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1 Introduction

In standard two-sided matching problems (Gale and Shapley, 1962) such as job markets, col-

lege admissions and marriage problems, agents on each side of the market have preferences

over the set of agents on the opposite side. In this setting, the presence of externalities is

often ignored, since it is ussually assumed that agents only care about whom they could be

matched with and do not assign any valuation to the match of the others. The absence of ex-

ternalities simplifies the analysis of this kind of markets and is helpful to prove the existence

and stablishing several properties of solution concepts such as the set of stable matchings and

the core.

However, in several applications agents may not only care about whom they are matched

with but also who the other agents’ partners are (Dutta and Masso, 1997; Echenique and

Yenmez, 2007; Kurucu, 2007; Li, 1993). In these cases, explicitly modelling the presence of

externalities could be crucial to understand real-world applications of more general matching

markets (Bando, 2012; Hafalir, 2008; Mumcu and Saglam, 2006, 2007, 2010; Roy, 2004;

Sasaki and Toda, 1996). Indeed, real-world examples of matching markets with externalities

are easy to find. For instance, the presence of couples in a labor market is an important ap-

plication of two-sided matching problems with externalities since an agent’s preferences not

only depend on her own employer but also on her partner’s employer and potentially others

couples’ employers. We can also consider some competitive situations where agents interact

with each other by teams where complementarity among skills of members are important,

such as tournaments and contests. In these cases, competitors care about their own teams and

also about the other teams’ opponents, since the probability of winning a tournament depends

on their own team performance and the competition they face. Other examples can be found

in markets with downstream competition where wholesalers care about how retailers are or-

ganized to compete with each other or in industries where companies compete in research

and development where a firm’s outcome not only depends on its own team’s research but

also on the outcomes for the other companies.

The analysis of matching markets with externalities is challenging for at least two reasons.
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First, agents must consider the complete matching configuration between firms and workers

in order to define their preferences. Thus, in the presence of externalities, agents’ preferences

should be defined over the set of all feasible matchings, instead of only over agents on the

opposite side of the markets. This issue has crucial implications to analyze the existence of

several solution concepts, since some sufficient restrictions over the domain of preferences

to guarantee the existence of those solutions may not be well defined in the presence of

externalities.

The second issue regards the definition of the solution concept itself for this kind of

markets. In standard matching problems, under the well-known solution concept of stability

(Gale and Shapley, 1962) agents who plan to block a matching must compare their current and

alternative partners in order to evaluate whether deviating from a current match is profitable

or not. Under this notion of stability, deviating agents do not care about the reactions of

non-deviating agents, since their preferences do not depend on the other agents’ partners. In

contrast, once externalities are considered, a deviation may be profitable or not depending on

the reaction of the rest of the agents. This implies that agents must either anticipate or have

some expectations about the reactions of non-deviating agents whenever they plan to block

a current matching. According to this argument, it is clear that different assumptions about

agents’ expected reactions may lead to different notions of stability. For instance, we could

assume that, after some coalition of agents deviates, the rest of agents simply remain matched

as specified under the current matching, except for the ones who lost their current partners.

In contrast, we could assume that after some agents deviate, the rest of players simply break

any current match in order to remain with no partners.

In previous literature, matching markets with externalities have been analyzed under two

main approaches. In the first case, there is an attempt to establish some assumptions regarding

agents’ reactions that assure the existence of stable matchings without any restriction over

the domain of the agents’ preferences. Under the second approach, some restrictions over

the agents’ preferences that guarantee the existence of stable matching are established under

specific assumptions about agents’ reactions. Note that, in general, both approaches are not

equivalent.
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Sasaki and Toda (1996) were the first to analyze the marriage problem with externalities.

They propose a notion of stability that is similar to the idea of a conjectural equilibrium1.

Under this solution concept, agents predict the set of matchings that they consider admissible

under a given conjecture about the reactive behaviors of agents. These predictions are called

estimation functions or simply estimations. Thus for a given set of estimation functions,

say ϕ, a matching is ϕ-stable whenever it is admissible for every agent and not blocked by

any man-woman pair or any individual agent. Sasaki and Toda (1996) show that a ϕ-stable

matching may not exists under particular sets of estimation functions. However, they claim

that a ϕ-stable matching exists if and only if all feasible matchings are considered admissible

by every agent. In this case, we say that the set of estimation functions satisfy a condition

called full admissibility. Hafalir (2008) extends this model by providing a set of endogenous

estimations that depends on the agents’ preferences. Hafalir’s estimations not only guarantees

the existence of ϕ-stable matchings but also shows that the assumption of full admissibility

is not a necessary condition to assure the existence of ϕ-stable matchings.

Mumcu and Saglam (2010) also analyze the one-to-one matching problem with externali-

ties. In this case, they propose a notion of stability that satisfies the following two conditions:

a) deviating pairs join together while their previous mates, if any, divorce and b) the rest of the

agents remain matched as before the deviation. Mumcu and Saglam (2010) show that under

this notion of stability stable matchings may not exist. However, they propose restrictions

on the agents’ preferences that assures the existence of stable assignments. Bando (2012)

provides similar results in many-to-one problems with externalities only on the firms’ side.

This paper deals with the analysis of many-to-one matching markets with externalities.

In particular, we analyze the existence of stable matchings in the sense of Sasaki and Toda

(1996). As in previous literature, we find that in this setting a ϕ-stable matching may not

exist. Furthermore, we also show that no set of estimation functions (neither endogenous

nor exogenous) assures the general existence of ϕ-stable matchings. This impossibility result

contrasts with the case of the marriage problem, where there is at least one set of estimations

1A conjectural equilibrium is a situation where no agent has incentives to deviate given a conjecture about
the reactive behaviors of agents (Rubinstein and Wolinsky, 1994; Azrieli, 2009).
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that always guarantees the existence of ϕ-stable matchings.2 According to these results,

we can analyze our problem in two different ways. On the one hand, we can fix a set of

estimations functions and find reasonable restrictions on the domain of preferences that lead

to have a stable assignment. On the other hand, we can fix a restriction on the domain of

preferences and find a reasonable set of estimations functions that result in the existence of a

stable match.

According to the first approach, we consider a benchmark model where the set of estima-

tion functions satisfies the condition of full admissibility. As established in previous litera-

ture, it is necessary some kind of substitutability of firms’ preferences in order to guarantee

the existence of stable assignments in standard two-sided matching problems. Intuitively,

this condition implies that complementarities among workers are not strong enough to show

increasing returns to workers, i.e. if a worker has been selected from a pool of candidates,

he will still be chosen when some of his colleagues are not available anymore (Kelso and

Crawford, 1982). Furthermore, this constraint on agents preferences can be easily general-

ized to more realistic environments with fixed firms’ quotas of workers by the condition of

q-substitutability (Cantala, 2004).

However, it is clear that in the presence of externalities it would be very difficult to impose

directly any kind substitutability in the model since agents preferences are defined on the set

of all feasible matchings instead of agents on the opposite side of the market. In this setting,

potential gains and losses of a match will also depend on how the rest of agents are matched.

Nevertheless, under these conditions agents are still able to minimize the worst-case potential

losses of a match by using a minimax decision rule that protects them from the risk involved

in the decisions of other players.

For instance, in school choice or college admissions, a student’s decision to attend a

college not only depends on school characteristics itself and the rest of students attending

that school but could also depends on the rest students attending other schools. This implies

that the value of a match with a given school and a set of partners would depend on the set

of matchings that the student considers admissible, i.e. every admissible match among the

2See, Sasaki and Toda (1996) and Hafalir (2008).
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rest of students and schools can be considered as an opponents’ best response. Hence, in the

absence of additional information that allows students to discriminate between admissible

matchings it is reasonable to minimize the risk from others’ decisions by choosing the best

admissible match among the worst-case potential ones.

According to the previous argument, we propose a constraint over firms’ preferences

called bottom q-substitutability that generalizes the condition of q-substitutability for many-

to-one matching problems with externalities. This condition guarantees the existence of at

least one stable assignment under the assumption of full admissibility. Intuitively, for any

given set of estimation functions, firms and workers use a minimax decision rule over the

set of all admissible matchings. This allows agents to compare sets of workers and firms

instead of matchings, respectively. The condition of bottom q-substitutability implies that

firms would have q-substitutable preferences when they compare sets of workers under this

minmax behavior.

Related to the second approach and given that full admissibility is not a necessary condi-

tion to solve our problem, we consider a model with pessimistic agents in order to rationalize

the set of estimation functions.3 In this setting, we construct a set of endogenous pessimistic

estimation functions that depends on the agents’ preferences. We show that these estima-

tions do not satisfy the condition of full admissibility. Further, we show that under the set

of pessimistic estimations, a ϕ-stable matching exists provided preferences are bottom q-

substitutable.

