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NEARLY OPTIMAL CENTRAL LIMIT THEOREM AND BOOTSTRAP
APPROXIMATIONS IN HIGH DIMENSIONS

VICTOR CHERNOZHUKOV, DENIS CHETVERIKOV, AND YUTA KOIKE

ABSTRACT. In this paper, we derive new, nearly optimal bounds for the Gaussian approx-
imation to scaled averages of n independent high-dimensional centered random vectors
Xi,...,X, over the class of rectangles in the case when the covariance matrix of the
scaled average is non-degenerate. In the case of bounded X;’s, the implied bound for the
Kolmogorov distance between the distribution of the scaled average and the Gaussian
vector takes the form
C(B21og® d/n)"*logn,

where d is the dimension of the vectors and B, is a uniform envelope constant on com-
ponents of X;’s. This bound is sharp in terms of d and B,, and is nearly (up to logn)
sharp in terms of the sample size n. In addition, we show that similar bounds hold for
the multiplier and empirical bootstrap approximations. Moreover, we establish bounds
that allow for unbounded X;’s, formulated solely in terms of moments of X;’s. Finally,
we demonstrate that the bounds can be further improved in some special smooth and
zero-skewness cases.

1. INTRODUCTION

Let X1,..., X, be a sequence of centered independent random vectors in R?. Denote

1 n
W._\/EZ;XZ-

and let R be the class of rectangles in R which we choose to be sets of the form A =

H;l:1(ajv b;] for some —oo < a; <bj < oo, j=1,...,d. In this paper, we are interested in
deriving new bounds on
o:=sup |P(WeA) -P(ZecA)|, Z~N(OZIw), (1.1)
AeR

where Xy := IE[WW?]. We are particularly interested in the high-dimensional case, where
d is potentially much larger than n.

Date: December 17, 2020.
We are grateful to Xiaohong Chen, Xiao Fang, and Kengo Kato for helpful discussions.
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2 CHERNOZHUKOV, CHETVERIKOV, AND KOIKE

The problem of bounding ¢ has attracted considerable attention in the literature because
the class of rectangles R strikes an interesting balance: it is large enough so that bounds
on ¢ are useful in mathematical statistics, and, at the same time, it is small enough so
that, as n — oo, under minimal conditions, we have o = g,, — 0 even if d = d,, — oo much
faster than n — oo, as was originally shown in [12], making bounds on p particularly useful
in high-dimensional statistics and machine learning, e.g. in multiple hypothesis testing
with the family-wise error rate control and in selecting penalty parameters for regularized
estimators of high-dimensional models; see [6] for details on these and other examples.

Various bounds on g and on closely related quantities were derived in [12, 13, 15, 42,
20, 41, 34, 30, 17, 23, 32, 31, 19, 18] but in our discussion, we only focus on the results
that are particular relevant for comparisons with our results. In addition, for clarity of
the introduction, we assume below that components of X;’s are uniformly bounded by the
envelope constant B, = B, (d), i.e. || Xi|lc 1= maxi<j<q|Xjj| < By, foralli =1,...,n,
even though all aforementioned papers, as well as ours, considered the case of unbounded
X,’s as well. It then follows from [17] that

/4
o< o (Bllosonry” 02

where C' > 0 is a constant that is independent of n and d. This bound is conjectured to
be near-optimal when Xy is unrestricted.

Next, [23] demonstrated that if, in addition, we assume that all eigenvalues of Xy are
bounded below from zero (strongly non-degenerate case, in their terminology), then the
bound (1.2) can be substantially improved: they showed that

(1.3)

n

@§C<E%%wmyyw

in this case. Moreover, they established that this bound can be further improved to the
near-sharp n~/2logn and the sharp (log d)? dependencies but only for the case of jointly
log-concave X;’s. Their results exploit the implicit smoothing that occurs when Xy is
strongly non-degenerate. Further, [32] and [31] demonstrated, again in the strongly non-
degenerate case, that

0<C <<BS(10g dij log(dn)>1/2 n (Uog d)710g(dn)>1/2> log 7, (1.4)

n

which nearly matches the dependence on n in the classical Berry-Esseen bound for the
one-dimensional (d = 1) case, e.g. Theorem 2.2.15 in [39], but does not provide optimal
dependence on B,, = By, (d) and logd.
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In this paper, our main result is to establish that in the strongly non-degenerate case,

BZ 1 d 3 1/2
0<C <n<0g>> logn, (1.5)
n
which we show to be optimal up to the logn factor, i.e. in general
BQ 1 d 3 1/2
0 >c (Tl(og>> . (1.6)
n

In addition, we extend this result to allow for unbounded X;’s, which yields a bound
depending solely on some moments of X;’s. A critical ingredient in our proofs is an explicit
use of smoothing, combined with the previous implicit smoothing ideas, as we further
comment on below.

Our result (1.5) strongly improves bounds (1.3) and (1.4), and features the optimal
dependence on the ambient dimension d, the optimal dependence on the envelope constant
B, and a nearly optimal dependence on the sample size n (up to the logn factor). This
result improves over (1.4) by replacing (log d)® by the optimal (log d)? and replacing BS by
the optimal B2. The first improvement is particularly important when logd is growing as
some fractional power of the sample size n, in which case our bound (1.5) has much better
dependence on n. The second improvement is important when the envelope constant B,
is increasing with the sample size n, in which case our bound (1.5) also has much better
dependence on n. This, for example, occurs in the many local means settings arising
in nonparametric statistics, discussed in detail in Section 5, where the envelope constant
B, = B,(d) has dependency on the dimension of problem d of the form B, (d) x /d.
In particular, the bound (1.4) would then require d* < n for p — 0, whereas our bound
would only require d < n. Therefore, the improvement is critical for obtaining the sharp
dependency on the dimension d in general. Also, as discussed in Section 5, in the many
local means setting, our bound tends to be either at least as sharp (up to log factors) or
much sharper than the Gaussian approximation based on the Hungarian coupling.

Moreover, we also consider bootstrap approximations, i.e. we derive bounds on

0" =sup |P(Z € A)—-P(W* € A| X1,...,X,)l,
AER

where W* denotes a bootstrap version of W. These approximations are important in
mathematical statistics because they allow to estimate probabilities IP(Z € A), A € R,
using random vectors X1, ..., X,, which is useful when Xy is unknown so that probabilities
can not be calculated directly. For the multiplier and empirical bootstrap approximations,
we derive bounds that are generally similar to those for the Gaussian approximation (1.1).

Finally, we show that the logn factor in (1.5) can be removed if we assume that X;’s
have a Gaussian component, and we also show that if X;’s have a Gaussian component
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and satisfy a zero-skewness condition, then

< C(log d)2'

n

This last bound substantially extends the results of [18], who showed that o — 0 if
(logd)?/n — 0 in the case when X;’s have independent components with vanishing odd
moments.

Our results are built using the exchangeable pair approach coupled with the Slepian-
Stein method and employ ideas of many authors, e.g. [7, 28, 3, 8, 11, 36, 12, 15, 23, 32, 31],
but the key technical tool behind our results is a set of new smoothing inequalities, which
we call mixed smoothing inequalities. Specifically, for any rectangle A € R, we first
approximate the indicator of A by a Lipschitz-smooth function and then approximate it
further via convolution with a centered Gaussian distribution. Building on the results of
[7, 3, 23], we then prove several bounds for sums of absolute values of partial derivatives
of the resulting function, which play a crucial role in our derivations.

This mixed smoothing turns out important for two reasons. First, smoothing via con-
volutions allows to obtain nearly optimal dependence on n, as demonstrated by [28] in the
moderate-dimensional case and then by [23, 32, 31] in the high-dimensional case. Second,
smoothing via Lipschitz-smooth functions allows to obtain optimal dependence on d, as
follows from our results. Our approach here is inspired by [8], who used related but dif-
ferent mixed smoothing to derive a Berry-Esseen bound with good dependence on d for
convex sets in the moderate-dimensional case.

The rest of the paper is organized as follows. In the next section, we consider Gauss-
ian approximations and derive various bounds on p. In Section 3, we derive bounds for
bootstrap approximations. In Section 4, we discuss special cases, where bounds for the
Gaussian approximations can be improved. In Section 5, we demonstrate usefulness of our
results in a particular problem of nonparametric statistics: many local means problem. In
Section 6, we develop our new smoothing inequalities. in Sections 7-10, we give all the
proofs. Finally, in Section 11, we collect several known lemmas, which are used in our
derivations.

1.1. Notation. In the following, we assume n > 3 and d > 3 so that logn > 1 and logd >
1. Also, for any n > 0, we use R(0,7) to denote the centered {.-ball with radius 7, namely

R(0,n) := {y € R?: ||y|loo < n}. For any A = H?Zl(aj, bj] € R and t € R, we denote A® :=
H?Zl(aj —t,bj +t] and (QA)! := A*\ A=, For any r = (r1,...,79)T € R? and t € R, we
denote r+t := (ry+t,...,rg+t)T € R In addition, for any r € R?, we define the function
1.: RY = R by 1,.(y) := 1{y < r} for all y € R%. Moreover, for any matrix S = (Sjk);.]f:l,
we use [|S]|o to denote its loo-norm, ie. |[|S|o := maxi<j<;maxi<iy<g |Si;|. For any
matrices S = (Sjk)jf:l and Q = (ij)‘]{’,fil, we denote (S,Q) := Z}'le Zle SikQjk-
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Furthermore, we write a < b if there exists a universal constant C' > 0 such that a < Cb.
Finally, for any random variable X and ¢ > 1, we write || X||z, and || X|[y, to denote the
Ly and tg-norms of X, respectively, ie. [|X|z, = (IE|X[?)Y4 and X1y, := inf{C >
0: by (| X[/C) < 1}, where 9),(x) := exp(z?) — 1 for all x > 0. We formally define || X||y,
in the same way even when ¢ € (0, 1], although it is not a norm but a quasi-norm.

2. (GAUSSIAN APPROXIMATIONS

Let X be any d x d positive definite symmetric matrix with unit diagonal entries and let
o« > 0 be the square root of its smallest eigenvalue. Define

o = sup [P(W € A) —P(Z € A)|, Z~ N(0,%),
AeR

so that o = px,,,. In this subsection, we will derive bounds on ps;. By substituting ¥ = Xy,
we are then able to derive direct bounds on p. In addition, it will sometimes be possible
to obtain better bounds on p using the triangle inequality, namely o < |o — ox| + ox. The
latter is possible when Yy is degenerate but can be well approximated by a non-degenerate

¥ in the || - ||oo-norm; see Remark 2.3 below for details.
Denote
logd (log d)? = 4
Ag = -2 12— Swllee and Aj:= n2od 1I£J.gt§d;]EXij.

First, we derive a bound on gy, in the case of bounded X;’s:

Theorem 2.1 (Gaussian Approximation, Bounded Case). Suppose that there is a constant
0 > 0 such that | X;||oc/\/n < 6 for everyi=1,...,n almost surely. Then

2 2 3/2
oz < C{<1V log <Al 42 logd)’) <Ao+ Aqlogd + (512_%d) > 4 dogd) }

logd o2 2 O
where C > 0 is a universal constant.

Remark 2.1 (Optimality of Theorem 2.1). The most important feature of Theorem 2.1 is
that it implies a nearly optimal bound on g. Indeed, assuming that (i) n~! Yoy IEX% =1
for all j =1,...,d, (ii) |X;;| < B, almost surely for alli =1,...,n and j =1,...,d and
some constant B, > 0, possibly depending on n, and (iii) o, > b for some constant
b > 0, where o, is the square root of the smallest eigenvalue of the correlation matrix of
W, it follows from Theorem 2.1 that

o< C By (log d)®/?
B vn

where C' > 0 is a constant depending only on b; see Corollary 2.1 below for details. On the
other hand, we will show in Proposition 2.1 below that under mild conditions on B,, and

logn, (2.1)
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d, there exists a distribution of X;’s such that
0> ¢By(log d)3/27
Vn
where ¢ > 0 is a constant that is independent of (n,d, By,). Comparing (2.1) and (2.2), we
conclude that the bound in Theorem 2.1 is optimal up to the logn factor. In addition, we

will be able to get rid of the excessive logn factor in the case when X;’s have an additive
Gaussian component; see Theorem 4.1 below. [

(2.2)

Remark 2.2 (Relation to Previous Work). The bound in (2.1) is as sharp as the bound
obtained by [23] for the log-concave X;’s, which is the first (nearly) sharp result in the non-
degenerate case using implicit smoothing ideas and Stein’s method. Subsequent work of
[32] and [31], using the same implicit smoothing ideas combined with Lindeberg’s method,
obtained the following bound for more general non-degenerate cases:

o< <<B:2<log d>4log<dn>>” ’L [t d>7log<dn>)” 2) logn,  (23)

n n

under the same conditions as those aforementioned in Remark 2.1 and assuming also that
]EX% =1foralli=1,...,nand j=1,...,d, where C' > 0 is a constant depending only
on b. Our bound (2.1) is considerably sharper. First, it has much better dependence on
the dimension d. For example, with B,, being independent of n and d > n, (2.1) depends
on d via (log d)3/? whereas (2.3) depends on d via (log d)*, which is a large improvement in
the high-dimensional case, where log d is growing as some fractional power of the sample
size n. Second, (2.1) has much better dependence on the envelope constant B,: (2.1)
depends on B,, linearly whereas (2.3) depends on B, via B3. This second improvement
is particularly important in classical applications to nonparametric statistics, where the
intrinsic dimensionality of the problem often shows up not only via d but also via B,,. We
illustrate this point in Section 5 through an example. |

In Remark 2.3 below, we discuss how the bound on gy in Theorem 2.1 can be used
to obtain bounds on gy, when Xy is degenerate. To this end, we need the following
Gaussian comparison lemma, which is a special case of Theorem 1.1 in [23] and is similar
to Theorem 2.2 in [32].

