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Response smoothing estimators in binaryregressionGerhard TutzLudwig-Maximilians-Universit�at M�un
henAkademiestra�e 1, 80799 M�un
hentutz�stat.uni-muen
hen.deAbstra
tA shrinkage type estimator is introdu
ed whi
h has favorable properties inbinary regression. Although binary observations are never very far awayfrom the underlying probability, in all interesting 
ases there is a non{zero distan
e between observation and underlying mean. The proposedresponse smoothing estimate is based on a smoothed version of the ob-served responses whi
h is obtained by shifting the observation slightly to-wards the mean of the observations and therefore 
loser to the underlyingprobability. Estimates of this type are very easily 
omputed by using 
om-mon program pa
kages and exist also when the number of predi
tors isvery large. Moreover, they are robust against outliers. A 
ombination ofresponse smoothing estimators and Pregibon's resistant �tting pro
edure
orre
ts for the overpredi
iton of the resistant �tting in a very simple way.Estimators are 
ompared in simulation studies and appli
ations.Keywords: Logit model, resistant �tting, response smoothing estimator,shrinkage, weighted estimation, data sharpening.

1



1 Introdu
tionThe usual method of �tting binary regression models is maximum likelihood withfavourable asymptoti
 properties but high sensitivity to 'outliers'. In parti
ularif the number of 
ovariates is high as 
ompared to the number of observations,unstable estimates are to be expe
ted. Along with the development of diagnosti
tools for binary regression models (e.g. Pregibon (1981), Landwehr, Pregibon &Shoemaker (1984), Fowlkes (1987)) robust estimation pro
edures have been sug-gested. Pregibon's (1982) resistant �tting pro
edure is based on the downgradingof the in
uen
e of observations with high residuals. Copas (1988) 
onsiders thesubstantial bias of resistant �tting whi
h yields numeri
ally larger 
oeÆ
ients,yielding a more extreme �t, 
loser to 0 or 1. He 
onsiders a bias 
orre
ted versionand proposes a mis
lassi�
ation model where transpositions between the possibleout
omes 0 and 1 happen with a small probability. Carroll & Pederson (1993)study an estimate whi
h is 
losely related to Copas' mis
lassi�
ation estimatebut whi
h is 
onsistent for the logisti
 model.Alternative approa
hes to estimation in binary regression whi
h aim at high di-mensional settings are based on penalized likelihood estimation. Marx, Eilers &Smith (1992), LeCessie & van Houwelingen (1992) and Segerstedt (1992) 
on-sider ridge regression within the framework of generalized linear models. In ridgeregression a term is added to the likelihood whi
h penalizes the squared lengthof the ve
tor of regression parameters yielding shrinkage of the estimate. Byavoiding the ill-
onditioning of the information matrix ridge type estimators al-low the �tting of models even when maximum likelihood estimates do not exist.More re
ently, Klinger (1997) proposed shrinkage methods based on soft thresh-olds whi
h have similar properties. Tibshirani (1996) proposed a shrinkage typeestimator 
alled Lasso whi
h is also 
onne
ted to subset sele
tion.In the following a simple and easily implemented method is proposed to obtainimproved estimates whi
h are robust and well adapted to the 
ase of many predi
-tors. The in
uen
e of observations may be downgraded by 
hoosing an in
uen
efun
tion in the spirit of M-estimation (Hampel et al. (1986)). As Copas (1988)2



remarks, the 
hoi
e of the in
uen
e fun
tion and its asso
iated tuning 
onstantis essentially arbitrary. Thus he arrived at resistant �tting by modelling randommis
lassi�
ation parts of transpositions between 0 and 1. The approa
h followedhere also starts from the observation that in binary regression the only alterna-tive to the observations yi 2 f0; 1g is its 
ounterpart 1� yi 2 f1; 0g. But insteadof assuming trans
ription errors the e�e
t of observations yi is downgraded byintrodu
ing its 
ounterpart 1� yi and putting di�erent weights on these pairs ofobservation. In the extreme 
ase where both observation have the same weightthe e�e
t is strong shrinkage of the estimate, an e�e
t whi
h is 
omparable toobserving yi = 0:5 whi
h is not a re
ordable observation in binary regression. In
ontrast to other shrinkage type estimators like ridge regression and the Lasso,shrinkage is not obtained by restri
ting the range of the parameters but by expli
-itly exploiting the dis
reteness of binary observations. The essential point is thatestimates are dramati
ally improved just by using 
ommon program pa
kageswhi
h allow weighted estimation like e.g. S-PLUS or SAS.In Se
tion 2 the basi
 
on
ept of response smoothed estimation is outlined. Se
-tion 3 is an illustration of the estimation in the simple setting of a binary 
ovari-able where estimation of parameters is strongly 
onne
ted to the estimation ofodds ratios. After 
onsidering methods how to 
hoose the tuning parameter, inSe
tion 5 simulation results show the performan
e of the estimator. In Se
tion 6the method is generalized by linking the transformation estimate to Pregibon'sresistant estimate. Simulation results show the improvement of the resistant es-timate also in the 
ase of 
ontaminated data. After deriving properties of thegeneralized estimate the method is illustrated by an appli
ation to a real dataset.2 Response smoothing estimators based on smoothed max-imum likelihood estimationThe model investigated is the binary regression model3



