Section 2.4. It has

the same parameter values, except that now

n(¢) = wod™*.

Figure 4 shows the economy with wy = 0.2 and w; = 2.?” We set the initial level of debt to an inter-

mediate level, so that the optimal plan features both constrained and unconstrained regions, depending

27We have experimented with different sets of values for wg and w, and the qualitative results shown below are robust.
An increase of wq leads to higher capital taxes, while an increase of w; does the opposite. Intuitively, an increase of w1
makes the intermediation cost more elastic to the quantity to be sold, which calls for smaller taxes; the planner should
reduce intervention. Financial frictions and the quasi-rents accruing to entrepreneurs are increased by wy.
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Figure 4: Ramsey outcome with endogenous asset liquidity
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on the government budget constraint’s tightness. When ¥; = 0, as in Section 2, it is optimal to sub-
sidize capital and overcome its underprovision. As W increases from zero and government finances
become tighter, the subsidy turns into a tax, but the capital tax eventually vanishes when W, becomes
large enough, as ¢; approaches 1 and the rents accruing to the entrepreneurs vanish. Therefore, we

have a hump-shaped pattern, a smoothed outcome of the economy with exogenous asset liquidity.

4 The Infinite-Horizon Economy

We now extend the model and analyze the Ramsey policy with an infinite horizon.

4.1 The Setup

We adopt the same notation as previous sections. The household’s utility in (9) is now

> B uler) — o((1 = x)6)]. (34)

Production of general consumption goods in each period occurs according to a constant-returns-to-
scale technology A;F'(K;_1, L;) employing capital and labor, and capital depreciates at the rate ¢.
The government again has an exogenous stream of spending G, for any ¢ > 0.

All households start with some initially given claims to capital K_; and bonds B_;.® In our

Z8Every period, existing claims to capital are also reduced according to the capital depreciation rate.
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two-period economy, we distinguished between the bonds issued by the government and those held
by entrepreneurs, so that we could independently discuss the consequences of tightening government
finances (by increasing B;) and loosening financing constraints (by increasing 5§). Now, in each
period, each member of a household has an i.i.d. chance x of being an entrepreneur and a 1 —
chance of being a worker. This opportunity is realized after the household has allocated bonds, so that
b = b at the individual family level.”” Similarly, each member of a household will start period ¢ with
k¢ units of claims to capital. An entrepreneur can finance new investment by selling her government
bonds as well as claims to capital; we treat existing and new capital symmetrically, with both subject

to intermediation costs. We thus have
ki < Riby—y + qisy and sf = oy [kf + (1 — 0) k1] .
These two constraints can be combined as
(1 — ¢eq)ky < Ribe1 + ¢eqe(1 — 0) k1. (35)
The household budget constraint (using r; as the rate of return on capital gross of depreciation) is
ce+ (1= + (1= x)g"sy” + x (b = aesf) = (1= 7 )wi(1 = X)l + Rebey + (1= 71 )reke-s.
The asset positions evolve according to
by =(1—x)b and ky = (1 — 0) k1 + (1 — x)sy" — xs7 + xki.

As was the case before, only workers accumulate government bonds. A household’s claims to capital
at the beginning of period t+1 (which are k;) include claims to undepreciated capital from the previous
period, which are (1 — §)k;_;, new purchases from workers (1 — x)s}’, and physical investment by
entrepreneurs Y k¢ net of claims sold ys¢.*" For convenience, we will work with the following budget
constraint, which uses the budget constraint above and the evolution of assets so that b; and k; show

up on the left-hand side:

Ct + bt + q;ukt = (1 — Tf)wt(l — X)gt + Rtbtfl + (1 — Ttk>7”tkt,1
+la’ = xée (@ —a)] (L= 6)kir + g =1 — e (" — @) xki. (36)

The intermediation of private claims follows directed search implemented by financial intermedi-

»In aggregate terms, entrepreneurs will thus have x B; units of government debt.
3Tn a symmetric equilibrium, (1 — x)s¥ = SP, ys¢ = S¢, and market clearing requires S* = S¢. Capital evolves
according to K; = (1 — 0)K;_1 + K§, where K7 is the aggregate investment undertaken by entrepreneurs.
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aries with free entry:
a — g = n(er). (37)

4.2 Competitive Equilibrium

A typical household maximizes (34), subject to the financing constraint (35) and the budget constraint

(36). The wage rate and the rental rate are the marginal products of labor and capital
Wy = AtFL(Kt—th); (38)

= AtFK(KtA?Lt)- (39)

For asset intermediation, we can immediately extend the result from (33) in the two-period model to

any arbitrary period ¢:*'

g =1+(1- ¢t)¢t77/(¢t)~ (40)

In equilibrium, the aggregate quantities are the same as individual quantities, because all house-
holds are identical; that is, K; = k;, By = b, Ly = (1 — x){;, and C; = ¢;. Additionally, the total

assets being intermediated are
Sp=(1—=x)s{ = xs7 = & [y — (1 = 6)Ky1] + dux(1 = 0) K1 41)

entrepreneurs sell a fraction ¢, of new investment and of their holdings of previous undepreciated

capital. After we use (41), the goods market clearing condition is thus
Ci+ G+ [1+ o) Ky = AF (K, Le) + [1+ (1= x)dun(d)] (1 = 0) K, (42)

where (G, is the exogenous stream of government expenditures.
Given our assumption of a representative household, the aggregate allocation must satisfy the

individual households’ optimality conditions. The first-order condition for labor is
(1= 7w (Cy) = v'(Ly), (43)

for any ¢ > 0. Let 8%/ (Cy)xp; be the Lagrange multiplier attached to the financing constraint (35),

where the scaling v/ (¢;)x simplifies the derivation in the following. We determine p, from the first-

31To be specific, an entrepreneur maximizes the amount of claims brought to the household, which is (1 —
o) [kf + (1 — §)ki—1] because a fraction ¢; of kY + (1 — §)k;—1 is sold. The entrepreneur’s financing constraint can
be rewritten as
1 — rqe

1L—¢y

so that the entrepreneur will again minimize ¢} = (1 — ¢+q:)/(1 — ¢:) to achieve her goal.

