A Service of

[ ) [ J
(] [ )
J ﬂ Leibniz-Informationszentrum
° Wirtschaft
o Leibniz Information Centre
h for Economics

Make Your Publications Visible.

Giacomini, Raffaella; Kitagawa, Toru; Volpicella, Alessio

Working Paper
Uncertain identification

cemmap working paper, No. CWP33/20

Provided in Cooperation with:
Institute for Fiscal Studies (IFS), London

Suggested Citation: Giacomini, Raffaella; Kitagawa, Toru; Volpicella, Alessio (2020) : Uncertain
identification, cemmap working paper, No. CWP33/20, Centre for Microdata Methods and Practice

(cemmap), London,
https://doi.org/10.1920/wp.cem.2020.3320

This Version is available at:
https://hdl.handle.net/10419/241908

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://doi.org/10.1920/wp.cem.2020.3320%0A
https://hdl.handle.net/10419/241908
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

cemmap

centre for microdata methods and practice

Uncertain identification

Raffaella Giacomini
Toru Kitagawa
Alessio Volpicella

The Institute for Fiscal Studies
Department of Economics,
UCL

cemmap working paper
CWP33/20

Economic
and Social
Research Council




Uncertain Identification*

Raffaella Giacominil Toru Kitagawa! and Alessio Volpicella®

This draft: June 2020

Abstract

Uncertainty about the choice of identifying assumptions is common in causal studies,
but is often ignored in empirical practice. This paper considers uncertainty over models
that impose different identifying assumptions, which, in general, leads to a mix of point- and
set-identified models. We propose performing inference in the presence of such uncertainty
by generalizing Bayesian model averaging. The method considers multiple posteriors for
the set-identified models and combines them with a single posterior for models that are
either point-identified or that impose non-dogmatic assumptions. The output is a set of
posteriors (post-averaging ambiguous belief) that are mixtures of the single posterior and
any element of the class of multiple posteriors, with weights equal to the posterior model
probabilities. We suggest reporting the set of posterior means and the associated credible
region in practice, and provide a simple algorithm to compute them. We establish that
the prior model probabilities are updated when the models are “distinguishable” and/or
they specify different priors for reduced-form parameters, and characterize the asymptotic
behavior of the posterior model probabilities. The method provides a formal framework for
conducting sensitivity analysis of empirical findings to the choice of identifying assumptions.
In a standard monetary model, for example, we show that, in order to support a negative
response of output to a contractionary monetary policy shock, one would need to attach
a prior probability greater than 0.05 to the validity of the assumption that prices do not

react contemporaneously to the shock.
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1 Introduction

The choice of identifying assumptions is the crucial step that allows researchers to draw causal
inferences using observational data. This is often a controversial choice, and there can be
uncertainty about which assumptions to impose from a menu of plausible ones, but this uncer-
tainty and its effects on inference are typically ignored in empirical work. This paper proposes
a formal framework for Bayesian model averaging/selection in the presence of uncertain iden-
tification, which we characterize as uncertainty over a class of models that impose different
sets of identifying assumptions. The class of models can include ones where parameters are
set-identified, which occurs when the assumptions are under-identifying or take the form of
inequality restrictions. For these models, we advocate adopting the multiple-prior approach of
Giacomini and Kitagawa (2020). In our context, the approach has the additional advantage of
isolating the component of each model that depends on the identifying restrictions, making it
possible, for example, to compare models that only differ in the identifying restrictions.

The paper makes both a methodological and a theoretical contribution. The methodological
contribution is to extend Bayesian model averaging/selection to allow for models characterized
by multiple priors (associated here with set identification). The theoretical contribution is to
clarify how the different components of the models affect inference in terms of model averag-
ing/selection in finite samples and asymptotically.

There are several examples in economics where empirical researchers face uncertainty about
identifying assumptions that lead to point- or set-identification of a common causal parameter of
interest. The first is macroeconomic policy analysis based on structural vector autoregressions
(SVARs), where assumptions include causal ordering restrictions (Bernanke (1986) and Sims
(1980)), long-run neutrality restrictions (Blanchard and Quah (1993)), and Bayesian prior
restrictions implied by a structural model (Del Negro and Schorfheide (2004)). Subsets of these
assumptions deliver set-identified impulse-responses, as does the use of sign restrictions (Canova
and Nicolo (2002), Faust (1998), and Uhlig (2005)). The second example is microeconometric
causal effect studies with assumptions such as selection on observables (Ashenfelter (1978)
and Rosenbaum and Rubin (1983)), selection on observables and unobservables (Altonji et al.
(2005)), exclusion and monotonicity restrictions in instrumental variables methods (Imbens
and Angrist (1994), yielding set-identification of the average treatment effect), and monotone
instrument assumptions (Manski and Pepper (2000), also yielding set-identification). The third
example is missing data with assumptions such as missing at random, Bayesian imputation
(Rubin (1987)), and unknown missing mechanism (Manski (1989), yielding set-identification).
Finally, estimation of structural models with multiple equilibria relies on assumptions about
the equilibrium selection rule, with different assumptions (or lack thereof) delivering point- or
set-identification (e.g., Bajari et al. (2010), Beresteanu et al. (2011), and Ciliberto and Tamer
(2009)).



The common practice in empirical work is to report results based on what is deemed the
most credible set of identifying assumptions, or, sometimes, based on a small number of alter-
native assumptions, viewed as an informal sensitivity analysis. Our proposed method provides
a formal framework for investigating the sensitivity of empirical findings to specific identifying
assumptions and/or for aggregating results based on different sets of identifying assumptions,
which can be more practical than reporting inference for all models separately when there are
many alternative sets of restrictions.!

The idea of model averaging has a long history in econometrics and statistics since the
pioneering works of Bates and Granger (1969) and Leamer (1978). The literature has consid-
ered Bayesian approaches (see, e.g., Hoeting et al. (1999) and Claeskens and Hjort (2008)),
frequentist approaches (Hansen (2007, 2014), Hjort and Claeskens (2003), Hansen and Racine
(2012), Liu (2015), Liu and Okui (2013), and Zhang and Liang (2011)), and hybrid approaches
(Hjort and Claeskens (2003), Kitagawa and Muris (2016), and Magnus et al. (2010)), but none
of them allows for set-identification/multiple priors in any candidate model.

We tackle this problem from the angle of Bayesian model averaging. Standard Bayesian
model averaging delivers a single posterior that is a mixture of the posteriors of the candidate
models with weights equal to the posterior model probabilities.? This approach could in princi-
ple be extended to our context if one could obtain a single posterior for every model, including
set-identified ones. Assuming a single prior under set identification is however problematic from
a robustness viewpoint as the choice of a single prior, even an apparently uninformative one,
can lead to spuriously informative posterior inference for the object of interest (Baumeister and
Hamilton (2015)). The severity of the problem is magnified by the fact that the effect of the
prior choice persists asymptotically, unlike in the case of point-identified models (Moon and
Schorfheide (2012), Poirier (1998), among others).

The key innovation of our approach to Bayesian model averaging is that we do not assume
availability of a single posterior for the set-identified models. Rather, we allow for multiple
priors (an ambiguous belief ) within the set-identified models (as in Giacomini and Kitagawa
(2020)), and then combine the corresponding multiple posteriors with single posteriors for
models that are either point-identified or that impose non-dogmatic identifying assumptions
in the form of a Bayesian prior for the structural parameters (as in Baumeister and Hamilton

(2015)). The output of the procedure is a set of posteriors (post-averaging ambiguous belief ),

!There are several examples in the empirical literature of sign-restricted models considering a large number
of restrictions. For example, Korobilis (2020) considers a model with 63 sign restrictions; sign-restricted SVARs
that consider many restrictions include, among others, Matthes and Schwartzman (2019) in the context of
business cycles analysis, Ahmadi and Uhlig (2015), who investigate monetary policy, Furlanetto et al. (2019),

who focus on financial shocks, and Antolin-Diaz et al. (2020), who study monetary policy and financial shocks.
2When a constrained model is a lower dimensional submodel of a large model, performing inference conditional

on the constrained model may suffer from the Borel paradox; see, e.g., Dréze and Richard (1983). Bayesian model

averaging offers a practical way to avoid the Borel paradox in such context.



that are mixtures of the single posteriors and any element of the set of multiple posteriors,
with weights equal to the posterior model probabilities. To summarize and visualize the post-
averaging ambiguous belief, we recommend reporting the set of posterior quantities (e.g., the
mean or median) and the associated credible region (an interval to which any posterior in the
class assigns a certain credibility level). We show that these quantities have analytically simple
expressions and are easy to compute in practice.

This paper contributes to the growing literature on Bayesian inference for partially identi-
fied models (Giacomini and Kitagawa (2020), Kline and Tamer (2016), Moon and Schorfheide
(2012), Norets and Tang (2014), Liao and Simoni (2013)). We follow the multiple-prior ap-
proach to model the lack of knowledge within the identified set as in Giacomini and Kitagawa
(2020). When a set-identified model is the only model considered, the set of posteriors gener-
ated by the approach leads to the posterior inference for the identified set proposed in Kline
and Tamer (2016), Liao and Simoni (2013), and Moon and Schorfheide (2011). When there
is uncertainty about the identifying assumptions, however, the usual definition of identified
set is not available without conditioning on the model. The multiple prior viewpoint has an
advantage in this case since the set of posteriors has a well-defined subjective interpretation
even in the presence of model uncertainty.

The method proposed in this paper provides a formal framework for conducting sensitivity
analysis of causal inferences to the choice of identifying assumptions. For example, when a
set-identified model nests a point-identified model, the method can be used to assess the pos-
terior sensitivity in the point-identified model with respect to perturbations of the prior in the
direction of relaxing some of the point-identifying assumptions. In this case, we can formally
interpret our averaging method as an example of the e-contamination sensitivity analysis devel-
oped in Huber (1973) and Berger and Berliner (1986), with a particular construction of the prior
class. In another example, if the point-identified model can be considered a reasonable bench-
mark, the method offers a simple and flexible way to add non-dogmatic identifying information
to the set-identified model, which results in increasing informativeness of the conclusions in a
transparent manner. Finally, the method can be used to perform reverse-engineering exercises
that compute the minimal prior probability one would need to attach to a set of identifying as-
sumptions in order for the averaging to preserve a given empirical conclusion (e.g., the so-called
price and liquidity puzzles in monetary SVARs, respectively discussed by (Sims, 1992) and (Re-
ichenstein, 1987)). Obtaining this threshold in terms of the prior model probability shares the
motivation with the breakdown frontier analysis proposed in Horowitz and Manski (1995) and
Masten and Poirier (2020), where the breakdown frontier is the population quantity (as op-
posed to the belief) that measures the minimal violation of the benchmark point-identifying
assumption to support the conclusion.

Our proposed method can also be viewed as bridging the gap between point- and set-



identification. When focusing solely on a point-identified model, a researcher who is not fully
confident about the choice of identifying assumptions may doubt the robustness of the conclu-
sions. On the other hand, discarding some of the point-identifying assumptions and reporting
estimates of the identified set may appear “excessively agnostic”, and often results in unin-
formative conclusions. Our averaging procedure reconciles these two extreme representations
of the posterior beliefs by exploiting the prior weights that one can assign to alternative sets
of identifying assumptions. The output of the procedure is a weighted average of the pos-
terior mean in the point-identified model and the set of posterior means in the set-identified
model. When the identified set is a connected interval, the set of posterior means can be
viewed as an estimate of the identified set (Giacomini and Kitagawa (2020)), and thus our
averaging procedure effectively shrinks the identified set estimate toward the point estimate
from the point-identified model, with the degree of shrinkage governed by the posterior model
probabilities.

In addition to developing a novel approach to Bayesian model averaging, we make two main
analytical contributions to the literature on Bayesian model selection and averaging. First, we
clarify under which conditions the prior model probabilities can be updated by data. We show
that the updating occurs if some models are “distinguishable” for some distribution of data
and/or the priors for the reduced-form parameters differ across models. Second, we investigate
the asymptotic properties of the posterior model probabilities and of the averaging method.
We show that, when only one model is consistent with the true distribution of the data, our
method asymptotically assigns probability one to it. When multiple models are observationally
equivalent and “not falsified” at the true data generating process, the posterior model probabil-
ities asymptotically assign nontrivial weights to them. We clarify what part of the prior input
determines the asymptotic posterior model probabilities in such case. The consistency property
of Bayesian model selection has been well-studied in the statistics literature (e.g., Claeskens and
Hjort (2008) and references therein), but there is no discussion about the asymptotic behavior
of posterior model probabilities when the models differ in terms of the identifying assumptions
but can be observationally equivalent in terms of their reduced form representations. These
new results therefore could be of separate interest.

The empirical application in this paper considers SVAR analysis with uncertainty over the
classes of identifying assumptions typically used in empirical work: causal ordering restrictions
(Bernanke (1986) and Sims (1980)), sign restrictions (Canova and Nicolo (2002), Faust (1998),
and Uhlig (2005)), and restrictions implied by a Dynamic Stochastic General Equilibrium
(DSGE) model. The choice of identifying assumptions has often been a source of controversy
in this literature, given that researchers have differing opinions about their credibility. One
popular choice is the use of sign restrictions. Although the resulting model is set-identified and

the approach therefore raises serious robustness concern as we discussed above, the common



practice is to consider single-prior Bayesian inference in set-identified SVARs. The large body
of the empirical literature adopting this approach includes Canova and Nicolo (2002), Faust
(1998), Mountford (2005), Rafiq and Mallick (2008), Scholl and Uhlig (2008), Uhlig (2005), and
Vargas-Silva (2008) for applications to monetary policy, Dedola and Neri (2007), Fujita (2011),
and Peersman and Straub (2009) for applications to business cycle model, Mountford and Uhlig
(2009) for applications to fiscal policy, Kilian and Murphy (2012) for applications to oil prices.
Alternative approaches that do not suffer from the pitfalls of single-prior Bayesian inference are
Moon et al. (2013) and Gafarov et al. (2018, 2016), who consider frequentist inference for the
identified set and Giacomini and Kitagawa (2020), who propose a robust Bayesian approach. To
our knowledge, little work has been done on multi-model inference in the SVAR literature, and
the methods proposed in this paper could therefore prove helpful in reconciling the controversies
about the identifying assumptions that are widespread in this literature. As an example, the
empirical application documents the high sensitivity of the conclusion in standard monetary
SVARs that output decreases after a contractionary monetary policy shock to the choice of
identifying assumptions.