�i = P (yi = 1jxi) = h(x0i�)where h is an appropriate response fun
tion, e.g. the logisti
 distribution fun
tionh(�) = 1=(1 + exp(��)). Let the data be given by (yi; xi); i = 1; : : : ; n, whereyi 2 f0; 1g are the responses and xi represents the 
ovariates. The original dataset of n observations is doubled by de�ningyn+i = 1� yi; xn+i = xi; i = 1; : : : n:Thus in the enlarged data set one has for ea
h observations yi its 
ounterpart1� yi with identi
al 
ovariate value xi.The weighting s
heme used in estimation distinguishes between the original data(yi; xi); i = 1; : : : ; n, and the pseudo data (yi; xi); i = n+1; : : : ; 2n. The weightings
heme puts weight 1� �i on the observations from the original data and �i onthe pseudo observations 
orresponding to yi where �i 2 [0; 0:5℄. Instead of theusual log-likelihood one 
onsiders the weighted log-likelihoodlw(�) = 2nXi=1 wili(yi; �i)where li(yi; �i) = yilog(�i) + (1 � yi)log(1 � �i) with �i = h(x0i�) is the log-likelihood 
ontribution of observation i andwi = � 1� �i i � n�i i > n:The parameters �i spe
ify the amount of smoothing whi
h is applied. For �i = 0only the original observations are used, and usual maximum likelihood estima-tion is obtained. With in
reasing �i the pseudo observations are in
reasinglyin
uential. Sin
e �i = �n+i = h(x0i�) the log-likelihood redu
es tolw(�) = nXi=1 (1� �i)fyilog(�i) + (1� yi)log(1� �i)g+�if(1� yi)log(�i) + yilog(1� �i)g= nXi=1 (�i + yi(1� 2�i))log(�i) + (1� �i � yi(1� 2�i))log(1� �i):4



It is seen that if �i = 1=2 the 
ontribution of observations yi and yn+i = 1 � yiredu
es to 0:5flog(�i) + log(1� �i)g = 0:5log(�i(1� �i)):Thus the log-likelihood depends on the data only through �i and the 
ontributiontakes its maximum value at �i = 0:5 yielding shrinkage of �̂. If �i = 0; i =1; : : : ; n, one obtains the usual log-likelihood.Alternative forms of the weighted log-likelihood are given bylw(�) = nXi=1 (1� �i)yi�1�yii log(�i) + �yii (1� �i)1�yilog(1� �i)= nXi=1 (1� �i)log(1� jyi � �ij) + �ilog(jyi � �ij):The 
orresponding s
ore fun
tion sw(�) = �lw=�� has the formsw(�) = 2nXi=1 wixi(�h(�i)=��)(yi � �i)=�2i= nXi=1 (1� �i)xi(�h(�i)=��)(yi � �i)=�2i + �ixi(�h(�i)=��)(1� yi � �i)=�2i= nXi=1 xifyi � �i + �i(1� 2yi)g(�h(�i)=��)=�2iwhere �h(�i)=�� is the derivative at �i = x0i� and �2i = �i(1� �i) is the varian
eat �i. For the logit model one obtains the simpler formsw(�) = nXi=1 xi(yi � �i + �i(1� 2yi))= nXi=1 xi(yi � �i + (�1)yi�i):From the estimation equation sw(�̂w) = 0 one has with �̂i = h(x0i�̂w)nXi=1 xi(yi + (�1)yi�i) = nXi=1 xi�̂i: (1)The latter form shows the e�e
t of smoothing. In the suÆ
ient statisti
nXi=1 xi(yi + (�1)yi�i)5



the observation yi is repla
ed by the smaller value 1��i if yi = 1 and repla
ed by�i if yi = 0. Thus the essential e�e
t is that the observation yi itself is shrinkedtowards 0.5. It is easily seen that for �i = 0:5 the 
at estimate �̂w = 0:0 is asolution of the estimation equation. It is noteworthy that the spe
i�
 weightings
heme with 1��i and �i on the pair of observations yields estimation equationswhi
h do not in
orporate weights in the s
ore fun
tion. For estimation equationsof this type see Carroll & Pederson (1993) and Se
tion 6. Instead the e�e
t ofthe smoothing is seen from the term yi + (�1)yi�i whi
h repla
es the originalobservation by a smoothed observation 
loser to 0.5. This e�e
t is the 
ause whythe solution �̂w of the equation sw(�̂w) = 0 is 
alled response smoothing estimate.The 
onsideration of pseudo-observations may be seen as a way of deriving theestimate and, more important, as a way how to simply obtain estimates from 
om-mon program pa
kages. As is seen from the s
ore fun
tion, pseudo-observationsare not needed. The a
tual modi�
ation is that the original observations yi aretransformed into yi + (�1)yi�i, a transformation whi
h is well motivated by thefa
t that observations yi 2 f0; 1g are always a 
rude exaggeration of the underly-ing probability �i, sin
e yi is never equal to �i, ex
ept in trivial 
ases. With thefo
us on data transformation it may also be 
alled data transformation estimate.The 
on
ept is similar in spirit to the more re
ently introdu
ed methods of 'datasharpening'. For example Choi & Hall (1999) sharpen the data by making themslightly more 
lustered than before in order to redu
e bias of density estimators.Although it is unusual to smooth a
ross the response the method yields improvedestimates whi
h exist in 
ases where the maximum likelihood estimate fails and
orre
ts for the overpredi
tion of the resistant estimate.3 Low dimensional 
ase: log odds ratioA simple 
ase whi
h is of interest of its own is given if the single 
ovariate takesonly two values, for example treatment or pla
ebo. Then estimation of parameters
orresponds to the estimation of odds ratios or transformations of log odds ratios.A vast body of literature exists for this 
ase, see e.g. Parzen, Lipsitz, Ibrahim6