(L =) [kf + (1 = O)ki—1] < Riby—1 + (1 — O)ky—1,
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order condition for ky

g — 1+ —=9)n(gr) o' (o) + 1)

= 44
1 — o 1- fn’(cbt) @9

4 — 1= oula) —a) = p(1 — ) = pr =

for any ¢ > 0. The liquidity service provided by government debt is reflected by p,. It is only positive
when entrepreneurs’ financing constraints are binding.

The household first-order condition for government bonds b; implies

_ P (Cin)

STI(eN

Ry (14 xpey1) - (45)

The term xp:41 in equation (45) represents the liquidity services that government bonds offer to the

entrepreneurs, arising from the fact that bonds can be liquidated with no intermediation costs by the

fraction x of household members who turn out to be entrepreneurs in any given period. This liquidity

service pushes down the interest rate 7, ; and gives rise to the corresponding liquidity premium.
The first-order condition for capital k; implies

w Bul(ot-i-l)

i 7 (C) {(1 — ) + (1= 0)q + x(1 = 8) e (@1 (1 + prr) — ¢354 } (46)

The cost for a worker to acquire one unit of (claims to) capital is represented by ¢*.*”> In the next
period, the household receives a payoff (1 — 7/, )ri1 + (1 — 6)gi,; from the investment. In addition,
the fraction x¢;,; of undepreciated capital that entrepreneurs will sell to finance further investment
has an extra liquidity value captured by ¢;11(1 + piy1) — ¢, the difference between the price at
which entrepreneurs sell their capital, adjusted for the shadow value of liquidity, and the price at

which workers can buy the capital back.

Definition. A competitive equilibrium is an allocation {Cy, Ly, Ky, Kf, ¢:}72,, a sequence of asset
market prices {¢, q:, 7+, R¢ }52,, wage rates {w; }2°,, government policies {G;, By, 7/, 7/}, shadow
values of liquidity {p:}:°,, and an exogenous sequence of productivity {A4;}?°, such that (35)-(40)
and (42)-(46) are satisfied and capital evolves according to K; = (1 — §) K + KF.

4.3 The Ramsey Outcome

To find the best equilibrium in a frictionless economy, it is possible to write a planner problem that
collapses all the constraints into feasibility (equation (42)) and a single present-value implementability

condition. The presence of financing constraints implies that we cannot collapse the implementability

32When ¢ = 1, an individual household is indifferent between whether to purchase an extra unit in the market or
to increase its own entrepreneurs’ investment. Hence, ¢;” remains the correct shadow cost of acquiring an extra unit of
capital. This is true, even though in the aggregate, we must have ¢, = 0; hence, no trade in capital claims takes place.
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constraints into a single present-value condition; rather, we have a sequence of them. To simplify
notation, from this point forward, we will write 7;, ¢;°, ¢;, and p; to denote the functions of ¢, that are
defined by 1(¢;) and equations (37), (40), and (44).* We also define

dy :=1— qi” + O — XPr PG

which is also a function of ¢, alone.
Using the household budget constraint and the first-order conditions, we can write the imple-

mentability constraint at £ > 1 as

u'(Cy)Cy — V' (Ly) Ly +u'(Cy) By 44/ (Cy) (1 + ¢yny) K,y

Q;Z1th

:u/(ot—l)L + U,(Ct_1> 6 ! + U,(Ot>dt(1 - 5)Kt_1. (47)

B(1+ xp:)

The implementability constraint at £ = 0 is

u'(Co)Co — v'(Lo) Lo + u'(Co) By + u/(Co) (1 + doro) Ko
=u'(Co) RoB-1 +u'(Co)(1 — 79) AgFic (K 1, Lo) K +u/'(Co) [1+ (1 = x)doro] (1 = 8) K1,
(48)

with B_;, K_j, Ry, and 75 exogenously given. We follow the tradition of exogenously limiting
capital-income taxation in period 0, since this would otherwise be a lump-sum tax. Using the indi-
vidual entrepreneur’s financing constraint (35) and the first-order condition for bonds, we obtain that

a competitive equilibrium satisfies the following condition in the aggregate for any period ¢ > 0:

U/(Ot_l)
— —(1— < — .
(1= deqe) [Kr — (1 = 0) K] < x Bu'(Cy)(1+ Xpt)Btfl + ¢rqi (1 — 0) Ky 49)
In period 0, the financing constraint is
(1 = ¢ogo) [Ko — (1 = 6)K-1] < x [RoB-1+ dogo(1 — ) K] . (50)

Therefore, the planner maximizes the household utility (34) subject to the sequence of resource con-
straints represented by (42), the implementability constraints (47) and (48), and the financing con-
straints (49) and (50). The planner chooses the allocation {C;, Ly, Ky, By, ¢+ }52,,, which consists of
consumption, labor hours, capital stock, government bonds, and asset liquidity. We can back out the

taxes and prices from the allocation and the other necessary conditions for a competitive equilibrium.

