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the zero lower bound (ZLB) on the nominal interest rate. Fiscal stabilization via higher
government debt is frequently recommended as a policy to raise the natural real interest rate.
This paper builds a non-Ricardian framework to study the tradeoffs associated with a debt-
financed fiscal expansion and show that even in a low real interest rate environment, higher debt
doesn’t necessarily raise the real interest rate. The effect of the expansion is non-monotonic:
Increasing debt raises the natural real interest rate at low levels of debt, while at high levels it
perversely lowers the natural real interest rate. This threshold level of debt, beyond which the
effect becomes perverse, is a function of the expected duration of the low interest rate state. In a
calibrated 60-period quantitative life cycle model with aggregate uncertainty, if the low state is
expected to last two years, this threshold level of debt is 250 percent of the GDP. The insights
from this paper are directly applicable to a ZLB episode in a model with nominal frictions.

JEL Classifications: E52, E62, E63, D84
Keywords: debt, fiscal policy, expectation, uncertainty

Vaishali Garga is an economist in the research department of the Federal Reserve Bank of Boston. Her email is
vaishali.garga@bos.frb.org.

The author owes invaluable debt to Gauti Eggertsson and David Weil for continuous advice and extensive comments
on various versions of this paper. She thanks Joaquin Blaum, Gregory Casey, Violeta Gutkowski, Mrityunjay Kothari,
Alessandro Lin, Neil Mehrotra, Pascal Michaillat, Maria Luengo-Prado, Jenny Tang, Jacob Robbins, and seminar
participants at various universities and conferences for helpful comments and suggestions.

This paper previously circulated under the title “Fiscal Expansions in Secular Stagnation: What If It Isn’t Secular?”

The views expressed herein are those of the author and do not indicate concurrence by the Federal Reserve Bank of
Boston, the principals of the Board of Governors, or the Federal Reserve System.

This paper, which may be revised, is available on the website of the Federal Reserve Bank of Boston at
https://www.bostonfed.org/publications/research-department-working-paper.aspx.

This version: April 2020 https://doi.org/10.29412/res.wp.2020.11



mailto:vaishali.garga@bos.frb.org.

1 Introduction

Real interest rates in the United States have declined persistently over the past three decades
(see Figure 1a). A similar trend emerges when one looks at the yield on a 10-year Treasury
Inflation-Protected Security (TIPS) of constant maturity. This has led to concerns that
the economy may have entered an era of low real interest rates with no force toward their
recovery.

Low real rates complicate the use of monetary policy to fight recessions due to the zero
lower bound (ZLB) on the nominal interest rate. This is because the central bank’s main
policy instrument is the nominal interest rate, which it cuts during recessions in order to
stimulate the economy. The nominal interest rate is, on average, equal to the real rate plus
the central bank’s inflation target. When real rates are low in normal times, the average
nominal interest rate in normal times is correspondingly lower, thereby giving monetary
policy less room to reduce it in the event of a recession. Figure 1b shows the cut in the
federal funds rate (FFR) in response to the last four recessions as identified by the National
Bureau of Economic Research (gray bars in the figure). The Fed had room to cut the nominal
rate from 18 percent to 9 percent (900 basis points) in the early 1980s, from 10 percent to
3 percent (700 basis points) in the early 1990s, from 6.5 percent to 1 percent (550 basis
points) in the early 2000s, and from 5.25 percent to 0 percent (525 basis points) in 2008. As
of March 2020 (before the COVID-19-pandemic), the most the Fed could cut the FFR was
25 basis points. The decline in the nominal rate over the first part of this period was due to
declining inflation expectations. However, the most recent decline in the nominal rate was
driven by the decline in the real rate, which remained around 0 percent (as of March 2020)
even as the US economy approached full employment.

Many suggest that if low real rates represent a permanent change—a “new normal”—then
fiscal policy is needed to restore the stabilizing capacity of monetary policy. Higher debt

in most models, as long as they are not fully Ricardian, directly increases the real rate of



Figure 1: United States: Real interest rate and federal funds rate
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Source: FRED.

Notes: This figure shows the time series of the real interest rate in the United States (panel [a]) and the
federal funds rate cuts in subsequent recessions in the United States (panel [b]). The real interest rate is
calculated as the difference between the federal funds rate and expected inflation. Expected inflation is
computed as a four-quarter moving average of actual inflation.

interest, which in turn gives monetary policy more room."

The question this paper asks is a simple one: Does increasing government debt unam-
biguously increase the market-clearing real interest rate in the economy? The answer is, not
always. There are two potential problems with the strategy of raising debt, raising the real
interest rate, and thus getting out of this era of persistently low real rates. First, it may
be that the low real rates are not a permanent phenomenon but are just transitory—and
that if left alone, real rates will normalize in the future. If this is true, and we issue all
this debt now, we will accumulate a lot of debt, which will have to be financed at positive
real rates. The second problem is that if people anticipate the first problem, then debt may
not have the desired effect even today, when real interest rates are low. This is because
in the state of the world where real interest rates have normalized, accumulated debt will
impose costs on the economy by triggering forces that reduce output (distortionary taxes,
for example). The expectation of these costs may then induce further savings against this

potential state and reduce the positive effect of debt even today. If these costs are severe

LAn alternative is to increase the central bank’s inflation target, which reduces the chances of hitting
the ZLB in the future. However, it is not without costs, such as increased relative price dispersion and
inflation volatility (Coibion, Gorodnichenko and Wieland (2012)), and also risks jeopardizing the credibility
of monetary policy, which has worked hard to establish a credible nominal anchor of 2 percent.
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enough, the precautionary savings generated by higher debt may be so large that the real
interest rate falls in equilibrium. This paper formalizes the preceding argument.