Lemma 2.1 (Gaussian Comparison; [23], Theorem 1.1). Let Z ~ N(0,3), where ¥ has
unit entries on the diagonal, and Z' ~ N(0,%'), then
)

D
sup [IP(Z € A) —P(Z' € A)| < C’;logd (1 v logﬁ

AER *

where o2 is the smallest eigenvalue of ¥ and D = ||£ — /|| o0

Remark 2.3 (On Degenerate Cases). As we briefly mentioned above, having bounds on
oy for general ¥ in Theorem 2.1 rather than for ¥ = Xy is useful when Xy is degenerate.
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Indeed, the direct application of Theorem 2.1 with ¥ = Xy gives a trivial bound as o, = 0
in this case. Instead, by the triangle inequality and Lemma 2.1, we have

s (10)|). (2.0

where C' > 0 is a universal constant. This bound can be combined with Theorem 2.1 to
obtain useful bounds on ¢ whenever there exists 3 such that the square root of its smallest
eigenvalue o, is strictly positive and || — Zyy || is small. We illustrate this point in
Section 5 through an example. |

@S@erCAo(lv

Next, we extend the result in Theorem 2.1 to allow for unbounded X;’s. Denote
1/4
M= (IE [max max ]Xij\‘l]) .
1<j<d 1<i<n
Also, denote
Ay := (log d)*(log n) log(dn).
Finally, for all ¢y > 0, denote
M(e) = max B[ X4 11Xl > 0}

We then have the following result:
Theorem 2.2 (Gaussian Approximation, Unbounded Case). For all ¢ > 0,

(Mlogd)? A M(y) | p(logd)/?
+ - >+ e }

*

ox < C {(logn) <A0 +VAjlogd

where C > 0 is a universal constant.

We now apply Theorems 2.1 and 2.2 to derive bounds on ¢ = gy, under easily inter-
pretable conditions. Let ¢ > 4 be a constant and let {B,},>1 be a sequence of positive
constants, possibly growing to infinity. Also, let o, be the square root of the smallest
eigenvalue of the correlation matrix of W and for all j = 1,...,d, denote o; := (]E[Wf])lﬂ.
Consider the following conditions:

(E.1) |X;j/0i] <Bpforalli=1,...,nand j =1,...,d almost surely;
(E.2) [|Xi/04|lpy < Bpforalli=1,...,nand j=1,...,d;
(E.3) [ maxi<j<a|Xij/ojlllL, < Bnforalli=1,...,n;

and also consider condition

(M) ' S0 By /o4 < B2 for all j=1,...,p;
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Similar conditions were previously used and motivated by applications in [12, 15, 17, 20,
23, 19].

Corollary 2.1 (Gaussian Approximation under Simple Conditions). Under condition
(E.1), we have
3/2
o< C’Bn(logdg logn,
\/ﬁo—*,W

where C' > 0 is a universal constant; under conditions (M) and (E.2), we have

b<C B,(logd)3/?logn N B, (logd)?
- \/ﬁaiw Vo w ’

where C' > 0 is a universal constant; under conditions (M) and (E.3), we have

(2.5)

o< C

2 1-2/q,2 2-1,4
Vnoly, n /qa&W ni/2-1g

1
B, (log d)*/?logn n B2(log d)?logn n (B?L(log d)?1/2=4(log n) log(dn) ) -2
*, W

where C' > 0 is a constant depending only on q.

Remark 2.4 (Dropping Condition (M)). Like in the case of condition (E.1), meaningful
bounds on g can be obtained without imposing condition (M) in the cases of (E.2) and
(E.3) as well. This is so because both (E.2) and (E.3) imply bounds on the left-hand
side of the inequality in condition (M). Indeed, it is straightforward to check that, for all
j=1,...,d, under (E.2), we have n =1 Y"1 | [E|X;;/0;|* < B2logn+ Bj/n? whereas under
(E.3), we have n=1 >0 | [E|X;;/0;* < B2472)  We do not present the implied bounds
on o for brevity of the paper. [ ]

We conclude this section with the proposition that provides a lower bound on the con-
vergence rate of o and demonstrates that the convergence rate in (2.1) is sharp up to the
log n factor:

Proposition 2.1 (Lower Bound on p). Let {By,}n>1 be a sequence of positive constants
such that By > 2 for all n. Suppose that d depends on n so that

By, (log d)®/? B
M N O’ n — 0’ L - 0
Vn Viogd dBy,(log d)3/2
as n — oo. Then, we can construct i.i.d. random vectors Xy 1,...,Xpn in R? for every n
such that
E[X,;] =0, E[X? ;] =1, [Xni| < Bn, foraln>1i=1...,n, j=1,....d
and

lim inf L sup

>0,
n—oo By (logd)3/? rer

1 n
g (1%% vn Zi—l Knig = x) g <1I£?§(d 4= x)

where Z1,Zs, ... are independent standard normal variables.
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This proposition extends Proposition 1.1 in [23] to allow for the n-dependent envelope
constant B,.

3. BOOTSTRAP APPROXIMATIONS

Since Yy is in practice typically unknown, the Gaussian approximations obtained in the
previous section are typically infeasible in the sense that we are unable to calculate prob-
abilities IP(Z € A), A € R and Z ~ N (0, Xy ), which is needed in statistical applications.
In this section, we therefore consider bootstrap approximations. These approximations
allow to estimate IP(Z € A) from the sample X7, ..., X,,. We focus on the multiplier and
empirical bootstrap approximations.

Throughout this section, let X be any d x d positive definite symmetric matrix with unit
diagonal entries and let o, > 0 be the square root of its smallest eigenvalue. This is the
same convention as that in the previous section.

3.1. Multiplier Bootstrap Approximation. Let &1,...,&, be iid. N(0,1) random
variables that are independent of X := (Xi,...,X,). Denote X := (Xi,...,Xy)7" =
n~t>" | X; and consider the (Gaussian) multiplier bootstrap version of W:

1 < .
W= — > &(X; - X).
\/ﬁ — 51( (3 )
In this subsection, we are interested in bounding

o5 = sup P(Wée A| X)—TP(Z € A)|, Z~ N(0,X%),
AeR

and, in particular, o¢ := g";w. Denote
logd 1<
Af = = E—EZ(Xi—X)(Xi—X)T
* i=1 0o

The following result is as an easy consequence of Lemma 2.1.

Theorem 3.1 (Multiplier Bootstrap). We have

Al
1 0
o8 <logd>‘>’

Applying Theorem 3.1 under easily interpretable conditions (M) and (E), we obtain the
following analog of Corollary 2.1.

& <oy <1\/

where C > 0 is a universal constant.
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Corollary 3.1 (Multiplier Bootstrap under Simple Conditions). Under condition (E.1),
we have with probability at least 1 — « that

o< CBy,(logd)(logn)\/log(d/x)
B Vno?y, 7

where C' > 0 is a universal constant; under conditions (M) and (E.2), we have with prob-
ability at least 1 — « that

o< CBy,(log d)(loggn) log(d/a)’
\/ﬁa*,W

where C' > 0 is a universal constant; under conditions (M) and (E.3), we have with prob-
ability at least 1 — « that

£ < C(log d)(log n) (B \/W B2( 1ogd+a2/q))7

3 w vn ni=2/4
where C > 0 is a constant depending only on q.

Remark 3.1 (Main Features of Corollary 3.1). The bounds in Corollary 3.1 are generally
comparable with the corresponding bounds in Corollary 2.1. For example, under condition
(E.1), combining Corollaries 2.1 and 3.1, we have that for some universal constant C' > 0,
with probability at least 1 — 1/d,

C B, (log d)*/?1
sup [P(W € A) —P(Wé e A| X)| < (log g g
AER \/ﬁa*7W

(3.1)

which has the same right-hand side as that of (2.5). Thus, we are able to obtain a feasible
bootstrap approximation bound to probabilities IP(W € A) with the same convergence rate
as that of the infeasible Gaussian approximation. Note also that under the assumption that
o.,w is bounded below from zero (strongly non-degenerate case in the terminology of [23]),
(3.1) is much better than the general bound (which does not require o,y > 0) following
from the results in [17]. [

Remark 3.2 (Other Types of Multipliers). In Theorem 3.1 and Corollary 3.1, we focused
on Gaussian multipliers but we note that similar results can be obtained for other multi-
pliers, e.g. Rademacher or Mammen multipliers; see [33] and [17] for definitions. To do so,
we can apply Theorem 2.1 conditional on X;’s to bound

sup [P(Wé e A| X)—P(WS € A X)|,
AeR

where W¢ is defined by analogy with W¢ with multipliers represented by random variables
(1y...,Cy instead of &1,...,&,. |
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3.2. Empirical Bootstrap Approximation. Let X},..., X} be ii.d. draws from the
empirical distribution of X7, ..., X,, and consider the empirical bootstrap version of W:

1< _
W= —5% (X - X).
R
In this subsection, we are interested in bounding

ot i=sup [P(W* e A| X)—P(Ze A)|, Z~N(0,),
AeR

and, in particular, o* := Q*ZW. To do so, denote

M* = max max |X;; — X/
1<j<d 1<i<n

and, for all ¢ > 0,
* 1 . ¥ ¥
M* (@) =~ > X = X[ 1{1X: = Xloo > ¢}
i=1

Also, denote

/L (logd)2 . v \4
A= n2od 121?2((1 (Xij = X5)"
===

The following result is an easy consequence of Theorem 2.2.

Theorem 3.2 (Empirical Bootstrap). For all ¢ > 0,

. D i, (M logd)? A M) | (logd)®/?
o, <C {(bgn) (AO + /Al logd + s + o + P ,

*

where C > 0 is a universal constant.

Like in the previous subsection, applying Theorem 3.2 under easily interpretable condi-
tions (M) and (E), we obtain the following analog of Corollary 2.1.

Corollary 3.2 (Empirical Bootstrap under Simple Conditions). Under condition (E.1),
we have with probability at least 1 — « that

< CBy,(logd)(logn)/log(d/«)
B Vno?y, ’

where C' > 0 is a universal constant; under conditions (M) and (E.2), we have with prob-
ability at least 1 — « that

5 <C B, (log d)(logn)+/log(d/«) N B, (log(dn))?y/log(1/a)
a Vol Vo w 7

*
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where C' > 0 is a universal constant; under conditions (M) and (E.3), we have with prob-
ability at least 1 — « that

5 <C <Bn(log d)(logn)y/log(d/«) N B, \/log(dn) log d>

2 _
\/ﬁo'*’W nl/2 1/‘1al/q0-*7w

where C > 0 is a constant depending only on q.

Remark 3.3 (Main Features of Corollary 3.2). Bounds for the empirical bootstrap approx-
imation in this corollary are comparable but slightly worse than the corresponding bounds
in Corollary 3.1 for the multiplier bootstrap approximation. However, since we only have
upper bounds on the approximation error, this does not imply that the multiplier bootstrap
is necessarily more precise than the empirical bootstrap. In fact, simulations in [20, 17, 19]
suggest the opposite may be true, with approximation errors being rather similar for most
practical purposes. Note also that, like in the case of Corollary 3.1, under the assumption
that o, is bounded below from zero, bounds in Corollary 3.2 are much better than the
general bound (which does not require o, - > 0) following from the results in [17]. ]

4. GAUSSIAN APPROXIMATION FOR SPECIAL CASES: SMOOTH AND ZERO SKEWNESS

In some special cases, the bounds in Theorems 2.1 and 2.2 can be improved. In this
section, we consider two such cases and derive an improved version of Theorem 2.1. For
brevity, we do not provide an improved version of Theorem 2.2.

An interesting practical case occurs when X;’s are generated with additive Gaussian
noise (for example, due to measurement error or injection of noise for data privacy). As we
demonstrate here, we can improve the bound in Theorem 2.1 by removing a logarithmic
pre-factor in this case. The proof of this result is relatively simple, so that it may be useful
to review it before reading the more complicated proofs of Theorems 2.1 and 2.2.

As before, let X1, ..., X, be independent centered random vectors in R¢ but now suppose
that we observe only their noisy versions, say X1, ..., X, where X; = X; + g; for some
centered Gaussian g; and G = Y. | g;/\/n ~ N(0,%¢), such that G is independent of
X;’s. Assume that ¥y is non-degenerate and let o, ¢ > 0 be the square root of its smallest
eigenvalue. Assume also that ¥ has unit diagonal entries (this assumption is not essential
and is made to simplify the results below; by rescaling, similar results can be obtained as
long as all diagonal entries of ¥ are of the same order). In addition, let ¥ be any d x d non-
negative definite symmetric matrix and let ¥ := ¥ + %y. Denote W := Py X, /+/n and
W =" Xi//n, so that Sz, = Sy + S, where X5, := EWW? and Sy := EWWT,
Also, denote

os = sup [[P(W € A)—IP(Z € A)|, Z~N(0,%).
AeR
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Below, we derive a bound on gy. Since the distribution of X,’s is smooth because of
the presence of the additive Gaussian components g;, we refer to the results below as the
Gaussian approximation in the smooth case. Following the literature, e.g. [43], we also
sometimes refer to the distribution of X;’s as quasi-Gaussian.