33In computing an optimum, we will take into account that in a competitive equilibrium, these variables are functions
of ¢, and of no other variable that enters into the planner’s maximization problem.
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4.4 Long-Run Public Liquidity Provision, Capital Tax, and Interest Rates

Let W, and 8'y,u/(C;) be the Lagrange multipliers attached to implementability constraints and the
financing constraints. Appendix B contains the derivation of the planner’s first-order conditions. The

planner’s first-order condition for bonds is

B Wi I XVt+1
L+ xpis1 1+ Xpis1

¢ = O —_— \I’t-i-l = (1 + Xpt—i—l)\pt + X’yt'i‘l'

An additional unit of debt issuance relaxes the current government budget (or implementability con-
straint) measured by W,. Without frictions, this would be exactly offset by a tighter budget constraint
in period ¢ 4 1, leading to ¥, = ;4. This is what happens if the financing constraint is slack in
period ¢ + 1. If the financing constraint is instead binding, two forces lead to W, < W, ;. First, since
bonds can be liquidated without incurring intermediation costs, households are willing to hold them
at a lower interest rate, which accounts for the term 1 + xp:11, as in equation (45). Second, the addi-
tional liquidity provided by the increased supply of bonds directly relaxes the financing constraint of
the entrepreneurs in period ¢ + 1, which justifies the term x ;.

When the financing constraint is slack, ¥, = W,;,; corresponds to the standard tax-smoothing
principle. In contrast, with ¥, ,; < ¥, the tightness of government budget is increasing over time.

We thus obtain the following result.

Proposition 3. Assume that the economy converges to a steady state with finite allocations (finite C,
K, L, and B, given finite G and A). There are two possibilities:

o The government issues enough debt to fully relax the financing constraints in the limit. In this
case, U, converges to a constant; in the limit, capital-income taxes are zero and the interest

rate on government debt is 1/ 5.

o U, grows without bounds, and the economy converges to a dynamic equivalent of the top of
the Laffer curve. In this case, the interest rate on government debt is lower than 1/ in the
limit. In addition, if either utility is quasi-linear or the shadow cost of relaxing the financing
constraint is sufficiently low in the limit, then the limiting tax rate on capital is strictly positive,

limy_, oo Tf > 0, and the interest rate on government debt is lower than 1/ in the limit.

The first case applies if the government finds it feasible to flood the economy with public liquidity
and it is optimal to do so. The second case occurs if the amount of debt that fully relaxes financing
constraints exceeds the fiscal capacity. For the infinite-horizon economy, we cannot obtain analytical
expressions even with quasi-linear utility. Moreover, for general preferences, local comparative statics
may not apply if the solution “jumps” in the presence of nonconvexities. Nonetheless, when such

jumps do not occur, Proposition 3 provides a generalization of the observation in Figure 2: as we
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gradually move from the region in which the financing constraint is slack to that in which it is binding,

taxes on capital become unambiguously positive.**

5 Quantitative Analysis

5.1 Parameterization

We assume that preferences are given by
o -0 _ 1
R
— l—0o

and that the technology is AF (K, L) = AK*L'~“. We set capital share o = 1/3, and A is normalized
to 1. We will discuss o and set it separately in the following subsections.

We choose § = 0.097 and 8 = 0.97 so that investment and capital are 25% of and 2.6 times output,
respectively. These are in line with standard parameters for a yearly calibration for a macroeconomic
model. We set v = 2/3, which is in line with macroeconomic labor supply elasticity, and x is chosen
so that labor supply is 1/3 units of time in the steady state (this is just a normalization). Government
spending is pinned down by targeting 20% G/Y, based on US post-war data.

Finally, ¥ = 0.16 corresponds to the fraction of firms adjusting capital stock each year;> we
again set 1)(¢) = wo¢™', where w; = 2, which results from a matching function where the elasticity
of matches to buy orders and saleable assets is the same and it is costly to process the buy orders,
as shown in Cui and Radde (2020). Lastly, wy = 0.45 is picked so that the liquidity premium of

government debt is about 1% at the time of the fiscal shock experiment to be discussed later.

5.2 Comparative Statics in the Long Run

In our main calibration pursued in the next subsection, we use a standard value of o = 1, with which
the steady state is always unconstrained. No matter how high public debt needs to be to satiate the
demand for liquidity, the government is able to sustain it by a suitable choice of taxes. This is a
standard result: when the intertemporal elasticity of substitution is low, households in each period are

so desperate to consume that the government is able to extract even the entire GDP in taxes. For our

34There are several parameters that can be adjusted for this comparative statics exercise. The most natural one is a
proportional shift in the cost of the intermediation technology.

33This parameter is discussed in Shi (2015) and Cui and Radde (2020), who rely in turn on the empirical estimates in
Doms and Dunne (1998) and Cooper, Haltiwanger, and Power (1999).