Consider an environment in which real interest rates are low (called the low state) but
are driven by a two-state Markov process, so that they may rise with a certain probability
in every period (the state where they have risen is called the business-as-usual state). The
model has overlapping generations, so that fiscal policy can have nontrivial non-Ricardian
effects, and taxes are distortionary. There are two main findings. One, the effect of increas-
ing debt depends on the probability of switching in the two-state Markov process; that is, it
depends on the probability of reverting to the business-as-usual state. If the probability of
reversion is low, then the regular intuition that increasing debt will increase the real inter-
est rates is going to apply; but if the probability of reversion is high, then increasing debt
will—perversely—lower the real interest rates. Two, the effect of debt is non-monotonic
in the initial debt-to-GDP ratio. Increasing debt increases the real interest rates at low
initial debt-GDP ratios, but at high initial debt-to-GDP ratios it perversely decreases the
real interest rates. The threshold level of debt, beyond which the effect becomes perverse,
is a function of the probability of switching in the two-state Markov process (which can be
mapped into an expected duration of the low state). The key point here is that agents’ ex-
pectations about the possibility of a future business-as-usual state undo the regular intuition
that higher debt leads to higher real interest rates.

The mechanism relies on output distortions created by debt in the business-as-usual state,
where the real interest rates have normalized. Expectation of this future contingency where
disposable income is lower feeds into the current savings decision of forward-looking agents
and induces them to increase the supply of loanable funds more than the initial increase in
the demand for these funds (created by higher debt). These output distortions arise due
to distortionary effects of income taxation on the labor supply and capital accumulation
decisions of agents. They are further aggravated by the possibility of a sovereign default,

which imposes a risk premium on government bonds, and an output loss if the default is



realized.

In a calibrated 60-period quantitative life cycle model, with aggregate uncertainty re-
garding the path of future real interest rates (driven by a two-state Markov process), I find
that if the expected duration of the low state is 1.16 years (or shorter), then increasing debt
beyond its current level of 110 percent of GDP will perversely reduce the natural real interest
rate. If the expected duration is longer than 1.16 years, then there is room to use debt policy
to fight the prevailing low natural real interest rate. How much room there is depends on
the expected duration of the low state. If the expected duration is two years, for example,
then increasing debt to as much as 250 percent of GDP will increase the natural real interest
rate, but further increases in debt will have a perverse effect. If the expected duration is 10
years, then there is room to increase debt to about 500 percent of GDP.

I focus the entire analysis on a real model, with the understanding that with the addition
of nominal frictions, the perverse effect of debt in terms of the market-clearing real interest
rate will translate to a contractionary effect on output.? In particular, if the low state is the
one where the ZLB binds, then increasing debt will worsen the output gap in the economy
if either the expected duration of the low state is short or the initial debt-to-GDP ratio is
high.

Related Literature

This paper contributes to several existing literatures. First, it extends our understanding
of the effectiveness of public debt as a stabilization policy tool in a low real interest rate
environment. The recent literature on secular stagnation proposes an increase in public
debt as a policy response to the problem of persistently low real rates (Eggertsson and
Mehrotra (2014); Summers (2015); Kocherlakota (2015)). In a quantitative life cycle model,

Eggertsson, Mehrotra and Robbins (2019) show that debt would need to nearly double from

2In a model with nominal rigidities, if the market-clearing rate is sufficiently negative (lower than negative
of the inflation target), then the market real rate becomes stuck above it due to the ZLB on the nominal
interest rate. This wedge then shows up as an output gap in the economy. If the government debt lowers
the market-clearing real rate even further, it increases this wedge even more, which leads to a larger output
gap in the economy.
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118 percent to 215 percent of GDP to increase the real rate from —1.47 percent to 1 percent.
Such a large increase in debt, however, presents risks to the economy due to the possibility
that real interest rates may rise in the future. Using data from 1870 through 2013 for
advanced economies, Mehrotra (2017) finds that despite current conditions of r < g, there is
a moderate probability of reversion to conditions with r > g over a 5- or 10-year horizon. A
sharp rise in interest rates can quickly worsen debt dynamics and trigger the need for a fiscal
consolidation. The model in this paper accounts for these risks and the tradeoffs created by
them to show that greater public debt may not increase the natural real interest rate even
in a low interest rate environment.