The last part of the paper deals with the analysis of the core in many-to-one matching

markets with externalities. Sasaki and Toda (1996) introduce a notion of the core in marriage

problems with externalities. They show that the core and the set of pair-wise ϕ-stable match-

ings do not coincide. Further, the core may be empty for some instances of the problem. We

propose an alternative notion of the core that depends on the set of estimation functions called

the ϕ-core. Our main result shows that for any set of estimation functions the set of ϕ-stable

matchings and the ϕ-core always coincide. This result contrasts with previous findings and

3Sasaki and Toda (1996) show that a ϕ-stable matching may not exist when only one of the agents is not
pessimistic enough.
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implies that all properties of the set of stable ϕ-matchings naturally extend to the ϕ-core.

The rest of the paper is organized as follows. In Section 2, we introduce the model and

some basic examples; in Section 3, we introduce the condition of bottom q-substitutability in

order to characterize the existence of ϕ-stable matchings; in Section 4, we introduce the set

of pessimistic estimations functions; in Section 5, we introduce the ϕ-core; in Section 6, we

present some conclusions. All proofs are in the Appendix.

2 The Model

Let F denote the set of firms and let W denote the set of workers. F and W are disjoint and

finite sets with m ≥ 1 and n ≥ 1 members, respectively. Each worker w ∈ W wants to work

for at most one firm while each firm f ∈ F has a quota qf ≤ n that denotes the maximum

number of workers that the firm is able to hire. We denote by Hf =
{
S ∈ 2W : |S| ≤ qf

}
the set of all subsets of workers (including the empty set of workers) that a firm f is able to

hire. A matching is a rule that specifies a group of workers for each firm and a firm for each

worker allowing for the possibility that some agents remain unmatched. Formally,

Definition 1 A matching is a mapping µ : F ∪W → 2F∪W such that:

1. |µ (w)| = 1 for all w ∈ W and either µ (w) ∩ F 6= ∅ or µ (w) = {w};

2. µ (f) ∈ Hf for all f ∈ F . If µ (f) = ∅ then the firm f does not hire any worker; and

3. µ (w) = {f} if and only if w ∈ µ (f).

Let M denote the set of all feasible matchings given F , W and q. In standard match-

ing problems, agents have ordinal preferences over the set of agents on the opposite side of

the market, i.e. workers have preferences over the set of firms and the prospect of remain-

ing unmatched, while firms have preferences over the set of groups of workers including

the empty set. This specification of preferences leads agents to only care about whom they

could be matched with and not the other agents’ partners, i.e. the presence of externalities is

not considered. In this paper, we consider a more general setting where agents’ valuations
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over potential partners may depend on the complete matching configuration between firms

and workers. This specification of agents’ preferences explicitly introduces the presence of

externalities in many-to-one matching problems.

In this setting, agents’ preferences would be defined by a preference relation over the set

of all feasible assignments. Formally, each agent a ∈ F ∪ W has a complete, strict and

transitive preference relation over the set of all feasible matchingsM denoted by P ∗a . Thus

for any given two pair of feasible matchings µ, µ′ ∈M, the preference relation µP ∗aµ
′ means

that the agent a ∈ F∪W prefers the assignment µ (a) under the matching µ to the assignment

µ′ (a) under the matching µ′. Note that this preferences are even more general than a simple

comparison between agents (sets of agents) on the opposite side of the market, since an agent

a ∈ F ∪ W may have the same assignment under two different matchings µ and µ′ (i.e.

µ (a) = µ′ (a) ) without being indifferent between them. According to this preferences,

an agent would be indifferent between two matchings only if these matchings are identical.

Formally, two matchings µ, µ′ ∈ M are identical µ = µ′ if and only if µ (a) = µ′ (a) for all

a ∈ F∪W . For each agent a ∈ F∪W , letR∗a denote the weak preference relation induced by

P ∗a , so that for any two feasible matchings µ, µ′ ∈ M, the preference relation µR∗aµ
′ means

either µP ∗aµ
′ or µ = µ′. Let P ∗=

(
P ∗f1 , ..., P

∗
fm

;P ∗w1
, ..., P ∗wn

)
denote the profile of agents’

preferences, thus a matching problem with externalities is a four-tuple (F,W,P ∗, q).

We consider a solution concept for matching markets with externalities based on the con-

cept of estimation functions (Sasaki and Toda, 1996; Hafalir, 2008). According to this so-

lution concept, in the presence of externalities agents form expectations about the set of

matching that they consider admissible. Agents use such expectations in order to evaluate

whether deviating from a current matching is profitable or not. These expectations are called

estimation functions (or simply estimations).

Before introducing a formal definition of the set of estimation functions, we require some

additional notation. Let A (f, S) = {µ ∈M : µ (f) = S ∈ Hf} denote the set of all feasi-

ble matchings where the firm f and the feasible set of workers S are matched. In a similar

way, let A (w, a) denote the set of all matchings where the worker w ∈ W and the agent

a ∈ F ∪{w} are matched. For each firm f ∈ F and any set of feasible workers S ∈ Hf , a es-
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timation function ϕf specifies a non-empty subset of matchings where f and S are matched.

Formally, for each f ∈ F , ϕf maps a non-empty subset of matchings ϕf (S) ⊂ A (f, S)

for every S ∈ Hf . In a similar way, for each worker w ∈ W the estimation function

ϕw maps a non-empty subset of matchings ϕw (a) ⊂ A (w, a) for every a ∈ F ∪ w. Let

ϕ = {(ϕf (·) , ϕw (·)) : f ∈ F and w ∈ W} denote a set of estimation functions of a match-

ing problem with externalities (F,W,P ∗, q). Note that a set of estimation functions may be

either exogenously determined or an endogenous mapping which could depend on agents’

preferences and other additional conditions.

As we argued before, in the presence of externalities whenever some agents plan to block

a matching they must either anticipate or have some expectations about the reactions of non-

deviating ones. Since in this setting a profitable deviation depends on those expectation,

our notion of stability must include the concept of estimation functions. According to the

previous argument, a first requirement for a stable matching is to be admissible for all agents.

Intuitively, a stable matching has to be consistent with the fact that agents only care about

matchings that they consider admissible. Hence, we introduce the following definition,

Definition 2 Given a set of estimation functions ϕ, a matching µ is ϕ-admissible whenever

µ ∈ ϕa (µ (a)) for all a ∈ F ∪W .

A second requirement for a stable matching is to have no coalitions of agents that would

like to deviate from their current assignment. In order to be consistent with the presence of

externalities, agents must consider their estimation functions when they plan to deviate from

a current matching. Intuitively, an agent is willing to block a matching only if he will be better

off under all admissible matchings after deviating. According to this intuitive argument, we

consider the following notion of deviating coalitions.

Definition 3 An individual worker w ∈ W , such that µ (w) 6= w, blocks the matching µ if

µ′P ∗wµ for all µ′ ∈ ϕw (w).

Definition 4 A coalition firm-set of workers {f, S} such that S ∈ Hf and µ (f) 6= S, blocks

the matching µ if:
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1. µ′P ∗f µ for all µ′ ∈ ϕf (S) and

2. µ′′P ∗wµ for all µ′′ ∈ ϕw (f) and all w ∈ S.

Then, given a set of estimations functions ϕ, a matching µ is ϕ-stable if it is ϕ-admissible

and not blocked by any individual worker or coalition. Let Eϕ (F,W,P ∗, q) denote the set of

ϕ-stable matchings of the problem.

2.1 Preliminary Examples

In this section, we analyze some simple examples in order to introduce two main issues

that our model faces. First, we show that in general a ϕ-stable matching may not exist in

matching problems with externalities. Second, we provide a crucial result that establishes

that no estimation functions can guarantee the existence of ϕ-stable matchings.

In order to simplify, in these examples, we consider a particular set of estimation functions

according to which every matching is considered admissible for every agent; as we said

before, this situation is called full admissibility. Formally, we say that a set of estimation

functions ϕ satisfies the condition of full admissibility if for each firm f ∈ F , ϕf (S) =

A (f, S) for all S ∈ Hf and for each worker w ∈ W , ϕw (a) = A (w, a) for all a ∈ F ∪

{w}. Let E (F,W,P ∗, q) denote the set of ϕ-stable matchings under the conditions of full

admissibility.

According to our notion of stability, in matching problems with externalities every agent

who plans to deviate from a current matching should consider as admissible the set of all

feasible matchings after deviating. In contrast, when there are no externalities, agents only

consider their current and posterior partners in order to evaluate whether deviating from a cur-

rent match is profitable or not. Thus, it seems to be more difficult to block a matching in the

presence of externalities, since every deviating agent should be better off under all admissible

matchings after deviating. This intuitive argument implies that it should be relatively easier

to sustain the existence of stable matching in this setting than in problems without external

effects. However, it is easy to find examples of matching problems with externalities with no

ϕ-stable matchings, as we show in the following example.
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Example 1 Consider a matching problem with three workers W = {w1, w2, w3} and two

firms F = {f1, f2} with quotas qf1 = 2 and qf2 = 1. In order to simplify, we describe

a matching by a list of workers’ partners in the order w1, w2, ..., wn. For instance, the list

µ1 = f1, f1, f2 means that agents are matched such that µ1 (w1) = f1, µ1 (w2) = f2 and

µ1 (w3) = f2. The set of all feasible matchings of this problem is presented in the following

table,

Table 1: Set of feasible matchings

µ1 = f1, f1, f2 µ2 = f1, w2, f2 µ3 = w1, f1, f2 µ4 = w1, w2, f2
µ5 = f1, f1, w3 µ6 = f1, w2, w3 µ7 = w1, f1, w3 µ8 = f1, f2, f1
µ9 = w1, f2, f1 µ10 = f1, f2, w3 µ11 = w1, f2, w3 µ12 = f1, w2, f1
µ13 = w1, w2, f1 µ14 = f2, f1, f1 µ15 = f2, f1, w3 µ16 = f2, w2, f1
µ17 = f2, w2, w3 µ18 = w1, f1, f1 µ19 = w1, w2, w3

Source: Own elaboration.