& Klar (2002) who re
ently proposed an estimate that always exists. Here oddsratios are used as an example in low dimensions.Let the binary 
ovariate x given in e�e
t 
oding x 2 f1;�1g and the two responseprobabilities �1 = P (y = 1jx = 1); �2 = P (y = 1jx = �1) be spe
i�ed by a logitmodel. Then the parameters are given by�0 = 12(logit(�1) + logit(�2));�1 = 12(logit(�1)� logit(�2));where logit(�i) = log(�i=(1� �i)) and �1 = 12 log(f�1=(1� �1)g=f�2=(1� �2)g) is(apart from the fa
tor 1=2) the log odds ratio. Let the weights for the smoothedestimates be given by �i = �, thus only distinguishing between original andpseudo observations. Sin
e the model is saturated one may 
ompute the smoothedestimates of �1; �2. With tuning parameter � one obtains after some 
al
ulation�̂1;� = p1 + �(1� 2p1); �̂2;� = p2 + �(1� 2p2)where p1(p2) denotes the relative frequen
ies for y = 1 given x = 1(x = �1)in the original sample. For � = 0 one obtains the relative frequen
ies �̂1;�=0 =p1; �̂2;�=0 = p2. For 0 < � < 0:5 the estimates are smoothed towards 0.5. This iseasily seen from the reparameterization�̂1;� = 
p1 + (1� 
)0:5; �̂2;� = 
p2 + (1� 
)0:5where 
 = 1� 2�. The shrinkage of the 
orresponding parameter estimate �̂1;�towards zero is seen from̂�1;� = 12(logit(�̂1;�)� logit(�̂2;�)):Bias and varian
es of �̂i;� as estimators of �i are given bybias(�̂i;�) = E(�̂i;� � �i) = (1� 
)(0:5� �i);var(�̂i;�) = 
2�i(1� �i)=ni;where n1(n2) is the number of observations at x = 1(x = �1). Sin
e 0 � 
 � 1smoothing de
reases the varian
e but adds some bias whi
h is positive for � < 0:57



and negative for � > 0:5. The MSE optimal estimator whi
h minimizes the meansquared error MSE= EPi(�i � �̂i;�)2 depends on the underlying probabilities.By usual minimization pro
edures one obtains the optimal smoothing parameter
opt = (:5� �1)2 + (:5� �2)2�1(1� �1)=n1 + (:5� �1)2 + �2(1� �2)=n2 + (:5� �2)2 :One has 
opt = 1, i.e. the maximum likelihood estimator, if and only if �1; �2 2f0; 1g. In all other 
ases the maximum likelihood estimator may be improvedby 
hoosing an appropriate tuning parameter. Thus for appropriate 
hoi
e of
 the maximum likelihood estimators 
an be improved in all 
ases of pra
ti
alrelevan
e.The dramati
 improvement of estimates in the �nite sample 
ase is demonstratedfor n1 = n2 = 10 and �1 = 0:1; �2 = 0:8. Sin
e �1 
orresponds to the log oddsratio the mean squared error for �1 is shown in Figure 1 for varying parameter�. The usual maximum likelihood estimate�̂1 = 12 log p1=(1� p1)p2=(1� p2)
an equal 1(p1 = 1) and �1(p2 = 1) with positive probability. Thus for �! 0the mean squared error tends to in�nity. As is seen from Figure 1 there is adistin
t minimumwhere mean squared error is minimized. For � > 0 the estimatealways exists. It is mu
h less sensitive if � is larger than the optimal value than inthe 
ase where �! 0 and therefore 
loser to the maximum likelihood estimate.In the even simpler 
ase without 
ovariates the estimator redu
es to �̂� = (1 ��)p+�(1�p) = 
p+(1�
)0:5 where p is the relative frequen
ies and 
 = 1�2�.Thus one obtains a 
onvex 
ombination of the mle p and � = 0:5. Estimators ofthis type may also derived from a Bayesian viewpoint assuming a beta binomialdistribution with prior mean � = 0:5 (see Santner & Du�y (1989), p.25).4 Choi
e of shrinkageIn the general 
ase the weights �i are 
onne
ted to single observations. In analogyto shrinkage in ridge regression where one shrinkage parameter is used one wants8