Theorem 4.1 (Gaussian Approximation, Smooth Case). Suppose that there are constants
d,¢> 0 such that || Xi|leo/v/n < 6 for every i =1,...,n almost surely and 6+/logd < coy .
Then

on < C (Bo+4),

where C > 0 is a constant depending only on ¢ and

- logd i (log d)®/?
AO . 0_*70 HZ ZW”OO? Al = 77,3/2 3 1<]<dZ]E

Remark 4.1 (Optimality of Theorem 4.1). In comparison with Theorem 2.1 and Corol-
lary 2.1, Theorem 4.1 does not contain the logarithmic pre-factor. Assuming that (1)
n~ty IEX2 <1forall j=1,...,d, (ii) |X;;| < B, almost surely for all z' =1,.

and j=1,.. d and some constant B,, > 0, possibly depending on n, and (iii) o3 , > b for
some constant b > 0, it follows from Theorem 4.1 that

. C B, (log d)*/?
QZW = \/ﬁ )
where C' > 0 is a constant depending only on b. This bound is optimal in the quasi-
Gaussian case with respect to both the sample size n and the dimension d, as follows
from Proposition 1.1 in [23], which yields a lower bound and allows the lower bound to be
achieved by the quasi-Gaussian distributions. Hence, it is not possible to obtain a better

bound without imposing further conditions, such as zero skewness or symmetry of the
distribution of X;’s. ]

(4.1)

Our second example in this section demonstrates that, with a bit more structure, namely
assuming the zero skewness condition, we can further improve the bounds. Most notably,
the theorem below implies dependence on n via 1/n instead of 1/4/n for uniformly bounded
Xl',S.

Theorem 4.2 (Gaussian Approximation, Smooth and Zero Skewness Case). Under the
assumptions of Theorem 4.1, assume additionally that
E[X;; X Xa] =0 foralli=1,...,n and j,k,l=1,...,d. (4.2)
Then
0, §C<Ao+52)7
where C > 0 is a constant depending only on ¢ and

- log d
S S llee,  Agi= (02g74) max IEX4.
0*0 n 0'*70 1<]<d —

— logd
Ag =2
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Remark 4.2 (Optimality of Theorem 4.2). Assuming that (i) n=1 Y 7", IEX% <1 for all
Jj=1,...,d, (ii) |X;;| < B, almost surely for all i =1,...,n and j = 1,...,d and some
constant B,, > 0, possibly depending on n, and (iii) Ui’o > b for some constant b > 0, it
follows from Theorem 4.1 that 7

_ CB2(log d)?

Oy < ”# (4.3)

where C' > 0 is a constant depending only on b. This bound is optimal in the quasi-Gaussian
case with zero skewness with respect to both the sample size n and the dimension d, as we
prove in Proposition 4.1 below. Moreover, neither the zero skewness nor quasi-Gaussian
conditions can be dropped in general to get such dependences. In fact, if the former is
not satisfied, we can at best get (4.1), as discussed in Remark 4.1 above. Similarly, it is
well-known that the dependence on n should be 1/4/n in the normal approximation rate for
sums of independent Rademacher variables (see e.g. page 112 of [35]), so we cannot drop
the quasi-Gaussian assumption in general to get a bound proportional to 1/n. Finally,
note that (4.3) is substantially better than (4.1), meaning that imposing the zero skewness
condition is rather helpful in the quasi-Gaussian case. ]

We conclude this section with the proposition that provides a lower bound on the conver-
gence rate of gy, under the quasi-Gaussian and zero skewness conditions and demonstrates
that the convergence rate in (4.3) is sharp:

Proposition 4.1. Let X = (X;;)75_; be an array of i.i.d. random variables such that
1 Xijllyy < o0, E[X;;] = 0, [XQ] =1, E[X}] = 0 and v := E[X}}] -3 # 0. Let
W = n- /2 Yom X with X; (le,...,Xid)T. Suppose that d depends on n so that
(logd)?/n — 0 and (logd)?/n — oo as n — co. Also, let Z ~ N(0,1;). Then

lim sup sup > 0.

n—0o0 (log d)Z zeR

IP<max W; §x> —IP(rnax Zj <x>
1<5<d 1<5<d

Remark 4.3 (Relation to Previous Work). This proposition complements Theorem 3 in
[18], who showed that the Gaussian approximation with vanishing error is not possible if
(logd)?/n'*9 - 0 for some § > 0 and X;;’s are Rademacher random variables. [

5. APPLICATION TO MANY LoCAL MEANS PROBLEM

An interesting setting that illustrates the value of our new bounds is the problem of many
local means, which plays a fundamental role in nonparametric statistics. In this problem,
the dimensionality of the problem actually shows up in the envelope and moments of X;’s
and not just via logd. We illustrate this point with the following simple example. Consider
i.i.d. random vectors V7,...,V, in R® and non-overlapping regions (Rj)?zl that partition
the support of Vj’s such that p; := P{V; € R;} =pforall j =1,...,dand d = 1/p. Define
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components of X; via:
_HVieR;}—p
p(1—p)

and set W := n~1/2 >, X;. The distribution of W over the class of rectangles R is of
interest in testing hypotheses about the means of X;;’s.

i 3 j:1>"'7da

To apply our results in this setting, observe that
2

p p ’

Yw = EWWT = I — 1417,

p(l—p) " p(l—p)

where 14 := (1,...,1)T7 € R% The smallest eigenvalue of Yy is
2
PP
p(l—p) p(l-p)

so this is actually a degenerate case. On the other hand, we have for ¥ := ﬁjd that

1w — Xl <p/(1 —p) =1/(d—1)
and all eigenvalues of ¥ are bounded below from zero. Thus, applying (2.4) and Theorem

2.1 with ¥ = ﬁjd and 0 := y/d/n to bound gy, we have that

log d)? d(log d)?
o< Qogd)”  Jd(ogd)
d
This bound may be rather poor if d — oo slowly. Fortunately, we can combine (5.1) with
the bound we previously derived in [17] to obtain

log n. (5.1)

logd)?  [d(logd)? d(logn)®\ /*
Q§<<og> L [dlogd) 1ogn>A<<0g“>> | 52)
d n n
which is much better than (5.1) when d — oo slowly. Specifically, (5.2) gives
d(l 5
00 if “f”)-+o (5.3)

Turning now to the alternative bounds in the literature, we note that the direct applica-
tion of results in [32] and [31] give an infinite bound on g because Xy is degenerate. This
is of course an unfair comparison, so it is possible to modify the arguments in [32] and [31]
to have the dependencies in their bounds via ||¥ — ¥y ||, as we did in Remark 2.3, and

obtain
log )2 B(log d)11 log d)7 log(d
sti)+<¢ @azwm+¢0%)idnubyl (5.4)

This bound gives, when d — oo:

d®(logn)?
n

0o—0 if — 0. (5.5)
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Comparing (5.3) with (5.5), we conclude that (5.2) is substantially better than (5.4).

In addition, it is possible to obtain a bound on ¢ via the Hungarian coupling. In
particular, results in [37] and [27] imply that one can construct a centered Gaussian random
vector G in R? such that

logn log?n

W — Gl S

almost surely. Moreover, [5] showed that that bound is sharp up to possible log factors
when x > 2. Combining this bound with the anti-concentration inequality in Lemma 11.3

implies
logn log?n
< +/logd { / 5.6

When d > n'/3, which is the most relevant case, this bound is better than that in (5.2) by
a (log n)2 factor for k = 1 but worse for k > 2. For k > 3, this bound is much worse than
that in (5.2) by a polynomial-in-n factor regardless of d.

6. MIXED SMOOTHING INEQUALITIES

Let ¢ > 0,e€[0,1],and r € R?. Also, let ¥ be a d x d symmetric positive definite matrix
with unit diagonal entries, and let o, > 0 be the square root of the smallest eigenvalue of
Y. Consider functions ¢?: R — R, m"?: R® - R, and p"®%*: R? - R by

1 if t <0,
¢t :={1—¢t if0O<t<1/g,
0 ift>1/¢,
m"?(w) = g° (fgj&gxd(wj — rj)> , weRY (6.1)
and
Pl eE (w) == Em"?(w + eZ), w e RY, (6.2)

where Z is a centered normal random vector in R? with covariance matrix 3. For large ¢
and small €, the function pr"i”&’z() provides a good approximation to the indicator function
1.(-) = 1{- < r} but, in contrast to the indicator function, is smooth. In particular, we
will prove the following inequalities, which play a key role in obtain sharp bounds for the
Gaussian approximation.

Lemma 6.1. Letv € Z and K € R be such thatv > 1 and K > 0. Setn =ny = K/+\/logd.

Then
d

w2 sup  [05,,...5,0" " (w +y)| < C
weRd J1yeejo=1 yER(Ov€U*7])

¢(logd)"~ /2

(60-*)1)—1 )

(6.3)
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where C > 0 is a constant depending only on v and K.

Lemma 6.2. Letv € Z and K € R be such thatv > 1 and K > 0. Setn =ny; = K/+\/logd.
Then

d

E r (log d)v/?
Sup Sup |aj17"'7j’vp 7d)’672(’l'0 + y)| S 077_}?
'LUGRd jl,---7jv:1 yER(O,EO'*’V]) (60‘*)

where C' > 0 is a constant depending only on v and K.

Lemma 6.3. Let v € Z be such that v > 1. Then for all k,n > 0 with Kk > n,

d
dv
Sup > sup [0y, 0" (w 4 )| < O e WA
wE(A2\A1)cj17m7jv:1yER(O,ea*n) 60'*)

where C' > 0 is a constant depending only on v and
A ={w eR%: w <r—2ek}, Ay = {wE]Rd: w < 7+ 2k 4+ ¢}

Remark 6.1 (Relation to Previous Work). All three lemmas here are new. Their proofs
are inspired by the original ideas of [7], who derived Lemma 6.2 without smoothing (with
¢ = 00) and n = 0. See also [23] who extended the result of [7] to allow for > 0 in Lemma
6.2 using related methods of [3]. Having n # 0 is important for establishing the optimal
dependence on the envelopes. ]

7. PROOFS FOR SECTION 2

Proof of Theorem 2.1. For all i = 1,...,n, we denote & := X;/\/n, so that W =>"" &
and [|&;llec < 6. Working with &;’s is a little more convenient than working with X;’s. Also,
we assume, without loss of generality, that W and Z are independent. In addition, since
ox < 1, we assume, again without loss of generality, that

Ay 62logd < 1

logd o2 — 3
Further, observe that for any w € R? and A = H?Zl(aj,bj] ER,P(W e A) =TP(W <
b) —IP(W < a), where a = (ay,...,aq)" € R* and b = (by,...,bg)T € R% Therefore, it
suffices to prove the asserted claim with gy replaced by

o = o5 = sup |[P(W <r)—-1P(Z <), Z ~ N(0,%),
reRd

(7.1)

which is what we do below.

Now, for any bounded measurable function » : R — R and t € [0, 1], define T3k : RY — R
by
Tih(w) = ER(V1 — tw +VtZ) —Bh(Z), weR™L
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Then, by Lemmas 11.2 and 11.3 and the fact that IP(||Z]|« > v4logd) < 1/2, we have

t
o < sup |ET:1,(W)| + 4/ log d. (7.2)
reRd -t

By taking the value of ¢ appropriately, we will deduce a recursive inequality for o’; see
(7.23) below. In particular, we set

A 5% logd
" logd o2

Note here that because of (7.1), |logt| > 1 and 1/y/1 -1t < 2.

(7.3)

Further, fix ¢ > 0, to be chosen below in (7.24), and for any r € R, consider~ the
smoothed indicator function m™®: R? — R as in (6.1) of Section 6. Denoting W =
VI —tW +/tZ, we have by Lemma 11.3 that

P(W <t) <IEm™ (W) = Em"?(Z) + Em"™*(W) — Em"?(Z)
<P(Z <r+1/p) + Em"?(W) — Em"?(Z)
<IP(Z <r)+Cy/logd/p +Em"*(W) — Em™(Z)

and, similarly,

P(Z <7) <TP(Z+1/¢ <71)+ C\logd/é < TBm"*(Z +1/¢) + C\/logd/
=Em"™(W 4 1/¢) + Em"*(Z +1/¢) — Em™* (W +1/¢) + C+/logd/
<P(W <7)+Em"*(Z +1/¢) — Em"™*(W +1/¢) + C\/log d/ ¢,

where C' > 0 is a universal constants. Hence,

sup [P(W < r) — P(Z < r)‘ < sup

Em"(W) - IEmW(Z)] +/log d/¢,

reRd reRd
and so,
sup [ETy1,(W)| S sup [ETym" (W)] + \/log d/o. (7.4)
reRd reRd

Given (7.2) and (7.4), we need to bound sup,cga [[ETym™¢ (W)|.

To do so, fix any r € R (we will take the supremum in (7.23)), write h := m”?, and
proceed to bound |IET;A(W)|. By the fundamental theorem of calculus and the fact that
ET (W) = 0,

ET,h(W) = —% /1 E <Vh(\/ﬁw +V52), 55 - \/ﬁ> ds,

¢
and so, using Lemma 11.1,

1

ET,h(W) = —2[153 [(z,v%gﬂw» _< WV

V=3’

Vhs(\/EW)H ds, (7.5)
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where for all s € [t, 1], the funciton hy: R? — R is given by
hs(w) = Eh(w + /sZ), w € RY

Here, it is useful to note that hy = p"V5> where p"®4> with e = V/s is the function
appearing in (6.2) of Section 6. In particular, hg is infinitely differentiable, with derivatives
satisfying bounds in Lemmas 6.1, 6.2, and 6.3. These bounds will be used below.