Consider the following agents’ preferences over the set of all feasible matchings.

P ∗f1 = µ1, µ5, µ4, µ11, µ17, µ19, µ10, µ2, µ6, µ7, µ3, µ15, µ13, µ16, µ9, µ14, µ18, µ8, µ12.

P ∗f2 = µ2, µ3, µ4, µ1, µ14, µ15, µ16, µ17, µ8, µ9, µ10, µ11, µ5, µ6, µ7, µ12, µ13, µ18, µ19.

P ∗w1
= µ1, µ2, µ5, µ6, µ8, µ10, µ12, µ17, µ16, µ15, µ14, µ3, µ4, µ7, µ9, µ11, µ13, µ18, µ19.

P ∗w2
= µ8, µ9, µ10, µ11, µ18, µ15, µ14, µ7, µ5, µ3, µ1, µ19, µ17, µ16, µ13, µ12, µ6, µ4, µ2.

P ∗w3
= µ8, µ9, µ12, µ13, µ14, µ16, µ18, µ5, µ6, µ7, µ10, µ11, µ15, µ19, µ17, µ1, µ2, µ3, µ4.

Now consider a set of estimation functions that satisfies the condition of full admissibility.

Hence, every matching is ϕ-admissible and, as a consequence, a candidate to be ϕ-stable.

In order to show that a matching µ is not ϕ-stable, we need to find either a worker or a

coalition willing to block that current match µ. Consider for instance the case of the matching

µ8 = f1, f2, f1 and the coalition formed by the firm f1 and the empty set of workers. It is

easy to show that the set of matchings where the firm f1 and the empty set of workers are

matched is A (f1,∅) = {µ4, µ11, µ17, µ19}. Note that by assumption, every matching in the

set A (f1,∅) is admissible for the firm f1. Further, according to f1’s preferences it is easy to
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observe that µ′P ∗f1µ8 for all µ′ ∈ A (f1,∅). Hence, the matching µ8 cannot be ϕ-stable, since

it is blocked by the coalition {f1,∅}. By a similar argument, it is easy to show that every

feasible matching of this example can be blocked by at least one coalition or worker.

Table 2: Blocking coalitions
Matching: Blocked by:
µ1, µ2, µ3, µ4 {w3}
µ5, µ6, µ7, µ12 {f2, {w2}}

µ8, µ9, µ10, µ14, µ15 {f1,∅}
µ11, µ18 {f2, {w1}}

µ13, µ16, µ17, µ19 {f1, {w1, w2}}
Source: Own elaboration.

This simple example shows that a ϕ-stable matching may not exist even when the set

of estimation functions satisfies the condition of full admissibility. This is an interesting

implication since, in contrast with the marriage problem with externalities (Sasaki and Toda,

1996), the condition of full admissibility is not sufficient to assure the existence of ϕ-stable

assignments in many-to-one matching problems.

It is interesting to note that our notion of stability also allows the analysis of some particu-

lar cases of the matching problem where the presence of externalities is only considered over

one side of the market. For instance, we can consider a simple setting with externalities on

the firms’ side, i.e. firms have preferences defined over the set of all feasible matchings while

workers have preferences over the set of firms and the prospect of remaining unmatched, as

we analyze in the following example.

Example 2 Consider a matching problem with two firms F = {f1, f2} and three workers

W = {w1, w2, w3} with quotas qfi = 2 for i = 1, 2. The set of all feasible matchings of this

problem is presented in the following table,
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Table 3: Set of feasible matchings

µ1 = f1, f1, f2 µ2 = f1, f2, f2 µ3 = f1, f2, f1 µ4 = f1, f1, w3

µ5 = f1, w2, w3 µ6 = f1, w2, f1 µ7 = f1, w2, f2 µ8 = f1, f2, w3

µ9 = f2, f2, f1 µ10 = f2, f1, f1 µ11 = f2, f1, f2 µ12 = f2, f2, w3

µ13 = f2, w2, w3 µ14 = f2, w2, f2 µ15 = f2, w2, f1 µ16 = f2, f1, w3

µ17 = w1, w2, f2 µ18 = w1, f1, w3 µ19 = w1, f2, w3 µ20 = w1, f1, f1
µ21 = w1, f2, f2 µ22 = w1, f1, f2 µ23 = w1, f2, f1 µ24 = w1, w2, f1
µ25 = w1, w2, w3

Source: Own elaboration.

Consider the following firms’ preferences over the set of all feasible matching:

P ∗f1 = µ6, µ3, µ4, µ1, µ20, µ10, µ7, µ5, µ8, µ2, µ22, µ16, µ18, µ11, µ25, µ19, µ17, µ14, µ13, µ12,

µ21, µ23, µ24, µ15, µ9.

P ∗f2 = µ14, µ11, µ21, µ2, µ12, µ9, µ7, µ22, µ17, µ1, µ13, µ16, µ15, µ10, µ19, µ8, µ23, µ3, µ25, µ5,

µ20, µ6, µ18, µ24, µ4.

And the following workers’ preferences over the set of firms and the prospect of remain-

ing unmatched:

Pw1 = f2, f1, w1.

Pw2 = f2, f1, w2.

Pw3 = f1, f2, w3.

As in the previous example, we consider that firms have a set of estimation functions

that satisfy full admissibility and block a matching according to our notion of stability in

the presence of externalities, i.e. they compare the current matching with all admissible

matchings after deviating. On the other hand, workers only make a comparison between their

current and prospective partners when they plan to deviate from a current matching.

In order to illustrate the problem, consider the case of the matching µ3 = f1, f2, f1. It is

easy to show that µ3 can be blocked by the coalition {f2, {w1}}. First of all, note that for

the firm f2 the set of all admissible matchings after deviating is given by A (f2, {w1}) =

{µ10, µ13, µ15, µ16}. In addition, according to f2’s preferences it is easy to observe that
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µ′P ∗f2µ3 for all µ′ ∈ A (f2, {w1}). On the other hand, note that according to w1’s prefer-

ences f2Pw1µ3 (w1). Hence, the matching µ3 cannot be ϕ-stable. By a similar argument, it is

easy to show that every feasible matching can be blocked by either a coalition or individual

worker as we show in the following table.

Table 4: Blocking coalitions
Matching Blocked by

µ1 = f1, f1, f2 {f2, {w1, w3}}
µ10 = f2, f1, f1 {f2, {w1, w2}}
µ11 = f2, f1, f2 {f1, {w2, w3}}
µ2 = f1, f2, f2 {f2, {w1, w3}}
µ9 = f2, f2, f1 {f1,∅}

Source: Own elaboration.

In addition, any matching that leaves w1 unmatched is blocked by either {f1, {w1}}

or {f2, {w1}}. Any matching that leaves w2 unmatched is blocked by either {f1, {w2}},

{f2, {w2}} or {f2, {w2, w3}} . Finally, any matching that leaves w3 unmatched is blocked

by {f2, {w1, w3}}. Then, as in the previous example, the set of ϕ-stable matchings of this

problem is empty, i.e. E (F,W,P ∗, q) = ∅.

Sasaki and Toda (1996) also show that in the marriage problem with externalities a ϕ-

stable matching may not exist for a given set of estimation functions. However, in addition,

they also provide a set of estimations that guarantees such existence. Furthermore, they

claim that a ϕ-stable matching exists if and only if the set of estimation functions satisfies full

admissibility. Hafalir (2008) shows that this conjecture is incorrect, since he characterizes

a set of endogenous estimations that does not satisfy full admissibility but guarantees the

existence of ϕ-stable matchings in the marriage problem with externalities.

Our examples follow this line and show that in many-to-one matching problems with ex-

ternalities a ϕ-stable matching may not exist under particular sets of estimation functions.

However, our results are even more general, since we also show that in this setting the con-

dition of full admissibility is not sufficient to assure the existence of ϕ-stable matchings. The

following result gives even more insights about the scope of these results, since they allow us

to establish more general conclusions about the existence of ϕ-stable assignments in many-
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to-one matching problems.

Lemma 1 Let (F,W,P ∗, q) be any instance of the matching problem with externalities. If

there are no ϕ-stable matchings under full admissibility, then there are no ϕ-stable matchings

for any possible set of estimation functions.

Note that Examples 1 and 2 and Lemma 1 imply the following general impossibility

result.

Theorem 1 In many-to-one matching problems with externalities, no set of estimation func-

tions ϕ guarantees the existence of ϕ-stable matchings.