the shrinkage to be determined by few tuning parameters whi
h have to be 
hosenappropriately. The simplest 
ase of a 
onstant tuning parameter �i = � 
hosenfrom [0; 0:5℄ implies for � > 0 shrinkage of all parameters in
luding the inter
ept.The estimates �̂i are shrinked towards 0.5. However, this seems only adequate ifthe underlying probabilities are symmetri
ally distributed around 0.5.If an inter
ept is in
luded, whi
h will be the 
ase in the following, the usualmaximum likelihood estimate for the logit model has the property1nXi �̂i = �y (2)where �y = n�1Pi yi is the mean over all observations. In order to retain thisproperty for arbitrary �y one has to use di�erent weights for yi = 0 and yi = 1.Let �0 denote the weight for yi = 0 and �1 denote the weight for yi = 1, i.e.�i = �0 if yi = 0, �i = �1 if yi = 1; i = 1; : : : ; n: Then by 
onsidering the �rstequation of the system of equations (1) whi
h 
orresponds to the inter
ept oneobtains Xi yi � n1�1 + n0�0 =Xi �̂iwhere nj is the number of observations with yi = j. Some 
al
ulations show that�y = n�1P �̂i is ful�lled if �1 = 1� �y�y �0 (3)where �0 2 [0; �y℄. Thus the pseudo observations in (1) are given byyi + (�1)yi�i = (1� �1 if yi = 1�0 if yi = 0:In the extreme 
ase �0 = �y, �1 = 1� �y, one obtains yi+(�1)yi�i = �y and �̂i = �yis a solution of (1). Then the parameter � 0 = (�0; �1; : : : ; �p) whi
h weights x0 =(1; x1; : : : ; xp) is estimated by �̂ = (�̂0; 0; : : : ; 0) with �̂0 = exp(�y)=(1 + exp(�y)).Thus redu
tion to just one tuning parameter, say � = �0, should be based onusing �i = �0 if yi = 0 and �i = �1 if yi = 1 where (3) has to be ful�lled.9



The 
orresponding weighting s
heme for observations and pseudo-observations isgiven by wi = (1� f(1� �y)=�ygyi� i � nf(1� �y)=�yg1�yi� i > nwhere yi, i = 1; : : : ; 2n are observations and pseudo-observations.Property (2) results from the symmetry of the logisti
 distribution and does nothold for models with asymmetri
al response fun
tion, e.g. the log-log or the 
om-plementary log-log model whi
h have response fun
tion h(�) = 1�exp(� exp(�))and h(�) = exp(� exp(�)) respe
tively. For asymmetri
 distribution fun
tions itis suggested to redu
e the number of tuning parameters by spe
ifying the weight�0 for yi = 0 and �1 for yi = 1 and performing a grid sear
h a
ross the values of(�0; �1) 2 [0; 0:5℄2.A data driven 
hoi
e of the tuning parameter may be based on similar 
on
eptsas in smoothing methods. There is a wide body of literature on bandwidth
hoi
e in nonparametri
 regression and density estimation. Classi
al methodsaim at approximately unbiased estimations of mean average squared error or theexpe
ted Kullba
k-Leibler dis
repan
y.Following Hurvi
h, Simono� & Tsai (1998) we do not aim at the bandwidthwhi
h minimizes mean integrated squared error or similar measures but want toapproximate the average squared error for the observed data set. Thus instead ofa measure whi
h is optimal for given sample size and design the 
hoi
e is 
loser
onne
ted to the observed data set and therefore is more relevant to the dataanalyst. The 
riteria used are the averaged squared errorASE =Xi(�i � �̂i)2;averaged Kullba
k-Leibler dis
repan
yAKL =Xi �i log��i�̂i�+ (1� �i) log�1� �i1� �̂i�and averaged L1-distan
e AL1 =Xi j �i � �̂i j10



The latter is 
onsidered sin
e it is strongly 
onne
ted to 
lassi�
ation.In 
ross validation or leaving-one-out methods su

essively one observation yi isleft out and the estimate �̂i, based on the redu
ed data set, is understood as anestimate of �i. If in the 
riterion �i is repla
ed by yi one obtains, e.g. for thesquared error, CV�(SE) =Xi(yi � �̂i)2:In the following we will 
onsider ASE, AKL, AL1 based on smoothing parameterswhi
h are optimized by 
ross-validation for ea
h simulated data set.5 Comparison of maximum likelihood and response smooth-ing estimatorsIn a simulation study the improvement of the estimates is investigated. Theparameters for the underlying model for the number of predi
tors p ranging from2 to 16 are given byp = 2: � 0 = (0; 1; 0:2);p = 4: � 0 = (0; 1; 0:7; 0:4; 0:1);p = 8: � 0 = (0; 1; 7=8; 6=8; : : : ; 1=8);p = 16: � 0 = (0; 1; 15=16; 14=16; : : : ; 1=16):For binary predi
tors e�e
t 
oding is used with x 2 f�1; 1g, for 
ontinuouspredi
tors the xi0s have been drawn from a uniform distribution with support[�2; 2℄. All simulations have been performed by using the �tting pro
edure forthe logit model provided by R, allowing for 50 iterations and termination 
riterion0.0001.In the �rst 
olumn of Table 1 and Table 2 the squared error of the maximumlikelihood estimates are given. These are 
ontrasted to the response smooth-ing estimates where optimal smoothing parameters were 
hosen by 
ross vali-dation based on an error measure. The resulting squared error losses are de-noted by CV(KL), CV(SE) and CV(L1) for Kullba
k-Leibler, squared error and11