The remainder of the paper is organized as follows. Section 2 illustrates the motivation
and the implementation of the averaging method in the context of a simple model. Section 3
presents the formal analysis in a general framework and provides a computational algorithm
to implement the procedure. Section 4 discusses the relationship between our method and
existing Bayesian methods, and discusses elicitation of model probabilities. Section 5 applies
our method to impulse response analysis in monetary SVARs. The Appendix contains proofs

and a microeconometric application.

2 Illustrative Example

We present the key ideas and the implementation of the method in a static model of labor

supply and demand, subject to common types of identifying assumptions.?> The model is:

A d
a2 (e A= aip a2 , t=1,...,T, (2.1)
Awy €; a1 a2

where (Ang, Awy) are the growth rates of employment and wages and (€, ) is an i.i.d. normally
distributed vector of demand and supply shocks with variance-covariance the identity matrix.
A is the structural parameter and the contemporaneous impulse responses are elements of A~1.

The reduced-form model is indexed by 3, the variance-covariance matrix of (Ang, Awy),

which satisfies ¥ = A71(A~!). Denote its lower triangular Cholesky decomposition with

3See Appendix A.2 for a microeconometric application to a treatment effect model with noncompliance.



0
nonnegative diagonal elements by >y, = o1 ) with 011 > 0 and 092 > 0, and define the

021 022
reduced form parameter as ¢ = (011, 021,022) € ® = Ry x R xR,.* Let the mapping from the

structural parameter to the reduced-form parameter be denoted by ¢ = g(A).

Suppose the object of interest is the response of the first variable to a unit positive shock in
the first variable, @ = (1,1)-element of A~!. Without identifying assumptions, the structural
parameter is set-identified since knowledge of the reduced-form parameter ¢ cannot uniquely pin
down the structural parameter (¢ = g(A) is a many-to-one mapping). Imposing assumptions
can lead to a set or a point for «, depending on the type and number of assumptions.

A Bayesian model is the combination of a likelihood and a prior input. The prior input can
be either a single prior or multiple priors. In point-identified models the prior input is a single
prior for the structural parameter 8, which in this case is equivalent to a prior for the reduced-
form parameter ¢. In set-identified models, one could either specify a single prior for 6 (e.g.,
as a way of imposing non-dogmatic identifying assumptions) or consider multiple priors as in
Giacomini and Kitagawa (2020). In the latter case a model is the combination of a likelihood,
a single prior for the reduced-form parameter ¢ (which is revised) and multiple priors for 6|¢
(which are not revised). As in Giacomini and Kitagawa (2020) there are several reasons for
adopting a single prior for ¢: first, this prior is revised by the data so any sensitivity concerns
in this respect are only present in finite samples; second, multiple priors for ¢ would lead to
problematic non-convergence issues, as discussed by Ruggeri and Sivaganesan (2000); third,
the single prior for ¢ facilitates computational implementation. An additional advantage of
separating revisable and unrevisable prior knowledge in the context of model selection is that it
allows one to isolate the component of the model that depends on the identifying restrictions.
This enables one, for example, to compare models that only differ in the restrictions they
impose.

The division that we introduce in the paper is between single-prior models (which could be
point- or set-identified) and multiple-prior models (which are always set-identified). We now
illustrate how this interplays with identifying assumptions in two examples of possible empirical

interest.

2.1 Dogmatic Identifying Assumptions
First consider dogmatic identifying assumptions, which are equality or inequality restrictions
on (functions of) the structural parameter that hold with probability one.

Scenario 1: Candidate Models

e Model MP (point-identified): The labor demand is inelastic to wage, a2 = 0.

“The positive semidefiniteness of ¥ does not constrain the value of ¢ other than 11 > 0 and g22 > 0.



e Model M?# (set-identified): The wage elasticity of demand is non-positive, a2 > 0, and

the wage elasticity of supply is non-negative, as; < 0.

Model MP restricts A to be lower-triangular, as in the classical causal ordering assumptions
of Sims (1980) and Bernanke (1986). Combined with the sign normalization restrictions re-
quiring the diagonal elements of A to be nonnegative, the assumption implies that the impulse
responses can be identified by A=! = ;.. The parameter of interest is a = apr(¢) = 011.

Model M*® imposes sign restrictions that only set-identify «. Appendix A shows that the

identified set for o is:

[011 cos (arctan (Z—;?)) ,011} , for o971 > 0,

[0,0’11 cos (arctan (_m))] , for o91 <0.

022

IS4(9) = (2.2)

Note that the identified set is non-empty for any ¢. Hence, models MP and M? are observa-
tionally equivalent at any ¢ € ® and neither of them is falsifiable, i.e., for any ¢ € ® in both
models there exists a structural parameter A that satisfies the identifying assumptions.’

We start by specifying a prior for ¢ in each model. Given the observational equivalence of

the two models, it might be reasonable to specify the same prior:

7r¢|Mp = 7T¢|Ms = 7~l'¢, (23)

where 74 is a proper prior, such as the one induced by a Wishart prior on ¥. The same prior

for ¢ in observationally equivalent models leads to the same posterior:

To|MpY = To|pMoy = Toly - (2.4)

In model MP, the posterior for ¢ implies a unique posterior for a, m, vy, via the mapping
a = apw(p).

In model M?, on the other hand, the posterior for ¢ does not yield a unique posterior for «,
since the mapping in (2.2) is generally set-valued. Following Giacomini and Kitagawa (2020),
we formulate the lack of prior knowledge by considering multiple priors (ambiguous belief).
Formally, given the single prior 7y 5+, we form the class of priors for A by admitting arbitrary

conditional priors for A given ¢, as long as they are consistent with the identifying assumptions:

HA|MS = {WA|MS = /@TrAlMS7¢d7T¢MS : WA\MS,QS(Asign ﬂg_l(qb)) = 1,7r¢Ms—a.s.} s

When 021 > 0, the point-identified v in model M? is the upper-bound of the identified set in model M?*,
whereas when 021 < 0, the identified set in model M® does not contain the point-identified .. This is because in
model M? we have a1z = — 010120122 , which is positive if 021 < 0, meaning that the point-identifying assumptions
a12 = 0 and 021 < 0 are not compatible with the restriction a21 < 0.




where Agign = {A : a12 > 0,a21 < 0,diag(A) > 0} is the set of structural parameters that
satisfy the sign restrictions and the sign normalizations and g~!(¢) is the set of observationally
equivalent structural parameters given the reduced-form parameter ¢.

Since the likelihood depends on the structural parameter only through the reduced-form
parameter, applying Bayes’ rule to each prior in the class only updates the prior for ¢, and

thus leads to the following class of posteriors for A:

sy = {WA|MS,Y = /I)T"A|MS,¢d7T¢M5,Y L A 6 (Asign N1 971 (9)) = 137T¢|M5‘a~s-} :
(2.5)

Marginalizing the posteriors in Il 4|55y to a leads to the class of a-posteriors:

Ha|M5,Y = {WaMS,Y = /i)ﬂodMs,(bdﬂqﬂMs,Y : WalMS’¢(ISa(¢>) = 1, 7r¢Ms—a.s.} . (26)

We view this class as a representation of the posterior uncertainty about « in the set-identified
model. The class contains any a-posterior that assigns probability one to the identified set,
and it represents the lack of belief therein in terms of Knightian uncertainty (ambiguity). This
is a key departure from the standard approach to Bayesian model averaging, which requires a
single posterior for all models, including those where the parameter is set-identified.

Suppose that the researcher’s prior uncertainty over the two models can be represented by
prior probabilities 7y € [0, 1] for model MP and (1 — mp») for model M*.5

Our proposal is to combine the single posterior for o in model MP? and the set of posteriors
for a in model M? according to the posterior model probabilities 7y and myssy (the pos-
terior model probability for model M*® depends only on the single prior for the reduced-form
parameter, so it is unique in spite of the multiple priors for the structural parameter). The

combination delivers a class of posteriors Iy, the post-averaging ambiguous belief:

Hopy = {Taipme y Tarely + Tapars yTarsly : Tajprs,y € Hojars v }- (2.7)

As we show in Section 4.1, our proposal can be interpreted as applying Bayes’ rule to each prior
in a class that has the form of an e-contaminated class of priors (Berger and Berliner (1986)).

A key result of the paper is to establish conditions under which the prior model probabilities
are updated by the data, which we show occurs when the models are “distinguishable” for some
reduced-form parameter values and/or they specify different priors for ¢ (see Lemma 3.1 below).
In the current scenario, the two models are indistinguishable, so the prior model probabilities
are not updated if they use a common ¢-prior.

In practice, we recommend reporting as the output of the procedure the post-averaging set

of posterior means or quantiles of I,y and its associated robust credible region with credibility

SWe discuss interpretation and elicitation of the prior model probabilities in Section 4.3.



~v € (0,1), defined as the shortest interval that receives posterior probability at least v for
every posterior in II,y. Proposition 3.1 shows that the set of posterior means is the weighted

average of the posterior mean in model MP and the set of posterior means in model M?®:

inf Ea|Y(a)a sup Eoz|Y(a)

7ra|Y6Ha|Y 7Ta|y€Ha‘y

=1y Eajnry (@) + Tars)y [Bgprs,y (1(9)), Egparsy (u())] (2.8)

where (I(¢),u(¢)) are the lower and upper bounds of the non-empty identified set for o shown
in (2.2), a + blc, d] stands for [a + be,a + bd], and Eyjyss v (-) denotes the posterior mean with
respect to Ty|nrs)y = Tg|y- Since the set of posterior means can be viewed as an estimator for
the identified set in model M?®, our procedure effectively shrinks the estimate of the identified
set in the set-identified model toward the point estimate in the point-identified model, with the
amount of shrinkage determined by the posterior model probabilities.

The robust credible region for o with credibility v can be computed as follows. We first

draw 21,...,2¢ randomly from a Bernoulli distribution with mean 7y and then generate
g=1,...,G random draws of the “mixture identified set” for o according to
) Q , ~ T = T4y, if zg =1
ISZ“‘T(gbg) _ { (¢g)} ¢g ¢|MPY oY g (2.9)

[[(dg), u(Pg)], g ~ Tyinrsy = Ty if 29 =0.

Intuitively, with probability 7y, a draw of the mixture identified set is a singleton cor-
responding to the point-identified value of «, and with probability sy it is a non-empty
identified set for ae. The robust credible region with credibility level v is approximated by an
interval that contains the 7-fraction of the drawn IS (¢)’s. The minimization problem in
Step 5 of Algorithm 4.1 in Giacomini and Kitagawa (2020) is solved to obtain the shortest-width
robust credible region.

2.2 Non-dogmatic Identifying Assumptions

Our method allows for identifying assumptions that are expressed as a non-dogmatic prior for

the structural parameter.

Scenario 2: Candidate Models
e Model M (single prior): A prior for the structural parameter A.
o Model M*® (multiple priors): Same as the set-identified model in Scenario 1.

Model M P assumes availability of a prior for the whole structural parameter. This prior can

reflect Bayesian probabilistic uncertainty about identifying assumptions expressed as equalities

10



(see, e.g., Baumeister and Hamilton (2015), who propose a prior for a dynamic version of the
current model based on a meta-analysis of the literature). Another key example of a model
that implies a single prior for the structural parameter is a Bayesian DSGE model.

Model M B always yields a single posterior for a. However, the influence of prior choice
does not vanish asymptotically due to the lack of identification. In principle, if the researcher
were confident about the prior specification in model M?, she could perform standard Bayesian
inference and obtain a credible posterior, despite the identification issues. In practice, this is
rather rare. For instance, the prior considered by Baumeister and Hamilton (2015) is based on
the elicitation of first and second moments and the remaining characteristics of the distribution
are chosen for analytical or computational convenience. Further, eliciting dependence among
structural parameters is challenging, and an independent prior could lead to unintended or

7 These robustness concerns can be addressed

counter-intuitive effects on posterior inference.

by averaging the Bayesian model MP? with the set-identified model M*, which accommodates

the lack of prior knowledge about the structural parameter (beyond the inequality restrictions).

One important consideration in this scenario is that the single prior for A in model M5B

implies a single prior for ¢. Here we thus allow the prior for ¢ in model M* to differ from that
in model M®. This, in turn, affects the posterior model probabilities, which are given by:

p(Y|MP) - mym

M p(VIMP) - mae + p(Y M) - (1= mpgn)]

- P(Y[M?) - (1~ my0) |

P(YIME) - mygm + p(YIMF) - (1 = mpge)

where 7,5 is the prior weight assigned to model MZ, p(Y|M) = [, p(Y|¢, M)dm g (9),

M = MPB, M?, are the marginal likelihoods of model M with p(Y'|¢, M) the likelihood of the

reduced form parameters. In this scenario the different priors for ¢ imply p(Y|M?) # p(Y'|M?),

(2.10)

and therefore the prior model probabilities can be updated by the data.
Given these posterior model probabilities, the construction of the post-averaging ambiguous
belief proceeds as in (2.7). The set of posterior means for « can be obtained similarly to (2.8),

where MP replaces MP. The robust credible region can be constructed as in Scenario 1, by

drawing iid draws 21, ..., 2g ~ Bernoulli(mys)y) and letting
: al, a~T ) if zg =1,
g = ) MY ! (2.11)

[l(¢g)7u(¢g)]> 7¢g ~ Tp|Ms)Y if Zg = 0.

3 Formal Analysis

This section formalizes the idea in a general setting and proves the analytical claims made in

the previous section.

"“Knowing no dependence” among the parameters differs from “not knowing their dependence.”
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3.1 Notation and Definitions

Consider J + K > 2 candidate models, J, K > 0, that can differ in various aspects, including
the identifying assumptions and the parameterization of the structural model. The class of
J models consists of single-prior models, whose prior input always (i.e., independent of the
realization of the data) leads to a single posterior for the parameter of interest. Examples are
models that impose dogmatic point-identifying assumptions with a single prior for the reduced-
form parameter (such as model MP in Scenario 1), or models that assume a single prior for the
structural parameter in spite of it being set-identified (such as model M in Scenario 2). We
denote the class of single-prior models by MP.

The class of K models consists of multiple-prior models, defined by the following features:
(1) under the identifying assumptions the parameter of interest is set-identified, i.e., knowledge
of the distribution of observables (value of the reduced-form parameter) does not pin down a
unique value for the parameter of interest, and (2) they specify a single prior for the reduced-
form parameter. The posterior information in a multiple-prior model is characterized by the
set of posteriors. We denote the class of multiple-prior models by M?.