36 A popular measure of the government debt liquidity premium is the difference between yields on AAA corporate
bonds and those on government bonds with similar maturity. From 1984 to 2018, the difference is about 1%. See Cui and
Radde (2020), Del Negro, Eggertsson, Ferrero, and Kiyotaki (2017), and Krishnamurthy and Vissing-Jorgensen (2012).
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transition experiments, this is not an issue, since the constraint can be binding even as the economy
converges to the eventual unconstrained steady state itself. In this subsection, we are interested in
studying comparative statics of the constrained steady state itself to better illustrate the economic
forces at work. To this end, we choose o = (.2 so that the economy features a dynamic Laffer curve.

Our first comparative-statics exercise analyzes the effect of changing government spending and is
illustrated in Table 1. When the economy converges to a steady state with a binding implementability
constraint, the Lagrange multiplier on the implementability constraint W; grows at a constant rate in
the limit, as shown in Appendix C. We pick values of GG such that it grows at 1% a year, 2% a year, or

3% a year (recall that it is constant in the limit for the baseline economy).

Table 1: Steady state of the Ramsey allocation for different government expenditures

i —1.00 W—tl =101 X =1.02 “f—fl =1.03

T T, T, T,
G/Y (%) 30.15 33.67 34.66 34.85
Capital K (%) 100.00 90.90 86.32 84.52
Capital tax 7% (%) 0.00 10.00 15.73 19.52
Labor tax 7'(%) 52.00 51.10 50.36 49.72
Interest rate(%) 3.09 2.12 1.20 0.23
Debt-to-output B/Y (%) 151.70 66.31 32.93 6.71
Asset liquidity ¢ 0.00 0.21 0.29 0.36

As G increases, the maximum sustainable level of debt in the steady state decreases. The govern-
ment is forced to cut back on public liquidity. With smaller amounts of public liquidity, entrepreneurs
increasingly rely on financial intermediaries to sell some of their capital and fund their investment;
the fraction ¢ of capital that is intermediated increases. From our theoretical results, we know that it
is ambiguous whether capital-income taxes become positive or negative. In this numerical example,
the incentive to tax quasi-rents dominates and capital income is taxed, while the tax on labor income
drops somewhat. Government debt commands a liquidity premium, and its interest rate drops as it
becomes scarcer as (G increases.

Next, we explore the role of financial intermediation costs. Specifically, we increase wy in three
steps of 10% each (Table 2). At the baseline steady state, this would be irrelevant, since no interme-
diation takes place. We thus use government spending from the second column of Table 1.%

The interest rate falls from 2.12% to 1.55% when financial frictions are tighter, since agents have
more incentive to hold liquid government debt. Perhaps surprisingly, when intermediation is more
costly it is used more, relative to government debt in the limit. The reason is that the fiscal capacity
of the economy contracts (e.g., the capital stock falls about 5.5% when wy increases by 30%), so the

government is less able to issue debt. As a substitute for the inability to relax financing constraints by

37We experimented with different values and the results are qualitatively robust.
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providing public debt, the government increases the capital-income tax instead.

Table 2: Steady state of the Ramsey allocation for different financial frictions

Wo 110.)0 12000 13(,00

G/Y (%) 33.67 33.87 34.09 34.36

Capital K (%) 100.00 98.38 96.56 94.43

Capital tax 7% (%)  10.00 11.78 13.83 16.27
Labor tax 7/(%)  51.10 50.93 50.73 50.46

Interest rate(%) 212 197 1.79 1.55
Debt-to-output B/Y (%) 66.31 63.58 60.12 55.25
Asset liquidity ¢ 021 021 022 023

5.3 Calibration and Transition Dynamics

For our main experiments, we take a more standard value of 0 = 1. Qualitatively, the results are
similar with a lower o, but our goal here is to provide a more plausible calibration that allows us to
evaluate the correct magnitude of the forces at work. With the above parameters, the unconstrained
steady state features a debt-to-output ratio of 151.7%, a 0% capital tax, and a 36.9% labor tax. While
in this case the long-run steady state has a slack financing constraint and interest rates equal to 1/0,
this does not need to happen during the transition.*®

We start the economy at the steady-state levels of debt and capital. We impose an upper bound
on initial capital-income tax rate, which is set to zero.>” While the Ramsey plan eventually converges
back to these values, in the short run the government has an incentive to deviate, run a surplus, and
tax capital (from period 1); the financing constraint is binding along the transition. Figure 5 displays
the Ramsey plan when government spending is constant (red dashed lines) and compares it to the
evolution of an economy without financial frictions (i.e., wy = 0) but that otherwise has the same
parameters and initial conditions.

In the economy without financial frictions, taxes on capital are positive only in period 1 (they
would be positive in period 0 as well, if we allowed that); Proposition 3 in Chari, Christiano, and
Kehoe (1994) proves this for a class of preferences that includes ours. The large fiscal surplus in
period 1 is used to permanently withdraw government debt, and the economy settles to a permanently

lower level of debt, which is almost zero in our numerical simulation.*’

3We use the platform AMPL and the solver KNITRO to compute the transition path, assuming that for a large enough
period T, the economy converges to the (unconstrained) steady state.

30ur comparative-dynamics results are not sensitive to these choices.

40In period 0, the government runs a large deficit. In an attempt to limit the consequences of the coming large capital
tax, the government subsidizes labor as a way of subsidizing initial investment.
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Figure 5: Transition dynamics with constant government spending
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Note: allocation variables are plotted as percentages of steady-state levels in the economy with financial frictions.