L1-distan
e. The individual improvements for simulation s may be measuredby CVs=MLs where CVs is the loss based on 
ross validated tuning parameterand MLs is the loss for the maximum likelihood estimate. Sin
e the distribu-tion of CVs=MLs is skewed the mean a
ross logarithms is 
onsidered. Sin
en�1Ps ln(CVs=MLs) = ln((QsCVs=MLs)1=n) this 
orresponds to the logarithmof the geometri
 mean. In Table 1 the means of ln(CVs=MLs) are abbreviatedby lnCV (KL); lnCV (MSE); lnCV (L1) a

ording to the loss fun
tion whi
h isused in 
ross{validation.It is seen from Table 1 that for two predi
tors already for sample size n=20asymptoti
s is ki
king in and there is not mu
h spa
e for improvement. However,in interesting 
ases, when the number of predi
tors is eight or higher, estimatesare strongly improved. For example with eight variables in the predi
tor andn=30 the squared error loss is strongly de
reased to about 53 per
ent. Withtermination 
riterion 0.0001 Fisher s
oring stopped below the maximum of 50iterations for all of the 200 simulations.The e�e
t is illustrated in Figure 2 where the Kullba
k-Leibler loss for the max-imum likelihood estimates is plotted against the loss resulting for the smoothedestimate for 200 simulations. The underlying model is a logit model with p=8binary predi
tors and sample sizes n=20 and 30. It is seen that in parti
ularfor data sets whi
h produ
e estimates whi
h are far from the true values theestimates are strongly improved. Only if maximum likelihood estimates are verygood with losses around 0.05 there is not mu
h spa
e for improvement and theresponse smoothing estimate is not better than the ml estimate.The 
onsideration of losses whi
h are de�ned for the estimation of the probabil-ity does not show the heavy instability of the maximum likelihood estimate of �.Therefore Figure 3 shows the deviations k �̂w � � k against k �̂ML � � k for thesimulated data sets where �̂w is the response smoothing estimate. The data arethe same as in the lower panel of Figure 2 (binary 
ovariables, p = 8; n = 30).The line in Figure 3 again shows the limit where maximum likelihood estimateshave better �t than response smoothing estimates. It is seen that for response12



smoothing estimates k �̂w � � k has maximal values around 4 whereas the devi-ations k �ML � � k take values up to 200, signaling that estimates deteriorate.Even in these 
ases the algorithm showed 
onvergen
e within 50 iterations and0.0001 as termination 
riterion. The strength of the e�e
t on the estimates of �is seen from Table 3, where the averaged deviations k �̂�� k as well as the e�e
tin individual data sets are given for 200 simulations.6 Generalized response smoothing estimatorsThe robust-resistant estimates due to Pregibon (1982) use weights whi
h dependon the design point xi or/and the true probability. The weights are used todowngrade observations with high residuals. What looks intuitively like a sen-sible 
on
ept regrettably yields estimates with a strong tenden
y towards over-predi
tion with the e�e
t that estimates of � are numeri
ally larger than thetrue values. In the following it is shown how the 
ombination with the responsesmoothing estimator keeps the robustness of the estimation while 
orre
ting forthe overpredi
tion of Pregibon's estimate.Let in the general 
ase Æi denote the weight on the original observations (yi; xi)and ~Æi denote the weight on the pseudo data (yn+i = 1 � yi; xn+i = xi); i =1; : : : ; n. The weighted log likelihood whi
h uses original and pseudo data isgiven by lw(�) = nXi=1 Æifyi log(�i) + (1� yi) log(1� �i)g++ ~Æif(1� yi) log(�i) + yi log(1� �i)g:With hi = (�h(�i)=��)=�2i the 
orresponding s
ore fun
tion has the formsw(�) = nXi=1 xihifÆi(yi��i)+~Æi(1�yi��i)g = nXi=1 xihifyi(Æi�~Æi)��i(Æi+~Æi)+~Æig:In order to obtain a simpler form let the weights Æi; ~Æi be transformed by"i = Æi + ~Æi; �i = ~Æi="i13