To bound the integral in (7.5), we employ the exchangeable pair approach in Stein’s
method for multivariate normal approximation by [11] and [36] along with a symmetry
argument by [23, 24] (cf. (7.13)—(7.14) below). Define £ = (&), and let £ = (&))", be
an independent copy of . Also, let I be a random index uniformly chosen from {1,...,n}
and independent of § and £. In addition, define V; := ¢, — & and W' := W +Y7. It is then
easy to verify that (W, W’) has the same distribution as (W', W) (exchangeability) and

!
E[W — W | W] :%, IE[W’—W\W]:—%. (7.6)
Therefore, denoting D := W' — W, we have
E <W Vho(VI= sW)]> _ IE< U i sW’)>
/71 — 57 S - /71 — 57 S
nD

~E Vhe(VI—sW') ). 7.7
(F=vn /=), @)

Express the right-hand side of this chain of identities, using Taylor’s expansion around W
with exact integral remainder, as:

nD
IE <\/ﬁ Vhs(V1 — sW)> +IE(nDDT  V2hs(v/1 = sW))

+n zd: VI—sE [U@D@@m@(ﬂ(ﬂ/ (- U)D))], (7.8)
k=1

where U is a uniform random variable on [0, 1] independent of everything else, and note
also that by (7.6),

o 2 ono=an) -2

Therefore, substituting (7.8) and (7.9) into (7.7) and rearranging terms, we obtain

w n
E <m Vhs(v1— sW)> = 51E<DDT, V2he(V1— sW))

+ % zd: V1—sE [UDjDleajklhs <M(W +(1- U)D)ﬂ ’

jkl=1

Vhs(VI—s SW)> : (7.9)
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and so, by (7.5),

1 1
BTAW) = BTm (W) = — / (Ru(s) — Ro(s))ds, (7.10)
¢
where
d
= 3 B[E[S) - 50Dk | €] duhy(VI—sW)]
J,k=1
I
Rols)i=5 Y VI—sE [UDjDleajklhs(\/l “S(W (1 — U)D))]
jik,l=1
We bound Rj(s) and Ra(s) in turn. Regarding R;i(s), we have by Lemma 6.2 that
10 d
sup Z |0k hs(w gs
weRd G k=1 U*
Hence,

1 logd)|logt
[ 1Ritslas < PV e | Rwpopr 4|
t g

*

Here, recalling that D = W/ — W = Y7, one can deduce

n

5~ CEDDT | = (% - Zw) - 5 > (€T - Bleel))
=1
and so

> (&el - Elagl)

1
E|S-SEDD || <IT-Swle+5E
o i=1

o0

Also, by Lemma 11.4, the second term is bounded, up to an absolute constant, by

max

2 ¢2
1<j,k<d ZIE logd + \/IE [1@?2% 195 0sd ”‘3] logd

< max
1<]<d

S EEH]Viogd + 6% logd.  (7.11)
i=1
Consequently, we obtain

1/t 1 2
2/ |R1(s)|ds < |logt| x <A0 + v Ajlogd + ((Soﬁd)) . (7.12)
t *
Next, we bound Ry(s). We have
E [UDjDleajklhs (\/1 —s(W+ (1— U)D))}
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— ~IB|UD; Dy Didjhs (VI = s(W' = (1= U)D))|
- E [UDjDleajklhs (\/1 —s(W + UD))], (7.13)

where the first equality holds by exchangeability and the second by W/ = W + D. Hence,
using Taylor’s expansion one more time, we obtain

‘fj@ - % Zd: IE[UDjDszajklhs<m(W +(1- U)D)>]

Jkl=1

_ % i E [UDjDleajklhs (m(w + UD))] ‘

jikid=1
d
P S bl (T 2090 -00)]
7.k, lm=1
n d
_ \/? Z Z IE[ YiiYirYaYimOjrimhes (\/E(W(i) + «fz)> }, (7.14)
i=1 jklm=1

where U’ is a uniform random variable on [0, 1] independent of everything else, W .=
W—§;, and §; = &+ UY;+U'(1-2U)Y;. Here, note that [U+U'(1-2U)| <UV(1-U) <1
and thus ||&]lcc < [|&illoo + [|Yillo < 30. Therefore, given that ||| < ¢ and that Y; is

independent of W, we have that 4|Rs(s)|/(1 — s) is bounded by:

Sy

i=1 j,k,l,m=1

|Yi;Yin Y Yim| H ﬁup ‘ajklmhs (v 1—s(W® 4 y))’
Y)loo <36

=3 zd: E[Y;;YikYaYim|[IE | sup \8jklmhs(m(w(i)+y))‘

1 j,k,l,m=1 L[19]loo <30

Si i IE[|Y:;Yie YaYim|]IE | sup ‘ajklmhs<m(W+y)>‘

i—1 jkdm=1 [ [Ylloo <48

Il
M=
RS
M
&
=
ol
=
=
e

> IE ! sup ‘8jk:lmh5 (\/E(W + y))‘

1yl oo <40

< max > EGE Ed: sup lajklmhs<\/E(W+y)>‘

=t gk lym=1 l¥lleo <49

Further, let

n:=4/y/logd, kK := \/16logd— 2log(1 —V1—1t)+mn, (7.15)
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so that for any ¢ € (0,1),
1-+v1-1¢

—(k—1)%/4 _ ﬁ
e~ (F—m)?/4 _ = < e (7.16)
Also, for any s € [t, 1],
46v1 — 5 < 45 < nowy/s, (7.17)
where the second inequality follows from (7.3). Then using (7.17) and denoting
£s 1= 2\/sk + 1/¢, (7.18)
we have
sup ‘6jk:lmhs (v 1—s(W+ y)) ‘
7.kl m=1 llylloo <46
d(log d)>/?1; i e t !
< PUogd)* "L iswepayesy | Vi (7.19)

. (7215 Ao
where the first term on the right-hand side appears from bounding the left-hand side by
Lemma 6.1 and the second term appears from bounding the left-hand side by Lemma 6.3
and using (7.16) (here, we denote A := {y € R?: y < 7} and for any = € R, we write
A% :={y e R y <r+az} and (QA)* := A\ A~%). Hence,

Alaf ¢(10g d)g/Zl{mWe(aA)es} I \/7?

[Ra(s)] S (1 =) (log d)? 0u/5)? ok (7.20)
Next,
P(VIZsW € (94)) < P(VI—sZ € (DA)) + 20 < =V (7.21)

Vi

by the definition of ¢’ and Lemma 11.3, using that 3 has unit diagonal entries.

Inserting this bound into (7.20), we deduce

et (dlos Vi
Rals)] (logd)z( Lo - o logd+ o) @4).

Thus, using (7.18), we have

' Aoy logd)?|logt] (logd)? od(logd)¥? 1
/ |R2(S)‘d$ 5 10*2 K/QS( og g | og | + (Og ) n ng( Ogd) N
t (loa) 7 N = N N
1 o9 )
sA logt 7.22
~ <K¢‘ st + 7 Vi Viogd (7.22)

since o, < 1 (recall that all diagonal entries of ¥ are equal to one). From (7.2), (7.4),
(7.10), (7.12) and (7.22), we obtain
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§log d)?
Jd<ec [\ log t| <A0+ A logd + (05.3))
o

*

1 / Vlogd
+A1</ﬁ¢|logt|++ oo >+\/Zlogd+ ;g . (7.23)

Vit +tlogd

where ¢ > 0 is a universal constant (recall that 1/4/1 — ¢ < 2). Now we are ready to specify
the value of ¢:

1

¢ = 2o AT (7.24)

Combining this choice with the choice of ¢ in (7.3) yields

/ /
A \/% < %. (7.25)
Also, since t < 1/3 by (7.1), k defined in (7.15) satisfies

< /logd + /| logt|. (7.26)
The asserted claim now follows by substituting (7.3), (7.24), (7.25), and (7.26) into (7.23).

Proof of Theorem 2.2. The proof is a modification of the proof of Theorem 2.1. Here, we
describe the changes, keeping all unmentioned notations the same as those in the proof
of Theorem 2.1. In a nutshell, we only need to change the values of ¢ and ¢ and use a
truncation argument in the bound for Ra(s).

First, we now set
Aq M(v)logd n Y2 logd

4 2

t =
logd no; noz

(7.27)

instead of using ¢ in (7.3). As in the proof of Theorem 2.1, it is without loss of generality
to assume here that ¢ < 1/3; compare with (7.1) and (7.3). Moreover, since all diagonal
entries of ¥ are equal to one, it follows that o, < 1. In addition, for a while, we as-
sume n~ 130 IE)X?J- > 1/2 for all j =1,...,d. This implies via Jensen’s inequality that
Ay/logd > 1/(4n), and so |logt| < logn.

Next, note that (7.2), (7.4), and (7.10) hold under our current assumptions by the same
arguments as those in the proof of Theorem 2.1. Thus, we only need to bound

/tl Ry(s)|ds and /tl Ra(s)|ds.

Regarding the former, we proceed as in the proof of Theorem 2.1 but we change the second
line in (7.11) by

max

M?logd
1<j<d n
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so that similarly to (7.12), we obtain

1

1 2
Mlogd
2/,: IRy (s)|ds < |logt| x <A0+ Arlogd + (n‘;%)) (7.28)

*

Further, by (7.14), we have

BEOSA-9Y > B ||V YarYaYimOjmhs (VI =W + &) || < Ta(s) + Ta(s),

i=1 jk,l,m=1
where
n d
Zi(s) := (1 — s) Z Z IE[ $iYiYirYiYimOjkimhs (\/E(W(i) + 52)) ]7

i=1 j k,l,m=1

n d

IQ(S) = (1 — S) Z Z IEH(l - Ci)}/ijyrik}/il}/imajklmhs(v 1- S(W(Z) + é@)) ]7
i=1 j.k,l,m=1

and ¢ := 1{||&lloo V [|1El]loc < 2¢p/y/n} for all i = 1,...,n. We first focus on Z;(s). Given
that [|&]lee < [€illoo + [Yilloo < 2l/&illco + I€]loo and that Y; is independent of W) we

have that |Z;(s)| is bounded by:

n d
(1-5) Z Z E ||Yi;YiYaYim|  sup Ojkimhs (\/1 —s(W 4 y))‘
i=1 jk,l,m=1 lylloo <63 //n
n d
= (1 — 8) Z Z IE[{JYZJYZ]CY;lemHIE [ sup Bjklmhs <\/ 1-— s(W(l) + y)> ‘
i=1 j,k,l,m=1 lylloo<6%/+/n
< Zy1(s) + Tha(s),
where
n d B '
Tu(s)i= (1= 9> 3 EIVVaYaVimllB | sup  |jumhs (VI=s(W O + y>)\ ,
i=1 j,k,l,m=1 L ylle<69/vn
n d r
Tia(s) = (1—5) > Y B[VyVpYyVim|E|(1-g) sup ajk,mhs<m(w(i) i y))‘
i=1 j,k,lm=1 L lylloo<6v/v/n

At this step, ftl Z11(s)ds is bounded in the same way as ftl |R2(s)|ds in the proof of Theorem
2.1; namely,

/II()d <A<¢]1 T L )
s)ds k| lo — :
p e SUTVET Vilogd
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compare with (7.22). Meanwhile, using the independence between W@ and Y;, we obtain

Ti5(s) < 1—52 Z E|Vi|LE[l - ¢]E [ sup jklmhs(\/lfs(W(i)qu)))
1=1 j,k,I,m=1 lylloo <6 /v
n d
SU=9)Y BO-)(&le VIEIE| Y sup g (VIS )| |
i=1 ik lm=11Yllec<6/v/n

where the last inequality follows from Chebyshev’s association inequality; see Theorem 2.14
n [10]. Then, applying (7.19) with replacing W and 46 by W® and 61)/+/n respectively,
we deduce

Tia(s) S (1= 5) D (1 =) ([[€lloo V [1€]]l00) T
=1

(ﬁ(logd)3/21{mw(i)e(aA)gs} N \/Z
EoE eavoak

Now, as in the proof of (7.22), we obtain

oo d)3/2 4
Tua(s) § 3 - ) (6] v €)' (%@SWM{”” %)

=1 (U*

where, for any subset Z C {1,...,n},

QI;:SUP ZX <7" — (ZST), ZNN(O,E), z:l,,n
r€R? ZGI‘
In addition, for all i =1,...,n,

E(1 - ) ([|&llos V 1€]llso)* < B — ) (11125 + 14115)
SE{[|&lloo > /v + 1€l > /v (I&N1% + I€15)
SEH|&lle > v/Vat&la < M) /n?, (7.29)

where the penultimate inequality holds by Chebyshev’s association inequality. Thus,

Tip(s) 5 W) (Wogd) (Vor+1/6)Viogd +7) + —Y )

n (04/5)3 (0/5)
< M) (ré(logd)*  (logd)®  og(logd)®’? Vi
~ o n ods * o3s3/2 o3s3/2 + oks?

where 9 :=n"! Yoy o3 Therefore, we conclude

' M (¢)(log d)? L, oo
/t Tha(s)ds < T — <n¢\ logt| + 7 + W) .
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Turning to Zy(s), we have by the law of iterated expectations,

n

LS 0-93 B |- le -l Y Eoun (VI s0r0 +6)] 1]

i=1 Jikslm=1

Here, we bound the internal sum as in (7.15) with n = 0, (7.18), (7.19), and (7.21); namely,
by Lemmas 6.1 and 6.3,

(1-s) zd: IEHajklm s<m(W(i) +5i)>‘ | gz}

7.k, lm=1

¢(10gd)32 Sk o () \/i
S ( \/>) <(\/> +1/¢ vlg +0 ) (U*\/§)4

ro(logd)?  (logd)?  oDg(logd)®? /i
s 735372 o332 | gl

N

Thus, by (7.29),

' M () (log d)* 1,0
/t To(s)ds < B </<a<z5\ logt| + 7i + \/W> :