In the early periods, optimal policy under financial constraints is qualitatively similar to the econ-
omy without frictions, but quantitatively very different. While the dominant factor early on is still
the desire to enact a surprise tax on initial capital to the extent possible, this is tempered by the fact
that government debt will be needed for liquidity purposes in the future. Government debt in period
1 drops to 65% (instead of 0) of the steady-state level. As a consequence, the surplus that the gov-
ernment runs in period 1 is much smaller, and so is the capital tax that generates the surplus (227%
compared to 343% in the frictionless economy).

Going forward, new investment is constrained by the smaller availability of government bonds,
which reduces the interest rate on government debt and further benefits government finances. In our
quantitative example, the race between the desire to tax quasi-rents arising from the financing frictions
and the benefits of subsidizing further investment is won by the former, and the government optimally
continues to tax capital substantially. Eventually, the economy reverts to the original steady state:
as we discussed in Section 4.4, there is an incentive to move away from tax smoothing and slowly
reaccumulate debt to provide the private sector with greater liquidity. This process stops when the

liquidity constraint is fully relaxed, which happens (by our assumptions) at the initial steady state
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with 151.7% debt-to-output ratio.

The presence of financial frictions has large implications not only for the optimal policy but for
the allocation as well. In the absence of financial frictions, investment collapses in period O in antici-
pation of the large capital-income tax that will occur in period 1, and it jumps above steady state from
period 1 onwards. Eventually, capital settles at a higher steady-state value because of the smaller tax
distortions needed when government debt is lower. In contrast, the investment recovery is hampered
by financial frictions, and investment is persistently below the steady-state level when financing con-
straints are present. This gives agents greater incentives to invest earlier on, before government debt
is lowered; these incentives are supplemented by the capital-income tax, which does not jump as high
in period 1, and by the period-0 labor subsidy, which is comparable in magnitude with and without
financial frictions. The resulting path for capital is much smoother, reflecting the lower elasticity of

supply of capital, coupled with the policies that are tailored to this lower elasticity.

5.4 How to Finance Government Spending Surges

We now compare the baseline transition dynamics, in which government spending stays constant,
with another path, in which exogenous government spending is increased by 10% between periods
10 and periods 19. We choose to have an anticipated movement as our main experiment because the

initial periods of a Ramsey plan are very special.*!

For simplicity, we refer to the time-varying path
as the effect of a “spending shock,” but both economies are deterministic.*’

Recall that the intermediation technology is parameterized as wy = 0.45. When the government
spending rises at period 10, this number generates that the government debt has a liquidity premium
of 1% and the interest rate is 2.09%. Figure 6 shows the consequences of this time-varying path in
the presence and absence of financial frictions. We represent these consequences as the difference
between the optimal path when it is known at time O that spending will change and what would
otherwise be optimal (which is the path of Figure 5). In this way, we isolate the effects of the shock
from those of the transition.

In anticipation of the jump in spending, investment ramps up at the expense of consumption. How-
ever, the extent to which this is the case is more than twice as large for the economy without financial
frictions: financing constraints limit the entrepreneurs’ ability to produce new capital, reducing the
capital supply elasticity. This raises Tobin’s q and in turn spurs the entrepreneurs to rely more on
(costly) financial intermediation, as the increase in ¢ attests. Once the shock hits, the comparison
flips: investment falls further when financial frictions are not present, cushioning the drop in pri-

vate consumption, whereas the increased debt that arises from government deficits alleviates financial

#IThe case in which high spending starts in period 0 is available upon request. The economics are similar, but now the
forces that lead to initial taxation confound those that lead to capital-market distortions in the longer run.

“2This is commonly referred to as an “MIT shock.” Notice, however, that the surprise is at time 0, not at the time at
which spending jumps.
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Figure 6: The effect of a fiscal shock: deviations from the transition paths of Figure 5.
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Note: allocation variables are normalized by steady-state levels in the economy with financial frictions.

frictions when they are present and thus limits the drop in investment.

On the policy front, in anticipation of the additional spending needs, the government reduces its
debt more in the baseline case without shocks; with financial shocks, the debt reduction is limited,
since retiring further government debt would drain even more liquidity from the market and force
entrepreneurs to spend additional resources in intermediation. Similar to the real allocation, this
reduction is also reversed in the periods of the shock, when bigger deficits are run by the government
when financial frictions are not present. For the preferences that we assumed, capital-income taxes
without financial frictions are unaffected by the presence of the shock. In contrast, when financing
constraints are present, capital-income taxes are desirable because financing constraints make the
capital supply less elastic for the same reasons as in Section 2.

The timing of taxes is particularly striking. The government modestly increases capital-income
taxes in the periods leading to the spending jump, reserving the punch for the last two periods of high
investment (in which they are 3.8% and 2% higher, respectively), when credit constraints are tight-
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est.* Note that the bunching of capital-income taxes is because a tax in period ¢ affects the rewards
from investing in many periods beforehand. This is less true for labor-income taxes, whose direct ef-
fect is to distort an intratemporal margin. Capital-income taxes remain elevated for the duration of the
shock. Interest rates are also quite different in the two economies. Without financial frictions, interest
rates’ movements in response to the shock are minor and do not account for much of the evolution of
government debt. In contrast, when financial frictions are present, the optimal policy distorts capital
accumulation and leads to significantly lower rates on government debt for the duration of the shock
(65 basis points below steady state at the onset of the shock). Along with the direct effect of revenues
from capital-income taxes, this indirect price effect finances a significant fraction of the spending
shock, and debt increases much less than in the frictionless case.