orresponding to ~Æi = �i"i; Æi = (1� �i)"i: (4)This gives after some derivation the 
losed formsw(�) = nXi=1 "ixihifyi + (�1)yi�i � �igyielding the estimation equationnXi=1 "ixihifyi � �i + (�1)yi�ig = 0: (5)The transformation of weights is 
hosen su
h that �i plays the same role as inSe
tion 2. But in addition now weights �i are in
luded. Estimation equation(5) represents a general form whi
h is usually used in robust estimation. If�i = 1; �i = 0 equation (5) yields the usual maximum likelihood estimate. If�i = 0 and �i = �(xi; �i) one is in the so-
alled Mallows 
lass (Mallows (1975)),for �i = �(xi; �i; yi) one obtains the S
hweppe 
lass (Hampel et al. (1986), see alsoCarroll & Pederson (1993)). From 
onsidering the general form 0 =P �ixihifyi��i�
(xi; �)g (Carroll & Pederson (1993)) one sees that in the response smoothingestimate the debiasing fa
tor 
(xi; �) is repla
ed by (�1)yi�i. Pregibon's (1982)estimate uses �i = 0 and the weight�i(xi; �i; yi) = w(yi � �i)where w(u) = � 1; if juj � 1� exp(�
=2)f�12
= log(1� juj)g1=2; otherwisewith the tuning parameter 
 whi
h in Pregibon's examples is taken to be (1:345)2in order to obtain estimates with approximately 95% asymptoti
 relative eÆ-
ien
y. By the in
orporation of estimates (�1)yi�i the overpredi
tion of Pregi-bon's estimate should be 
orre
ted while being resistant to outliers.It should be noted that (5) 
an be 
onsidered as a starting point for the estimationpro
edure. The derivation from original and pseudo observation is 
hosen to showthat program pa
kages whi
h allow for weighting may be used by plugging in the
orresponding weights from equation (4).14



If �i depends on � se
ond derivatives of sw are more diÆ
ult then in the usual 
ase.In order to keep 
omputation simple we used an iterative pro
edure by solving(5) with weighted Fisher s
oring. For �xed �i and �i given by w(yi� x0i�ML) oneobtains by weighted Fisher s
oring �̂(1). Repla
ing w(yi�x0i�ML) by w(yi�x0i�(1))one obtains the next iterate �̂(2), et
. Convergen
e was fast, below four 
y
les for�̂(i). The only modi�
ation is that weighted Fisher s
oring now uses two weights,�i for the response smoothing and �i for the in
orporation of Pregibon's weights.Table 4 shows the results for p = 8 binary 
ovariates with n = 30. For the esti-mation of probabilities the squared error averaged a
ross simulations are given.The performan
e on individual data sets is measured by the log of the proportionbetween squared error loss for the ML estimate and the 
onsidered estimate. Forthe estimation of the parameter, the distan
e k �̂ � � k is 
onsidered togetherwith the log proportion where the maximum likelihood estimate �ML is 
omparedto the 
onsidered estimate, in the form log(k �̂ � � k = k �ML � � k).It is seen that, due to overpredi
tion, Pregibon's resistant estimate is worse thanthe usual maximum likelihood estimate. Although the response smoothing im-proves estimates strongly, the 
ombination of response smoothing and resistantestimation shows some additional improvement. In addition, the 
ombined esti-mate is 
onsidered where both tuning 
onstants, � and Pregibon's 
, are 
hosenby 
ross-validation. However, the e�e
t is weak, in parti
ular sin
e the 
ompu-tational e�ort is mu
h higher. Fig 4 shows the results for Pregibon's estimatewith 
 = 1:3452 as 
ompared to response smoothing 
ombined with Pregibon'sestimate. For 
larity estimates where k �̂ � � k> 50 are denoted by a 
ross. Itis seen that in these 
ases Pregibon's estimate is equivalent to the ml estimate,for all other data sets the resistent �t is worse than the ml estimate. In 
ontrast,the 
ombined estimate improves almost in every 
ase.Sin
e resistant estimates are based on the 
on
ept of downweighting observationswith high residuals it might be argued that the improvement is due to the la
kof outliers in the data sets. However, `a 
ertain number of outliers are bound too

ur even if the assumed model is 
orre
t' Copas (1988). Thus, outliers should15



be present in the simulated data sets. In order to strengthen the e�e
t, a smallsimulation with 
ontaminated data was performed (8 binary predi
tors, n = 30).From the 30 observations 5 randomly drawn observations have been transposedby repla
ing the observations yi by 1�yi. Table 5 shows the results for Kullba
k-Leibler loss as 
ross{validation 
riterion. It is seen that 
ontamination stabilizesthe ml estimate as well as the resistant estimate but response smoothing is aneÆ
ient tool to improve the estimates. For example the squared distan
e betweenthe estimate and the true value is redu
ed from above 8:7 to 1:6.7 Appli
ationData whi
h have often been used in diagnosti
s of binary data are the vaso{
onstri
tion data from Finney (1947). For n = 39 observations it has beenmeasured whether vaso-
onstri
tion of the skin of the digits o

urs after theinspiration of air. The data vary a
ross volume of air (VOL) and inspiration rate(RATE) whi
h are used as explanatory variables in logarithmi
 form. Pregibon(1982) shows that two values are poorly a