Combining all terms and recalling that |logt| < logn, we now have

log d)?
o < c[(logn) (Ao + VAilogd + (/\/an%))
o

*

+ (Al—k]\W) ( qblogn—k\l[ (3:1_79)>+\f1 \/1‘;@], (7.30)

where ¢ > 0 is a universal constant; compare with (7.23). Here, we set

1
¢ = :
260\/<A1 + W) logn

and use t defined in (7.27) to obtain

2
o< [(log n) (Ao +VAplogd + W)
o

*

o o 3/2 /=
+ \/<A1 + W) (logn)log(dn) + d)(la*g\;l% ] + 8 2—; ¢ (7.31)

since K < y/log(dn) by (7.26), where C’ is a universal constant. Hence, rearranging the
terms and substituting the definition of Ay,

2 3/2
(logn) (AO + /A logd + Wlo%‘”) n A1M£¢) n P (log d)
no, g/

Y

o <2¢ + 2

*
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Now we note that this bound is valid even when n=1 Y7 , EX; 2 < 1/2 for some j; in fact,
we have Ag > (logd/o?)|S;; —n~ 1> 1IEX2| > 1/2 in thls case because ¥;; = 1 and
o« < 1. As a result, this bound holds without the restriction n=! > | IEX% > 1/2 for all
j imposed at the beginning of the proof. We now iterate this bound to obtain inequalities
for each o!# and repeat the procedure [logn] + 1 times, dropping one observation at a
time. Here, given a proper subset Z C {1,...,n}, we apply this bound to o* with re-

placing (X;)?_, and ¢ by ( n*nII\ X;)ieze and 4/ "%mw, respectively. Then, denoting the
corresponding Ag, A, M, M () by AL, AT M MZ( "_me) respectively, we have

logd 1 n — |Z|
T
A9 o2 1%1‘%};1 >k n— |Z| z‘eZI:C n EXyj Xik| < Bo + no?2 112?<Xd IEX”
logd
<A T X4 <A v IZ|IA11
0+n02 1@?2{“/‘ |l€ZIIE 0+ VIZ|Arlogd,
7 (log d)? (n = 1Z1)* . 4
_ 4
A= oot 5 2 BYG S A
i€Ze
and

MO M2 M) )
n—|Z| = n’ n — |Z| - n
Note that > "%, e /i < oo. We thus obtain
(Mlogd)®  JMM(¥) P(logd)’? 7
2 naf U*\/ﬁ elogn’

o < (logn) (Ag +vAqlogd +

*

where

0:= Z sup Z ~ N(0,%),

‘N| TERd

( > X <r> ~P(Z <r)|,
’LEN

and N := {N C {1,...,n}: IN| =n — [logn] —2}. Since p < 1 and A;/logd > 1/(4n), as

discussed above, the asserted claim follows. [ ]

Proof of Corollary 2.1. Since

sup [P(W € A) —IP(Z € A)| = sup |IP(SW € A) —P(SZ € A)|

AeR AeR
for any d x d diagonal matrix S, we assume, without loss of generality, that o; = 1 for all
j=1,...,d. Then o, is the square root of the smallest eigenvalue of Xy = EWW?.
To prove the asserted claims, we will apply Theorems 2.1 and 2.2 with ¥ = Xy, so that
Oy = O‘*’W.
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Consider first the case when (E.1) holds. By Jensen’s inequality, A > (log d)?/ (naiw) >
(logd)/n, and so

( Aq 5% logd
log | ——

logd o2 )‘ < logn.

Also, since (E.1) implies (M),

B, (logd 3/2(log n
(log n)y/AyTogd < 2ot 35)2( gn). (7.32)
Tew

Combining these inequalities and using Theorem 2.1 with 6 = B, /y/n and Ay = 0 gives
the asserted claim under condition (E.1).

Next, consider the case when (M) and (E.2) hold. Without loss of generality, we assume
that
By, (log d)*>/?logn
\/ﬁa*,W

since otherwise the asserted claims are trivial. (7.32) holds by condition (M). In addition,
M < B y/log(dn) by Lemma 2.2.2 and discussion on page 95 of [40], and so

(logn)(Mlog d)? < B2 (log d)*(log n) log(dn) < B, (logd)*/?1ogn

2 ~ 2 ~ 2
’I’LO'*7W na*,W \/ﬁo-*J/V

<1 (7.33)

(7.34)

by (7.33). Moreover, since for any i = 1,...,n and ¢ > 0,

1/2
E|| X5 1{lI Xilloo > ¥} < (BIX ISP Xilloo > )" S BavVP ([ Xilloo > ¥),
setting ¢ = C'By,y/log(dn) for a sufficiently large but universal constant C, we have
Ay M (3) N Y(logd)*? _ By(logd)*?*logn N By (log d)3/2/1og(dn)

noly  Vaoaw S Jiok, Vi
3/2 2
< By, (log d)2 logn n By, (logd) ’ (7.35)
\/HO'*M/ \/ﬁU*,W

where the last inequality follows from o,y < 1. Combining Ag = 0, (7.32), (7.34), and
(7.35) and applying Theorem 2.2 gives the asserted claim under conditions (M) and (E.2).

Now consider the case when (M) and (E.3) hold. In this case,

n 1/q
M < (IE [ max |Xij|q]) < nl/an,

—1<j<d
=1

and so
(logn)(Mlogd)? - B2(logd)?logn

2 = 1-2/q 52
no w n /qa*’w

(7.36)
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Also, (7.32) holds by the same arguments as those in the previous case. In addition, since
foranyi=1,...,n and ¢ > 0,

BI|LX; 31 {l Xilloo > ¥} < B Xl /w7~ < B /4™,

setting
1/(q—2
o= Bi (logn)log(dn) =2
B o2y logd ’
we obtain
1
MM logd)3/? _ [ Bi(logd)*¥2~*(logn)log(dn) \
1 4(1/)) L Ylogd)*” (log d) ! 1( <q)gn) og(dn) . (7.37)
nog v Vo w n4/2— olw
Combining Ay = 0, (7.32), (7.36), and (7.37) and applying Theorem 2.2 gives the asserted
claim under conditions (M) and (E.3) and completes the proof of the theorem. N

Proof of Proposition 2.1. For every n > 1, let (Xnyij)(i)fj=1 be an array of i.i.d. variables
such that
P (Xmij = an) =1-P (Xn,ij = bn) = DPn;

» .:i P 1—pn b — DPn
mn - B,?L’ n - pn 9 n - 1_pn

Since By, > 2, we have | X, ;;| < max{B,, 1/v/3} < B,. Also, it is straightforward to check

that IE[X,, ;;] = 0 and ]E[X?m] = 1. Therefore, we complete the proof once we show that
there is a sequence ()72 of real numbers such that

p = liminf %

n—oc B log /24

where

IP(maX Wn,jgxn> —IP<maX ngl'n)‘ >0,

1<j<d 1<j<d

where

1 n
Wn,j = % ;Xn,ij-

For every n, we define z,, € R as the solution of the equation ®;(z)¢ = ¢!, ie. z,, :=
@ (e /%), Then we have x,,/v/2logd — 1 as n — oo (cf. the proof of Proposition 2.1 in
[30]). We also have

d(1—®(z,))=d1—e V) =14+0(d™") asn— oo (7.38)

Now, applying Theorem 1 in [4] with I = {1,...,d}, By = {a} and X4 = Ly, >z, 0
their notation, we obtain

<dIP (Wn,l > xn)2 s

P max W, ; <z | — e~
1<j<d
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where Ay, := dIP (W), 1 > z,,). Meanwhile, we have by definition

P (max Zj < xn> = <I>1(wn)d =e L

1<j<d

Hence we obtain

/\2
< - < > lemM — el = 20 .

P <1121?§de7] < ﬂsn) P <1r£1jaécd Zj < acn)’ > |e e | J (7.39)

To evaluate \,, we apply Theorem 2.1 in [25] with m = n, X, = Xy a1, I; = {i},
& = Xni1/v/n, 6 =90, == Bp/y/n and s = d = 1 in their notation. We have by assumption

B2 logd By log*?d
n?63z2 =0 | = BE) = 28 2 = o(1). (7.40)
N4D Vn

Hence there is a constant Cy > 0 such that \/n2d3x, < Cp for all n. Therefore, Theorem
2.1 in [25] yields

P (Wn,l > fL‘n) _
(1 — (I)l(xn))e’Ynl’%/G

where ~, := ]E[Wsl] and C is a constant depending only on Cj. Since

1‘ < Cn283(1 4 22) for all n, (7.41)

E[Xg,ll] 1- 2pn
’Vn = = 9
\/ﬁ npn(l_pn)
we have )
Yz 1 T 3 NG 4
lim inf nen > liminf - = V2. 7.42
g )2 = i (Nﬁlogd) (7.42)

In particular, y,23 = O(B,(logd)*?/,/n) = o(1) by assumption. Combining this estimate
with (7.38) and (7.40), we deduce from (7.41)

. P (Wn,l > a:n) )
- (1 — ®1(zy,))ernzn/6

n

d(l— <I>1(:(:n))e%x§l/6

B, logg’/2 d
Vn

, 1 B, log®/% d
— ’YnfE%/G _ n 108
e +O<d>+0< T )

Using the Maclaurin expansion of the exponential function and (7.42), we obtain

3 3/2
_ YTy, 1 B, log**d
Apn=1+ 6 +O<d>+0< NG

= d(1 — &1 (z))e"*/0 4 0 (

and thus

3 3/2
—An+1 YTy, 1 B, log”“d
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Note that we particularly have A\, = O(1). Thus, (7.39) yields
3
p > liminf %!6_)‘" — e Y =liminfe™? \/?; 5 Tn¥n
n=co B log®?d n—reo Bylog®?d 6
where we used the assumption d~! = o(B,, log®? d/\/n). Hence we obtain by (7.42)

2

p 2 €_1£ >
6

This completes the proof. [ ]

i

0.

Remark 7.1. In the above proof, it seems impossible to use a more traditional moderate
deviation result instead of Theorem 2.1 in [25]. This is because such a one requires that
the moment generating function of X, 11 is bounded uniformly in 7 on a neighborhood of
the origin (see Lemma 4.1 in [29] for instance). [

8. PROOFS FOR SECTION 3

Proof of Theorem 8.1. The asserted claim is an immediate consequence of Theorem 1.1 in
[23] (restated as Lemma 2.1 in this paper) once we note that (i) conditional on X, the
random vector W& =n=t 3" &(X; — X)(X; — X)T is centered Gaussian with covariance
matrix n=1 Y0 (X; — X)(X; — X)T and (ii) for centered Gaussian random vectors, the
Stein kernel is equal to the covariance matrix. [ |

Proof of Corollary 3.1. Like in the proof of Corollary 2.1, we assume, without loss of gen-
erality, that o; = 1 for all j = 1,...,d, so that o, w is the square root of the smallest
eigenvalue of Yy = EWWT. To prove the asserted claims, we will apply Theorem 3.1
with ¥ = Xy, so that o, = o, . This requires bounding Af; with ¥ = Xy,. We do so
separately for each case.

Consider first the case when (E.1) holds. We assume, without loss of generality, that
By, (log d)(log n)/log(d/c)
Vol

since otherwise the asserted claim is trivial. Using this assumption, we will now prove that
there exists a universal constant C’ > 1 such that

P (Ag 5 e B”(lo\ifj()ji‘j/og(d/ O‘)) < a. (8.2)

This derivation is similar to the proof of Proposition 4.1 in [15].

<1, (8.1)

Note that
o2 wAy/logd < A + A@), (8.3)



32 CHERNOZHUKOV, CHETVERIKOV, AND KOIKE

where
1 ¢ o ,
AW = |2 (Xx] - EXX])| L AP = XX e = X% (84)
n
i=1 00
We first bound A, To do so, since (E.1) implies (M),
2. <nB2.
o lgjl%)éd 2 (X, X, — B[X;; X)) < 12;1%)2d > E(X,; X;)* <nB2
Also,

max max |X; Xull| < BZlog(dn),

1<i<n 1<5,k<d

U1
so that M,, := maxj<j<, maxi<;r<d | X Xix — IB[X;; X;1]| satisfies

\% IEM% S, HMn”’l/)l S; 32 log(dn)
Hence, by Lemma 11.4,
EAD < L (\/ag logd + v/IEM2 log d)
< V/n1B2logd + n ' B%(logd) log(dn) < v/n—1B2logd,

where the last inequality follows from (8.1). Thus, applying Lemma 11.5(1) with 8 =n =1,
we have for all t > 0 that A®) < \/n=1B2logd + t with probability at least

1 nt? 3 cnt
—exp | — —3exp| ——=——
P 3B2 P B2log(dn) )’

where ¢ > 0 is a universal constant. Setting here

‘ Bpy\/3log(4/a) B2 log(dn)log(12/«)
vn cn

and recalling (8.1), we conclude that

B2 log(d/a)

n

A <

with probability at least 1 — /2, and, by the same argument, we can also find that
B2 log(d/a)

n

A2 <

~

again with probability at least 1 — /2. Combining these inequalities and recalling (8.3),
we obtain (8.2).

Now, observe that the function f: (0,1) — R defined by f(z) := x(1 V [logz]|) for all
x € (0,1) is increasing. Also, note that by (8.1),

C'By+/log(d/ )
log
( \/ﬁai,w

< logn.
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Therefore, the asserted claim under condition (E.1) follows from combining Theorem 3.1
and (8.2).

Further, the asserted claim in the case when (M) and (E.2) hold can be proven using
the exactly same calculations as those in the case of (E.1).