The previous result has crucial implications for the analysis of matching problems with

externalities. On the one hand, our result shows that for any set of estimation functions there

exists at least one matching problem with no ϕ-stable matchings. On the other hand, this

result suggests that a restriction on the domain of agents’ preferences seems to be necessary

in order to guarantee the existence of ϕ-stable assignments.

3 The Existence of ϕ-stable Matchings under Full Admissi-

bility

In the previous section, we argued that in many-to-one matching problems with externalities

it is impossible to find a set of estimation functions that guarantees the existence of ϕ-stable

matchings. This result suggests that a restriction on the domain of preferences may be nec-

essary to guarantee such existence. The analysis of standard matching problems reaches

similar conclusions, since the existence of stable matchings in many-to-one problems can be

guaranteed only under restricted domains of preferences (Roth and Sotomayor, 1990).

As established in previous literature, it is necessary to impose some kind of substitutabil-

ity on firms’ preferences in order to guarantee the existence of stable assignments in stan-

dard two-sided matching problems. Intuitively, this condition implies that complementarities
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among workers are not strong enough to show increasing returns to workers, i.e. if a worker

has been selected from a pool of candidates, he will still be chosen when some of his col-

leagues are not available anymore (Kelso and Crawford, 1982). Furthermore, this constraint

on agents’ preferences can be easily generalized to more realistic environments with fixed

firms’ quotas of workers by the condition of q-substitutability (Cantala, 2004).

However, it is clear that in the presence of externalities it would be very difficult to impose

directly any kind substitutability in the model since agents’ preferences are defined on the set

of all feasible matchings instead of agents on the opposite side of the market. In this setting,

potential gains and losses of a match will also depend on how the rest of agents are matched.

Nevertheless, under these conditions agents are still able to minimize the worst-case potential

losses of a match by using a minimax decision rule that protects them from the risk involved

in the decisions of other players.

According to the previous argument, we propose a constraint over firms’ preferences

called bottom q-substitutability that generalizes the condition of q-substitutability for many-

to-one matching problems with externalities. This condition guarantees the existence of at

least one stable assignment under the assumption of full admissibility. Intuitively, for any

given set of estimation functions, firms and workers use a minimax decision rule over the

set of all admissible matchings. This allows agents to compare sets of workers and firms

instead of matchings, respectively. The condition of bottom q-substitutability implies that

firms would have q-substitutable preferences when they compare sets of workers under this

minmax behavior.

We also consider an interesting approach to analyze the problem that consists in con-

structing a reduced problem without externalities that allows us to apply standard results of

matching problems without external effects to establish the existence of ϕ-stable matchings.4

4Obviously, this approach is useful if the reduced problem is well defined and when the existence of stable
matching in the reduced problem leads us to establish the existence of ϕ-stable matchings in the original problem
with externalities. Examples of this approach can be found in Shapley and Shubik (1969), Sasaki and Toda
(1996), Hafalir (2008) and Klaus and Klijn (2005).
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3.1 The Reduced Problem

In this section, we show how to construct a consistent reduced problem for any matching

problem with externalities. For this purpose, we require some additional notation. Given a

set of estimation functions ϕ, for each firm f ∈ F (worker w ∈ W ) the matching µSf (µaw)

satisfies the following conditions: a) µSf ∈ ϕf (S) (µaw ∈ ϕw (a)) and b) µ′R∗fµ
S
f for all

µ′ ∈ ϕf (S) (µ′′R∗wµ
a
w for all µ′′ ∈ ϕw (a)). Then µSf (µaw) is the least preferred admissible

matching where the firm f (workerw) is matched with a feasible set of workers S ∈ Hf (with

an agent a ∈ F ∪ {w}). Note that each of these least preferred matchings is well defined,

since agents’ preferences are strict and complete over the set of all feasible matchings and by

definition the estimations functions are nonempty subsets of matchings.

Given any matching problem (F,W,P ∗, q) and a set of estimation functions ϕ, we define

for each firm f ∈ F a preference relation Pϕ
f over the set of feasible sets of workersHf in the

following way: for any two different subsets of workers S, S ′ ∈ Hf , the preference relation

satisfies SPϕ
f S
′ if and only if µSfP

∗
f µ

S′

f . In a similar way, for each worker w ∈ W and any

pair of different agents a, a′ ∈ F ∪ {w}, the preference relation Pϕ
w satisfies aPϕ

wa
′ if and

only if µawP
∗
wµ

a′
w .

Since the preference order P ∗a is complete, strict and transitive for each agent a ∈ F ∪

W , we know that Pϕ
a is well defined in the sense that it is a complete, strict and transitive

preference relation over the set of agents on the opposite side of the market. Hence, each

matching problem with externalities (F,W,P ∗, q) and a set of estimation functions ϕ induce

a well defined matching problem without externalities denoted by (F,W,Pϕ, q), where Pϕ =(
Pϕ
f1
, ..., Pϕ

fm
;Pϕ

w1
, ..., Pϕ

wn

)
is a profile of the agents’ preferences. In addition, for each agent

a ∈ F ∪ W , let Rϕ
a denote the weak preference relation associated with Pϕ

a . In order to

illustrate our notation, consider the following example.

Example 3 Consider the matching problem already introduced in Example 2. Take, for in-

stance, the feasible subsets of workers {w1, w3} and {w1, w2} for the firm f1. It is easy

to show that the least preferred matchings associated with these subsets of workers are

µ
{w1,w3}
f1

= µ3 and µ{w1,w2}
f1

= µ1. According to f1’s preferences µ3P
∗
f1
µ1, this induces a
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preference relation that satisfies {w1, w3}Pϕ
f1
{w1, w2}. It is easy to construct the whole

profile of preferences that characterizes the reduced problem of this example:

Pϕ
f1

= {w1, w3} , {w1, w2} , {w2, w3} , {w1} , {w2} ,∅, {w3}.

Pϕ
f2

= {w1, w3} , {w2, w3} , {w1, w2} , {w3} , {w1} , {w2} ,∅.

We make the same exercise for the matching problem already introduced in Example 1.

In this case, we have the following profile of preferences:

Pϕ
f1

= {w1, w2} ,∅, {w1} , {w2} , {w3} , {w2, w3} , {w1, w3}.

Pϕ
f2

= {w3} , {w1} , {w2} ,∅.

Pϕ
w1

= f1, f2, w1.

Pϕ
w2

= f2, f1, w2.

Pϕ
w3

= f1, w3, f2.

Our notion of stability for matching problem with externalities induces a natural notion of

stability for problems without externalities. Such notion of stability depends on the following

definitions.

Definition 5 A matching µ is blocked by a worker w ∈ W if wPwµ (w).

Definition 6 A coalition firm-set of workers {f, S} such that S ∈ Hf and µ (f) 6= S, blocks

the matching µ if:

1. SPfµ (f) and

2. fRwµ (w) for all w ∈ S.

A matching µ is stable in the matching problem (F,W,P, q), if it is not blocked by any

worker or coalition. Let E (F,W,P, q) denote the set of stable matchings of the problem.

The following result is important to characterize the existence ϕ-stable matchings, it ba-

sically says that any ϕ-admissible matching that is stable in the reduced problem is also

ϕ-stable in the original problem.
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Proposition 1 Let (F,W,P ∗, q) be any matching problem with externalities and ϕ any set of

estimation functions. Then any matching µ that satisfies: a) µ ∈ ϕa (µ (a)) for all a ∈ F ∪W

and b) µ ∈ E (F,W,Pϕ, q) is ϕ-stable, i.e. µ ∈ Eϕ (F,W,P ∗, q).

The previous result has a crucial implication, since every matching is ϕ-admissible un-

der full admissibility then any stable matching of the reduced problem is also ϕ-stable. We

establish this observation as a Corollary of the previous result.

Corollary 1 Assume that the set of estimation functions ϕ, satisfies full admissibility then

E (F,W,Pϕ, q) ⊂ E (F,W,P ∗, q).

Note that the converse of the previous result does not necessarily hold, as we show in the

following example.

Example 4 Consider a matching problem with three workers W = {w1, w2, w3} and two

firms F = {f1, f2} with quotas qf1 = qf2 = 2. Firms have the same preferences as in the

matching problem presented in Example 2, while workers’ preferences are the following,

P ∗w1
= µ9, µ14, µ15, µ16, µ11, µ12, µ13, µ10, µ1, µ8, µ7, µ4, µ5, µ6, µ3, µ2, µ17, µ23,

µ24, µ25, µ22, µ18, µ21, µ19, µ20.

P ∗w2
= µ23, µ21, µ19, µ12, µ9, µ8, µ3, µ2, µ22, µ20, µ18, µ16, µ11, µ4, µ1, µ10, µ25, µ24,

µ17, µ15, µ13, µ7, µ6, µ5, µ14.

P ∗w3
= µ24, µ23, µ20, µ15, µ9, µ6, µ3, µ10, µ22, µ21, µ17, µ14, µ11, µ7, µ1, µ2, µ25, µ19,

µ18, µ16, µ13, µ8, µ5, µ4, µ12.

