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"Exa
t" numeri
al algorithms for linear sto
hasti
 waveequation and sto
hasti
 Klein-Gordon equation 1
A. Martin2, S.M. Prigarin3 and G. Winkler4

On the basis of integral representations we propose numeri
al methods to solvethe sto
hasti
 wave equation and the sto
hasti
 Klein-Gordon equation. The algo-rithms are exa
t in a probabilisti
 sense.1 The Cau
hy problem for sto
hasti
 wave equation.Integral representationLet us 
onsider the Cau
hy problem for the sto
hasti
 wave equation�2u�t2 (t; x)� a2�2u�x2 (t; x) = g(t; x; u(t; x)) + f(t; x; u(t; x))w(t; x); (1)u(0; x) = u0(x); �u�t (0; x) = ~u0(x); (2)where a > 0, x 2 R, t 2 R+, and w is a Gaussian white noise on the plane.The aim is to numeri
ally solve the Cau
hy problem for the sto
hasti
 waveequation, i.e., to simulate realizations of the random �eld u(t; x). To this end weneed an exa
t de�nition of the solution of problem (1), (2). The 
orrespondingformalism 
an be found, for example, in the papers [1℄, [2℄, [3℄. For our purposes itis enough to assume that the solution u(t; x) of problem (1), (2) 
an be de�ned as aunique solution to the sto
hasti
 integral equationu(t; x) = i(t; x) + ZR+ ZRG(t; x; s; y)g(s; y; u(s; y)) dyds+ (3)+ ZR+ ZRG(t; x; s; y)f(s; y; u(s; y))W (ds dy):Here i(t; x) = 12 [u0(x+ at) + u0(x� at)℄ + 12a Z x+atx�at ~u0(y)dy;1The work partially was supported by RFBR grant N 00-15-961732Institute of Biomathemati
s and Biometry, GSF-National Resear
h Center for Environmentand Health, 85764 Neuherberg M�un
hen, Germany; e-mail: martin�gsf.de3Institute of Computational Mathemati
s and Mathemati
al Geophysi
s, pr. Lavrentieva 6,Novosibirsk, 630090, Russia; e-mail: smp�osmf.ss

.ru4Institute of Biomathemati
s and Biometry, GSF-National Resear
h Center for Environmentand Health, 85764 Neuherberg M�un
hen, Germany; e-mail: gwinkler�gsf.de1



G is Green's fun
tion for the wave equation,G(t; x; s; y) = 1�(t;x)(s; y)=(2a);�(t; x) = f(s; y) 2 R+ �R : 0 � s � t; jx� yj � a(t� s)g ; (t; x) 2 R+ �R;and W is a Gaussian sto
hasti
 measure with the propertiesEW (A) = 0; EW (A)W (B) = m(A \B);where A, B are measurable sets and m is the Lebesgue measure on the plane.In parti
ular, a solution u of the integral equation (3) exists (and it is uniqueand almost surely 
ontinuous) if the following 
onditions are ful�lled [2, 3℄:(A) there exist stri
tly positive 
onstants C(g) and C(f) su
h thatjg(t; x; y) � g(t; x; z)j � C(g)jy � zj; jf(t; x; y)� f(t; x; z)j � C(f)jy � zjfor all t 2 R+ and x; y; z 2 R;(B) for all (t; x) 2 R+ � R the fun
tion (s; y) 7! G(t; x; s; y)g(s; y; 0) is integrableand the fun
tion (s; y) 7! G(t; x; s; y)f(s; y; 0) is square integrable,(C) the fun
tions u0, ~u0 are 
ontinuous and RR ju0(x)j2 dx+ RR j~u0(x)j2 dx <1:If the fun
tions g and f do not depend on u, then the solution is given byu(t; x) = i(t; x) + ZR+ ZRG(t; x; s; y)g(s; y) dyds+ (4)+ ZR+ ZRG(t; x; s; y)f(s; y)W (ds dy):In this 
ase the random fun
tion u is Gaussian, and an "exa
t" numeri
al algorithm
an be 
onstru
ted on the basis of representation (4).2 "Exa
t" numeri
al algorithms for g and f indepen-dent of u2.1 Algorithm for the Cau
hy problem without boundariesA realization of the solution u for the Cau
hy problem (1), (2) will be simulated ona grid Gu, Gu = f(tj ; xk) = (jh; akh)g;j 2 f0; 12 ; 1; 112 ; 2; 212 ; : : :g; k 2 f: : : ;�112 ;�1;�12 ; 0; 12 ; 1; : : :g;where h is a time step, ah is a spatial step and for a grid point the indi
es j, k aresimultaneously either integers or fra
tional numbers.In addition to the values ujk = u(jh; akh) on the grid Gu the algorithm operateswith the values vjk = Z xk+ah=2xk�ah=2 �u�t (tj; y)dy2