Let M = MP U M?. The vector of structural parameters in model M € M is 0y € Oy,
where O is the set of structural parameters that satisfy the identifying assumptions imposed
in model M. We assume that the scalar parameter of interest @ = ap(0y) € R is well-
defined as a function of ) and it carries a common (causal) interpretation in all models. The
reduced-form parameter ¢y is a function of the structural parameter, ¢p;r = gar(far) € R,
where gpr(-) maps a set of observationally equivalent structural parameters subject to the
identifying assumptions in model M to a point in the reduced-form parameter space, defined
as ®pr = gar(©1r).% As reflected in the notation, our most general set-up allows the parameter
space of both structural and reduced-form parameters to differ across models.” We express
the likelihood in model M € M in terms of the reduced-form parameter by p(Y|das, M). For
a multiple-prior model M € M?, define the identified set of o by I.S,(pn|M) = {an(Onr) :
Op € Op N g;/ll(qSM)}, which is a set-valued mapping from ®j; to R.

Note that, by construction, the parameter space of the reduced form parameter ®,; in-
corporates the testable implications, if any, of the imposed identifying assumptions. For a
set-identified model M* € M?* ®,ss is equivalent to the set of ¢p;’s that yield a non-empty
identified set, ®prs = {Pars € RIM® 1 IS, (pars | M3) # .10

8The likelihood p(Y|0r, M) in model M depends on 0 only through the reduced-form parameters gar(0ar)
for any realization of Y, i.e., there exists p(Y|-, M) such that p(Y |0, M) = p(Y|grr(0ar), M) holds for every Y
and ¢ar = gm(Oar) is identifiable. The statistics literature refers to the reduced-form parameter as the minimally
sufficient parameter (see, e.g., Dawid (1979)).

9For instance, in the model considered in Section 2, the reduced-form parameter space can differ depending
on how many lagged endogenous variables and/or exogenous variables are included in each model.

OFor instance, in a SVAR with observationally restrictive sign restrictions, ® is the set of reduced-form
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The next definition introduces the concept of identical reduced-forms among the candidate
models. Our analytical results about the posterior model probabilities shown below (Lemma
3.1 and Proposition 3.3) assume that some or all of the candidate models admit an identical

reduced-form.

Definition 3.1 Let M be a collection of models. M admits an identical reduced-form if

the following conditions hold:

(a) ®p; can be embedded into a common d-dimensional Buclidean space R? for all M € M
(hence ¢pr can be denoted by ¢ € R?).

(b) For every M € M, the reduced-form likelihood p(Y |ppr = ¢, M) defines a probability
distribution of Y on the extended domain ¢ € ® = Uprem@ur, and p(Y|oy = ¢, M) =
p(Y|p) holds for all ¢ € ®, where p(Y'|¢p) is the likelihood common among M € M.

Definition 3.1 formalizes the situation where models imposing different identifying assump-
tions lead to the same parametric family of distributions for the observables (Condition (a)).
Different identifying assumptions, nonetheless, can constrain the class of distributions of ob-
servables in the sense that the domain of reduced-form parameters ®,; can differ among the
models. The key condition in Definition 3.1 is (b), requiring that the distribution of the data
Y in model M (indexed by ¢) is well-defined over the extended domain ® = Upre P and
the likelihood of ¢ is common among the models M € M. For instance, if M consists of
SVAR models with the same set of variables but subject to different identifying assumptions
(including observationally restrictive ones such as sign restrictions), the conditions of Definition
3.1 are satisfied when when the reduced-form VARs implied by the models feature the same
variables and lag length. See also the treatment effect models of Appendix A.2 as a microe-
conometrics example where all the candidate models admit an identical reduced-form. In what
follows, whenever we assume that M admits an identical reduced-form, we denote the common
reduced-form parameters by ¢ and the common reduced-form likelihood by p(Y|¢).

The next set of definitions introduces the concepts of observational equivalence and distin-

guishability of the candidate models.

Definition 3.2 (i) The models in M are observationally equivalent at ¢ if M admits
an identical reduced-form and ¢ € NprepmPas.

(ii) Two distinct models M, M' € M that admit an identical reduced-form are distinguish-
able if(I)M 75 (I)M/.

parameters in the VAR yielding a non-empty impulse response identified set, which can be a proper subset of

the reduced-form parameter space of the VAR.
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(i1i) The models in M are indistinguishable if M admits an identical reduced-form and
Dy =P for all M € M.

Models that are observationally equivalent at ¢ (Definition 3.2 (i)) generate the same dis-
tribution of data (corresponding to ¢), implying that knowledge of ¢ fails to uniquely identify
what model generated the data. Note that our definition of observational equivalence is local
to the given ¢, and it does not constrain the relationship among the reduced-form parameter
spaces for different models except that they must have a non-empty intersection. In contrast,
the concept of (in)distinguishability in Definition 3.2 (ii) and (iii) concerns the relationship
among the reduced-form parameter spaces across models. If two models admitting an identical
reduced-form are distinguishable, then there exists some reduced-form parameter value that
allows one to falsify one model in favor of the other. On the other hand, indistinguishability
of Definition 3.1 (iii) can be interpreted as observational equivalence of the models in a global
sense — if the models are indistinguishable, one could not find support for one model rather
than the others based on the data, regardless of any available knowledge about the distribution

of observables.

3.2 Prior and Posterior Model Probabilities

This section shows when and how the data update the prior model probabilities when some or
all of the candidate models admit an identical reduced form.
Let (mapr : M € M), > arepm ™ = 1, be prior probabilities assigned over M. By Bayes’
rule, the posterior model probability for each model in the class is
_ p(Y|M)m
7TM|Y = Y M/ .
ZM’GM p(Y[M")mpr

By the definition of reduced-form parameters, the value of the likelihood depends on 0y, only

(3.1)

through ¢y, for which we assume a single prior. This implies that the marginal likelihood
depends only on the ¢,s-prior, and thus it can be computed uniquely for all models since every
M € M assumes a single prior for ¢j; (including including multiple-prior models).

In situations where the models admit an identical reduced-form, we can simplify the ex-

pression of the posterior model probabilities, as shown in the next lemma.

Lemma 3.1 (i) Suppose that the multiple-prior models M* € M?* admit an identical reduced-
form with reduced-form parameters ¢ € ® = Uprseps®ars C R Let 7y be a proper prior on
® and assume that 7y(Pars) = 7y(1Sa(P|M?) # 0) > 0 holds for all M* € M?. Let 7yy be
the posterior of ¢ obtained by updating 7y with the likelihood p(Y'|p), which is common among
all M® € M?®. Suppose that the ¢-prior in each model is specified according to

14



where B(®) is the Borel o-algebra of ®, i.e., the ¢-prior is constructed by trimming the support
of Ty to ®prs. Then the posterior model probabilities are given by

_ p(Y|MP)mpp P p
TMPlY = Yoapemp PYIMP)T oo +B(Y) D0 prs e ps Onrsmars? for M¥ € M?, (3.3)
P(Y)Opsmass for M* € M? .
)

My = >oampesp PYITMP)marp +0(Y) - prs e pqs Onsmars
where Opgs is the posterior-prior plausibility ratio of the set-identifying assumptions of model

M?® € M? and p(Y') is the marginal likelihood with respect to Ty,

Orpo = oY (Bare) _ Ty (ISa(@IM") # 0)
T Ae(@ne)  Re(ISa(6IM0) £ 0)

LAY = /@ P(Y |6)d74(6). (3.4)

(i) Suppose that, in addition to M?, all the single-prior models MP admit an identical
reduced-form. Let Ty be as defined in (i) of the current lemma and assume 7g(Prr) > 0 holds
for all M € M. If the ¢-prior satisfies (3.2) in every M € M, then the posterior model

probabilities are further simplified to

Oy
= M e 3.5
7TM|Y ZMGM OMﬂ'M fOT M7 ( )
where Oy = %.

(iii) If all candidate models are indistinguishable and the ¢-prior is common among them,
then the model probabilities are never updated, wyy = mwp for all M € M and for any

realization of Y.

Lemma 3.1 clarifies the sources of updating of the prior model probabilities. In the first
claim, the specification of the ¢-prior (3.2) simplifies the marginal likelihood of the set-identified
model M* € M?* to p(Y)Opss. The computation of p(Y) and Ops requires one set of Monte
Carlo draws of ¢ each from the prior 74 and from the posterior 74y, as well as an assessment of
the validity of the identifying assumptions at the drawn ¢’s (the emptiness of the corresponding
identified set). Hence, computation time can be saved by avoiding to run separate algorithms
for each set-identified model. If all the candidate models admit an identical reduced-form
(Lemma 3.1 (ii)), the posterior model probabilities only depend on {Op; : M € M}, so one
does not even need to compute the marginal likelihoods. The claim in (iii) says that, if all the
candidate models are indistinguishable and share a unique ¢-prior, the prior model probabilities
can never be updated. This result is intuitive: assuming the same prior knowledge for ¢ in
the indistinguishable models (i.e. a common support of ¢), all models have the same marginal
likelihood, which therefore cancels out in (3.1).

Scenario 1 in Section 2 satisfies Lemma 3.1 (iii) and thus no update occurs for the model

probabilities. Scenario 2 satisfies Lemma 3.1 (i) with Opss = 1, since the identified set in M*® is

15



never empty. In the example of the treatment effect model in Appendix A.2, the point-identified
and set-identified models are distinguishable since they have distinct testable implications.
Hence, if the common kernel of the prior is maintained as in (3.2), Lemma 3.1 (ii) gives the

formula of the posterior model probabilities.

3.3 Post-Averaging Ambiguous Belief and the Set of Posteriors

Estimation of the single-prior models proceeds in the standard Bayesian way. We therefore
take g ap,y, the posterior for « in each single-prior model M? € MP, as given.
We perform posterior inference for model M*® € M? in the robust Bayesian way: we specify

a single proper prior 7y, .1+ that is supported on ®jys, and form the set of priors for 6= as

g, s = {may0ars : Toypsiars (Onrs N gafs(B)) = w4, ars(B), VB € B(®ass)}, (3.6)

where B(®,ys) is the Borel o-algebra of ®ss.'! In words, Iy, ,s|ms collects priors for Opss that
satisfy the identifying assumptions with probability one (i.e., my, ¢ (Ons) = 1) and whose
¢nrs-marginals coincide with the specified ¢pss-prior. Applying Bayes’ rule to each 0/-prior in
g, ,s|ars with the likelihood, p(Y|0ass, M?),'2 and marginalizing the resulting posterior of 0,

via o = apr(61s), we obtain the following set of posteriors for a:'3

Hajarsy

= {TraMS,Y = L 7ra|MS,¢Msd7T¢]\4s|MS,Y : 7Ta|MS,¢Ms (ISQ(¢M5‘MS)) = 1, 7T¢MS|Ms—a.S.} .
M

(3.7)
Given the posterior model probabilities, a posterior for « with the models averaged out is
written as
Taly = Z Ta|Mp Y TMr|y + Z Ta|MsY TMs|Y >

MpreMp MseMs

where the a-posterior for MP € MP is unique, while there are multiple a-posteriors for M*® €

M? as shown in (3.7). Since there is no restriction that constrains the choice of posterior across

"'By noting that the constraints in (3.6) are rewritten as [, g, .60, 0= (Onrs N gasa (0))dmg, o ars (Pars) =
T s |Ms (B) for all B € B(®ps), the prior class (3.6) can be equivalently represented as

. -1 _
Moy jnrs = {/ TOprs |onrs Mo AT s (M5 T \¢M5,MS(C~)MS N gnrs(drre)) =1, 7r</>Mb’|MS7Y'a’S‘} :
B s

This alternative expression is exploited in the illustrative example of Section 2.

12The likelihood of 0y is linked to the likelihood of ¢as via p(Y|0rrs, M?) = p(Y|g(Ors), M?) by the definition
of reduced-form parameters.

13Lemma A.1 in Appendix A shows a formal derivation of Iajars,y -
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the set of posteriors, the set of averaged posteriors can be represented as

Ha|Y = { Z 7Toé|Mp’Y7TMp‘Y+ Z 7Ta|M5,Y7TM5|Y :ﬂ-a|MS,Y EHQ‘M.S’Y VM?® EMS}.
MpreMPp MseMs

(3.8)

This is a representation of the post-averaging ambiguous belief that generalizes the two-model

case shown in (2.7).

The next proposition provides a formal robust Bayes justification for our averaging formula
(3.8) when the structural parameters are common across all models,'* in which case (3.8) can

be obtained by applying Bayes’ rule to each prior in a certain well-defined class of priors.

Proposition 3.1 Suppose that structural parameters are common in all models, 0y; = 0 € R%
for all M € M, and define © = Upre m©Onr C R%. Consider prior model probabilities (mys
M € M), a prior mo e for 0 in MP € MP, and a prior for the reduced-form parameters in
M?® € M?. Define a set of priors for (6, M) € © x M:

g n = {mom = Tom™™ ¢ Toars € Lgpas for every M*® € M}, (3.9)

where gy is defined in (3.6). Then, Bayes’ rule applied to each prior in Ilg pr with likelihood
p(Y'|0, M) and marginalization to « yields (3.8) as the class of posteriors for «.

The next proposition derives the set of posterior means, posterior quantiles, and the pos-

terior probabilities when the posterior for a varies within I,y

Proposition 3.2 Let [[(¢ars|M?®), u(pprs| M?®)] be the convex hull of the identified set 1Sy (pprs|M?)
in model M* € M?*.