As in previous examples, we consider a set of estimation functions that satisfies full ad-

missibility. Under this assumption, it is not difficult to show that the reduced problem of this

example is characterized by the following profile of preferences:

Pϕ
f1

= {w1, w3} , {w1, w2} , {w2, w3} , {w1} , {w2} ,∅, {w3}.

Pϕ
f2

= {w1, w3} , {w2, w3} , {w1, w2} , {w3} , {w1} , {w2} ,∅.
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Pϕ
w1

= f2, f1, w1.

Pϕ
w2

= f2, f1, w2.

Pϕ
w3

= f1, f2, w3.

Note that the reduced problem (F,W,Pϕ, q) of this example has no stable matchings, i.e.

E (F,W,Pϕ, q) = ∅. However, it is also easy to show that the matching µ11 = f2, f1, f2 is

ϕ-stable.

In the following section, we introduce a restriction over agents’ preferences called bottom

q-substitutability that generalizes the condition of q-substitutability to matching problems

with externalities and, under full admissibility, assures the existence of ϕ-stable matchings.

3.2 Bottom q-substitutability

The condition of q-substitutability (Cantala, 2004) is a restriction on firms preferences that

generalizes the well known condition of substitutability (Kelso and Crawford, 1982) to match-

ing problems where firms have quotas of workers.5 The condition of q-substitutability guar-

antees the existence of stable matchings in standard many-to-one matching problems with

firms’ quotas. According to Proposition 1 (and Corollary 1) the existence of ϕ-stable match-

ings can be established by imposing conditions on the matching problem that assure the

existence of stable matchings in the reduced problem.

Before introducing our restriction on agents’ preferences called bottom q-substitutability,

we require some additional notation. For each firm f ∈ F and any subset of feasible workers

S ∈ Hf , the matching µf,S satisfies the following conditions: a) µf,S ∈ A (f, S) and b)

µ′R∗fµf,S for all µ′ ∈ A (f, S). In a similar way, for each worker w ∈ W and any agent

a ∈ F ∪ {w}, the matching µw,a satisfies the following conditions: a) µw,a ∈ A (w, a)

and b) µ′R∗wµw,a for all µ′ ∈ A (w, a). Note that the matching µf,S (µw,a) is the f ’s (w’s)

5Let Pf be a preference relation of the firm f . The mapping Chf : 2W → Hf denotes the optimal choice
of the firm f . For any subset of workers S ∈ 2W , the f ’s choice function satisfies the following conditions:
a) Chf (S) ∈ Hf and b) Chf (S)RfS

′ for all S′ ⊂ S. Given any problem (F,W,P, q), we say that f ’s
preferences are q-substitutable if for any subset of workers S ∈ 2W such that w,w′ ∈ S and w 6= w′, if
w ∈ Chf (S) then w ∈ Chf (S� {w′}).
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least preferred matching where the firm f (the worker w) and the subset of feasible workers

S ∈ Hf (and the agent a ∈ F ∪ {w}) are matched. Note that these matchings are well

defined, since agents’ preferences are strict and complete over the set of feasible matchings.

Let Mf = {µ ∈M : µ = µf,S and S ∈ Hf} denote the set of “least preferred matchings for

the firm f” . Given the previous notation, we are able to introduce the following definition.

Definition 7 For each firm f ∈ F and any subset of workers S ∈ 2W , the mapping Υf :

2W →M satisfies the following conditions:

1. Υf (S) ∈ {µ ∈M : µ (f) ⊂ S} ∩Mf ; and

2. Υf (S)R∗fµ
′ for all µ′ ∈ {µ ∈M : µ (f) ⊂ S} ∩Mf .

The mapping Υf can be interpreted as the choice function of the firm f in the presence

of externalities. This mapping is defined under a min-max argument where for any given

subset of workers, firms choose the best matching among the worst possible assignments.

Note that the choice function Υf is well defined, since the preference relation P ∗f is strict

and complete for each firm f ∈ F and the set of matchings {µ ∈M : µ (f) ⊂ S} ∩Mf ⊂

M is always nonempty. For instance, it is clear that the matching µf,∅ belongs to the set

{µ ∈M : µ (f) ⊂ S}∩Mf , since by definition µf,∅ (f) = ∅ ⊂ S for any subset of workers

S ⊂ W . It is also clear that {µ ∈M : µ (f) ⊂ S} ∩Mf = Mf whenever S = W , which

implies that the choice function Υf (W ) maps the most preferred matching among the ones

in the set Mf . This choice function allows us to introduce a notion of substitutability for

matching problems with externalities.

Definition 8 We say that the preference profile P ∗ in the problem (F,W,P ∗, q) satisfies the

condition of bottom q−substitutability whenever for every firm f ∈ F and any set of work-

ers S ∈ 2W such that w,w′ ∈ S, if w ∈ µ (f) and Υf (S) = µ then w ∈ µ′ (f) and

Υf (S� {w′}) = µ′.

Note that for each firm f and any feasible set of workers S ∈ Hf , there exists a unique

matching in the set Mf that satisfies µ (f) = S. Hence, under full admissibility the profile of
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preferences of the reduced problem is fully characterized by the restricted preference relation

over the set of least preferred matchingsMf . Thus, under full admissibility the profile of pref-

erences P ∗ of the matching problem (F,W,P ∗, q) is bottom q−substitutable if and only if the

profile of preferences Pϕ of the reduced problem (F,W,Pϕ, q) is q−substitutable. Let BS

denote the set of all preference profiles that satisfy the condition of bottom q-substitutability.

Then, we establish the following result.

Theorem 2 Let (F,W,P ∗, q) be any matching problem with externalities. Suppose that P ∗ ∈

BS , then under full admissibility the set of ϕ-stable matchings E (F,W,P ∗, q) is not empty.

The previous result implies that the condition of bottom q-substitutability is sufficient but

not necessary to assure the existence of ϕ-stable matchings. Consider, for instance, the fol-

lowing matching problem already introduced in Example 4. This matching problem induces

a reduced problem with the following agents’ preferences:

Pϕ
f1

= {w1, w3} , {w1, w2} , {w2, w3} , {w1} , {w2} ,∅, {w3}.

Pϕ
f2

= {w1, w3} , {w2, w3} , {w1, w2} , {w3} , {w1} , {w2} ,∅.

Pϕ
w1

= f2, f1, w1.

Pϕ
w2

= f2, f1, w2.

Pϕ
w3

= f1, f2, w3.

According to these preferences, the firm f1 should choose the set of workers {w1, w3}

from the set {w1, w3}. However, when only the worker w3 is available, the firm f1 prefers to

choose the empty set of workers. This simple example implies that the firm f1 is not willing

to substitute the worker w1 with the worker w3. Hence, this profile of preferences is not q-

substitutable, which implies that the profile of preferences of the original problem P ∗ is not

bottom q-substitutable. Furthermore, we already argued that the set of stable matchings of this

reduced problem is empty. However, under full admissibility the matching µ11 = f2, f1, f2 is

ϕ-stable.
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In the following example, we analyze a problem with bottom q-substitutable preferences

that guarantees the existence of at least one ϕ-stable matching. In order to clarify all previous

concepts and notation, we analyze the problem with some detail.

Example 5 Consider a matching problem with two firms F = {f1, f2} with quotas qf1 =

qf2 = 2 and three workers W = {w1, w2, w3}. The set of feasible matchings of this problem

is given in the Table 3 of Example 2. Agents’ preferences are given by the following lists of

matchings:

P ∗f1 = µ6, µ4, µ5, µ8, µ1, µ7, µ2, µ20, µ24, µ23, µ15, µ18, µ22, µ16, µ11, µ25, µ21, µ19, µ17,

µ14, µ13, µ12, µ3, µ10, µ9.

P ∗f2 = µ14, µ13, µ21, µ16, µ12, µ9, µ15, µ2, µ17, µ19, µ22, µ23, µ7, µ10, µ1, µ8, µ3, µ25, µ24,

µ20, µ18, µ6, µ5, µ4, µ11.

P ∗w1
= µ1, µ2, µ3, µ5, µ6, µ7, µ8, µ4, µ9, µ11, µ12, µ13, µ14, µ15, µ16, µ10, µ17, µ18, µ19,

µ21, µ22, µ23, µ24, µ25, µ20.

P ∗w2
= µ2, µ8, µ9, µ12, µ19, µ21, µ23, µ3, µ1, µ4, µ11, µ16, µ18, µ20, µ22, µ10, µ5, µ6, µ7,

µ13, µ15, µ17, µ24, µ25, µ14.

P ∗w3
= µ2, µ7, µ11, µ14, µ17, µ21, µ22, µ1, µ3, µ6, µ9, µ15, µ20, µ23, µ24, µ10, µ4, µ5, µ8,

µ13, µ16, µ18, µ19, µ25, µ12.

As we argued before, in order to check if the condition of bottom q-substitutability is

satisfied, it is enough to consider the restricted firms’ preferences on the sets of matchings

Mf1 and Mf2:

P̃ ∗f1 = µ1, µ2, µ11, µ12, µ3, µ10, µ9.