ounted for by the logisti
 model (seealso Atkinson & Riani (2000)). If these two data are left out the data maybe 
ompletely separated by the �tting of the logisti
 model, an e�e
t whi
h isfavourable in dis
riminant analysis.Table 6 shows the estimates for various �tting methods, maximum likelihood,weighted �tting with 
ross-validation based on �, Pregibon's resistant estimate,resistant estimate with response smoothing and 
ross-validated 
hoi
e of � and
ross-validated 
hoi
e of � and 
. Pregibon's estimate has the largest valuesdue to the tenden
y to overpredi
tion. While simple response smoothing yieldsrather small values the 
ombination of Pregibon's resistant estimate and responsesmoothing yields values in the middle whi
h still are smaller than the maximumlikelihood estimates. Given that the existen
e of maximum likelihood estimatesdepends on two observations and therefore the data 
ontain not mu
h informationabout the slopes of volume and rate, this slightly damped estimates seem sensible.16



The e�e
t of damping by � is illustrated in Figure 5, where the simple weightedestimate and weighting with resistant �tting is shown.8 Approximation resultsStarting from the estimation equation sw(�) = 0 �rst order approximation yields�̂ � � � ���sw(�)�� 0 ��1 sw(�):Based on this approximation one obtains the sandwi
h matrix
ov(�̂) = F (�)�1
ov(sw(�))F (�)�1 (6)where F (�) = nXi=1 xixi0�i��2i ��h���2is the usual Fisher matrix and
ov(sw(�)) = nXi=1 xixi0�2i��2i ��h���2 (1� 2�i);(see Appendix). If is seen that for �i = 0("i = 1) the 
ovarian
e takes the usualform 
ov(�̂) = F (�)�1: For the extreme value �i = 0:5 the information is takenout of the data and one has 
ov(�̂) = 0. Thus (6) should only be used for verysmall values of �i. In parti
ular for larger values of �i one has to take the biasinto a

ount.The bias b(�) = E(�̂)� � may be approximated byb(�) = F�1 nXi=1 xi�i��2i ��h����i(1� 2�i)where � has to be repla
ed by �̂ and �i by �̂i = h(x0i�̂ML):For the bias 
orre
ted estimate �̂
 � b(�̂) one obtains the approximation
ov(�̂
) = F�1( nXi=1 xixi0�2i���2i ��h���2 + var(�̂i)�)F�1where var(�̂i) = ��h���2 x0iF (�̂ML)�1xi:17



9 Con
luding remarksThe 
onsidered estimates are based on smoothing a
ross responses. Alternativelyone may see them as data transformation estimates where in the spirit of datasharpening data are transformed. It is essential that pseudo observations are usedonly as a tool of 
omputing the estimates, thus no `fake data' are involved. Thein
orporation of (�1)yi�i in the s
ore fun
tion is an analogue to the in
orporationof an debiasing fa
tor in general estimation equations.The essential advantages of the response smoothing estimates are: easy 
omputa-tion by use of pseudo observations, improvement of mean squared error (
omparedto mle), improved existen
e of estimates, 
orre
tion of over�tting in resistant �t-ting pro
edures and robustness against 
ontamination.In order to obtain simple estimates only one or two tuning parameters have beenused. Thus the potential of smoothing parameters �i whi
h 
ould be adjustedto the position of xi in the design spa
e and the response is not fully exploited.Future resear
h might evaluate the potential of lo
ally adapted smoothing.AppendixThe weighted s
ore fun
tion is given bysw(�) = s(�) + s�(�)where s(�) = nXi=1 xi�i�h(�i)�� ��2i (yi � �i)s�(�) = nXi=1 xi�i�h(�i)�� ��2i �i(1� 2yi)For the �rst order approximation�̂ � � = ���sw(�)�� 0 ��1 sw(�)18