Now consider the case when (M) and (E.3) hold. In this case, we assume, again without
loss of generality, that

(logd)(logn) [ Bny/log(d/«) 32 (logd + a=2/9)
<1. (8.5)
2 \f nl— 2/q

0 W
Then, defining o and M, as above, we have 07, < nBj, and \/IEM?2 < || M|z, P n?/1B2.
Hence, by Lemma 11.4, AV defined in (8.4) satisfies

EAM < p7! <\/o% logd + v/IEM2 log d) < v/n~1B2logd + n 1 *1B2 log d.

Thus, applying Lemma 11.5(ii) with = 1 and s = ¢/2, we have for all ¢ > 0 that
AWM < \/n"1B2logd +n~*¥1B2 logd +t

with probability at least
1 _ nt? _ cnBY
P\ 73B2) T e

where ¢ > 0 is a universal constant. Setting here

3log(4/a)  (4c/a)?/1B2

\/ﬁ n1_2/‘1 ’
we conclude that
AW < Bpy/log(d/a) N B2(logd 4 a~2/1)
\f nl—2/q

with probability at least 1 — /2, and, by the same argument, we can also find, for A2
defined in (8.4), that

2( 2
A(2)<B Ml\(;gﬁd/u +B (logd + a~2/9)

nl—2/q

again with probability at least 1 — ar/2. Combining these inequalities and using (8.3), we

obtain
! By, +/log(d 21 2/q
P A6>ClOgd og(d/a) B (logd + a~*/1) <1
2 \f nl—2/q

U*,W
where C’ > 1 is a universal constant. Here,

C’" [ Bpy/log(d/a) B2 (logd + a=%/9)
log 2 NG nl—2/q

U*,W

<logn
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by (8.5). The proof can now be completed by applying Theorem 3.1 as we did in the case
of (E.1). ]

Proof of Theorem 3.2. The asserted claim follows as a direct application of Theorem 2.2
once we note that Ag, Ay, and M(z)) are equal to Ag, A}, and M*(¢)) and M is bounded
from above by M* if we substitute X7 — X, ..., X — X instead of Xj,...,X,, in Theorem
2.2. |

Proof of Corollary 3.2. Like in the proof of Corollary 2.1, we assume, without loss of gen-
erality, that o; = 1 for all j = 1,...,d, so that o, is the square root of the smallest
eigenvalue of Yy = EWW?. To prove the asserted claims, we will apply Theorem 3.2
with ¥ = Xy, so that o, = o, . This requires bounding all terms appearing in Theorem
3.2. We do so separately for each case.

Consider first the case when (E.1) holds. We assume, without loss of generality, that
By (log d)(log n)+/log(d/a)
Vno?y,
since otherwise the asserted claim is trivial. Then by the proof of Corollary 3.1,
< Bun(logd)(logn)/log(d/c)
~ Vol
with probability at least 1 — /2. Also, by Lemma 11.6 and (8.6),

n

4 2 4 2
E fgf“gxd; 1X,;;|* <nB2+ Bilogd <nB2.
1=

<1, (8.6)

Ajlogn

Thus, by Lemma 11.7(i) with n = 8 = 1, we have for any ¢ > 0 that maxj<j<q > o | Xij|* <
nB2 +t with probability at least

t
1-— 3eXp <_CB4> s
n

where ¢ > 0 is a universal constant. Setting here ¢t = c¢B2 log(6/a), using Jensen’s inequal-
ity, and recalling (8.6), we have that

n n

v \4 4 2 4 2
Joax 1(X1~ -X;)° 3 112?%22 | Xi5[" S nBj, 4 B, log(6/a) < nB,
1= 1=

with probability at least 1 — /2, and so

B, (log d)*/?1logn
(logn)y/Allogd S ( \/5(32
* W
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with the same probability. Further, M* < B,,, and so
(M*logd)?logn < B2(logd)?logn < By (log d)*/?logn
nog - noy ~ Vno?y,
by (8.6). Finally, setting ¢ = 2B,, gives M*(1)) = 0 and
Y (logd)*? _ By(logd)*?
Vnoow Y Vnoww

Combining presented inequalities and applying Theorem 3.2 gives the asserted claim under
condition (E.1).

Next, consider the case when (M) and (E.2) hold. We assume, without loss of generality,

that
By (logd)(logn)y/log(d/«) N By, (log(dn))?\/log(1/a) <1
Vno? y Vo« w B

since otherwise the asserted claim is trivial. Then, again by the proof of Corollary 3.1, Aj
satisfies (8.7) with probability at least 1 — /4. Further, by Jensen’s inequality, (8.8), and
Lemmas 11.6 and 11.7(i) with n =1 and g = 1/2,

n

max, (Xi; — X;)* S nB: + By (log(dn))®log d + By (log(dn))?(log(1/a))?
==

(8.8)

< nB; + By(log(dn))? (log(1/a))?,
with probability at least 1 — /4, and so

3/2 2 3/2
(logn)\/MSBn(logd) logn+Bn(logd) log(dn)log(1/a)logn

Vno?y, noy
< B, (log d)*/?logn N B (log(dn))?y/log(1/a)
~ Vnoty, Vno.w

with the same probability by (8.8). In addition, M* < B,,+/log(dn)+/log(1/a) with prob-
ability at least 1 — a/4, and so
(M*logd)?logn < B2(log(dn))*1og(1/c) < By (log(dn))?y/log(1/a)
naf’W ~ naiw ~ Vo w

with the same probability by (8.8). Finally, setting 1) = C'B,,/log(dn)+/log(1/a) with a
sufficiently large but universal constant C’ > 0, we have M*(1)) = 0 with probability at

least 1 — /4, and
v(logd)? _ Bu(log(dn))*/log(1/a)
\/ﬁd*,w ~ \/ﬁa*,W

Combining presented inequalities and applying Theorem 3.2 gives the asserted claim under
conditions (M) and (E.2).
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Now consider the case when (M) and (E.3) hold. We assume, without loss of generality,

that
n(log d)(logn)/log(d/c) B /log(dn) logd <1 8.0
fU*W 1/2 1/‘1@1/‘10- Ri% - ( ’ )

since otherwise the asserted claim is trivial. Using this assumption, by the proof of Corol-
lary 3.1,

Allogn < (log d)(logn) (B log(d/a) B2 1Ogd+a2/q)>

azw Vi w274
n(log d)(logn)+/log(d/a) Bn« /log(dn)log d
N \/ﬁU*W n1/2—1/qa1/q0-*7w

with probability at least 1 — /4. Also, given that

4/q
E max max |X;;|* < (IE max max |X;;|? < nY1pl,
1<i<n 1<5<d 1<i<n 1<;j<d

we have by Lemma 11.6 that

4< 2 4/q R4
]E1121a<de|XU\ nB;, +n* 1B, logd.

Thus, by Lemma 11.7(ii) with n = 1 and s = ¢/4, we have for any ¢ > 0 that

Xi;[* $nB2+n*1B1
lrgfé(dz:\ ijlm SnB; +n ogd+t

with probability at least 1 — (ecnBg)/t%/*, where ¢ > 0 is a universal constant. Setting here
t = (4den/a)*9B* and using Jensen’s inequality, we have that
n
max ¥ (X;; — X;)* < max Z 1 Xi;|* SnB2 + n* 1B (logd + a~4)

1<j<d £ J 1<j<d
1=

with probability at least 1 — /4, and so

By (logd)*?1 B2(log d)*/*(1 Togd + a2/
(logn) /] loga 5 Dullosdflogn | Byllog d)*(log n)(yTogd + o™*/)

Vno? n'=2/102
By, (log d)(logn)+/log(d/«) n By, \/log(dn)logd
~ oty W2 il ag,

with the same probability by (8.9). In addition, by Markov’s inequality, for any ¢ > 0,

P (max max |X;;| > t) <t 9E max max |X;;|? <nBl/t?,
1<j<d 1<i<n 1<j<d 1<i<n
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and so M* < n'/9B,, /a9 with probability at least 1 — a/4, so that

(M* logd)Qlogn B2(log d)? logn By +\/log(dn)logd

2 1-2 2 N nl 2—1 1
no-*7W n /‘Za /qo' oW / /QQ /QO- W

with the same probability by (8.9). Finally, setting ¢» = C'n'/9B,,/a!'/4 for a sufficiently
large but universal constant C’ > 0, we have M* (1)) = 0 with probability at least 1 — /4
and
Y(logd)*”? _  By(logd)*”
Vnoww "~ nl/2=1aal/ag, v
Combining all presented inequalities and applying Theorem 3.2 gives the asserted claim
under conditions (M) and (E.3). [

9. PROOFS FOR SECTION 4

Proof of Theorem 4.1. Observe that for any w € R? and A = H?Zl(aj,bj] e R, P(W e
A) =TP(W < b) —IP(W < a), where a = (ai,...,aq)7 € R* and b = (by,...,by)" € R%
Therefore, it suffices to prove the asserted claim with gyx; replaced by

d=0s=sup PW<r)-P(Z<7), Z~N(0,),
reRd

which is what we do below.

For all i = 1,...,n, denote & := X;/\/n, so that W = Y"1 | &. Also, let Z ~ N(0,%)
be independent of everything else. Then

W=W+G and Z=Z+G.
In addition, for any r € R%, let h": R? — R be the function defined by
R (z) :=El(zx+ G <r).

For brevity of notations, we suppress the dependence on r in what follows.

By Lemma 6.2 with ¢ = co and € = 1, the function A is infinitely differentiable and each

derivative is bounded by a constant that only depends on the order of the derivative; in
particular,

d
logd log d)3/2
sup Z |0;1h(x) , sup Y sup  [Omh(z+y)| S %, (9.1)
[L’GRdj k=1 *70 z€R4 4.k, l=1 yER(O,U*,Oﬁ) O’*,O

where 1 := 2¢/y/logd. The second property, local stability of the derivative, is impor-
tant to obtain good dependence on §. Since h is infinite differentiable and has bounded
derivates, we can freely interchange differentiation and integration below, without further
announcement.
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Now, write

P(W <7r)—1P(Z <r)=IELW) —IEh(Z). (9.2)
Also, define the Slepian interpolant
F(s):=+1—sF++/sZ, s¢€][0,1],
for any random vector F' in R?. Using fundamental theorem of calculus and integration by

parts, write (9.2) further as:

]Eh(W)—IEh(Z):—;/Ol <Vh(W( )),\Zf W >ds

S 1—s

:—;/OllE[(E,VQ( (5))) — <\/I/st,Vh(W(s))>} ds.  (93)

To bound the integral here, we employ Stein’s leave-one-out trick.

First, we have

B (e Va7 () )] = J%fjfjm{&jajhwv(sm.

i=1 j=1

Let W) := W — ¢ for i = 1,...,n. Taylor expanding 0;h(W(s)) around W (s) =
W(s) — /1 — s& for each i, we obtain

]

V1—s
n d
E[e;0;R(W O (s))] + B¢k djkh(WW ()] + Ra(s),
m;; ! i= 1JJCZ:1 e 1

where

Ri(s) ﬂ—sZ ZIE [(1 = U)&is&nladimh (WD (s) + V1= sU&)],

i=1 j,k,l=1

and U is a uniform random variable on [0, 1] independent of everything else. Using the
independence between W) and &; as well as IE[,;] = 0, we deduce

B (e VY () )| = 3 3 Bl E0 W) + Rl (04)

i=1 j,k=1
Next, we decompose IE [(5, VZh(W (s)))] as
E [(Z, VZh(W(s)))]

5 5 (9.5)
=IE [(X - Sw, V(W (s))] + E [(Sw, V°h(W(s)))] .
We have by the first inequality in (9.1)
[ [(2 = Sw, V2A(W ()] | < Bo. (9.6)
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Meanwhile, we further decompose IE [(EW,V%(W(S)))} in the following. Since Xy =
> E[&ET], we have

E [(Sw, V(W Z Z E[i;¢]E [0j5h(W (s))] -

i=1 j,k=1

Taylor expanding 0j;h(W (s)) around W(i)(s) we obtain

E [(Sw, VZh(W Z Z IE[&; &k E[0jh (W) ()] + Ra(s), (9.7)
i=1 j,k=1
where .
Ra(s) = Z Z (€] E €10 h(W D (s) + VI — sUE)].

From (9.2)—-(9.7), we obtam

5 5 5 1 1
IP(W <) —P(Z <r)| < Ao +/O |R1(s)|ds + /0 | Ro(s)|ds. (9.8)

Therefore, we complete the proof once we show

1 1
/ IRi(s)|ds < Ay and / |Ry(s)|ds < A. (9.9)
0 0

Since [|&illoo < 0 < 04,0m/2 by assumption, we have

n d
Ri(s)| <D Y E [|§ij5ik§u| sup  |Ouh(W(s) + )]

i=1 j k=1 y€R(0,04,01/2)

n d
=Y > ElgG&nalE [ sup  |Qh(W (s) + )]

i=1 j,k,l=1 yER(0,04,0m/2)

where the last line follows from the independence between W) and &;. Using ||&]lcc <
04,0m/2 again, we conclude

n d
[Ri(s) <> ) IEHfijfikﬁz‘lH]E[ Sup 0jkh(W (s) + y)
ye

i=1 j,k,l=1 (0,04,0m)

< <max E| ‘fw > Z IE[ sup  [Ojh(W(s) +y)|
—1

1sj<d 4. k1=1 yER(0,04,0m)
Therefore, we obtain by the second inequality in (9.1)
3/2 d

- 3,1log ~
< — =
|Ri(s)] < S max IIEH&]’ ] =3 A (9.10)
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This yields the first inequality in (9.9); since we can similarly prove the second one, the
desired result follows from combining the bounds and noting that these bounds do not
depend on r. [ ]

Proof of Theorem 4.2. The proof is a modification of the proof of Theorem 4.1, inspired by
[26]. Here, we describe the changes, keeping all unmentioned notations the same as those
in the proof of Theorem 4.1. In a nutshell, we only need to consider an additional Taylor
expansion when bounding R;(s) and Ra(s).