While the shock has a permanent effect in the absence of financial frictions, a feature associated
with optimal policy in a standard model, our economy reverts to the initial (unique) steady state. This
convergence happens because the spending shock is not so big as to lead to permanently higher debt;
rather, the initial drop in debt that we observe in Figure 5 is more than the extra debt needed to pay
for the temporary increase in G.

From this experiment, we conclude that financial constraints provide a justification for policies of
financial repression during periods of public budget stress: our optimal solution features both positive

capital-income taxes and low interest rates on public debt in periods of high spending.

6 Conclusion

Within the context of a Ramsey model of capital taxation, we identified a force that operates as
in Sargent and Wallace (1982) and pushes the government to increase its indebtedness to mitigate
frictions in private asset markets. We also showed that when it is impossible to completely undo those
frictions in the long run, it is optimal to tax capital, even though its provision is already inefficiently
low. This happens because the frictions that prevent efficient investment also alter the elasticity of
the supply of capital. In this paper, we considered an economy with no aggregate risk, in which no
force countervails the upward drift in government debt. In a stochastic economy with non-contingent
debt, Aiyagari, Marcet, Sargent, and Seppild (2002) identify an opposite force, which induces the
government to accumulate assets for self-insurance. In our next step, we plan to study how capital-

income taxes and government debt are optimally chosen when both of these forces are present.

“3The difference between the capital-income tax with and without shocks is actually greatest in period 9 (when capital
supply elasticity is the lowest), affecting the Euler equation between periods 8 and 9, rather than in period 10. Because
of the countervailing forces that we previously identified, the optimal capital-income tax is quantitatively affected by
movements in the interest rates. Compared with the interest rate between periods 8 and 9, the interest rate between periods
9 and 10 jumps down even in the absence of taxes, since households anticipate lower consumption when government
spending ramps up in period 10. A symmetrical effect is in play at the end of the shock period.
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A The Ramsey Outcome with Endogenous Financial Constraints

Combining equations (16) and (33), we obtain

(1—-¢1) [1 — ¢%77/(¢1)] Ky = xz(¢1) Ky < Ry B§. (51)

We have 2(0) = 1, 2/(¢) < 0 for ¢ € [0, ¢], and (¢) = 0. This equation links K; and ¢; and replaces equation (19) in
the previous section, along with S; = ¢1 K. When K; < R; B, the constraint is slack, entrepreneurs finance investment
only through internal funds, and ¢; = 0.

Substituting prices and taxes from the first-order conditions, we can aggregate the household budget constraints into
the following implementability constraint:

> BT (C)C — v (Ly) L) = u/(C1) Ry By + ' (Ch) [(gF — K1 — (¢} — q1) 1 K1) 52)
t=1

=u'(C1)R1 By + /' (C1) K1 (1 = ¢1) [n(1) + d17 (61)] -

Let us define z(¢1) = (1 — ¢1) [n(d1) + ¢17m'(¢1)]- Notice that z(0) = 2/(0) = 0.

Equations (51) and (52) generate two regions in which competitive equilibria can be found, depending on whether
K; < R1B§or K1 > Ry B§. These regions have the same interpretation that applied in the case of exogenous constraints:
when investment is small or bond holdings are large, the economy behaves as in the standard neoclassical growth model,
whereas an extra term appears when the financing constraint is binding and a wedge appears between the after-tax rate of
return on capital and the intertemporal marginal rate of substitution of the households.** The only difference is that the
implementability constraint (20) features a kink at K*, while in the case of endogenous liquidity constraints, equations
(51) and (52) imply a smooth transition of ¢; and K; at K1 = R;B§: the unit cost of accessing external funds converges
to zero when intermediated funds become zero. This greatly simplifies the numerical analysis.

The planner maximizes the household utility (9), subject to the resources constraints (17) and (18) (with S; = ¢1 K3
as the amount of transaction of claims); the implementability constraint (52); and the equilibrium relationship between
¢1 and K1, equation (51). Let 87~ 1\, be the Lagrange multiplier on the resource constraint for period ¢t = 1,2 and ¥
be the Lagrange multiplier on the implementability constraint (as before), and let v, u’(C7) be the Lagrange multiplier on
equation (51). Thanks to the smoothness of function 7(.), we do not need to impose the constraint ¢; > 0.

The planner’s first-order conditions for consumption Cy and C5 are
u'(C)(1+ W) + W10 (C1)CrL — A = Wiu”(C1) K1 2(1);

u’(C’g)(l + \Ifl) + \I’lu“(CQ)CQ — Ay =0.

The first-order conditions for labor supply L and Lo are
Ul(Ll)(l + \111) + ‘Iflv”(Ll)Ll = \;

’U/(LQ)(]. + \:[11) + \I/l’UN(Lg)LQ = )\2FL(K1, LQ)

The first-order condition for asset liquidity ¢; is

= A1 1+ ¢1n(p1)] + BA2Fk (K1, Lo) = u'(Ch) [P12(d1) + mz(é1)] - (53)

“Mathematically, note that when K; < R1B§, n(¢1) = ¢1 =0.
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The first-order condition for capital K is

A1 (1) + 11 (¢1)] + o/ (C1) W12 (41) + 12’ (¢1)] = 0. (54)

Notice that ¢; = 0 if and only if v; = 0: this happens when the financing constraint is slack.