(i) The set of posterior means of Uy is the convex interval with lower and upper bounds:

inf  Eyy(a)= Z Egaey ()T pm)y + Z By o 1vins L(dars | M%) mags |y

7"'a\YeHa\Y MPeMP MseMs
sup By (@)= Y Eapy(@mamy + > Egyapvaars [wl@ars M)y,
oy €l )y MPEMP MseMs

where By, y,ms(+) is the expectation with respect to the posterior of ¢ays.
(ii) For any measurable subset H in R, the lower and upper bounds of the posterior probabilities

on {a € H} in the class Iy (the lower and upper posterior probabilities of I,y ) are

inf oy (H) = Y Tapry (H)Tasy + Y Toypeiviars([Sa(éar |M®) € H) - magey,

Taly €lla)y MPEMP MseMs
sup oy (H) = Y Tapury )Ty + Y Toppepviars([Sa(énrs |M*) N H # 0) - Tapepy
To|y €l )y MPeMP MseMs

14The reason we assume a common structural parameter space is to ensure that we can construct a prior

distribution on the product space of the structural parameter space and the model space.
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(i4) The lower and upper bounds of the cumulative distribution function (cdf) of Ty € Hyy

are
= inf —
Ea\y(a) wa|y1relﬂa|y 7Ta|y([ 00, al)
= Z 7ra|MP,Y([_Ooya])7rMP\Y + Z Tpprs|Y, M3 {u(pns|M*) < a})WMS\%
MpreMP MseMs
7Troz\Y(a) = sup 7Ta|Y([_Ooa a])
7To¢|YeHo¢|Y
= Z 7Ta|Mp’Y([_OO7a:|)TrMp‘Y+ Z Tpars |V, M5 ({l(¢Ms|MS) Sa}) TMs|Y
MpreMp MseMs

and the set of posterior T-th quantiles, T € (0,1), is [inf{a : Moy (@) > 7}, inf{a : %‘Y(a) > ’7’}1|

If a set-identified model delivers IS, (¢ass|M?®) as a connected interval at every reduced-
form parameter value, then we can view [Ej, |yv.n [[(dnrs | M?)], By, oy, ars[u(@ars |M#)]] as an
estimator of the identified set in model M*. We can therefore interpret the set of post-averaging
posterior means as the weighted Minkowski sum of the Bayesian point estimators (posterior
means) in the point-identified models and the identified set estimators in the set-identified
models. The second claim of the proposition provides an analytical expression for the lower
probability of I,y. This lower probability is a mixture of the containment functionals of the
random sets, which in turn can be viewed as the containment functional of the mixture random

sets Pr(IS™ C A), where I1S™7 is generated according to
M ~ Multinomial ({msy }arem) (3.10)
{a}, al(MP)Y) ~ To|mp,y for MP € MP,

a
Isa(¢M5|Ms), ¢Ms‘(Ms7Y) Nﬂ-(bAIS‘MS’Y fOI‘ M3 GMS.

This way of interpreting the lower probability of II,y simplifies its computation and justifies
the algorithm presented in (2.9).

Note that our method introduces ambiguous beliefs for the non-identifiable parameters,
while it assumes availability of prior model probabilities even when the models are indistin-
guishable. Hence, we are not treating non-identifiability of the parameters and of the models
(choices of identifying assumptions) in a symmetric way. We do not have a normative argument
for this asymmetric treatment, and our view is that whether one wants to introduce ambigu-
ity for the parameters only or for both the parameters and the models should depend on the
user’s prior knowledge. In our observation of empirical practice, researchers typically motivate
the credibility of point-identifying assumptions, whereas if the identifying assumptions only
set-identify the parameter of interest, they tend to express ambiguity in the form of identified
sets. We hence believe that, regardless of whether the models are distinguishable or not, as-

suming availability of probabilistic weights over different sets of identifying assumptions is not
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too demanding for potential users, and our asymmetric treatment is not too distant from the

way that empirical research is currently performed.

3.4 Computation

To report the set of posteriors based on the analytical expressions in Proposition 3.2, we
need to compute (i) the posterior model probabilities (equivalently, the marginal likelihood in
each M € M), (ii) the posterior for a for each single-prior model, and (iii) the identified set
IS, (¢pprs|M?) and the posterior for ¢pss for each multiple-prior model. Estimation of the single-
prior models in (ii) is standard, and we assume some suitable posterior sampling algorithm is
applicable to obtain Monte Carlo draws of o ~ 74|y y. For (i), efficient and reliable algorithms
to compute the marginal likelihood are available in the literature, e.g., see Chib and Jeliazkov
(2001), Geweke (1999), and Sims et al. (2008). When Lemma 3.1 (ii) applies, i.e., when all the
models admit an identical reduced-form, such as in one of the specifications in the empirical
application of Section 5, computing the marginal likelihoods is not necessary since the posterior
model probabilities depend only on the posterior-prior plausibility ratios Oyy.

In each multiple-prior model, the posterior-prior plausibility ratio Ouss can be computed
by plugging in numerical approximations for the prior and posterior probabilities of the non-
emptiness of the identified set into (3.4). The denominator of Oys is computed by drawing
many ¢’s from the prior 7,4 and computing the fraction of draws that yield non-empty identified
sets. The numerator of Oyss is computed similarly except that the ¢’s are drawn from the
posterior 7gy. Whether checking the non-emptiness of I So(¢|M?) is simple or not depends on
the application. In the application in Section 5 to SVARs with sign restrictions, we consider two
ways to check the non-emptiness of 1.5, (¢|M?). The first (Algorithm A.1) builds on Algorithm
1 of Giacomini and Kitagawa (2020) and assesses non-emptiness based on the Monte Carlo
draws of the impulse responses. The second approach (Algorithm A.2), which is novel in the
literature and can be of independent interest, exploits the analytical features of the identifying
restrictions in sign restricted SVARs. See Appendix A.3 for the details of these algorithms.

Monte Carlo draws of the lower and upper bounds of the identified set in model M € M?*
can be obtained by first drawing ¢’s from the posterior 74y, then retaining the draws of ¢
that yield non-empty IS,(¢|M?), and computing the corresponding I(¢|M*) and u(p|M?).
Their sample averages approximate Eg|yss y (I(¢|M?)) and Egjprs y (u(¢|M?)). Implementation
of this procedure requires computability of the lower and upper bounds of the identified set for
each ¢. In the SVAR application of Section 5, we compute {(¢|M?®) and u(p|M?®) by numerical
optimization. Alternatively, adopting the criterion function approach of Chernozhukov et al.
(2007), the computation of the lower and upper bounds of the identified set can be facilitated
by applying the slice sampling algorithm proposed by Kline and Tamer (2016).

Utilizing the mixture random set representation shown in (3.10), we can use the following
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algorithm to approximate the lower posterior probability:

Algorithm 3.1
Step 1: Draw a model M € M from a multinomial distribution with parameters (myry : M € M).

Step 2: If the drawn M belongs to MP, then draw o ~ 7y 0y and set I18™ = {a} (a singleton).
If the drawn M belongs to M?®, draw ¢pr ~ mgnry and set IS™® = IS, (ppr|M).15

Step 3: Repeat Steps 1 and 2 many (G) times and obtain G draws of IST®: IS™e . . ST,

a,l

Step 4: Let [lg”'””7 m””] be the lower and upper bounds of IS”Z:C, g=1,...,G, where l;’”“ = ugm
if ISg’fo is a singleton (i.e., g-th draw of M belongs to MP). Approxzimate the mean

bounds of the post-average posterior class by

G
inf  Eyy(a Z [ sup  Eyy(a Z . (3.11)

oy €EHaly To|y €lla)y

Approzimate the lower probability of the post-averaging posterior class at H C R by

inf oy (H) ~ o Z IS c HY. (3.12)

Taly €lla|y

The draws of 1S™% obtained in Steps 1-3 in Algorithm 3.1 are also useful for constructing
the robust credible regions. The robust credible region with credibility v € (0,1) is defined as
the shortest interval to which every posterior in the class assigns probability at least ~;

C, = inlength(C), s.t. inf C) >, 3.13

y = argmin length(C), . Taly (C) =27 (3.13)
where C is the class of connected intervals in R. Since the constraint in (3.13) can be interpreted
equivalently as Pr(IS™® c () > ~, the computation of C, can be reduced to finding the
shortest interval that contains the v-proportion of the Monte Carlo draws of 1S™%. A simple
computation algorithm for this optimization problem is shown in Proposition 1 of Giacomini

and Kitagawa (2020) and it can be readily applied to the current context.

3.5 Asymptotic Properties

This section analyzes the asymptotic properties of our method. The procedure is finite-sample
exact (up to Monte Carlo approximation errors) and does not rely on asymptotic approxima-

tions. The asymptotic analysis is nevertheless valuable, as it highlights what aspects of the

'"®Note that since mg|ar,y is supported only on the set of ¢’s yielding a non-empty identified set, ISq(¢|M)
computed subsequently is non-empty.

20



prior input, if any, remain influential even in large samples. In this section, we make the sample
size explicit in our notation by denoting a size n sample by Y.

We assume that M admits an identical reduced-form (Definition 3.1) and that at least one
model is correctly specified, so that the data-generating process is given by p(Y"|¢iue), where
Otrue € @ is the true reduced-form parameter value. We denote the unconstrained maximum
likelihood estimator for ¢ by ¢ = arg maxgscao P(Y"|¢) and the true probability law of the
sampling sequence {Y" :n =1,2,...} by Pyooig,, ..

For our asymptotic analysis, we impose the following regularity assumptions:

Assumption 3.2 (i) M admits an identical reduced-form and every M € M satisfies either

one of the following conditions:

(A) ®pp contains Gurye in its interior.

(B) ®§; contains ¢irye in its interior.
M4, denoting the set of models satisfying condition (A), is non-empty.

(ii) Let 1,(¢) = n~tlogp(Y"|p). There exist an open neighborhood B of ¢irue and ng > 1,
such that for any {Y™ : n = ng,no + 1,...}, In(-) is third-time differentiable with the

third-order derivatives bounded uniformly on B.

(iii) Let Hy(¢) = —882;57(%(5)). H, () is a positive definite matriz and liminf,_, . det(H,(¢)) >

0, with Pye\g,,,.-probability one.

(iv) For any open neighborhood B of Girye,

lim sup sup {ln(®) — ln(Ptrue)} <0
n—oo ¢cP\B

holds with Py o\, -probability one.

(v) For every M € M, myn has probability density fga(¢) = d%;”((ﬁ) with respect to
the Lebesgue measure on ®p; and f¢|M(q§) 1s continuously differentiable with a uniformly

bounded derivative. For every M € Ma, foip(dtrue) > 0.

Assumption 3.2 (i) implies that none of the models has ¢y, on the boundary of its reduced-
form parameter space. My defined in Assumption 3.2 (i) collects the models that are obser-
vationally equivalent at ¢ye in the sense of Definition 3.2 (i). The requirement that ¢gye
be in the interior of ®; implies that ®5;, M € M4, has a non-empty interior in R%. For a
set-identified model, condition (A) implies that M*® € M4 has a non-empty identified set in
an open neighborhood of ¢4y, and condition (B) implies that M*® € M*®\ M4 has an empty
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identified set in an open neighborhood of ¢4ye. Assumptions 3.2 (iii) and (iv) impose regular-
ity conditions that imply almost sure consistency of ¢. Assumptions 3.2 (ii) and (v), imposing
smoothness of the log-likelihood and ¢-prior, allow an application of the Laplace method to
approximate the large sample marginal likelihood. Assumptions similar to Assumptions 3.2
(ii) - (v) appear in Kass et al. (1990) in their validation of the higher-order expansion of the
marginal likelihood.

The next proposition, which is a large sample analogue of Lemma 3.1, derives the limits of

the posterior model probabilities.

Proposition 3.3 (i) Suppose Assumption 3.2 holds. Then

Jo| 0 (Ptrue) Tas
ZI\I’EMA fd;‘]\/[/ (¢true)'WN1/ ’ for M < MA} (314)

0, for M & My.

WM‘YOO = hm TrM\Y" =
n—o00

with Pycg,,.-probability one.

(ii) Suppose that Assumption 3.2 holds and a prior for ¢ given M is constructed according
to (3.2) with a proper prior Ty. If Ty(Prr) > 0 for all M € M,
_ .y
o (@nr) T for M € My,

ZM/EMA 77'¢(q>]\4/)*1.7r1w/7 (315)

0, for M & My.

TM|y e =

with Pyc\g,,,.-probability one.

(iii) Under the assumptions of Lemma 3.1 (iii), 7y )y = mar holds for every M € M for any

sampling sequence {Y"™ :n=1,2,...}.

The proposition clarifies the large sample behavior of the posterior model probabilities when
the models admit an identical reduced-form. First, it shows that our procedure asymptotically
screens out models whose identifying assumptions are misspecified M ¢ M 4, as their posterior
probabilities converge to zero irrespective of the prior probabilities. If there is only one model
consistent with the data generating process, asymptotically it has probability one. Second,
if M 4 contains multiple models, their asymptotic probabilities are determined by the prior
model probabilities and the densities of the ¢-priors evaluated at ¢yre. This implies that the
sensitivity of the post-averaging posterior to the choices of ¢-priors and prior model probabilities
does not vanish asymptotically when multiple models are observationally equivalent at ¢spqe.
Third, when the ¢-priors share a common kernel, as assumed in Proposition 3.3 (ii), the
asymptotic model probabilities are proportional to the reciprocal of the prior probability (in
terms of 74) that the distribution of data is consistent with the identifying assumptions. Hence,

the asymptotic posterior model probabilities are higher for more observationally restrictive
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models, i.e., if ®p;, C Py, for My, My € My, we have ALY 2 Ta,|yee- This result is in
line with the principle of parsimony (Ockham’s razor), which the standard Bayesian model
selection/averaging is typically equipped with — we should prefer a more parsimonious model
among those that explain the data equally well. Note that the notion of parsimony here refers
to the size of the reduced-form parameter spaces, and has nothing to do with the strength of
the identifying assumptions (often measured by the width of the identified set for o).

Proposition 3.3, which assumes the reduced-form model is correctly specified and common
among the candidate models, can be extended to the case where the common reduced-form
model is misspecified. In such case, if we interpret ¢y as the unique pseudo-true parameter
and maintain Assumption 3.2, we can show that the maximum likelihood estimator qg and the
posterior for ¢ are consistent estimators of the pseudo-true parameters in models such that
® s contains ¢prye. The proof of Proposition 3.3 then carries over to show that the asymptotic
model probabilities remain valid even with misspecified reduced-form models.