P̃ ∗f2 = µ9, µ2, µ10, µ1, µ3, µ4, µ11.

It is easy to show that these preferences are bottom q-substitutable. Formally, we need to

check the firms’ choices for any possible subset of workers and establish the condition. For
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instance, consider the case of the firm f1 and the set of workers S = {w1, w2, w3}. According

to f1’s preferences, the following holds.

Υf1 (S) = µ1 with µ1 (f1) = {w1, w2};

Υf1 (S� {w1}) = µ11 with µ11 (f1) = {w2};

Υf1 (S� {w2}) = µ2 with µ2 (f1) = {w1} and

Υf1 (S� {w3}) = µ1 with µ1 (f1) = {w1, w2}.

However, according to our previous arguments we can also check whether the reduced

problem (F,W,Pϕ, q) has q-substitutable preferences. It is easy to show that the reduced

problem of this example has the following profile of preferences:

Pϕ
f1

= {w1, w2} , {w1} , {w2} ,∅, {w1, w3} , {w2, w3} , {w3} .

Pϕ
f2

= {w1, w2} , {w2, w3} , {w1} , {w3} , {w2} ,∅, {w1, w3} .

Pϕ
w1

= f1, f2, w1.

Pϕ
w2

= f2, f1, w2.

Pϕ
w3

= f2, f1, w3.

It is clear that these preferences are q-substitutable, then a ϕ-stable matching exists. It is

easy to show that the matching µ2 is stable in the reduced problem (F,W,Pϕ, q). Hence, by

the Corollary 1 the matching µ2 is also ϕ-stable, i.e. µ2 ∈ E (F,W,P ∗, q).

4 Pessimistic Agents

As we described before, full admissibility is a situation where every matching is considered

admissible for every agent. This kind of estimation functions seems to be compatible with

the absence of information about other agents’ expectations, which leads agents to estimate

that any matching can be considered admissible. In particular, note that under full admis-

sibility agents are pessimistic in the sense that they consider admissible the subset of worst

feasible matchings of the market. Sasaki and Toda (1996) show that this kind of pessimistic
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expectations may be crucial to characterize the existence of stable assignments in matching

problems with externalities. In particular, they notice that there are matching problems with

externalities with no stable assignments when at least one of the agents is not pessimistic.

In the previous sections, we showed that there is at least one set of estimations that

guarantees the existence of stable assignments under the domain of bottom q-substitutable

preferences, i.e. the case of full admissibility. These kinds of estimations are exogenously

determined. In general, arbitrary sets of pessimistic estimations do not guarantee to be ad-

missible those matches which are candidates for being stable, even when preferences are

bottom q-substitutable. In order to relax this condition, following a similar argument as in

Hafalir (2008), we propose a set of estimations that rationalizes the expectations of pes-

simistic agents. Intuitively, in a setting where all agents are pessimistic, we consider that a

matching cannot be admissible for an agent that knows there is a coalition which is able to

block that matching. When all agent follow this simple argument, it is possible to charac-

terize a set of estimations which guarantees that those matches that would be candidates for

being stable will be also admissible for every agent.

Formally, we say that agents are pessimistic whenever the set of estimation functions ϕ

satisfies the following conditions: 1) For each f ∈ F , µf,S∈ ϕf (S) for all S ∈ Hf and 2)

for all w ∈ W , µw,a ∈ ϕw (a) for all a ∈ F ∪ w. Under the assumption that agents are

pessimistic, it is possible to establish the following result.

Proposition 2 Assume that agents are pessimistic, then any stable matching of the reduced

problem, i.e. µ ∈ E (F,W,Pϕ, q), is not blocked by any coalition or individual worker in the

matching problem (F,W,P ∗, q).

As we argue before, the existence of ϕ-stable matchings does not come from the pre-

vious result, since an arbitrary set of pessimistic estimations do not imply the existence of

ϕ-admissible matchings.
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4.1 Pessimistic Estimation Functions

In order to rationalize the estimation functions of pessimistic agents, we consider the follow-

ing intuitive argument. Suppose that a firm f is planning to be matched with some feasible

group of workers S ∈ Hf . When agents are pessimistic, the matching µf,S ∈ A (f, S) is

admissible by definition, i.e. µf,S ∈ ϕf (S). However, this firm f cannot consider admis-

sible another matching µ ∈ A (f, S) \ {µf,S} that may be blocked by some coalition, i.e. a

matching for which there exists a coalition {f ′, S ′} ⊂ F ∪ W \ {f} such that S ′ ∈ Hf ′ ,

whose preferences satisfy µf ′,S′P ∗f ′µ and µw′,f ′P ∗w′µ for all w′ ∈ S ′. Intuitively, this firm f

is able to anticipate that the matching µ ∈ A (f, S) will be eventually blocked by the coali-

tion {f ′, S ′}. Formally, the set of pessimistic estimation functions is characterized by the

following conditions.

Definition 9 A matching µ is admissible for the firm f , i.e. µ ∈ ρf (µ (f)) if there is no

coalition {f ′, S ′} ⊂ F ∪W \ {f} such that S ′ ∈ Hf ′ that satisfies:

1. µf ′,S′P ∗f ′µ and

2. µw′,f ′P ∗w′µ for all w′ ∈ S ′;

and no subset of workers S ′′ ⊂ W that satisfies:

1. µw′,w′P ∗w′µ for all w′ ∈ S ′′.

In a similar way,

Definition 10 A matching µ is admissible for the worker w, i.e. µ ∈ ρw (µ (w)) if there is no

coalition {f, S} ⊂ F ∪W� {w} that satisfies:

1. µf,SP ∗f µ and

2. µw,fP ∗wµ for all w ∈ S;

and no subset of workers S ′′ ∈ W� {w} such that:

1. µw′,w′P ∗w′µ for all w′ ∈ S ′′.
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Let ρ = {(ρf (·) , ρw (·)) : f ∈ F , w ∈ W and P ∗} denote the set of pessimistic estima-

tion functions. Note that these estimations depend on agents’ preferences and rationalize

the conjecture that all agents are pessimistic. In general, the set of pessimistic estimations

functions ρ does not satisfy the condition of full admissibility, as we show in the following

example.

Example 6 Consider the matching problem with externalities already introduced in the Ex-

ample 5. The set of least preferred feasible matchings of the firms f1 and f2 are:

Mf1 = {µ1, µ2, µ11, µ12, µ3, µ10, µ9}

Mf2 = {µ9, µ2, µ10, µ1, µ3, µ4, µ11}

Consider the following set of feasible matchings A ({f1, {w1, w2}}) = {µ1, µ4}. By

assumption the matching µ1 is considered admissible by the firm f1, i.e. µ1 ∈ ρf1 ({w1, w2}).

However, the matching µ4 = f1, f1, w3 can be blocked by the coalition {f2, w3} ⊂ F ∪W \

{f1}, since µf2,{w3} = µ1 and µw3,{f2} = µ1 and according to f2 and w3 preferences,

1. µ1P
∗
f2
µ4 and

2. µ1P
∗
w3
µ4.

Hence, the matching µ4 cannot be admissible for the firm f1, i.e. µ4 /∈ ρf1 ({w1, w2}).

Similarly, consider the set of feasible matchings A (w1, f1) = {µ1, µ2, µ3, µ4, µ5, µ6, µ7, µ8}.

As in the previous case, by assumption the matching µ4 is admissible for the firm f1, i.e.

µ4 ∈ ρw1 (f1). However, the matching µ5 = f1, w2, w3 cannot be admissible, since the

coalition {f2, {w2, w3}} ⊂ F ∪ W \ {f2} has incentives to block it. It is easy to show

that, µf2,{w2,w3} = µ2, µw2,{f2} = µ3 and µw2,{f2} = µ1. And according to f2, w2 and w3

preferences, the following is satisfied,

1. µ2P
∗
f2
µ5,

2. µ3P
∗
w2
µ5 and

3. µ1P
∗
w3
µ5.
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Thus µ5 /∈ ρw1 (f1).

The set of pessimistic estimation functions of this problem is given by the following sets

of admissible matchings for each agent.

For the firm f1:

ρf1 ({w1, w2}) = {µ1};

ρf1 ({w1, w3}) = {µ3};

ρf1 ({w2, w3}) = {µ10};

ρf1 ({w1}) = {µ2, µ7};

ρf1 ({w2}) = {µ11, µ16, µ22};

ρf1 ({w3}) = {µ9, µ15, µ23} and

ρf1 (φ) = {µ12, µ13, µ14, µ17, µ19, µ21}.

For the firm f2:

ρf2 ({w1, w2}) = {µ9, µ12};

ρf2 ({w1, w3}) = {µ11};

ρf2 ({w2, w3}) = {µ2};

ρf2 ({w1}) = {µ10, µ15, µ16};

ρf2 ({w2}) = {µ3, µ8};

ρf2 ({w3}) = {µ1, µ7} and

ρf2 (φ) = {µ4, µ5, µ6, µ18, µ20, µ24}.

For the worker w1:

ρw1 (f1) = {µ1, µ2, µ3, µ4, µ7};

ρw1 (f2) = {µ10, µ11, µ12, µ15, µ16}; and

ρw1 (w1) = {µ19, µ20, µ21, µ22}.