B The Infinite-Horizon Planner’s Problem

Let B3')\; be the Lagrange multiplier on constraint (42), ¥, be the Lagrange multiplier on constraint (48), 5¢W; the
Lagrange multiplier on (47), u'(Cp)~o on (50), and B:u'(Ct)~: on (49). For brevity, n;, (¢i°)’, ¢, p;, and d} denote the
derivatives of each (previously defined) function with respect to ¢;. The necessary first-order conditions for a Ramsey

outcome are the following:
e consumption in period 0:
(1+ Wo)u'(Co) + Wou"(Co)[Co + Bo + (1 + ¢omo) Ko]
—Wou" (Co)[RoB-1 + [(1 = 70) Ao Fi (K1, Lo) + (1 + (1 = x)¢omo) (1 — )] K 1]

xBo

300" (Co) D (RoB-1 + doao(L = ) K1) = (L= Goo) (Ko = (1 = ))K-1)] = do = " (Co) gz~

e consumption in period ¢ > 1:

(1 + \Ilt)u’(C't) + \I'tu”(Ct)Ct + \I/tu”(C't) [Bt + (1 —+ ¢t77t)Kt] — \I/tu”(C't)dt(l — 6)Kt_1

e (C) [[1 = (1 = x)deae] (1 = 0)Ki1 — (1 — deae) K] — Ao (55)
B B
=y (C)—2 L, (C <W(+t)
Yerru" (Cr) 1+ xpea t+1u” (Cr) | @' Ky 1+ xprt

e leisure in period O:

'UI(L())(]. -+ \I’()) -+ \I/()U//(L())Lo = )\0AOFL (K_l, Lo) — \I/Q’U,/(Co)(]. — T(I)C)AoFKL(K_l, Lo)K_l;

e leisure in period ¢ > 1:
’U/(Lt)(]. + \I/t) + \Ilt'UH(Lt)Lt = )\tAtFL(thlv Lt)7 (56)

e liquidity in period O:
[Wou'(Co) — Aol (10 + doto) +0(q0 + bogn) = 0;

e liquidity in period ¢t > 1:

B _ /
Wl (C Ky (e + dem]) — et (Cr1) At XPL /() [y — (1= x)(1 = 8) K1) (0 + 61d])
B (14 xpe)
! / B - / ! /
A1 =) (1= 6) K1 — Ki) (e + b)) + Wt (Cry) P w0 (C) (1 = 6) Ky d

B+ xpe)?
=‘I’t+1U/(Ct)Kt(qjsﬂ)/§
(57)

37



e capital in period ¢ > 0:

At (14 demy) — W (Cr) (14 deme) + v’ (Co) (1 — dragy)
=BAs1 [Ae1 Fre(Ky, Liy1) + [T+ (1= X)de1mes1] (1= 0)] — Uppru! (Cy) gy (58)
=B 10 (Crp1)dir1(1 = 6) + Byepru (Cogr) [1 — (1 = X)Prg1qe41) (1 — 6);

e bond choice for ¢t > 0:

_ ‘I’t+1 _ XVt+1
T+ xpt+1 1+ xpet1

t = Ui = (1 + xpep1)¥e + XVet1- (59)

C Proofs

Proof to Proposition 2

If (1) > 1, equations (31), (32), and (33) imply that there exists a unique value ¢ such that g1 = ¢[1+(1—@)dn/($)] =
1. For ¢ > g%, entrepreneurs would have an arbitrage opportunity: by producing an extra unit of capital at a unit cost in
terms of the period-1 consumption good, they could sell a fraction ¢; and receive a payment ¢;¢; > 1, while retaining
the extra 1 — ¢, units of capital. In this case, a competitive equilibrium will necessarily have ¢; < qAS

If /(1) < 1, the same equations imply g;¢; remains below 1 even as ¢; — 1; by continuity, we can define
(;3 = 1, since limg, ,1 g1¢1 = 1. In this case, note that ¢; > O implies that the financial constraint is binding, so that
Ky = RiB§/(1 — q161). As ¢1 — 1, the amount of capital that entrepreneurs optimally produce diverges to infinity.
This would violate the feasibility constraint (and workers would not find it optimal to buy claims to such a large amount

of capital), proving that in this case too any competitive equilibrium will feature ¢; < (Z) =1

Proof to Proposition 3

We denote steady-state allocations by a bar over each variable. From the first-order conditions for bonds, equation (59),
we know that ¥, is weakly increasing. Moreover, it is constant if and only if p;11 = 0 and 441 = 0, which happens iff
the financing constraint is slack. If the Ramsey allocation converges to a constant, we then have two possibilities.

Case 1: W, converges to a finite constant ¥ > 0.* In this case, the Lagrange multiplier of the financing constraint
converges to zero in the limit, and so does the financial-market trading in (claims to) capital; that is, ¢; — 0. The limiting
first-order conditions look like those of a standard neoclassical growth model. In particular, the limit of the planner’s

first-order condition with respect to capital becomes

BlAFk(K,L)+1-4] =1,

which coincides with the first-order condition for capital of the households with 7 = 7% = 0.*° With p = 0, the
households’ first-order condition for bonds evaluated at steady state implies that R = 1/3.
Case 2: U, diverges to infinity. In this case, we use equations (56) and (59) to substitute for A; and ~; in equa-

tions (55), (57), and (58). If the Ramsey allocation converges to a steady state, these three equations in the limit turn into

BIf U, = 0 at any time t, it is straightforward to show that it must be the case that ¥; = 0 in all periods and that
the Ramsey solution attains the first best. In this case, capital is subsidized if the financing constraint is binding, as we
discussed in the context of the two-period example.