A combination of the asymptotic posterior model probabilities obtained in Proposition 3.3
and the asymptotic behavior of 7,57,y for single-prior models and of 1|57y~ for multiple-prior
models yields the asymptotic convergence properties of the set of post-averaging posteriors. To
be specific, in addition to Assumption 3.2, we assume that (i) the posterior for ¢ is consistent
for ¢irue With Pyoeoje,.. . -probability one, (ii) for M? € MP N Ma, ayw(-) is continuous at
btrue and the posterior of ape(¢) is uniformly integrable with Pyec|e,, . -probability one, and
(iii) for M* € M*® N My, IS,(p|M?) is a compact and continuous correspondence at dirye
and the posteriors of [(¢|M?) and u(¢|M?) are uniformly integrable with Pyco|4, . -probability
one. Then, the set of post-averaging posterior means considered in Proposition 3.2 (i) has the

following limits:

lim inf Eyyn(a), sup Eyyn(a)

n—r00 W@\Ynena“/n ﬂ‘a‘ynena‘yn

= Z aMp((btrue)TrMp\Yoo + Z l(d’true’Ms)ﬂ'MﬂYoov Z u(¢true|Ms)7rMs|Y°°

MPEMPNM 4 MSeMSNM 4 MSeM3SNM 4

6For instance, in a SVAR, a model point-identified by a set of equality restrictions is not observationally
restrictive, while a model set-identified by sign restrictions can be observationally restrictive. If the ¢-priors
satisfy (3.2) and the two models are observationally equivalent at ¢¢rue, then, relative to the prior model

weights, the sign-restricted model receives a larger weight than the point-identified model in large sample.
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4 Discussion

4.1 Relationship with e-contaminated Class of Priors

The method proposed in this paper has a close link to performing robust Bayes analysis using
an e-contaminated class of priors (Huber (1973), Berger and Berliner (1986)). To clarify
this, consider the simple case of one single posterior model and one multiple posterior model,
M = {MP M?*}. Further assume that the models share the same parameterization of the
structural model and the likelihood for the common structural parameters # does not depend
on the model.

Given (mare, Tars), moimw, and Ilgpss in the form of (3.6), consider the set of priors for ¢
constructed by marginalizing Il 5; of Proposition 3.1 to 6;

IIy = {7T9 = | MrTMP —|-7T9|Ms7rMs SToMs € HQ‘MS} . (4.1)

Similarly to Proposition 3.1, we obtain the post-averaging ambiguous belief I,y by updating

11y prior-by-prior with the common likelihood of # and marginalizing to a.

A general formulation of an e-contaminated class of priors is given by
€ _ _ 0 )
g={mo=(1—e)my+eq:q9€ Q}, (4.2)

where 0 < € < 1 is a prespecified constant, 7Tg is a benchmark prior for 6, and Q is a set of priors
of 0. Following Berger and Berliner (1986), a motivation for considering the e-contaminated
class of priors can be stated as follows. The researcher can express an initial believable prior
for 6 as 7('2, but the elicitation process is subject to error by some amount specified by e.
qp captures in what way ﬂ'g differs from the most credible prior and QO specifies the set of
possible departures. Huber (1973) and Berger and Berliner (1986) show the sets of posterior
probabilities for various specifications of Q@ when a prior varies over 1.

Despite the fact that the motivation for our averaging procedure differs from the original
motivation of the e-contaminated class of priors, the prior input of our averaging procedure
specified in (4.1) has the same form as the e-contaminated class of priors (4.2) — Ily is an
e-contaminated class of priors where the benchmark prior is the single-prior (point-identified)
model 7r8 = Tg|ae, the amount of contamination is the prior model probability assigned to the
set-identified model € = mys, and the set of priors Q corresponds to the multiple priors for
the set-identified model Ilgpss. This clarifies a robust Bayes interpretation of our averaging

method.!” If the single-prior (point-identified) model plays the role of a sensible benchmark

17As an alternative to the prior-by-prior updating, Berger and Berliner (1986) also considers the Type-II
Maximum Likelihood updating rule (empirical Bayes updating rule) of Good (1965). This alternative approach
resolves ambiguity by selecting from the class a prior that maximizes the marginal likelihood. Note that the
Type-II Maximum Likelihood procedure fails to select a unique prior from Ily, because mg|ass € Ilg|ars sharing

a common prior for ¢ has a constant marginal likelihood.
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model subject to potential misspecification, averaging it with the set-identified model with
weight mrs can be interpreted as performing sensitivity analysis by contaminating the prior
of the point-identified model by an amount 7p;s in every possible direction subject to the
set-identifying assumptions. Similarly to fixing € in the robust Bayes analysis with an e-
contaminated class of priors, our model averaging procedure fixes 7yss no matter whether MP
and M?® are distinguishable or not. To treat indistinguishable models and non-identifiable
parameters in M*® in the same way, we could additionally introduce ambiguity for myss. If MP
is nested in M*#, however, full ambiguity of 7wy« € [0, 1] would lead to the same set of posteriors
that would be obtained from the set-identified model only, i.e., mprs = 1.

This perspective also contrasts our averaging procedure with standard Bayesian model
averaging. If 772 in (4.2) is degenerate for some € due to the point-identifying assumption while
qo is not, my can be viewed as a spike-and-slab prior. It is well known that Bayesian model
averaging with a model involving a dogmatic constraint can be replicated by the Bayesian
procedure with the spike-and-slab prior. Our model averaging procedure, in contrast, exploits
the class of spike-and-slab priors spanned by gp € Q and draws robust conclusions that hold
for all gy € Q.

The robust Bayes literature on e-contaminated priors has considered several specifications
of Q that lead to analytically tractable classes of posteriors (Berger and Berliner (1986)). To
our knowledge, however, the class of priors in the form of Ilgpss has not been investigated.
Motivated by partial identification analysis, our analysis offers a new way to specify © without

losing analytical and numerical tractability.

4.2 Relationship with Hierarchical Bayesian Approach

Point-identifying assumptions or a prior for structural parameters sometimes come from a
structural econometric model based on economic theory. A set-identified model, in contrast,
may represent a “semi-structural” heuristic description of the underlying causal mechanisms
with a flexible functional form. For instance, in empirical macroeconomic policy analysis,
we can view a DSGE model as a single-prior model and a sign restricted SVAR model as a
set-identified model.

In such contexts, averaging models offers a way to combine the structural modelling ap-
proach and a more “reduced-form” approach.'® The macroeconometrics literature has proposed
using hierarchical Bayesian methods to bridge the gap between structural and “reduced-form”
approaches (Del Negro and Schorfheide (2004)), in which the structural parameters in the
DSGE model act as hyperparameters of a prior for SVAR parameters.

The robust Bayes averaging approach, albeit similar in motivation in such contexts, differs

8What we mean by “reduced-form” approach here differs from the technical terminology of the reduced-form

model/parameters in our expositions.
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from the hierarchical Bayesian approach in several ways. First, the hierarchical Bayesian ap-
proach always leads to a single posterior for the impulse responses, no matter whether they
are identified or not in the SVAR model. If they are not, this means that the prior for the
structural parameters in the DSGE model and the prior for the SVAR parameters (given the
hyperparameters) have some part that is unrevisable by the data. Hence, if one cannot specify
these priors with full confidence, posterior sensitivity may well become a concern. In contrast,
our procedure classifies the DSGE model as a single posterior model and the set-identified
SVAR as a multiple-prior model. Limited credibility in the prior for the Bayesian DSGE model
can be incorporated into the posterior inference by averaging it with the set-identified SVAR
model with carefully specified mpss. Second, in the hierarchical Bayesian approach, tightness
of the prior around the mean predicted by the DSGE model plays the role of prior confidence
assigned to the structural model. In our procedure, the model probability assigned to the
structural model governs the degree of confidence. It is however important to distinguish the
notions of confidence between the two approaches, since the former is in the scale of Bayesian

probabilistic uncertainty while the latter is in the scale of ambiguity (Knightian uncertainty).

4.3 Eliciting Prior Model Probabilities

The key prior input of our procedure is the prior model probability. A natural starting point
is to assume a uniform distribution of prior probabilities, however our procedure can readily
accommodate non-uniform probabilities. Discussions on how to determine prior probabilities
in Bayesian averaging are in, e.g., George (1999) in the discussion of Clyde (1999), where, in
order to prevent from overvaluing similar models, he suggests a ”dilution” technique, i.e., if
some models are similar, the weight attached to the original model should be split between that
model and its duplicates. Among others, Chipman (1996) attaches smaller prior probabilities
to models that are unlikely, Hoeting et al. (1999) rely on variable selection in regression models
to determine prior probabilities and Clyde and George (2004) propose a Bernoulli specification.

In our context, the robust Bayesian viewpoint based on the e-contaminated class of priors
can help clarify the interpretation of the prior model probabilities and facilitate their elicitation.

Suppose again that the set of candidate models consists of one point-identified model MP
and one set-identified model M. Assume in addition that MP is nested in M*, in the sense
that the identifying assumptions in MP include those in M?. In this case, the prior model
probability assigned to MP can be interpreted as the minimal amount of credibility assigned
to the identifying assumptions in model MP, and the prior model probability assigned to the
set-identified model can be interpreted as the mazimal amount of contamination given to the
point-identifying assumptions imposed in MP but not in M?®. The reason that mys» is giving the
credibility lower bound for model M? is that, when model M*® nests model MP, the set of priors
specified in model M* contains beliefs that assign full or partial credibility to the identifying
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assumptions in MP. As a result, any prior probability between [mys», 1] can be attained for the
credibility of the identifying assumptions in MP.

The interpretation of the prior model probabilities differs when the identifying assumptions
in models MP and M? are non-overlapping. In this case, the prior model probabilities are
interpreted as the standard probabilistic belief assigned over mutually exclusive models.

When the identifying assumptions in models MP and M?® are non-nested but overlapping
(e.g., Scenario 1 in Section 2), interpreting the model probabilities may not appear as clear-cut
as in the previous two cases. However, the lower credibility bound interpretation of wys» given
in the nested case above remains valid. What differs from the nested case is that the maximal
credibility that can be assigned to the identifying assumptions in MP can be strictly less than

one.

5 Empirical Application

We illustrate our method in the context of a conventional monetary SVAR for the federal funds
rate iz, real output growth Agdp; and inflation 7, as in Aruoba and Schorfheide (2011) and
Moon et al. (2013). We employ the Hannan-Quinn (HQ) information criterion to select the
number of lags, that is three. Following Definition 3 in Giacomini and Kitagawa (2020), we
order the variables so that we can easily verify the conditions guaranteeing convexity of the

identified set using their Proposition B.1.

3
Aoyt:a+ZAjyt_j+et, fort=1,...,T (5.1)
j=1

where y; = (iy, Agdp, )" and

ail aiz2 ais
Ao = |aa axn as|. (5.2)

azr as2 as3

i _Agd, .. . . .
Assume ¢ = (el e, 7€) are ii.d. normally distributed with mean zero and variance-

covariance the identity matrix I3. The corresponding reduced-form VAR is:

3
yw=b+ Z Bjytfj + Uy, (5.3)
j=1
where b = Ay'a, Bj = Ayt Aj,up = Aylter,var(u) = E(wu)) = % = Ayt (Ag"). The reduced
form parameter is ¢ = (b, By, ..., By, X).
The first equation in (5.1) is interpreted as a monetary policy function: the Federal Reserve

reacts to price and GDP, as well as lags of all variables. The second and third equations
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represent aggregate demand (AD) and aggregate supply (AS), respectively. The data are
quarterly observations from 1965:1 to 2005:1 from the FRED2 database.
The prior for the reduced-form parameters is a Random Walk, relatively flat and belongs

to the Normal Inverse-Wishart family:'”
Y~ IW(U,d), B ~N(b,T®Q),

where 8 = vec([b, B1,...,B4]’). ¥ = I3 is the location matrix of X, d = 4 is a scalar degrees
of freedom hyperparameter and Q = 100y is the variance-covariance matrix of 3. We set b,
which is the prior mean of 3, such that each endogenous time series is a Random Walk a-priori.
In what follows, we perform Algorithm 3.1 with the 1000 number of draws of ¢’s from the
Normal Inverse-Wishart posterior.

Following Christiano et al. (1999), we impose the sign normalization restrictions so that the
diagonal elements of Ay are nonnegative. As a result, we can interpret a unit positive change

in a structural shock as a one standard-deviation positive shock to the corresponding variable.

5.1 Averaging Indistinguishable Models

Suppose we are interested in the cumulative output growth response®” to a unit positive shock
in the federal funds rate € at horizon h, I Rngpi’ and consider the following two sets of

identifying assumptions.

e Model 1 (M1, point-identified) Assume that AD and AS do not react on impact to the
interest rate shock: as; = az; = 0 in (5.1) and (5.2). This identification scheme point-
identifies I ngi; note that such identifying restrictions are also implied by standard

recursive causal ordering restrictions (Bernanke (1986) and Sims (1980)).2!

e Model 2 (M2, set-identified through zero restrictions)

The identification scheme in Model 1 is controversial. For example, assumption ag; = 0,
implying that prices do not react contemporaneously to the interest rate shock, can be
difficult to justify if the researcher relies on quarterly data or on the stock price index
rather than the GDP deflator.?? Thus, in Model 2 we leave AS unrestricted, i.e., AS can

react to the interest rate within a quarter and the zero restrictions are now as; = 0. By

19T order to reduce the computational burden, we use a conjugate prior as its posterior and marginal likelihood
is analytically available.

20From now on, any impulse response is cumulative.

2! Causal ordering restrictions point-identify all the shocks in (5.1) also assuming as3 = 0. However, as long
as we are interested in point-identifying monetary shock only, restrictions in Model 1 are equivalent to causal
ordering restrictions: az3 = 0 does not affect the identified set of IRngp’i (see Corollary B.1 in Giacomini and
Kitagawa (2020)).

228ee Kilian (2013) for details over the limitations of point-identifying assumptions.
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Proposition B.1 in Giacomini and Kitagawa (2020), Model 2 delivers a convex identified

set for [ RZ gdpii for every value of the reduced form parameters.

Panels (a), (b), and (e) of Figure 1 focus on the output response at horizon h = 3 implied
by Model 1, Model 2 and their average for uniform prior model probabilities. In panel (a),
the vertical solid lines for Model 1 are the 90% credible region for the point-identified output
response based on a single posterior for the impulse response; in panel (b), the vertical dashed
lines for Model 2 are the posterior mean bounds (consistent estimator of the identified set)
for the output response and the solid line represents credible regions piled up from the 95%
(bottom) to 5% (top) with increasing credibility by 5%. Panel (e) reports the model average
results. The vertical dashed lines for the averaged model can be viewed as shrinking the
identified set estimator from Model 2 towards the point estimator from Model 1. Figure 2
reports the output response estimation and inference for multiple horizons for the same models
as in Figure 1.

Note that, as is common for standard recursive causal ordering restrictions in small-scale
SVARs, the point-identified Model 1 shows a negative response of output in the short run,
whereas the set-identified Model 2 supports both positive and negative effects. This is confirmed
by the last row in Table 2, reporting the lower and upper probability that the post-averaging
interval of posterior means of the output response is negative.?> Averaging the models still does
not support a negative output response, as the 90% robust credibility region always crosses the
zero line. Note that in this case the models are indistinguishable and so the prior model
probabilities are not updated by the data. If researcher attached a higher prior probability to
Model 1, we would observe a bigger shrinkage of the post-averaging interval of posterior means

and robust credibility region towards the point-identified case.?