For the worker w2:

ρw2 (f1) = {µ1, µ10, µ16, µ22};
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ρw2 (f2) = {µ2, µ3, µ8, µ12} and

ρw2 (w2) = {µ7, µ13, µ14}.

For the worker w3:

ρw3 (f1) = {µ3, µ9, µ10, µ15, µ23};

ρw3 (f2) = {µ1, µ2, µ7, µ11} and

ρw3 (w3) = {µ8, µ12, µ19}.

Note that according to these estimations neither of the following matchings is ρ-admissible:

{µ4, µ5, µ6, µ8, µ9, µ11, µ13, µ14, µ15, µ17, µ16, µ18, µ19, µ20, µ21, µ22, µ23, µ24, µ25}.

As was already shown in the Example 5, the matching µ2 = f1, f2, f2 must be stable

in the reduced problem (F,W,P ρ, q) associated with this example. According to Proposi-

tion 2, the matching µ2 = f1, f2, f2 cannot be blocked by any worker or coalition in the

original matching problem with externalities (F,W,P ∗, q), since all agents are pessimistic.

Furthermore, note also that the matching µ2 is ρ-admissible, since µ2 ∈ ρa (µ2 (a)) for all

a ∈ F ∪W . This last observation implies that the matching µ2 is a ρ-stable matching, i.e.

µ2 ∈ Eρ (F,W,P ∗, q). The following result shows that this characteristic holds in general. In

particular, we show that given the set of pessimistic estimations functions ρ, the condition of

bottom q-substitutability is sufficient to assure the existence of ρ-stable matchings.

Theorem 3 Given the set of pessimistic estimation functions ρ, if P ∗ ∈ BS then the set of

ρ-stable matchings, Eρ (F,W,P ∗, q) is not empty.

According to the previous result, the set of pessimistic estimation functions not only ra-

tionalizes the set of matchings that pessimistic agents consider admissible but also guarantees

that every stable matching of the reduced problem will be admissible for all agents. In con-

trast to the case of full admissibility, not all matchings are required to be admissible in order

to characterize the existence of ϕ-stable matchings; hence the previous example is also suffi-

cient to establish the following result.
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Proposition 3 The condition of full admissibility is neither necessary nor sufficient to assure

the existence of ϕ-stable matchings in many-to-one matching problems with externalities.

5 The Core in Matching Problems with Externalities

The core is the set of matchings not blocked by any coalition (Shapley and Shubik, 1972,

Echenique and Oviedo, 2004). One of the main results of the two-sided matching literature

is the equivalence between the set of pairwise stable matchings and the core in the marriage

problem (Roth and Sotomayor, 1990). This result is important because it shows that the

analysis of a simple type of deviations is sufficient to characterize the existence of stable

matchings under more complex kinds of deviations such as coalitional deviations considered

in the analysis of the core. Hence, this equivalence between both sets of matchings highlights

the generality of the set of stable matchings as a solution concept for this kind of cooperative

games. Sasaki and Toda (1996) introduce a notion of the core for marriage problems with

externalities. According to their notion of the core, once externalities are considered not

only do the set of ϕ-stable and the core not coincide but also the core may be empty. This

results contrasts with the case of standard marriage problem where, as we argued before,

the core and the set of stable matchings always coincide. In this regard, other authors have

also analyzed the relationship between the core and the set of stable matching in problems

with externalities, reaching similar results (See for instance, Hafalir (2008) and Muncu and

Saglam (2010)).

Sasaki and Toda (1996)’s core may be empty, since in general deviating agents do not

take into account the set of matchings that they consider admissible. Under this notion of

the core, members of coalitions deviate even when they could be worse off under admissible

matchings after deviating. We propose an alternative notion of the core by assuming that

agents always consider their estimation functions when they plan to deviate as members of

any coalition. Formally,

Definition 11 A coalition A ⊂ F ∪ W blocks the matching µ, whenever there is another

matching µ̂ 6= µ such that:
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1. µ̂ (a) ⊂ A for all a ∈ A;

2. µ′P ∗f µ for all µ′ ∈ ϕf (µ̂ (f)) and all f ∈ A; and

3. µ′′P ∗wµ for all µ′′ ∈ ϕw (µ̂ (w)) and all w ∈ A.

The core for a given the set of estimation functions ϕ, or simply the ϕ-core, is the set

of ϕ-admissible matchings not blocked by any coalition A ⊂ F ∪W . Let Cϕ (F,W,P ∗, q)

denote the ϕ-core. The following result provides an interesting property of the ϕ-core.

Theorem 4 Let (F,W,P ∗, q) be any matching problem with externalities and let ϕ be any

set of estimation functions, then Eϕ (F,W,P ∗, q) = Cϕ (F,W,P ∗, q).

The previous result has some crucial implications about the existence and properties of

the core for matching problems with externalities. First of all, it is clear that all existence

results and properties of the set of ϕ-stable matchings extend to the ϕ-core. Secondly, the

equivalence between the set of ϕ-stable matchings and the ϕ-core does not depend on the set

of estimation functions.

6 Conclusions

In this paper, we analyze the existence of stable matchings in matching problems with ex-

ternalities. We argue that standard results about the existence of stable matchings cannot be

trivially extended to this setting. First, agents’ preferences should be defined over the set of

all feasible matchings of the problem instead of the set of agents on the opposite side of the

market. Once externalities are considered, agents should anticipate the reaction of the rest of

agents in the face of potential deviations.

We extend the notion of stability proposed by Sasaki and Toda (1996) based on the con-

cept of estimation functions. The set of estimation functions represents a belief about the set

of matchings that agents consider admissible given a conjecture about the reactive behaviors

of agents. In general, the set of estimation functions is not uniquely defined and may be either

exogenously or endogenously determined.
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We show that in many-to-one problems, a ϕ-stable matchings may not exist. Furthermore,

it is possible to find instances of the problem with no ϕ-stable matchings for any given set of

estimations. This impossibility theorem contrasts with previous results in marriage problems

with externalities, where there exists at least one set of estimations that assures the existence

of ϕ-stable matchings. Given this impossibility result, we focus on the case of full admissibil-

ity. In this case, we provide a restriction on firms’ preferences called bottom q-substitutability

that guarantees the existence of at least one ϕ-stable matching.

Under the assumption that agents are pessimistic, it is possible to construct a set of pes-

simistic estimations that rationalizes the set of estimation functions of pessimistic agents. The

set of pessimistic estimations depends on agents’ preferences and guarantees the existence of

ϕ-stable matchings, providing preferences are bottom q-substitutable. In addition, our results

show that the assumption of full admissibility is neither necessary nor sufficient for assuring

the existence of ϕ-stable matchings.

Finally, we analyze the relationship between a notion that we propose of the core and the

set of stable matchings in problems with external effects. The notion of the core analyzed

in previous literature may be empty for some instances of the matching problem with exter-

nalities. We propose an alternative notion of the core where agents consider their estimation

functions called ϕ-core. We show that the set of ϕ-stable matchings and the ϕ-core always

coincide for any given set of estimations ϕ. As a final remark, it is clear that all results pre-

sented in this paper extend to the marriage problem with externalities, since this is a particular

case of the many-to-one matching problem with externalities.
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7 Appendix: Proofs

Proof of Lemma 1:

Proof. Suppose that E (F,W,P ∗, q) = ∅ while Eϕ∗ (F,W,P ∗, q) 6= ∅ for an arbitrary set of

estimations ϕ∗. Consider any matching such that µ ∈ Eϕ∗ (F,W,P ∗, q), this matching is ϕ∗-

admissible and not blocked by any worker or coalition given ϕ∗. Since E (F,W,P ∗, q) = ∅,

we have two cases under full admissibility:

Case 1: The matching µ is blocked by at least one coalition {f, S} such that S ∈ Hf .

Hence, it is satisfied 1. µ′P ∗f µ for all µ′ ∈ A (f, S) and 2. µ′′P ∗wµ for all µ′′ ∈ A (w, f) for all
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w ∈ S. By definition, ϕ∗f (S) ⊂ A (f, S) and ϕ∗w (f) ⊂ A (w, f) for all f and w in F ∪W .

Then it is clear that a) µ′P ∗f µ for all µ′ ∈ ϕ∗f (S) and b) µ′′P ∗wµ for all µ′′ ∈ ϕ∗w (f) and all

w ∈ S, which is a contradiction.

Case 2: The matching µ is blocked by some worker w ∈ W . Then µ (w) 6= w and µ′P ∗wµ

for all µ′ ∈ A (w,w), this implies that µ′P ∗wµ for all µ′ ∈ ϕ∗w (w), which is a contradiction.

This completes the proof.

Proof of Proposition 1:

Proof. Assume that the matching µ is blocked by some coalition {f, S} such that S ∈ Hf

in the problem (F,W,P ∗, q), but stable in the reduced problem, i.e. µ ∈ E (F,W,Pϕ, q).

If µ′P ∗f µ for all µ′ ∈ ϕf (S) implies that µSfP
∗
f µ, since µ ∈ ϕa (µ (a)) for all a ∈ F ∪W .