As in the proof of Theorem 4.1, it suffices to prove the asserted claim with gy, replaced
by 0%. Also, note that (9.8) holds under our current assumptions by the same arguments
as those in the proof of Theorem 4.1. Thus, we only need to bound

1 1
/O|R1(s)]ds and /()’RQ(S)‘dS.

To bound the former, we consider the Taylor expansion of 9;h(W ¥ (s) + /1 — sU&;)
around W) (s) and rewrite Ry(s) as

Ri(s) ﬂ—sZ Z E[(1 - U)&;&nadimh(W D (s))] + R} (s),

i=1 j,k,l=1
where
n d .
Ri(s)=(1=9)Y_ Y  EUQL-U)&wbasiqOmh(WD(s) + V1= sUU'E)),
i=1 jk,l,q=1

and U’ is a uniform random variable on [0, 1] independent of everything else. Since W® ¢
and U are independent, we obtain

n d
R =1 SZ Z ]E ] [&jgzkle] [ ]klh(W( )( ))] + RII(S)
=

i=1j,k,l=1

Thus, we conclude R;(s) = R)(s) by the assumption (4.2). Now, note that we have by
Lemma 6.2 with ¢ =oco and e =1

d

log d)?
sip > swp [Gughla+y)| < 1B
meRdj,k,l,q=1 yER(O,a*,on) 0'*’0

Using this inequality instead of the second one in (9.1), we can prove |R}(s)| < Ay analo-
gously to the proof of (9.10). A similar argument also yields |R)(s)| < Ag, completing the
proof. [ |
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Proof of Proposition 4.1. The proof is almost the same as that of [23, Proposition 1.1],
except that we use Theorem 3 in [35, Chapter VIII] instead of Eq.(2.41) in [35, Chapter
VIII].

oo

o , of real numbers such that

It suffices to show that there is a sequence (z,,)

p = lim inf nQd ’11D <1I£1aé(dej < iL'n> - IP <max Z; < xn>’ > 0,
J

n—00 log 1<5<d

where

1 n
Wh,j = /n ;Xn,ij'

We define the sequence (z,,)72 ; in the same way as in the proof of Proposition 2.1. Then
we can prove (7.38) and (7.39) by the same arguments as in the proof of Proposition 2.1.
Moreover, since z,, = O(y/Iogd) = o(n'/*) by assumption, Theorem 3 in [35, Chapter VIII]

implies
P(W1>:En) g Ty +1
——— L =™ {140 .
o) { - ( NG >}

Combining this with (7.38), we obtain

P (W1 > xp)
i W $1<xn> Sd(1— @y ()

e fio (5} ()

Using the Maclaurin expansion of the exponential function, we obtain

) Ty + 1 1

24
e =1- 24x+0<n>+0<\/ﬁ>+0<d .

Note that we particularly have A\, = O(1). Thus, (7.39) yields

Ap =

and thus

4
—An 1| = liminfe ™! n_ e, _ 6_1m

n—oo  logZd 24 6

> liminf — & |
p—lyzlggélo?de

because ,/v/21logd — 1 as well as d~' = o((logd)™') = o(n"'log?d) and n/log®d — 0
by assumption. This completes the proof. |
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10. PROOFS FOR SECTION 6

Throughout this section, for brevity of notations, we often drop super-indices ¢, ¢, r,
and ¥ in the functions g?(-), m™?(-), and p"®4*(-) and simply write g(-), m(-), and p(-)
instead. Also, we use < to denote inequalities that hold up to a universal constant.

Proof of Lemma 6.1. First, note that the asserted claim for general r € R? follows from
the asserted claim for r = 0 because

PO w) = p S w — 1),
Similarly, the asserted claim for general X follows from the asserted claim for ¥ = I;.
Indeed, define X! = ¥ — 021, and X2 = 021; and let Z! and Z? be independent random
vectors in R? such that Z! ~ N(0,%!) and Z2? ~ N(0,%2). Then Z ~ N(0,¥) is equal in
distribution to Z' + Z2. Hence,
pr"b’e’z(w) = IEmr"z’(w +eZ' +e7%) = Epreo=la (w+ eZ1),
and so, by Jensen’s inequality,
d
sup D0 sup 9™ (w )]
weRY J1yerfo=1 yGR(O,EU*'r])
d
<IE | sup sup D)y, "0 (w + €2+ y)|
weRd Jiseensjo=1 yeR(07€O'*77)
d
=sup D sup (9l (w )
werd ;, T yeR(0con)

Therefore, in what follows, we set » = 0 and X = 1.

Next, we prepare some notation. Let
R? = {w e R?: w < 0}.

Also, let p: R? — R denote the pdf of the standard normal distribution on R?. In addi-
tion, let ¢1: R — R and ®1: R — R denote the pdf and the cdf of the standard normal
distribution on R. Moreover, for all j = 1,...,d, let 7;: R? — R be the function defined
by
. d

mi(w) =1 {] = arglrgkaicdwk}, w € RY,
where arg max;<p<qwy, is equal to the smallest [ = 1,...,d such that w; = maxj<p<qwp.
Here, it is useful to note that the functions m;(-) satisfy

d
> mi(w) =1 (10.1)
j=1
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for all w € R%. Finally, let ¥: R? — R be the function defined by

o d
= / H Oy (t —w;)dt, w e R
~o0 31
It is straightforward to check that
05 W(w) = ()" [ 7 (5100 g s = w)ds (10.2)
forallu=1,...,v, j1,...,ju=1,...,d, and w € R

For the rest of the proof, we proceed in two steps. In the first step, we prove that
d
sup Y sup |95, j,p(w+y)

wERd jl)'“)jvzl yeR(O,gn)
2¢ d
< o—1 Sup Z sup |aj1‘..jU\IJ(w_|_y)‘_ (10.3)
‘ wERdjl7"'7jv:1 yER(Oyn)

In the second step, we prove that

d
sup Z sup ‘63131,\11(11] + y)’ 5 (log d)(v—l)/g' (104)
weR 1yensjo=1 yeR(0,n)

Combining these steps gives the asserted claim of the lemma.

Step 1. Here, we prove (10.3). Fix any w € R? and ji,...,j, = 1,...,d, and observe

that
05, p(w / Ojm(w + €z) / djm(s) ( ) ds,

where the second equality holds by the change of Varlables z+— 8 = w + €z. Therefore,

s_
8j1,~~-»jup(w): d+v 1 / m]1 a]2, ,jd‘p< c )ds

(_ v 1
T (0 + €2)0),,... jap(2)dz,

where the second equality holds by the reverse change of variables s — z = (s — w)/e. In
addition,

. — / .
mj (w+ez) =g <1rgja<xd(wj + ez])> i, (w + €z)

for almost all z with respect to the Lebesgue measure on R%. Thus, given that

iy o it €(0,1/9),
g(t)_{o if ¢ ¢ (0,1/),
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denoting
A = {zeRd: w+ez§0}, Ay = {zeRd: w+ ez < 1/(;5},
we have
(—1)" ¢
Dji.ojup(W) = T T (W + €2)0j,,. 4, 0(2)dz,
€ Ax\Aq
and so

/A i (w+ ez —1/9)0;,. ., 0(2)dz

2

¢
191, (W)] < 55
¢

+ 61171

)

/A i (w0 + €2)0y,,up(2)dz

1

where we used 7, (w + €z) = 7, (w + €2 — 1/¢$). Therefore,
d

sup Z sup ‘8j1jvp(w + y)|
’UJERd jl 7---,j'u:1 yeR(()’en)

d
2
< vibl sup Z sup / T (w+y +€2)0,,. j,p(2)dz| . (10.5)
@ e, i veroen |y
Moreover,
[ w0, (s (10.6)
1

-/ 5 (690905 — (0 )/ €)ds
{s€R?: es<0}

= [ 7 0 pls = w0+ 9) /s

= (=1)9,..5. ¥ ((w +y)/e), (10.7)
where the first equality holds by the change of variables z — s = z + (w + €) /e and the
third by (10.2). Combining (10.5) and (10.7) gives the asserted claim of this step.

Step 2. Here, we prove (10.4). To do so, we proceed by induction on v. For v = 1, we
have for all w € R?, y € R(0,7), and j =1,...,d that

0
ety = [ | IT eate—w-w | ertt—w; - yy)ar
=00 \ . 14j
To bound the integral on the right-hand side here, consider the partition
(—OO, 0] = Tj U T;,
where

Tj = {t € (—O0,0]: |t _wj| < (210gd)1/2 +77}7 T; - (—OO,O]\TJ'-
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Then

/11‘ H it —w —y) | pr(t —wj —y;)dt

I \1l: 1#j

e1(t —wj —yj)
< D1 (t —w; + t—w; + dt
/Tj lzll#lj 1t —wi+n) | it —wj+n) ot —w; 1)

5/ [T @1t —wi+n) | @t —w; +n)at
Ti \i: 15

0
g/ H Qi(t—w+1) | e1(t —wj +n)dt = -0,V (w —n),
T\ I#j

where the second inequality holds for all y € R(0,7) because n < K//logd. Also,

/T [T @t —wi—w) | or(t —w; —yy)dt

C
J \l:1l#]

+oo
< / o1t — wj — y;)dt < / p1(t)dt S o1 ((210gd)/?) S .
¢ (2log d)1/2
Combining these bounds, we obtain
d d
sup [0, U(w+y)| S 1= 9;¥(w—n)
j=1 yeR(Ovn) j=1

d
= 1+;/Rd mj(s)p(s —w +n)ds

:1+/ o(s —w+mn)ds <2,
R

where the last line follows from (10.1). This gives (10.4) for v = 1.

Now, fix v > 2. By induction, we can assume that

d
max  sup sup 8,5, ¥ (w + )| < (logd)—1/2, (10.8)
1<u<v—1,  pd jl,.Z,;L:l yER(0,n) e

Also, define

J ={0U1,---,70) €{1,...,d}" :all ji,...,J, are different}
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and J¢ = {1,...,d}" \ J. Like in the v = 1 case, we can check that for all w € R
y € R(0,n), and (j1,...,J) € T, we have

10,5, ¥ (w+y)| Sd™" + (=1)70j,..5, ¥ (w — ).
Therefore,

d

sup (05,5, V(w + y)|
F1yeerjo=1 yER(0,n)

d
S+ ) sup (9,5, ¥(w+ )|+ (1) > 05,5, (w—1n).
(G1,0eergi) €T VEROM) 1rde=1

Here, for all w € R?,

d d
Z 8']1]“\11(“)) - Z /]Ri 1 (8)6‘7‘2:-“7].1:@ (8 - w) ds

F1yemrdo=1 F1yemdo=1
d
= Y [ (s - w)ds S loga)*
j2=---7j’v:1 REE
by (10.1) and Lemma 2.2 in [23].
Hence, it remains to prove that
sup [0;,..5, @ (w +y)| < (logd)* V72, (10.9)

(j1,0enrjo) €T e YEROM)

To do so, for all (ji,...,75y) € JC, let N(j1,...,Jy) denote the number of different indices
among v indices ji,...,J,. Then
J=NU--UTy1,
where
Jo=A{0G1,--sdv) €T N1, Jw) =u}, u=1,...,0—1.
Thus,

v—1

sup [0, 5, T(w+y)=> > sup (0,5, ¥ (w +y)|.
yeTe yeR(0,n) u=1 (j1,....j0)ETu yeR(0,n)

-----

(jl?"vjﬂ

Next, fix any u = 1,...,v — 1 and consider the corresponding sum on the right-hand side
of the equality above. Fix any (j1,...,Jv) € Ju. By the definition of 7,, there are exactly
u different indices among v indices ji, ..., j,. Denote them by o1, ..., 0, and assume that
they appear k1, ..., k, times, respectively, where k1 + --- + k, = v. Then, denoting

o= (01,...,04), J°=A{1l,...,d}\{o1,...,04},
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we have for all w € R? that

u
10j,...5, ¥ |—/ H(plt—wj Ha 1Py (t — w,,)dt
=1

X jego

/ TT ®1— ) TT (Ut w5+ a(t — i) ) .
i=1

o jegeo

To bound the integral on the right-hand side here, consider the partition
(—00,0l=ToUTi U+ UTy,

where
To = {t € (—00,0]: Vi, [t — wo,| < (402 log d)1/2}
and
Ti = {t € (—00,0]\To: i = argllgggu|t—wok|}, i=1,...,u.
Then

u

| TT @ate=wp) TT (0= o™ Dt = o)) dt 5 Qg )10 .0, B ()
To =1

JjeJge
and, foralli =1,...,u,
LT ot = o TL (0= w7+ prte =) )
]EJ” i=1
+00

S [ =l et - woat s (1)

T (4v2log d)1/2
+00 +00

S / exp(vlogt — t?/2)dt < / exp(—t2/4)dt

(4v2 log d)1/2 (4v2 log d)1/2
+oo
=2 exp(—t2/2)dt < o1 ((21}2 log d)1/2) Sd.