5.2 Averaging Distinguishable Models

In the previous example, model prior probabilities are not updated. Here we consider more
interesting cases, in which model prior probabilities get updated, by adding two models that are

widely used in empirical applications: a sign-restricted SVAR and a structural DSGE model.

e Model 3 (M3, set-identified through sign restrictions)

We consider the following sign restrictions: the inflation response to a contractionary
monetary policy shock is nonpositive and the interest rate response is nonnegative at
h = 0,1. As in Uhlig (2005), the output response is unrestricted. By Lemma 5.2 in
Giacomini and Kitagawa (2020), the identified set in Model 3 is convex.

23This is computed as the probability that the identified set lies entirely in the negative real halfline and the
probability that the identified set intersects with the negative real halfline. For point-identified models, the set

of probabilities collapses to a singleton.
24The case for w; = 0.8 is available upon request.
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Consider averaging Model 1 and Model 3 with equal prior probabilities. In contrast to the
previous example, the prior probabilities can now be updated using equation (3.5) because
the candidate models are distinguishable due to the imposition of observationally restrictive
sign restrictions. Appendix A.3 provides two algorithms for approximating the posterior-prior
plausibility ratio for the sign-restricted SVARs. Here, we report the results based on Algorithm
A.1, as the other algorithm (Algorithm A.2) produces almost identical results.?®

Panel (f) of Figure 1 and 2 reports the results of averaging the two models: as in the case
of Model 2, Model 3 does not support a negative output response (this is also the conclusion
of Uhlig (2005), however based on a single-prior approach). Table 1 shows that the posterior
model probabilities favour Model 3 (with posterior probability 0.55), and the average of the

two models does not support a negative output response.

o Model 4 (M4, DSGE)

We consider the Bayesian DSGE model in An and Schorfheide (2007), which is a simplified
version of Smets and Wouters (2003) and Christiano et al. (2005). In order to estimate
the model, we rely on the prior specification in An and Schorfheide (2007), Table 2 and
use output, inflation and interest rate as observables. We use the Laplace approximation

to compute the marginal likelihood.

Panel (g) of Figure 1 and 2 shows the results of averaging Models 3 and 4; note the different
scale for Model 4. These models do not admit an identical reduced form, so the (equal) prior
probabilities are updated according to equation (3.3). We see that Model 4 implies a negative
output response, however its posterior model probability is only 0.13, and the averaged model
does not support a negative response.

Finally, Panel (h) of Figure 1 and 2 reports the results of averaging all models (with equal
prior weights). The posterior model probabilities (Table 1, last column) show evidence for the
sign-restricted SVAR, while the support for the DSGE model is again weak. As in all previous

cases, the averaged model does not support a negative output response.

5.3 Reverse-Engineering Prior Model Probabilities

Our method lends itself to useful reverse-engineering exercises that help shed light on the role
of identifying assumptions in drawing inferences. Specifically, we compute the prior probability

one needs to attach to a set of assumptions in order for the averaging to preserve certain model’s

250nly a few sign restrictions imposed, the set of ¢1’s satisfying the sign restrictions is not small for most of the
draws of ¢. Hence, for assessing non-emptiness of the identified set, the numerical approximation of Algorithm
A.1 works as good as the analytical method of Algorithm A.2. In terms of computation time, when K = 1000
draws of ¢ is used, Algorithm A.2 takes 12.35 seconds to compute Os, while Algorithm A.1 with L = 90000
draws of ¢1 takes 1377.79 seconds.
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conclusions. In our application, for example, we saw that the negative response of output to a
contractionary monetary policy shock disappears once relaxing either standard causal ordering
restrictions or the restrictions embedded in a DSGE model. We can thus compute the prior
weight one would assign to a given set of restrictions such that the posterior mean bounds, or
the robust credible region, is contained in the negative part of the real line.

First consider Model 1 (point-identification through causal ordering restrictions) and Model
2 (set-identification by relaxing one restriction from Model 1). Letting w be the prior probability

of Model 1, the post-averaging interval of posterior means is

inf Ealy(a), sup Ea\Y(a) =

71-04|Yel_[oz|Y ﬂ'a‘yena‘y

= Tany Eapnn v (@) + Tarzyy [Egpyaz ((darz|M?)), Egyarz (u(gar|M?))]

and the posterior model probabilities are equal to the prior probabilities (since the models are
indistinguishable), i.e., mpp1y = w and T2y =1 —w.

We want to compute the prior model probability w such that the post-averaging interval of
posterior means is contained in the negative part of the real line at h = 3. This is equivalent
to solving a system of inequalities where w is the unknown.

We find that one would need to attach a prior probability greater than 0.05 to the validity
of the assumption that prices do not react contemporaneously to an interest rate shock in order
to have the post-averaging interval of posterior means contained in the negative real halfline.

We next consider Model 1 and Model 3 (set-identification through sign restrictions). The
reverse-engineering exercise proceeds as before, with the only difference that now the posterior

model probabilities are updated and are equal to

s = Or - w and = Os - (1 = w)
M1|Y_Ol-w+03~(1—w) M3|Y_01-w+03-(1—w)'

We find that the post-averaging interval of posterior means is contained in the negative real
halfline only if w > 0.76. As expected, one would need to attach very high prior probability to
the causal ordering restrictions to obtain a negative output response.

Another possibility is to conduct reverse engineering on robust credible region rather than
on post-averaging interval of posterior means. We can thus compute the prior weight one would
assign to a given set of restrictions such that the 90% robust credibility region is contained
in the negative real halfline. When averaging Model 1 and Model 3 one would need to attach
a prior probability greater than 0.87 to the validity of the assumptions in Model 1 in order

to have the 90% robust credibility region contained in the negative real halfline at h = 3.26

26The prior model probability drops to 0.44 if we weight Model 1 and Model 2.
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However, this exercise is sensitive to the choice of the credibility level of the robust credible
region we focus, as the robust credible region tightens up as soon as the credibility level falls
below the model probability assigned to the single posterior model.

Similar reverse engineering exercises could usefully shed light on the role of identifying

assumptions in generating so-called price and liquidity puzzles in monetary SVARs.?”

2"The price puzzle occurs when contractionary monetary policy shocks produce a positive response of the price
level (Sims, 1992). The liquidity puzzle refers to positive shocks in monetary aggregates leading to an initial

rising rather than falling of interest rates (Reichenstein, 1987).
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Figure 1: Density and Robust Credible Region of Output Impulse Responses

Note: Figure 1 reports output impulse response at horizon h = 3. For set-identified models (panel (b), (c) (e), (f),
(g), (b)), step lines represent the Robust Credible Region (RCR) at different credibility levels (90%, 50%, 10% levels are
explicitly indicated). The vertical dashed lines represent the posterior mean bounds. For point-identified models (panel

(a) and (d)), the vertical solid lines display the standard credible region. In such a case, we report its posterior density.
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Figure 2: Plots of Output Impulse Responses

Note: for set-identified models (panel (b), (c) (e), (f), (g), (h)), the vertical bars show the posterior mean bounds
and the dashed curves connect the upper/lower bounds of posterior robust credible regions with credibility 90%. For
point-identified models (panel (a) and (d)), the points plot the (unique) posterior mean and the dashed curve represent

the highest posterior density regions with credibility 90%.
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Averaging M1, M2

Averaging M1,M3

Averaging M3,M4

Averaging M1,M2,M3,M4

Prior wy
Prior wo
Prior ws
Prior wy
01
O2
O3
Oy
In 5(Y)
In p(Y|M?')
n p(Y|M4)
Posterior wy
Posterior w3

Posterior w3

Posterior w}

0.50
0.50

/
/
1
1
/
/
~779.61
~779.61

0.50
0.50

0.50

/
0.50

/
1

/

1.21

—779.61
—779.61

0.45

0.55

/

/
0.50

0.50
1.21
—779.61

—779.61
—781.29

0.87
0.13

0.25
0.25
0.25
0.25
1
1
1.21

—779.61

—779.61

—781.29
0.29
0.29
0.36
0.06

Note: prior w;, O; and posterior w; denote prior model probability, posterior-prior credibility ratio and posterior

model probability for candidate Model 4, respectively; In p(Y), In p(Y|M?!) and In p(Y|M?*) represent log marginal

Table 1: Output Responses: Prior and Posterior Weights

likelihood for the common reduced form, for Model 1 and for Model 4, respectively.
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M1 M2
h=1 h =10 h =20 h=1 h =10 h =20
Post. Mean .01 —1.09 —-1.97 / / /
90% CR [—.09,.09] [-1.58,—.61] [—2.88,—1.12] / / /
Post. Mean Bounds / / / [-.07,.07] [—1.12,.05] [—2.03,.10]
90% robust CR / / / [-.15,.15]  [-1.58,.50]  [—2.87,.93]
Set of HIRhly{IRh < 0} 0.46 1 1 [0.08,0.89] [0.43,1] [0.41,1]
M3 M4
h=1 h =10 h =20 h=1 h =10 h =20
Post. Mean / / / —.32 —.52 —.52
90% CR / / / [—.39,—.26] [-.67,—.38] [—.67,—.38
Post. Mean Bounds [—.73,.85]  [—3.03,3.08] [-5.73,5.91] / / /
90% robust CR [—.86,.96] [—3.56,3.65] [—6.75,6.95] / / /
Set of I1; gy {IR" < 0} [0,1] [0,1] [0,1] 1 1 1
Averaging M1,M2 Averaging M1,M3
h=1 h =10 h =20 h=1 h =10 h =20
Post. Mean / / / / / /
90% CR / / / / / /
Post. Mean Bounds [-.03,.04] [~1.11,—.50] [-2.01,—.89]  [—.40,.47]  [-2.17,1.21] [—4.06,2.39]
90% robust CR [—.13,.14] [—1.58,.39] [—2.83,.74] [—.83,.93] [—3.50,3.47] [—6.66,6.65]
Set of HIRle{IRh <0} [0.27,0.68] [0.70,1] [0.69,1] [0.19,0.74] [0.45,1] [0.45,1]
Averaging M3,M4 Averaging M1,M2,M3,M4
h=1 h =10 h =20 h=1 h =10 h =20
Post. Mean / / / / / /
90% CR / / / / / /
Post. Mean Bounds [—.69,.72] [-2.77,2.70] [—5.19,5.24] [—.29, .30] [-1.76,.73]  [-3.25,1.46]
90% robust CR [—.85,.96] [—3.54,3.57] [—6.70,6.86] [—.79,.91] [—3.38,3.29] [—6.36,6.37]
Set of Iy pny {IR" <0} [0.11,1] 0.11,1] (0.11,1] 0.22,0.81] 0.48,1] 0.48,1]

Table 2: Output Responses: Estimation and Inference

6 Conclusion

We proposed a method to average point-identified models and set-identified models from the

multiple prior (ambiguous belief) viewpoint. The method combines single priors in point-

identified models with multiple priors in set-identified models, and delivers a set of posteriors.

The post-averaging set of posteriors can be summarized by the set of posterior means and

robust credible regions, which are easy to compute MCMC methods. Our averaging method

can effectively reduce the amount of ambiguity (the size of the posterior class) relative to

the analysis based on a set-identified model only, and hence offers a simple and flexible way

to introduce additional identifying information into the set-identified model. In the opposite

direction, when the set-identified model nests the point-identified model, our method can also

offer a simple and flexible way to conduct sensitivity analysis for the point-identified model.
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A Appendix

A.1 Omitted Proofs

Derivation of identified set (2.2). Following Uhlig (2005), we reparameterize A via the

cosp —Sinp

Cholesky matrix ;- and a rotation matrix @) = with spherical coordinate

sinp  cosp
p € [0,2r]. We can then express a as a function of ¢ and the non-identified parameter p

indexing a rotation matrix;

Al 2,0 = ( 011 COS p —op18inp )

091 COSp+ 0928inp —o91Sinp + 023 cos p

and the parameter of interest is @ = a(p, ¢) = o011 cosp. We impose the sign normalization

restrictions throughout by constraining the diagonal elements of A to being nonnegative,
092€08p — o918inp >0 and o171 cosp > 0. (A.1)
The sign restrictions ajs > 0 and ag; < 0 are expressed as

o11sinp >0 (A.2)

—0998inp — o971 cos p < 0. (A.3)

Given ¢, the identified set for a = 011 cosp is given by its set as p varies over the set charac-
terized by the restrictions (A.1) - (A.3). Since the second constraint in (A.1) and (A.2) imply
p € [0,7/2], we focus on how the other two restrictions (the first constraint in (A.1) and (A.3))
tighten up p € [0, 7/2].

Assume 091 > 0. Then, they imply arctan(—o91/092) < p < arctan(oaz/o91). Intersecting
this interval with p € [0,7/2] leads to [0, arctan(og2/021)] as the identified set for p. Hence,
the identified set for « in the o91 > 0 case follows. A similar argument leads to the « identified

set for the 091 < 0 case. m

Proof of Lemma 3.1. (i) By the construction of ¢-prior (3.2), the marginal likelihood for

M € M?® can be rewritten as

p(Y'|M) = / (Y16, M)dr g1 (6)

= IS4 (¢|M) # 0}
_AP(YW) ﬁ-¢(ISa(¢|M)§é®)
_ = L{IS,(p|M) # 0}
_p(Y)[zﬂN%(ISa((pM) 0
Ty (1S-($IM) #0)
7s(IS-(p| M) #0) p(Y)Our,

dig(¢)

d7 gy ()
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where the second line uses the assumption that the set-identified models admit an identical
reduced-form and the third line follows from the Bayes theorem for the reduced-form param-
eters, p(Y|¢)74(¢) = p(Y )74y (¢). Plugging this expression of the marginal likelihood into
(3.1) leads to the claim.

(ii) Under the additionally imposed assumptions, the marginal likelihood of model M? €
MP is given by p(Y)Opre. Hence, combined with p(Y|M?®) = p(Y)Opys shown in part (i), (3.5)
follows.