We know that µR∗fµ
µ(f)
f ; hence µSfP

∗
f µ

µ(f)
f which implies SPϕ

f µ (f). Assume that there is

some worker such that w ∈ µ (f) ∩ S, this implies that µ (w) = {f} and by assumption

µ ∈ ϕw (µ (w)). Since µ is blocked by {f, S}, we know that µ′′P ∗w′µ for all µ′′ ∈ ϕw′ (f)

and all w′ ∈ S. It is impossible that µ ∈ ϕw (f), hence µ (f) ∩ S = φ. If µ′′P ∗wµ for all

µ′′ ∈ ϕw (f) implies that µfwP
∗
wµ, since µ ∈ ϕa (µ (a)) for all a ∈ F ∪W . We know that

µR∗wµ
µ(w)
w , hence µfwP

∗
wµ

µ(w)
w which implies that fPϕ

wµ (w) for all w ∈ S. These conditions

imply that µ (f) 6= S, a) SPϕ
f µ (f) and b) fPϕ

wµ (w) for all w ∈ S, which is a contradiction.

Now assume that µ is blocked by an individual worker w ∈ W . In this case, we have that

µ (w) 6= w and µ′P ∗wµ for all µ′ ∈ ϕw (w). By a similar argument as before, this implies that

µwwP
∗
wµ

µ(w)
w ; hence wPϕ

wµ (w), which is a contradiction.

Since the matching µ ∈ E (F,W,Pϕ, q) is ϕ-admissible and not blocked by any worker

or coalition; hence, we know that µ is ϕ-stable. This completes the proof.

Proof of Theorem 2:

Proof. Assume that the condition of full admissibility holds. For each firm f ∈ F , we define

the f ′s choice function as Chf (S) = µ (f) such that Υf (S) = µ for any S ⊂ W . First, we

have to show that for each f ∈ F and any S ⊂ W the choice function Chf maps the best

subset of workers in S according to the preference relation Pϕ
f . We know that for any S ⊂ W ,
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it is satisfied that Υf (S) ∈ Mf and Υf (S)R∗fµ
′ for all µ′ ∈ {µ ∈M : µ (f) ⊂ S} ∩Mf ,

then by definition µ (f) ⊂ S whenever Υf (S) = µ. Assume that there is some subset

of workers S ′ ⊂ S, such that S ′Pϕ
f µ (f) for Υf (S) = µ. Hence, the preference relation

S ′Pϕ
f µ (f) implies that µS′f P

∗
f µ

µ(f)
f . By the condition of full admissibility Υf (S) = µ =

µ
µ(f)
f , since µS′f = µf,S′ ∈ {µ ∈M : µ (f) ⊂ S} ∩Mf , which is a contradiction. Hence,

µ (f)Rϕ
fS
′ for all S ′ ⊂ S where Υf (S) = µ. This implies that the mappingChf (S) = µ (f)

such that Υf (S) = µ for any S ⊂ W is a well defined choice function for each firm f .

Now we have to show that the preference profile Pϕ satisfies the condition of q-substitutability.

Suppose that w, w′ ∈ S and w ∈ µ (f) where Υf (S) = µ, this implies that w ∈ Chf (S).

By bottom q-substitutability, we know that w ∈ µ′ (f) where Υf (S� {w′}) = µ′, this im-

plies that w ∈ Chf (S� {w′}), then the preferences profile Pϕ satisfies q-substitutability.

Hence, the reduced problem (F,W,Pϕ, q) has a at least one stable matching. Since by full

admissibility any feasible matching of the problem is ϕ-admissible, then E (F,W,P ∗, q) is

not empty. This completes the proof.

Proof of Proposition 2:

Proof. Assume that the matching µ is stable in the reduced problem (F,W,Pϕ, q) but blocked

by some coalition {f, S} such that S ∈ Hf in the problem (F,W,P ∗, q). Hence, µ′P ∗f µ for

all µ′ ∈ ϕf (S) implies that µSfP
∗
f µ while µ′′P ∗wµ for all µ′′ ∈ ϕw (f), which implies that

µfwP
∗
wµ. By assumption, µf,µ(f) = µ

µ(f)
f ∈ ϕf (µ (f)) and µw,µ(w) = µ

µ(w)
w ∈ ϕw (µ (w)).

Hence, µR∗fµ
µ(f)
f and µR∗wµ

µ(w)
w even if the matching µ is not ϕ-admissible. Then µSfP

∗
f µ

µ(f)
f

and µfwP
∗
wµ

µ(w)
w for all w ∈ S, which imply that a) SPϕ

f µ (f) and b) fPϕ
wµ (w) for all w ∈ S,

which is a contradiction.

Now suppose that µ is blocked by a worker w ∈ W . In a similar way, we have that

µ (w) 6= w and µ′P ∗wµ for all µ′ ∈ ϕw (w) which implies µwwP
∗
wµ

µ(w)
w . Hence, wPϕ

wµ (w),

which is a contradiction. This completes the proof.

Proof of Theorem 3:

Proof. Let (F,W,P ρ, q) be the reduced problem associated with (F,W,P ∗, q). By the con-
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dition of bottom q-substitutability, there exists at least one stable matching in the reduced

problem, say µ∗ ∈ E (F,W,P ρ, q).

We have to show that µ∗ is ρ-admissible. Suppose in contradiction that µ∗ /∈ρf (µ∗ (f))

for some firm f ∈ F . There are two cases:

Case 1: There exists a coalition {f ′, S ′} ⊂ F ∪W� {f} such that S ′ ∈ Hf ′ , µf ′,S′P ∗f ′µ

and µw′,f ′P
∗
w′µ for all w′ ∈ S ′. Since agents are pessimistic, µf ′,S′ = µS

′

f ′ ∈ρf ′ (S ′) and

µw′,f ′ = µf
′

w′ ∈ ρw′ (f ′), then µS′f ′P
∗
f ′µ

µ∗(f ′)
f ′ and µf

′

w′P
∗
w′µ

µ∗(w′)
w′ for all w′ ∈ S ′. This implies

that S ′P ρ
f ′µ
∗ (f ′) and f ′Rρ

w′µ
∗ (w′) for all w′ ∈ S ′, which is a contradiction.

Case 2: There exists a subset of workers S ′′ ⊂ W such that µw′,w′P ∗w′µ for all w′ ∈ S ′′.

In a similar way as before, we know that µw′,w′ = µw
′

w′ ∈ ρw′ (w
′). Hence, µw′w′P

∗
w′µ

µ∗(w′)
w′

implies that w′P ρ
w′µ
∗ (w′) for all w′ ∈ S ′′, which is a contradiction.

Given that f was any arbitrary firm, this implies that µ∗ ∈ρf (µ∗ (f)) for all f ∈ F .

A similar argument applies for any worker. Hence, the matching µ∗ is ρ-admissible, i.e.

µ∗ ∈ρa (µ∗ (a)) for all a ∈ F ∪W . Then, the matching µ∗ is ρ-stable. This completes the

proof.

Proof of Theorem 4:

Proof. Suppose that the matching µ ∈ Eϕ (F,W,P ∗, q) but µ /∈ Cϕ (F,W,P ∗, q), then there

is another matching µ̂ 6= µ and one coalition A ⊂ F ∪W which blocks the matching µ. Take

any firm f ∈ A and the subset of workers such that µ̂ (f) ⊂ A, obviously µ̂ (w) = {f} ⊂ A

for all w ∈ µ̂ (f). It is satisfied that: 1) µ′P ∗f µ for all µ′ ∈ ϕf (µ̂ (f)) and 2) µ′′P ∗wµ for all

µ′′ ∈ ϕw (f) and all w ∈ µ̂ (f). Then the coalition {f, µ̂ (f)} blocks the matching µ. If there

is no firm in the coalition A, take any worker w ∈ A, obviously µ̂ (w) = {w} ⊂ A and it is

satisfied that: 1) µ′′P ∗wµ for all µ′′ ∈ ϕw (w). Hence, any individual worker w ∈ A blocks the

matching µ, which is a contradiction.

On the other hand, suppose that µ ∈ Cϕ (F,W,P ∗, q) but µ /∈ Eϕ (F,W,P ∗, q), then there

is at least a coalition, {f, S}, or an individual worker, w ∈ W , which blocks the matching µ.

Set the matching µ̂, such that µ̂ (f) = S, obviously µ̂ 6= µ, and A = {f, S}. By definition,

it is satisfied that: 1) µ′P ∗f µ for all µ′ ∈ ϕf (µ̂ (f)) and all f ∈ A and 2) µ′′P ∗wµ for all
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µ′′ ∈ ϕw (µ̂ (w)) and all w ∈ A, then µ /∈ Cϕ (F,W,P ∗, q). Suppose that and individual

worker blocks the matching µ, set A = {w} and µ̂ (w) = w, obviously µ̂ 6= µ and it is

satisfied that: 1)µ′′P ∗wµ for all µ′′ ∈ ϕw (µ̂ (w)) and all w ∈ A, which is a contradiction. This

completes the proof.
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