on an adja
ent grid Gv Gv = f(tj ; xk) = (jh; akh)gwith the same sets for the indi
es j, k. The di�eren
e from the grid Gu is that forany point of Gv one of the indi
es is an integer while another one is fra
tional.The algorithm 
an be des
ribed by the following steps.Initialization. We set j = 0 and from the initial 
onditions (2) we �nd thevalues u0k, v0k+1=2 for k 2 f: : : ;�1; 0; 1; : : :g.Step 1. Equation (4) gives an expli
it rule to 
al
ulate uj+1=2:uj+1=2k+1=2 = �12 �ujk + ujk+1�+ 12avjk+1=2�+ �j+1=2k+1=2; (5)where �j+1=2k+1=2 = Z tj+1=2tj Z xk+1xk G(tj+1=2; xk+1=2; s; y)g(s; y) dy ds+ Z tj+1=2tj Z xk+1xk G(tj+1=2; xk+1=2; s; y)f(s; y)W (ds dy)is a Gaussian random variable with varian
eZ tj+1=2tj Z xk+1xk G2(tj+1=2; xk+1=2; s; y)f2(s; y) dy ds:Note, that to simulate the values uj+1=2k+1=2 for the time level j + 1=2 we use only thevalues ujk, vjk+1=2 from the time level j and independent random variables �j+1=2k+1=2.Step 2. Now we want to 
al
ulate the values of vj+1=2k+1 . To obtain an expressionfor vj+1=2k+1 we use two di�erent representations for uj+1k+1, namelyuj+1k+1 = �12 �uj+1=2k+1=2 + uj+1=2k+3=2�+ 12avj+1=2k+1 �+ �j+1k+1; (6)uj+1k+1 = �12 �ujk + ujk+2�+ 12a �vjk+1=2 + vjk+3=2��+ (7)+��j+1=2k+1=2 + �j+1=2k+3=2 + Æjk+1 + �j+1k+1� ;where Æjk+1 = 12a Z tj+1=2tj Z xk+1+a(s�tj)xk+1�a(s�tj) g(s; y) dy ds+ 12a Z tj+1=2tj Z xk+1+a(s�tj)xk+1�a(s�tj) f(s; y)W (ds dy)is a Gaussian random variable with varian
e� 12a�2 Z tj+1=2tj Z xk+1+a(s�tj)xk+1�a(s�tj) f2(s; y) dy ds:A 
ombination of (6) and (7) yieldsvj+1=2k+1 = 2a �12 �ujk + ujk+2�+ 12a �vjk+1=2 + vjk+3=2� + (8)3



+ ��j+1=2k+1=2 + �j+1=2k+3=2�+ Æjk+1 � 12 �uj+1=2k+1=2 + uj+1=2k+3=2�� :Thus, at this step the values vj+1=2k+1 are simulated a

ording to expression (8). Note,that all the 
omponents of the expression, ex
ept Æjk+1, are de�ned at the previoussteps of the algorithm, and the random variables �j+1k+1 appear in (6) and (7) but
an
el out in (8).Cy
ling. Set j = j + 1=2 and go ba
k to step 1.2.2 Algorithm for the Cau
hy problem with the Diri
hlet boundary
onditionsAssume now that the random fun
tion u(t; x), x 2 (A;B), t 2 R+, is a solution ofthe Cau
hy problem (1), (2) with the Diri
hlet boundary 
onditionsu(t; A) = u(t; B) = 0: (9)For the numeri
al modelling of the Gaussian �eld u(t; x) we should modify theprevious algorithm. To simplify the notation, hereafter we set A = 0, B = 1.Green's fun
tion for problem (1), (2), (9) 
an be written down in the form�(t; x; s; y) = Xk hG(t; x+ 2k; s; y)1[0;1℄(y)�G(t;�x+ 2k; s; y)1[0;1℄(y)i:The solution of the Cau
hy problem with the Diri
hlet boundary 
onditions is givenby the following equation (
f.[2℄)u(t; x) = iD(t; x) + ZR+ Z 10 �(t; x; s; y)g(s; y) dy ds+ (10)+ ZR+ Z 10 �(t; x; s; y)f(s; y)W (ds dy);where iD(t; x) = 12Xk hu0(x+ 2k � at)1(0;1)(x+ 2k � at)+ u0(x+ 2k + at)1(0;1)(x+ 2k + at)� u0(�x+ 2k � at)1(0;1)(�x+ 2k � at)� u0(�x+ 2k + at)1(0;1)(�x+ 2k + at)i+ 12aXk h Z (x+2k+at)^1(x+2k�at)_0 ~u0(y)dy � Z �x+2k+at)^1�x+2k�at)_0 ~u0(y)dyi:Representation (10) implies the following modi�
ation of the numeri
al algorithm.For the step size ah in spa
e, we assume that 1=ah = N is an integer.Initialization. Set j = 0 and determine u0k for k 2 f0; : : : ; Ng and v0k+1=2 fork 2 f0; : : : ; N � 1g a

ording to the initial 
onditions (2).Step 1. The values uj+1=2k+1=2 for k 2 f0; : : : ; N � 1g are 
al
ulated by (5).4