(iii) The claim follows immediately by noting that the imposed assumptions imply Oy; = 1
for all M € M and setting Oy, M € M, to one in (3.5). =

Derivation of Il /sy in equation (3.7). We derive Il /sy in the next lemma:

Lemma A.1 For a set-identified model M?® with the structural parameters Oprs € Ops and
reduced-form parameters ¢ars = gars (Onrs) € Pars = gars (Ongs), let a prior for ¢urs, Tngs|M*
be given. Define the class of priors of Oprs by

H9MS|MS = {/H-GMS|MS . WQMS‘MS(@MS ﬂg;/jls(B)) = 7T¢Ms\MS(B)7 VB € B(@Ms)}

Updating 11y, ,|ars prior-by-prior with the likelihood p(Y|0nrs, M?®) and marginalizing the result-

ing posteriors via o = s (Oars) leads to the following set of posteriors for a:
Uajarsy

= {TraMS,Y = A 7TOC|MS,¢]V15d7T¢Ms|M5,Y : 7'('041\457(251\/[S (ISQ(¢MS‘MS)) = 1; 7T¢MS|MS'CL.8.} .
M
(A.4)

]
Proof of Lemma A.1. The prior-by-prior updating rule updates Iy, ,|rss to

g, arsy = {Topeinrey © Topeiarey (Onrs N gyps(B)) = g, 0 msy (B), VB € B(®as) }

Since g, s ars,y (Onrs N gy (B)) can be written as

Topge M=,y (Onrs N gy (B)) = /BW9MS|¢MS,M8(9MS N gars(Dars))dmg, . ars v (dars),

the ¢pss-marginal constraints for my, a5y are equivalent to

/B TOnrs |pars M (GMS N 917415 (¢MS))dW¢MS|MS:Y(¢MS) = 7T¢MS|MS,Y(B)‘

This equality holds for all B € B(®ys) if and only if 7g, 4,005 (Onrs N g;js(ngs)) =1,

Tgaps|Mo,y-a.8. Accordingly, an equivalent representation of the class of posteriors for 6= is

— . -1 —
HGJ\/IS|MS,Y - {L W9M5‘¢MS,MSd7T¢'Ms|Y . 7T0]\/[s‘¢]ws,Ms (@Ms ﬁng (¢MS)) - 177T¢IMS|MS,Y_a'S'} .
MS
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Note that we have

Fatnge - ISa(3 M) = T,y oo are (@7 (TSalrs|M9)
= TOprs|pars , Mo (@MS N g]T/[ls (¢M5))7

where the second equality follows by the definition of the identified set of a. Hence, 7y, 16,5, 075 (© a5

gX/[ls(ngs)) =1, Tg,s|ms,v-a.8. holds if and only if 74, . ars(ISa(Pars|M?®)) = 1, Ty, o |ars,v-
a.s. The class of marginalized posteriors for o (A.4) therefore follows. m

Proof of Proposition 3.1. Let mg s be a prior of (6, M) belonging to the proposed Ilg /.
The corresponding posterior for § with M integrated out can be computed as follows: for any
measurable subset H C O,
 Yontem Sy p(Y10, M)dmg p (0) s
7T0|Y(H ) = N
st [Jon, BOV16 Mo (6)] Tas
ZMPGMP 7T9|MP,Y(H)p(Y’Mp)7rMp
+ Satments [fangs Fotonseats DY 10, M) ago(300)| o

2 nrerr PYIMP) TN + 3 pps e pps [fcpMs p(Ylonrs, Ms)d%Ms\Ms(@f)Ms)} T

= Z o (H) ey + Z |:/I> 7r0qus,Ms(H)d%M.qu,Y(ébMS)] TAs|y
MS

MPeMP MseMs

where the second line uses

[ 70105070 = [ [ 146 € EYHY10. 801101 0)] o (1)
- [ 146 € HYdrg0,00)| 0 611, M) 1001

- / Tyt (DY |dar, M)dmg, s (61).

Dar

The class of posteriors for # can be therefore represented as
gy = { Z To|Mp,Y Tiely + Z To|ars, y Tams|y * Tonrs,y € Hgarsy, VM?® € Ms} ;
MPeMP MseMs

where Ilg| /s y is as defined in (A.5). As shown in the proof of Lemma A.1 above, marginalizing
Hgjazs,y to a leads to Iy pss )y defined in (3.7). We therefore conclude that marginalizing Ilgy
to a results in Il,y shown in (3.8). =

39



Proof of Proposition 3.2. (i) Since there is no constraint across the posteriors belonging
to different posterior classes, it holds
inf  Eyy(a)= Z Eo\ve y (@) Ty + Z inf {Eajnrsy (@)} mags)y

Ta|y €lla)y Mpenr Mo T s,y Eg sy
By the construction of I1, /sy, an application of Theorem 2 of Giacomini and Kitagawa (2020)
shows infr_ /o €Tty ars v {Ea|Ms’Y(O[)} = By, s|ms,y ([(@nrs[M?)). The claim of the mean lower
bound therefore follows. The mean upper bound can be shown similarly.
(ii) Note that

inf  woy(H)= > TapmyH) Ty + Y inf {7y (H)} - Tagspy s
To|y €lla )y MPerr Moo Tains,y Elg nrs,y

sup Ty (H) = > TapwyH) Ty + Y sup {Tapprsy (H) } - Tagspy-
To|y €l )y MPEMP Msems Talms,y Ellajns v

Theorem 1 of Giacomini and Kitagawa (2020) shows

inf {7ajnrey (H) } = g0 sy (ISa(dnrs| M*) C H),
To s,y Ea sy
sup {Tapprsy (H)} = Tguinasy (ISa(dars [M®) N H # 0),

o nms,y o sy

so the conclusion follows.

(iii) By setting H to [—o0, a], the lower probability obtained in part (ii) yields the lower bound
of the cdfs, since the event IS, (¢pnrs|M®) C [—00,a] is equivalent to u(¢ns|M?®) < a. The
upper bound follows by noting

sup Tans,y ([00,a]) = g, o vas v (1Sa(dars[M?) N[00, a] # 0)

o ms,y Ea sy

= s M=,y (HQurs |M?) < a).
The set of quantiles then follows by inverting these cdf bounds. m

Next, we show two lemmas to be used to prove Proposition 3.3. We denote the set of
candidate models satisfying condition (A) of Assumption 3.2 (i) by M4 and the set of those
satisfying condition (B) by Mp. Under Assumption 3.2 (i), M = M4 U M p holds. Note that
through these lemmas and the proof of Proposition 3.3, M is assumed to admit an identical

reduced-form with reduced-form parameter dimension d > 1.

Lemma A.2 Suppose Assumption 3.2 holds. For M € My,

0?2 det(Ha($))Y/2p(Y | M)
(2m)4/2p(Y"|9)

with Pyos|g,,..-probability one.

— for () = O(n™Y?),
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Proof of Lemma A.2. Denote the reduced-form parameter vector by ¢ = (¢1,...,¢q) and
the third-derivative of [,,(-) by hjx(-) = %ln(), 1 <i,j,k <d. By Assumptions 3.2 (i),
(ii) and (iv), there exists B* an open neighborhood of ¢y such that B* C ®j; holds for all
M € My, and

Sup D |hiji ()| < oo, (A.6)
and
lim sup  sup {ln(9) — ln(Ptrue)} <0, with Pyeojy, . -probability one (A.7)

n—o0o ¢e<1>\B*

hold. Since Assumptions 3.2 (iii) and (iv) imply the strong convergence of , for all sufficiently

large n, qg € B* holds. Given QAS € B*, consider the third-order mean value expansions of nl, (¢):

nln(¢) = nln(¢) — 5 (¢ — ) Hu($)(¢ — ¢) + % > k(@) (i — 6i) (b5 — 65) bk — bk)

1<i,j,k<d

VI N3

' Hy(d)u + \/lﬁRM(u),

where ¢ is a convex combination of ¢ and ¢, u = \/n(¢—¢), and Ry, (u) = i > i<ijk<d h,»jk(g?))uiujuk,
where u; is the i-th entry of vector u. By the boundedness of h;;, on B*, R1,(u) can be bounded

by a third-order polynomial of u with bounded coefficients on v/n(B* — ¢), where \/n(B* — ¢)

is the subset in R? that translates B* by ¢ and scales up by v/n. Plugging this expansion in
p(Y"|¢) = exp(nl,(¢)) and combining it with the first-order expansion of fy/(#), we obtain

on ¢ € B* (or equivalently on u € \/n(B* — ¢))

p(Yn‘gb)fd)‘M(qﬁ) = exp {nln((ﬁ) - ;ulHn((Z))u} {1 + \}ﬁRln(u) + %Rln(uf 4+ .. }
X {fqu(é) + \}ER%(U)}

— exp { nln(@) — 0 Ha(@)u b { fopr(8) + —=Ran(u) b (A8)
{rin(®) - v

where the first equality invokes the expansion of exp(z) = 1+x+2" 122+ .- Ry, = f(;‘M(é)u,
and Rs, collects the residual terms that can be bounded uniformly on /n(B* — QAﬁ) by a finite
order polynomial of u with bounded coefficients.

Integration of p(Y"|¢)fsar(¢) over ¢ € B* is equivalent to integrating (A.8) in u over

41



~

Va(B* ~ )
[ o016 a0

02 exp{nl, ()} ( Lo (o) Ranti0) exp{ ~ oo d”)

=(2m)2p(Y " )0 det(Ho(6) 7 (Sopnr (D) B, [1 s e gy ()] + 0~ 2Bt [Ran () - 1 o5 (w)])
—(2m)"2p(Y " |G~ det(Ha(6) /2 (fopr () + O(n™1%)), (A.9)

where Ej, (+) is the expectation taken with respect to u ~ N'(0, H,($)~!). Note that the third

equality follows since the replacement of \/n(B* — g%) with R? incurs an error of exponentially

decreasing order and Ef, (Rs,(u)) is finite, i.e., the multivariate normal distribution has finite

moments at any order.
Consider now integrating p(Y"|¢) foar(¢) over @y \ B*.

/ PY™6) foynr (6)dd
<I>M\B*

=(2m)"p(Y"|$)n "2 det(Hn(9))"/?

X ((271’)d/2nd/2 det(Hn(qB))l/QA - exp{n(l,(¢) — ln(gfg))}fwM((ﬁ)d(ﬁ)

<(2m)2p(Y"|@)n= "2 det(Hn(9))'/?

x <<2w>—d/2nd/2det(Hn<¢3>>—1/2f¢|M sup {exp{n(lnw)—zn<¢m>)}}>, (A.10)

PpedD\ B*

where by Assumption 3.2 (v), qu\M = SUPyeq fom(¢) < oo. Assumptions 3.2 (iii) and (iv)
imply that the term in the parentheses of (A.10) converges to zero faster than n~1/2-rate
with Pyeo4,,..-Probability one. Summing up (A.9) and (A.10) gives the following asymptotic
approximation of the marginal likelihood in model M € M 4.

p(Y"[M) =/ p(Y"!¢)f¢|M(¢)d¢+/ p(Y"[0) foni(¢)do
B* @7\ B*
= 2m) " 2p(Y " $)n 2 det(Ha ()72 (foppr(d) + O 1Y) (A.11)
with Pycg,, . .-probability one. Bringing the multiplicative terms in the right-hand side of
(A.11) to the left-hand side completes the proof. m

Lemma A.3 Suppose Assumption 3.2 holds. For model M € Mp,
n4/2 det(H, (8))/2p(Y™| M)
(2m)d/2p(Y™"|¢)
with Pyos|g,,..-probability one.

= o(n112),
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Proof of Lemma A.3. Let B* be an open neighborhood of ¢4, as defined in the proof of
Lemma A.2.
Consider the marginal likelihood of model M € Mg divided by (27)%2p(Y"|$)n~%2 det(H,, ($))*/?:

nd/Z e " Z\\1/2 n nd/2 e . 7\\1/2 )
d(tz(gd/(f;()yng)y 2 d(;ff){i/gé)) / exp{n(ln(®) — ln(®))} fo|n1(9)do

Spr

nd/2 det(H, ($))/2 - R
< S Faas s expln(l(6) ~ 1(6)

PPy
U2 det(H, ()2 |
ST e 2, () = (b))

(A.12)

where f¢‘M = supy, fgar(¢) < 0o, and the third line follows since B* C @, implies ®); C ®\B".
Note that by Assumption 3.2 (iv), the upper bound shown in (A.12) converges to zero faster
than the polynomial rate of n~1/2 with Pyo|g,,...~Probability one. m

Proof of Proposition 3.3. (i) Under Assumption 3.2 (i), the posterior model probability of
model M € M can be written as

I p(Y"|M)my
M|yn —
| Yomremn P IMO) T + 3 ey, P IM ) mare

By dividing both the numerator and denominator by (27)%2p(Y™|¢)n~%2 det(H,($))/? and
applying Lemmas A.2 and A.3, we have

Form(@)mar_ +0(n1/2), for M € My,

ZZ\/I/GMA f<1>\M/ (¢)7FM/

7TM|Yn -
o(n=1/?), for M € Mp,

with Pyo|g,. ..-probability one.

Since fg|ar(-) is assumed to be continuous and Assumptions 3.2 (iii) and (iv) imply almost
sure convergence of ngb t0 Ptrue, Trye of the current proposition follows.

(ii) With the given specifications of the ¢-prior, fgrs(dtrue) is proportional to 7(® )"t up
to the model-independent constant (the Lebesgue density of 74 evaluated at ¢ = ¢4ye). Hence,
(i) of the current proposition is reduced to the asymptotic model probabilities of (ii).

(iii) This trivially follows from Lemma 3.1 (iii). m

A.2 Example 2: Treatment Effect Model with an Instrument

This appendix illustrate applicability of our averaging proposal to the treatment effect model

with noncompliance and a binary instrumental variable Z € {0, 1} (Imbens and Angrist (1994)).
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Assume that the treatment status and the outcome of interest are both binary. Let
(W, Wy) € {1,0}2 be the potential treatment status in response to the instrument, and
W = ZWi + (1 — Z)Wy be the observed treatment status. (¥1,Yy) € {1,0}* is a pair of
treated and control outcomes and Y = WY + (1 — W)Y} is the observed outcome. Follow-
ing Imbens and Angrist (1994), consider partitioning the population into four subpopulations

defined in terms of the potential treatment-selection responses:

c if Wiy =1 and Wy =0 : complier,

at if Wi =Wy=1 : always-taker,
nt if Wi=Wy=0 : never-taker,
d if Wiy =0 and Wy =1 : defier,

T —

where T is the indicator for the types of selection responses.
Assume that the instrument is randomized in the sense that Z L (Y7, Yy, Wi, Wy).?8 Then,
the distribution of observables and the distribution of potential outcomes satisfy the following

equalities for y € {1,0}:

PriY =y W=1Z=1)=Pr(Y1 =y, T =¢)+Pr(Y1 =y, T = at), (A.13)
Pr(Y =y W=1Z=0)=Pr(Y1 =y, T=d) +Pr(Y1 =y, T = at),
PrY =y W=0/Z=1)=Pr(Yy =y, T =d) + Pr(Y1 =y, T = nt),
Pr(Y =y, W =0/Z =0) = Pr(Yy =y, T = ¢) + Pr(Y; = 4, T = nt).