derivatives are needed. They have the form� �s�� 0 = F + nXi=1 xixi0�i�2h��2 fyi � �igwhere F is the weighted Fisher matrixF = nXi=1 xixi0�i��2i ��h���2 : (7)and ��s��� 0 = �R� = nXi=1 xixi0�i��2i �2h�� �i(1� 2yi):Tedious derivation yields
ov(sw(�)) =Xxixi0"i2�i�2��h���2 (1� 2�i)2:Under usual assumptions in
luding s(�) = 0p(n1=2); F�1 = 0(n�1), and � =supf�ig one obtains��sw(�)�� 0 = F �R� + 0p(n�1=2) + 0p(n1=2�): (8)If � = o(n�1=2) one obtains���sw(�)�� 0 ��1 = F�1 + 0p(n�3=2)yielding �̂ � � = ���sw�� 0 ��1 sw(�) = F�1sw + 0p(n�1):The approximation of the 
ovarian
e is given by
ov(�̂) = F�1
ov(sw)F�1with F from (7) and 
ov(�̂) from (8).Referen
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p n ML CV (KL) CV (SE) CV (L1) lnCV (KL) lnCV (SE) lnCV (L1)2 10 0.0624 0.0509 0.0511 0.0669 -0.242 -0.222 0.14420 0.0341 0.0326 0.0332 0.0378 0.014 -0.026 0.1124 10 0.1163 0.0662 0.0693 0.0940 -0.613 -0.581 -0.26520 0.0563 0.0401 0.0409 0.0591 -0.342 -0.343 0.08730 0.0366 0.0310 0.0315 0.0384 -0.144 -0.138 0.0438 10 0.1496 0.1083 0.1079 0.1105 -0.341 -0.340 -0.33620 0.1194 0.0618 0.0650 0.0956 -0.695 -0.660 -0.28630 0.0793 0.0461 0.0486 0.0727 -0.530 -0.508 -0.10416 20 0.1313 0.1002 0.0994 0.1018 -0.271 -0.277 -0.28330 0.1362 0.0706 0.0735 0.0954 -0.676 -0.639 -0.43040 0.1243 0.0550 0.0575 0.0918 -0.846 -0.813 -0.407Table 1: Simulation results of squared error loss for logit model with binary
ovariates with the tuning parameter 
hosen by 
ross validation
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p n ML CV (KL) CV (SE) CV (L1) lnCV (KL) lnCV (SE) lnCV (L1)2 10 0.0772 0.0570 0.0591 0.0749 -0.260 -0.246 0.00820 0.0315 0.0319 0.0329 0.0365 0.120 -0.131 0.1684 10 0.1359 0.0746 0.0809 0.1307 -0.625 -0.565 -0.31120 0.0616 0.0428 0.0441 0.0590 -0.323 -0.303 0.00530 0.0339 0.0303 0.0305 0.0350 -0.117 -0.115 0.0278 10 0.1447 0.1149 0.1134 0.1104 -0.221 -0.228 -0.28120 0.1191 0.0675 0.0682 0.0914 -0.609 -0.590 -0.31230 0.0741 0.0442 0.0453 0.0662 -0.471 -0.448 -0.10916 20 0.1190 0.1050 0.1031 0.0957 -0.125 -0.140 -0.24830 0.1180 0.0691 0.0729 0.0894 -0.577 -0.526 -0.33840 0.1115 0.0501 0.0537 0.0803 -0.831 -0.773 -0.401Table 2: Simulation results for logit model with 
ontinuous 
ovariates with thetuning parameter 
hosen by 
ross validation.Kullba
k{Leibler squared errorn k �̂ML � � k k �̂ � � k log k �̂ML � � k = k �̂ � � k k �̂ML � � k log k �̂ML � � k = k �̂ � � k10 36.857 12.469 -1.958 12.545 -1.94720 53.670 2.340 -2.975 4.793 -2.81030 32.032 1.472 -1.941 3.972 -1.830Table 3: Simulation results for logit model with eight binary 
ovariates andn = 30 with the tuning parameter 
hosen by 
ross validation.Squared log proportion k �̂ � � k log proportionerror log(SE(�̂)=SE(�̂ML)) log(k �̂ � � k = k �ML � � k)ml 0.079 32.023resistant, 
 = 1:3452 0.088 0.152 32.128 0.246response smoothing 0.046 -0.530 1.479 -1.941estimateresponse smoothing and 0.043 -0.607 1.431 -1.974resistant, 
 = 1:3452response smoothing and 0.043 -0.603 1.466 -1.959resistant, 
 
ross validatedTable 4: Squared error loss and distan
e to true parameter with mean improve-ment on individual data sets 23



Squared log proportion k �̂ � � k log proportionerror log(SE(�̂)=SE(�̂ML)) log(k �̂ � � k = k �ML � � k)ml 0.084 8.761resistant, 
 = 1:345 0.098 0.165 9.782 0.283response smoothing 0.069 -0.143 1.622 -0.683estimateresponse smoothing and 0.063 -0.237 1.566 -0.721resistant, 
 = 1:3452Table 5: Squared error loss and distan
e to true parameter with 5 
ontaminateddata
�0 log(V ol) log(Rate)Maximum likelihood -2.922 5.218 4.629response smoothing�CV = 0:05 -1.657 3.405 2.763resistant estimate -5.328 8.584 7.609resistant with response smoothing�CV = 0:05; 
 = 1:3452 -1.947 3.768 3.074resistant with response smoothing -2.303 4.198 3.463Table 6: Estimates for vaso-
onstri
tion data based on logisti
 model
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Figure 1: Mean squared error of �1 for n1 = n2 = 10; �1 = 0:1; �2 = 0:8 plottedagainst the tuning parameter �
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Figure 3: k �w � � k against k �ML � � k for binary 
ovariates (n = 30; p = 8)
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Figure 4: Left panels 
orrespond to squared error loss, right panels to k �̂�� k,upper panels show the resistant estimate, lower panels show the resistant estimate
ombined with response smoothing. 28
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Figure 5: Response smoothing estimate (left) and Pregibon's estimate withresponse smoothing (right) plotted against � for vaso{
onstri
tion data
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