46That \; converges to a constant follows from the first-order conditions with respect to consumption or labor.
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linear second-order difference equations in ;. These equations are generically distinct. In order for the system to have a
solution, the five variables (C, L, K, B, ¢) must be such that equations (42), (47), and (49) (the resources, implementabil-
ity, and financing constraints, respectively) are satisfied in the steady state and the three difference equations share at least
one root. This gives us five (nonlinear) conditions to solve for the five variables. In addition, ¥, /¥, must converge to
a constant .’

Also, for the first-order conditions to be optimal, ¥; cannot grow at rate larger than 1/ (the transversality condition);
that is, ¢ < B~!. The economy can be captured by finite levels of K, B, C, L, ¢, (, 7 := lim;_,oo v/ ¥, and

A= lim; o0 At/ ¥y. We can thus write the limiting conditions that hold in steady state as follows:

o the financing constraint:

xB
—— + |1 -1~ 1-90)—(1- K =0; 60
Sy I (=060 (1 =8) — (1= 60) (60)
o the implementability condition:
—U(L)L+B+(1+¢n)K: b + LK 1 d - 5K 61)

u'(C) B(l+xp) B

e the FOC for consumption:

v (C)
w'(C)

+C+B+(1+¢n)K+7[[1-(1-x)¢q] (1 -6)—(1—¢q)] K

<1 B
=d(1 - 0)K + A~ I +C<q“’K+

") 1+ xp 1+xp)’

and after we use the financing constraint,

u'(C) -
WC,)+C+B+(1+¢77>K—’V

xB 1-5¢ _
l+xp B

<1 w B '\
d(1—5)K+Au,,(C>+C<q K+1+xp>’ (62)

e the FOC for capital:

A(L+¢n) —/(C) (1 + én —(q*) + 74/ (C)(1 — ¢q)
=BAC[AFk (K, L)+ [L+ (1 — x)¢n] (1 — )] — Bu/(C)d(1 — 8)¢ + B¢ (C) [1 — (1 = X)og] (1 — 6); (63)

e the FOC for bonds:
(I =x7)¢ =1+ xp.

In such a steady state, the entrepreneurs’ financing constraint binds, so that ¢ > 0 and p > 0. This means that the

interest rate R = L

B < % We are also ready to show that capital tax 7% > 0, which can be seen from comparing the

“TExpressing the second-order difference equations as two-equation systems of first-order difference equations for
the vector (¥4, ¥;), the constant ¢ corresponds to the ratio ¥, 1 /W, in the eigenvector associated with the common
eigenvalue across the three systems. Note that this eigenvalue must be real; if the systems had complex eigenvalues,
matching eigenvalues would imply two additional constraints, giving us seven conditions for five variables and implying
that generically there would be no solution.
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planner’s first-order condition for capital in (63) and the household’s first-order condition for capital (46):

BRI, L)+ [1+ (1 = x)on] (1= 6)) = H g ;Cu%c)u —pg)+ [1 - ”'(f)] e
+ 28800 - 5) - pLw(C) 11 - (- 0al (1 - )

B(1—7F)Fg(K, L)+ (¢" — xén + xpoq) (1 — )] = ¢*.

Taking the difference of the two and using the relationship dy = d(¢:) = 1 + ¢emr — ¢} — xpePeqe, We obtain

1—¢q
¢

BFy (K, L) = [“’(@ —1} [qw—”f”+ﬁ<1—6>d]+§u’<0>[ SB[ (1—x)éd|. ©b

A
The transversality condition requires ¢ < 1/5. Morever, (60) implies that
[1—dq—(1=06)[1—(1-x)qll = xRB/K > 0.
Using these facts, we have

129 g0 _spn-(- x>¢q1} > 20(O) (1= 60) ~ (L= 5)[1 — (L= )al) > 0

Y.

=u'(C

Lo
Consider next the first term in equation (64). The planner’s FOC for consumption (62) can be rearranged as

u'(C)
A

xB 1-5¢

—1=
I+xp P

u// (C)
A

[d(l—é)K%(q“’KJr >—C—B—(1+¢>n)K+ﬁ (65)

I+ xp
If the utility function is quasi-linear, v/(C) = 1, u”(C) = 0, and, in the limit, =1, according to (65). Equation (64)
then implies that 7% > 0. Alternatively, the implementability condition (61), along with ¢ < 1/23, implies

v'(L)

o-

d(1—6)K+C<qu+ )—C—B—(1+¢n)K<—

L+ xp

Substituting this equation into (65), we obtain

V(L) . xB 1-5¢
A DY {U’(C)L+71+x0 B ]

(66)

In a neighborhood of the point at which the financing constraint just starts to bind when debt is at the top of the dynamic

Laffer curve (that is, as Uy — 00), we have that 7 is arbitrarily close to zero. Hence, in such a neighborhood, we have

u'(C)
A

—-1>0. (67)

Using the fact that ¢ € (1,1/8) and p = (¢* — 1 — ¢én) /(1 — ¢q), we get

+5(1—5)d>%—12¢"

q" - 1+<¢77 +B(1=6)d> Bp[l —¢g— (1 —9)[1—(1-x)éq]] >0, (68)

where the last inequality was proven earlier. Substituting (67) and (68) into (64), we complete the proof that 7% > 0. [
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