Since the marginal distribution of Z plays no role for identification of the potential outcome
distributions, we let the vector of structural parameters 6 consist of the parameters that index
a joint distribution of (Y1, Yo, T):

0= Pr(Y1=y,Yo=y ,T=t):y=1,0, vy =1,0, t=c,nt,at,d) €0,

where © is the probability simplex in R16.
Let the average treatment effect (ATE) be the parameter of interest.

a = EMi-Yy)= Y [PV =1T=t)-Pr(Yo=1T=t)

t=c,nt,at,d

= > D> PM=1Yy=yT=t)-Pr(Vi=yYy=1T=t).
t=c,nt,at,d y=1,0

The reduced-form parameter vector consists of the eight probability masses:
dp=Pr(Y =y W=w|Z=2):y=1,0, d=1,0, z=1,0).
Consider the following two candidate models.

Candidate Models

28 As reflected in the notation of the potential outcomes (Y1,Y)), we assume the exclusion restriction of the

instrument.
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e Model MP (point-identified): In addition to the randomized instrument assumption Z L
(Y1, Yy, Wy, Wy), the instrument monotonicity (no-defier) assumption of Imbens and An-
grist (1994) holds and the causal effects are homogeneous in the sense that E(Y; —Yy|T =
&)= BE(Yi — Yo|T = at) = E(Y1 — Yo|T = nt) = E(Yi — Yp).

e Model M? (set-identified): The randomized instrument assumption holds. Heterogeneity

of the treatment effects is unrestricted.

In model MP, the complier’s average treatment effect is identified by the Wald estimand
(Imbens and Angrist (1994)), and combined with the homogeneity of the causal effects, we
achieve the point-identification of ATE,

Pr(Y =1|Z=1)—-Pr(Y = 1|Z =0)

amr () = Pr(W=1/Z=1)—Pr(W =1|Z =0)’

In model M?, what the Wald estimand identifies is the complier’s average treatment effect,
while ATE becomes set-identified. See Balke and Pearl (1997) for the construction of the ATE
identified set, 1.5, (¢p|M?).

The two models considered admit the identical reduced-form (the distribution of (Y, W)|Z2),
whereas these two models are distinguishable, since they have different testable implications.
The testable implication for model MP is given by the testable implication for the joint re-
striction of randomized instrument and instrument monotonicity shown by Balke and Pearl

(1997):29

Pr(Y=1,D=1Z=1)>Pr(Y =1,D =1|Z =0),
Pr(Y=0D=1/Z=1)>Pr(Y =0,D =1|Z = 0),
Pr(Y=1,D=0/Z=1)<Pr(Y =1,D=0/Z =0),
Pr(Y =0,D=0/Z=1)>Pr(Y =0,D =0[Z = 0).

Accordingly, ®;» is given by the set of ¢’s that satisfy these four inequalities.
Kitagawa (2020) shows that the instrument inequality of Pearl (1995) gives the sharp
testable implication for the randomized instrument assumption, i.e., I.S,(¢|M?)) is empty

if and only if

max Y max {Pr(Y =y, W =w)|Z =z} < 1. (A.14)

Hence, the reduced-form parameter space of model M?, ®,ss, is obtained as the set of ¢’s that
fulfills (A.14).

29Under the joint restriction of randomized instrument and instrument monotonicity, additionally imposing

homogeneity of the treatment effects does not strengthen the testable implication of Balke and Pearl (1997).
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Set prior model probabilities at (mpse, mars) = (w,1 — w). Construct a prior for ¢ in each

model as
ﬁ'¢(3 N ‘I)Mp)
B = —-—
mgiv (B) To(Par)
Tg(B N Pass)
T s B -

for any measurable subset B in the probability simplex that ¢ lies, where 74 is a prior for ¢
such as a Dirichlet distribution.
The two models MP and M?® are distinguishable since ®,/» is a proper subset of ®jys.

With the current construction of the priors for ¢, Lemma 3.1 (ii) gives their posterior model

probabilities,
T o OMp s w
Mrly = OMp'U)'i‘OMS '(1—11))’
- . OMS . (1 - w)
Moy = OMp 'U)'i‘OMS '(1—11))’

where Opp and Ojpys are the posterior-prior plausibility ratio as defined in Lemma 3.1.

With these posterior model probabilities, the robust Bayes averaging operates as presented
in Scenario 1 of Example 1. The resulting set of posterior means shrinks the Balke and Pearl’s
ATE identified set toward the posterior mean of the Wald estimand that one would report in
the point-identified model. Since the posterior model probabilities can differ from the prior
ones, the degree of shrinkage can reflect how well the identifying assumptions fit the data.
The current analysis offers one way to aggregate the Wald instrumental variable estimator and
the ATE bounds with exploiting a partially credible assumption on homogeneity of the causal

effects.

A.3 Computing Plausibility Ratios for Sign-restricted SVARs

This appendix provides details on how to compute the posterior-prior plausibility ratios O
for the SVAR models set-identified by the under-identifying zero restrictions and the sign
restriction. The crucial step in the computation is to check if the identified set IS,(¢) is empty
or not at ¢ drawn from 7y . The first proposal (Algorithm A.1), which is a special case of
Algorithm 1 in Giacomini and Kitagawa (2020), makes use of random draws of the impulse
responses and assesses whether any of these satisfies the imposed sign restrictions. The second
proposal (Algorithm A.2) is novel in the literature. It directly checks a necessary and sufficient
condition for non-emptiness of the identified set. The first algorithm is simple to implement,
while it can give a wrong conclusion if the identified set is tiny. The second algorithm is
guaranteed to give the right answer, while the computation can become cumbersome if the

number of sign restrictions is large.
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A.3.1 Notation

To show the computation procedures in a general setting, we generalize the representations of
the SVAR (5.1) and the reduced-form VAR (5.3) to have n endogenous variables and p > 0
lags. Let @ € O(n) be an n x n orthonormal matrix and O(n) be the set of n X n orthonormal
matrices. Following Uhlig (2005) and Rubio-Ramirez et al. (2010), we transform the struc-
tural parameters (Ag,a, A1,...,Ap) into the parameter vector consisting of the reduced-form
parameters augmented by Q, (¢, vec(Q)) € ® x vec(O(n)):

B:Ag1 la,A1,..., A,
_ _ /
=4 ' (Ao 1) )
Q=247
where Y, denotes the lower-triangular Cholesky factor of ¥ with nonnegative diagonal ele-

ments. We then set 0 = (¢/,vec(Q)’)" and its domain as © = {(¢',vec(Q)')" € ® x vec(O(n)) : diag (Q'E;,') > 0}.

Here, diag (Q’ 27;1) > 0 is the sign normalization restrictions:

(6) ¢;>0 foralli=1,...,n, (A.15)

where [01, o’ ..., a”] are the column vectors of Et_rl and [q1, G2, - . ., ¢n] are the column vectors

of Q.
Assuming the lag polynomial (In — Z§:1 Bij) is invertible (which is the domain restric-

tion on ®) the VMA (co) representation of the model is:

o0
Y = C+ZCjut—j (A.16)
=0
(o.9)
= C+20j2t7«@6t7j>
=0

N -1
where Cj is the j-th coefficient matrix of (In - Zﬁ’:l BjL]> .
We denote the h-th horizon impulse response by the n x n matrix IR", h =0,1,2,...

IR" = Cy24,Q. (A.17)

The scalar parameter of interest « is a single impulse-response, i.e., the (i, j)-element of I R,

which can be expressed as
o= Ithj = e,Ch3uQe; = diy, (0) g, (A.18)

where e; is the i-th column vector of the identity matrix I,, and ¢, (¢) is the i-th row vector
of Chztr.
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Zero restrictions used in the literature are restrictions on some off-diagonal elements of
Ay, on the lagged coefficients {A; : 1 = 1,...p}, on contemporaneous impulse responses I R? =
Ay ! "and on the cumulative long-run responses. All these restrictions can be viewed as linear

constraints on the columns of ). For example:

((4,9)-th element of Ag) = 0 <= (I ez) q; =0, (A.19)
((j,i)-th element of 4;) = 0 < (3 1Blez) q; =0,

((4,7) -th element of Ag') = 0 <= (e}¥y)q =0,

((i,j) -th element of IRh) = 0 < [€Ch3] g =0.

We restrict our analysis to the case that the imposed zero restrictions constrain only one column
vector of ). Ordering the variables in such way that q; becomes the constrained column vector

of ), we can represent a collection of zero restrictions as
F(¢)q1 =0, (A.20)

where F'(¢) is an f x n matrix. F (¢) stacks all the coefficient vectors that multiply ¢; into
a matrix. Hence, f is the number of imposed zero restrictions. We consider under-identifying
zero restrictions, so we assume f <mn — 2.

We suppose there are sign restrictions on the responses to the first structural shock. Sign
restrictions are linear constraints on the first column of @Q: Sp(¢)q > 0, where Sj, (¢) =
DpCr¥y,- is an sp X n matrix, and Dy, is an s; X n matrix that selects the sign-restricted
responses from the n x 1 impulse-response vector Cy,X-q1. The nonzero elements of D), equal
1 or —1 depending on whether the corresponding impulse responses are positive or negative.

Stacking Sy, (¢) over multiple horizons gives the set of sign restrictions
S(¢)q1 >0, (A.21)

where S (¢) is a s x n matrix S (¢) = [So(¢),..., S (gb)]l, where s = 22:0 sp, is the number

of sign constraints and 0 < h < oo is the maximal horizon in the impulse-response analysis.?’

A.3.2 Algorithms

For multiple posterior models, the plausibility ratio Oj; can be computed by plugging into
(3.5) numerical approximations of the prior and posterior probabilities for non-emptiness of
the identified set. Specifically, the denominator of Oj; can be computed by drawing many ¢’s
from the prior and finding the fraction of draws that yield a non-empty identified set. The

numerator of Oj; can be computed similarly except that the ¢’s are drawn from the posterior.

30Tf there are no sign restrictions on the h-th horizon responses, h € {0,...,h}, s; = 0 and S; (¢) is not
present in S (¢).
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Our first algorithm to approximate Oy; draws many ¢1’s from a distribution supported only

on the unit sphere, and check if any of the draws satisfies the model’s assumptions given ¢.

Algorithm A.1 Suppose the identifying restrictions of model M consist of zero and sign re-
strictions as defined in (A.20) and (A.21), respectively. The following algorithm can be used

to approzimate py(Par), where py is a probability measure on (i>, which can be Ty or Typy
1. Draw ¢ from pg.

2. Let z ~ N (0,1,) be a draw of an n-variate standard normal random variable. Let ¢ =

Mz be the n x 1 residual vector in the linear projection of z onto the n X f regressor matriz

F (¢)". Set q1 = sign ((al)’ql) II%II' If (O’i)/(ji 1s zero for some i, set sign ((O’i)/(ji> equal

to 1 or —1 with equal probability.

3. Check if q1 satisfies the sign restrictions S(¢)q1 > 0. If it does, we conclude 1S4 (¢) # 0.
Otherwise, repeat Step 2 a mazimum of L times until 1 satisfying S(¢)q1 > 0 is obtained.
If none of the L draws of q1 satisfies S(¢,Q) > 0, approximate 1S,(p) as being empty

and return to Step 1 to obtain a new draw of ¢.

4. Repeat Steps 1 — 3 for K times. The proportion of drawn ¢’s that gives non-empty 1.S,(¢)
in Step 8 approximates py(Par).

This procedure is simple to implement and easy to scale up to the situation where the num-
ber of sign restrictions is large. On the other hand, it only delivers an approximate assessment
of the identified set non-emptiness. The approximation quality can become poor if the set of
q’s satisfying the sign restrictions is so thin that the finite number of ¢; draws may miss it.
Also, as the dimension of variables gets larger, the dimension of ¢; increases and we require
more draws of ¢;.

To overcome this drawback of Algorithm A.1, the next algorithm exploits the linear struc-
ture of the identifying assumptions. A key observation is that any non-empty identified set
for g1 contains a vertex on the unit sphere on which at least n — 1 number of equality and
inequality constraints are binding. We can exhaust all the possible candidates for such vertex
by selecting any combination of n — 1 constraints and setting them binding. If we could find a
vertex that satisfies the other f+s— (n—1) constraints ruled out in the selection, we can claim
this vertex is contained in the identified set for ¢, allowing us to conclude it is non-empty. If
instead we cannot find any such vertex, we conclude the identified set is empty. This alternative
approach assesses emptiness of the identified set without any approximation. We find that this
procedure tends to be faster and become more efficient than Algorithm A.1 when the number

of sign restrictions is small to moderate.
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Algorithm A.2 Suppose the identifying restrictions of model M consist of zero and sign re-
strictions as defined in (A.20) and (A.21), respectively. The following algorithm can be used

to approzimate py(Par), where pg is a probability measure on ®, which can be Tp OT Tg|y -
1. Draw ¢ from pg.

2. Find qi and —qi satisfying the system of “active constraints” (in the language of Gafarov
et al. (2018)):

(A.22)

where 5’((1)) is § X n matriz of active sign restrictions. It is set by picking § rows from
S(¢) matriz, where f +§ =mn — 1. Check if ¢i or —q; satisfy the “inactive constraints,”
namely the rest of sign restrictions and the sign normalization restriction for qi1. If so,
1S4(¢) is non-empty. Otherwise, keep constructing S(¢) with different combinations of 3
active constraints and verify if the corresponding solution satisfy the inactive constraints.

If none of the solutions satisfies the inactive restrictions, 15, (¢) is empty.
3. Repeat Step 1 — 2 K times.

4. Approzimate py(®ar) by the proportion of K draws of ¢ that delivers non-empty identified
set in Step 2.

In contrast to Algorithm A.1, this algorithm is advantageous in characterizing the non-
emptiness of 1.S,(¢) with no error. As the number of sign restrictions increases, however,
the number of combinations of the active constraints to be checked in Step 2 grows in the
polynomial order of n — 1 — f, and it can be computational burdensome if a large number
of sign restrictions is imposed. See Footnote 23 in the main text for the comparison of the

computational time between the two algorithms in the empirical application.
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