Step 2. The values vj+1=2k+1 for k 2 f0; : : : ; N � 2g are 
al
ulated by (8).Step 3. The values uj+1k for k 2 f1; : : : ; N � 1g are 
al
ulated a

ording to (5),while uj+10 and uj+1N are de�ned by the boundary 
onditions, i.e., uj+10 = uj+1N = 0.Step 4. Cal
ulation of vj+1k+1. For k 2 f12 ; 32 ; : : : ; N�52 g we use (8). To �ndvj+11=2 and vj+1N�1=2 at the boundaries we should apply the boundary 
onditions. Inparti
ular, we have (note, that uj+10 = 0)uj+3=21=2 = �12 �uj+10 + uj+11 �+ 12avj+11=2 �+ �j+3=21=2= �12uj+11 + 12avj+11=2 �+ �j+3=21=2 ;uj+3=21=2 = �12 ��uj+1=21=2 + uj+1=23=2 �+ 12avj+1=21 �+ ��j+11 + Æj+1=21=2 + �j+3=21=2 � :From these two representations we obtain:vj+11=2 = 2a �12 ��uj+1=21=2 + uj+1=23=2 �+ 12a �vj+1=21 �+ ��j+11 �+ Æj+1=21=2 � 12 �uj+11 �� :Similarly, for the other boundary we 
an obtainvj+1N�1=2 = 2a �12 �uj+1=2N�3=2 � uj+1=2N�1=2�+ 12a �vj+1=2N�1 �+ ��j+1N�1�+ Æj+1=2N�1=2 � 12 �uj+1N�1�� :Cy
ling. Set j = j + 1 and go ba
k to Step 1.Remark. The two algorithms are "exa
t" in the sense that the �nite-dimensional distributions of the �eld u(t; x) on the grid Gu 
oin
ide with the �nite-dimensional distributions of the numeri
al solution ujk. On the other hand, thealgorithms are not stable (as well as the solution u(t; x)): a disturban
e o

urring in
omputation will spread along the 
hara
teristi
s of the equation without de
reasingin time. The Markov property (the values for the next time level depend only onthe values obtained at the previous time level) makes algorithms fairly attra
tive forthe numeri
al simulation.3 On "exa
t" algorithms for the sto
hasti
 Klein-GordonequationA solution for the Cau
hy problem (1), (2) for the sto
hasti
 Klein-Gordon equation�2u�t2 (t; x)� �2u�x2 (t; x) = �u(t; x) + w(t; x)5




an be written down in the following way [3℄u(t; x) = iKG(t; x) + ZR+ ZRGKG(t; x; s; y)W (ds dy); (11)whereiKG(t; x) = ��t Z x+tx�t GKG(t; x; 0; y)u0(y) dy + Z x+tx�t GKG(t; x; 0; y)~u0(dy);GKG(t; x; s; y) := G(t; x; s; y)I0 �q�((t� s)2 � (x� y)2)� ; � � 0;GKG(t; x; s; y) := G(t; x; s; y)J0 �qj�j((t� s)2 � (x� y)2)� ; � < 0;and I0, J0 are the Bessel fun
tions.An "exa
t" numeri
al algorithm 
an be 
onstru
ted on the basis of representation(11). But now the situation is rather di�erent in 
omparison with the algorithms
onsidered in Se
tions 2.1 and 2.2:- The Bessel fun
tions in the integral representation make 
omputations mu
hmore laborious.- The algorithm does not have the Markov property anymore, and the Gaussianrandom variables that have to be simulated, are dependent in a 
ompli
atedway. This means that, pra
ti
ally, the algorithm results in a general simulationof a Gaussian random ve
tor with 
orrelated 
omponents, and for a �ne grid(when the dimension of the ve
tor be
omes too large) the algorithm may notbe feasible.In our opinion, more eÆ
ient numeri
al algorithms for the sto
hasti
 Klein-Gordon equation, as well as for the general sto
hasti
 wave equation (1), 
an bedeveloped on the basis of an iterative method for the integral representation (3).Referen
es[1℄ J.B. Walsh. An Introdu
tion to Sto
hasti
 Partial Di�erential Equations. In: R.Carmona, H. Kesten, J.B. Walsh (eds.). E
ole d'Et�e de Probabilit�es de SaintFlour XIV. Le
ture Notes in Mathemati
s 1180, pages 266-437. Berlin, Heidel-berg, New York: Springer, 1986[2℄ R.A. Carmona, D. Nualart. Random Non-Linear Wave Equations: Smoothnessof the Solutions. Probability Theory and Related Fields 79. Springer-Verlag,1988, pp. 469-508[3℄ A. Martin. Hyperboli
 Sto
hasti
 Partial Di�erential Equations: Small Ballsand Simulation; Propagation of Singularities (Muen
hen, Univ., Diss.). Aa
hen:Shaker, 2002
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