(2v2 log d)1/2

Combining these bounds, we obtain

sup [9,...5, ¥V (w + y)|
(1,mmmrjo) €T VER(OM)
d
S 1+ (log ci)(z’ﬂ‘)/2 Z sup  |Goy...0, ¥ (w + )|
01,4.00,0y,=1 yER(0,n)

S 1+ (logd) "2 (log d)“ "7 < (log d) "7 /2,

47
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where the third line follows from (10.8). Therefore, given that u = 1,...,v — 1 here is
arbitrary, (10.9) follows, which gives the asserted claim of this step and completes the
proof of the lemma. n

Proof of Lemma 6.2. As in the proof of Lemma 6.1, it suffices to consider the case with
r = 0 and ¥ = I4, which is what we do below. Our argument relies on the following
elementary identity.

Lemma 10.1. For any random vector W in R%, we have

¢71
Em(W) = Em®®(W) = ¢ IP(W < s)ds.
0

Proof. For any random variable 7, we have, with IP” being the law of T,

o) = [ awrian =~ [ ([ erian
— [ ([ 1aoa@) s

¢1
/ P(r < s)g'(s)ds = ¢ IP(r < s)ds.
0

Applying this identity with 7 = max1<j<d W;, we obtain

d’/ (maxW <8>d8=¢/_IP(W§5)ds.
0

This completes the proof. [

Using Lemma 10.1, we can rewrite p(w) as

:qb/ _ P(w+eZ < s)ds

:/ {/ Ipa (w— 5 + €2)¢p (z)dz}ds
_/ {/Rd e z—el(w—s))dz}ds

¢ 1
0] / oz —€ (w—$))dz p ds.
0 R4
Thus, we have

v o1
Opl) = =3 [ { - z—e—1<w—s>>dz}ds. (10.10)
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Combining this identity with Lemma 2.2 in [23] gives the asserted claim. |

Proof of Lemma 6.3. As in the beginning of the proof of Lemma 6.1, define £ = ¥ — 021,
and Y2 = 021 and let Z! and Z2? be independent random vectors in R? such that Z! ~
N(0,%') and Z%2 ~ N(0,%2). Then

d
sup > sup (00 R (w )]
we(A2\A1)¢ ;"7 1 YyER(0,e04m)
d
<IE| sup sup  |0j,.. 50" (w + €2t + y)

we(A2\A1)° j, T 1 yeR(0,e0um)
Also, by the union and Chernoff’s bounds,
P (| 200 > K) < 2de™/? < 2de=(v-*/4,
Thus, by Lemma 6.2,

d

E| sup sup (05,5, 0" (w4 2" + )|
we(A2\A1)° G1yeerjo=1 yER(0,e04m)

- (log d)/? >
< s S sup 9wy e de
we(A\AY* 5, = yeR(0.eoun) (eos)

where

Al={weR:w<r—es}, Ay={weR: w<r+exto 1}
Combining these inequalities shows that the asserted claim for general ¥ follows from the
asserted claim for ¥ = I; with replacing A; and Ay by A} and A), respectively. In what
follows, we therefore set ¥ = I;. Similarly, again as in the proof of Lemma 6.1, we set
r=0.

Further, note that identity (10.10) derived in the proof of Lemma 6.2 did not rely on
any specific assumptions of Lemma 6.2, and so remains valid under current assumptions.
We will use this identity below.

Next, for any w € R? and s € [0,¢7!], if max; w; < —ex, we have max;(w; — s) <
—ek — 5 < —ek; if maxjw; > ek + ¢~ L, we have max;j(w; —s) > ex + ¢t — s > ex. So, we
deduce from (10.10) that

d

sup Z sup  [0j,,....j,p(w + y)|
we(A\AY)® jy "5 =1 YER(O,en)

d ¢!
< sup Z sup 4

v
weR%:max; w; ¢[—er,ex] G1eriv=1 yeR(0,en) € JO

/Rd Djrjup(z — € Hw +y))dz| ds
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d

< sup E Sup
z€Rmax; z;¢[—k,k| G1yenjo=1 yER(0,n) €

Ojy..jop(z —x —y)dz|.

Rd

Thus, we complete the proof once we show

d

sup E sup
weRmax; x;¢[—r.k] ;5 1 yER(0n)

<dvem (WA (10.11)

[, Bt =2 = w)ds

To prove (10.11), we introduce some additional notations. For an integer v > 0, the v-th
Hermite polynomial is denoted by H,: H,(t) = (—1)”@1(25)_1@5”) (t). We denote by t, the
maximum root of H, when v > 1. For example, t; = 0,ty = 1,t3 = v/3. It is evident that
H,, is positive and strictly increasing on (¢,,00). We also have

th <tg<---. (10.12)

See e.g. [38, Theorem 3.3.2]. When v > 1, we define the function h, on R by h,(t) =
H,_1(t)¢1(t), t € R. A simple computation shows h!,(t) = —h,41(t); hence h,, is strictly
decreasing on [t,,00). Moreover, since h,, is either even or odd, we have

|hy (—t)] = |ho(2)] for any t € R. (10.13)
Finally, for every u € {1,...,v}, we set
Nu() :={(v1,...,v) €ZY s v, .o ovy > Ly + -+ + 1y, = v},
Ju(d) :={(j1,- -y Ju) €{1,...,d}" : j1,..., ju are mutually different}.

We turn to the main body of the proof of (10.11). We have for any x € R?

d

sup
J1senjo=1 YER(O07)

Y Y

u=1 (11, .0) ENw (V) (J1,..rju) €T (d) YEROM)

/]Rd Oj,. iz —x —y)dz

/Rd ot 0 p(z — x — y)dz|.

Therefore, we obtain the desired result once we show

sup Z sup S dve= v/ (10.14)

9500 p(z —x —y)dz
>/~c(~ . R4
J1s-Ju -

and
sup Z sup < dve=(Fmm?/4

9jl -0 p(z —x —y)dz
z€RYmax; z;<—kK (1 yornrju) ETu(d yER(O n)

Rd

(10.15)
for any (v1,...,1y) € Ny(v) with w € {1,...,v}.
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For every = € R?, set

I(x) := Z sup

(1) €T (d) YERLOM)

Rd

Then we have

u

I(z) = > IT suw |, (25, —vi)| T ®ul—=zr—we).

(1 seeerju) €T (d) =1 YER(0) kkE g,

In particular, we obtain I(x) < d¥. Therefore, it is enough to prove (10.14)—(10.15) when
Kk —mn > t, V1 because we can take a sufficiently large constant C! depending only on v so

that I(z) < Cldve~("=1%/4 for all z € R and k —n < t, V 1.

Let us consider the case max;z; > k. Then there is an [ € {1,...,d} such that z; > &.
For any positive integer v < v, h, is decreasing on [t,,c0) (recall (10.12)), so we have

\hy (=21 — )| < (k —n)Pe”5=D°/2 for any y € R(0,7) (recall (10.13) and x —n > t, V 1).
Hence, noting that |h,| is bounded by a constant depending only on v, we obtain

s Y (—n)e Ry @y (k)
(J15e05Ju) €ETu(d)

< dUkPe R /2y Q1 (—k +n).

Since ®1(—k + 1) < e~ *""M*/2 by Chernoff’s bound and SUP4~( tve~*/* < 50, we obtain
(10.14).

Next consider the case max; x; < —«. Then we have —x; > & for all j =1,...,d. Since
Kk —mn > t, and h,, is decreasing on [t,, c0) for any positive integer v < v, we obtain

o)< Y J[hwtc—m Sa [ (x—nretetem??
(1) ETu(d) =1 =1
<d’(k — 77)”_16_(5—77)2/2 < dve—(n—n)2/4’

where the third inequality follows from ) ¢Va =" and 1 < u < v, and the last inequality

follows from sup; g tv=le=t*/4 < 0. Hence we obtain (10.15) and complete the proof. m

11. AUXILIARY LEMMAS

Lemma 11.1. Let Z = (Zy,. .., Za)T be a centered Gaussian random vector in R? with a
non-singular covariance matrix > = (Ejk);l,k:r Then for any j =1,...,d, e >0, w € RY,
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and bounded and measurable h: R4 — R,

d
Eh(w+€Z)Z; =€ Z Ophe(w)X;,
k=1

where he: R — R is given by he(w) = IBh(w + €Z) for all w € R,

Remark 11.1. This lemma is a version of Stein’s identity suitable for non-differentiable
functions h. Although the lemma seems to be rather well known, we provide its proof
below for reader’s convenience. ]

Proof. Observe that the asserted claim for general € > 0 follows from the asserted claim
for e = 1 by rescaling of the vector Z. Therefore, we only consider the case € = 1.

Now, fix any j = 1,...,d, w € R%, and bounded and measurable h: R — R. Then,
denoting A = X712 5o that V = AZ ~ N(0, 1), we have

he(w) = Bh(w + Z) = Eh(w + A~V)
_ /h(w + A L) (w)dv = |Al / w))ds,
where ¢ is the pdf of the standard normal distribution on R? and |A| is the determinant

of A. Thus, differentiating under the integral, which is allowed by Corollary A.10 in [22],
forall k=1,...d,

d
Ohe(w :—|A|/ (5) Y Andip(A(s — w))ds
=1
d
_/h(w+A_lv)ZAklal§0(U) / (w+ A1 ZAMUW
=1

Hence,
d d d
S Db (w)Se = / hw+ A7) S0 S S Ay (v)
k=1 I=1 k=1
d
= / h(w+ A7) Y (SY2) jup(v)dv = Bh(w + 2)Z;,
=1
where the last equality follows from Z = £1/2V. The asserted claim follows. |

Lemma 11.2. Let X, Y, and Z be independent random vectors in R%. Denote

¢ := sup ]P(XST)—IP(YST)‘ and v:=sup |P(X+Z<r)-PY+Z<r)

rcRd rcRd
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and let € > 0 be such that o :=P(Z € R(0,¢€)) > 1/2. Then

C<’y+a7'

200— 1’

where

7:=sup [P(Y <r+2¢)—-P(Y <r)|.
reRd

Remark 11.2. This result is an adaptation of Lemma 2.4 from [23] with hopefully easier
to follow notations and is a version of Lemma 11.4 from [9]. We provide a proof here for
reader’s convenience. n

Proof. Note that
¢ = max <sup (P(X <) = P(Y <n)), sup (P(Y <7) — P(X < m))
reRd reRd

and consider the case

¢ = sup (IP(X <7)—P(Y < r)). (11.1)
reRd

In this case, for any r € R%, we have
P(X+Z<r+e-PY+Z<r+e)="1,+1Ty, (11.2)

where

Ty, :E[(1{X+z <rte-UY+2z< r—l—e})l{Z e R(O,e)}],

T, :E[(1{X+Z <rte -y +2z< r+e})1{Z ¢ R(O,e)}].
Here, denoting ¢, :=P(X <r) —IP(Y <r), we have

Ty, > IE[(1{X <P Y <r+ 26})1{2 c R(o,e)}}

=E[I{X <7} - 1Y <r+2¢|E[1{Z € RO,0)}] > (¢ — )

and

To, :IE[IE[l{X—i—Z§r+e}—1{Y+Z§r+e} | Z]1{Z¢R(o,e)}} > —¢(1-a).

Therefore, taking the supremum over r € R in (11.2) and recalling (11.1), we have
v >((2a—1) - Ta.
Rearranging the terms in this inequality gives the asserted claim under (11.1), and since

the case

¢ = sup (IP(Y <r)-PX < 7“))
reRd
is similar, the proof is complete. |



54 CHERNOZHUKOV, CHETVERIKOV, AND KOIKE

Lemma 11.3 (Nazarov’s inequality). Let Z = (Z1,...,Z4)T be a centered Gaussian ran-
dom vector in R® such that IE)Z]2 >1 forallj=1,...,d withd > 3. Then for any z € R¢
and any € > 0,

P(Z <z+4¢e)—1P(Z < z) <Cey/logd,

where C > 0 is a universal constant.

Proof. See Lemma A.1 in [15]. ]

Lemma 11.4. Let X,..., X, be independent centered random vectors in R* with d > 2.
Define the following quantities: Z = maxi<j<d | > iy Xij|, M = maxi<;<, maxi<j<q | Xij,
and 0® 1= maxi<j<q yi— B[X7]. Then

E[Z] < C (a\/log d + /E[M?]log d) ,

where C > 0 is a universal constant.

Proof. See Lemma 8 in [14] [

Lemma 11.5. Assume the setting of Lemma 11.4. (i) For every n > 0,8 € (0,1] and
t>0,

P{Z > (1 +n)E[Z] + t} < exp{—t*/(30%)} + Bexp{—(t/(C | M]|4,))"},
where C' > 0 is a constant depending only on n, 3. (ii) For everyn > 0,s > 1 and t > 0,
P{Z > (1 +n)E[Z] + t} < exp{~?/(30%)} + C'E[M"]/t*,

where C' > 0 is a constant depending only on n and s.

Proof. See Theorem 4 in [1] for case (i) and Theorem 2 in [2] for case (ii). ]

Lemma 11.6. Let Xi,..., X, be independent random wvectors in R* with d > 2 such
that X;; > 0 for alli=1,...,n and j = 1,...,d. Define Z := maxj<j<qy iy Xij and
M = maxlgign maxlSdeXij. Then

< .
E[Z] <C (1@%1[3 [Z Xy

+ IE[M] Iogd> ,

where C > 0 is a universal constant.

Proof. See Lemma 9 in [14]. ]

Lemma 11.7. Assume the setting of Lemma 11.6. (i) For every n > 0,8 € (0,1] and
t>0,

P{Z > (1 +n)E[Z] +t} < 3exp{~(t/(CI|M]ly,))"},
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where C' > 0 is a constant depending only on n, 3. (ii) For everyn > 0,s > 1 and t > 0,
P{Z > (1+n)E[Z] +t} < C"E[M?)/t,

where C' > 0 is a constant depending only on 1, s.

Proof. See Lemma E.4 in [15]. ]
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