Second, this paper complements the New Keynesian dynamic stochastic general equilib-
rium literature on the effectiveness of fiscal policy at the ZLB. Several papers show that
the government spending multiplier is greater than 1 when the ZLB binds (Christiano,
Eichenbaum and Rebelo (2011); Woodford (2011); Eggertsson (2011); Eggertsson and Garga
(2019)). Denes, Eggertsson and Gilbukh (2013) qualify this effect and show that even when
interest rates are 0 percent, running budget deficits may not necessarily be expansionary.
The final effect depends on the interaction of current fiscal policy with expectations about
long-run taxes and spending. In a similar spirit, Erceg and Lindé (2014) show that the size
of the fiscal multiplier depends negatively on the size of the fiscal stimulus, as the duration
of the binding ZLB is endogenous to the stimulus size. However, all of this analysis is from
a class of models in which the steady state real interest rate is pinned down by the discount
factor of the savers and cannot be negative.

Finally, this paper complements the papers in two other related literatures: (1) studies
on expansionary fiscal austerity, including Alesina and Ardagna (1998), Guajardo, Leigh
and Pescatori (2014), Fatas and Summers (2018); and (2) studies on initial-debt-dependent
effects of fiscal policy, including Reinhart and Rogoff (2010), Perotti (1999), Nickel and
Tudyka (2013). The complementarity arises for two reasons. First, while these literatures

are more about the endogeneity of interest rates/spreads when debt is high (critics of these



papers often cite low interest rates as a reason to not worry about these perverse effects),
my paper demonstrates the possibility of a low interest rate environment also being subject
to the these perverse effects. Second, the papers in these literatures are mostly empiri-
cal, while my paper formalizes the argument through a model to derive quantitative policy
implications, including a threshold debt-to-GDP ratio beyond which a debt-financed fiscal
expansion becomes contractionary.

The rest of the paper is organized as follows. Section 2 begins with a two-generation over-
lapping generations model with an exogenous output cost of debt for an analytical derivation
of the main results regarding the perverse effects of a debt-financed fiscal expansion. Section
3 extends this model by including endogenous labor supply and capital accumulation deci-
sions. Section 4 derives the quantitative policy implications through the lens of a calibrated

life cycle model with aggregate uncertainty. Section 5 concludes.

2 Illustrative Model: Exogenous Output Cost of Debt

In this section, we build a theoretical model to illustrate the perverse effect of a debt-financed
fiscal expansion, that is, to illustrate the conditions under which an increase in government
debt can reduce the market-clearing real interest rate in a frictionless environment.

Before delving into the details of the model, it is useful to clarify the terminology that

will be used in the rest of the paper.

Definition 2.1. Benchmark Real Interest Rate: The market-clearing real interest rate in
the frictionless (flexible price/wage) economy in the absence of any fiscal policy intervention,

that is, when fiscal policy is at its baseline steady state.

Definition 2.2. Natural Real Interest Rate: The market-clearing real interest rate in the
frictionless economy accounting for fiscal policy intervention, that is, when fiscal policy

deviates from its baseline steady state.’

3In the absence of a fiscal policy change, the natural real interest rate coincides with the benchmark real
interest rate.



We begin with a two-generation overlapping generations (OLG) model. There are three
main stakeholders: households, firms, and the government. There are two key differences
relative to the common exposition of OLG models: (1) a stochastic process driving the
benchmark real interest rate in the economy and (2) a careful specification of fiscal policy.
The stochastic process is such that in the absence of any policy intervention, the benchmark
real interest rate is negative in the current period but reverts to positive territory with a
positive probability in every ensuing period. Once it becomes positive, it stays at that level
forever (assumption 1). On the fiscal policy front, the government chooses an exogenous level
of spending and stock of one-period risk-free debt, while taxes are determined endogenously
to balance the government’s budget constraint in every period (assumption 2).
Households
The household lives for two periods/generations, middle age and old age, and maximizes
utility from the consumption of one aggregate good according to the following utility function:

my1— o \1-
U(c)", C?+1) = C?}?ﬁfl E, {% + BDt%}

st.  o'=wli"+0.Z, =T — a",

C?+1 = wt+1L§+1 +(1=0.)Z11 — TtO+1 + (1 +r¢)a".

Here, ¢}* is the consumption when middle-aged; ¢f is the consumption when old; 8 € (0,1)
is the discount factor of the household; v > 0 is the coefficient of relative risk aversion; L}"
and LY are the labor endowments of the middle-aged and old, respectively; Z, is the profit
from firm ownership; 77" and 7} are the lump-sum taxes imposed by the government on
the middle-aged and old, respectively; and a}* consitutes the savings of the middle-aged. I
assume an exogenous division of the labor endowment between the two generations governed
by the parameter #; that is, L}® = 0L and Ly = (1 — 0)L, and the intergenerational profit
distribution is governed by 6.. D, is an inter-temporal wedge shock. This shock plays a

crucial role in the analysis, as will be explained shortly.*

4The inter-temporal wedge D, can be microfounded using forces analyzed in Eggertsson, Mehrotra and
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The inter-temporal consumption decision of the middle-aged households is given by their

Euler equation:
(™)™ = BDy(1+1)Eqs (cf4) .

They like to smooth their consumption across the two periods of their life. This smoothing
motive is governed by their effective discount factor, SD;; the real interest rate, r;; and
their coefficient of relative risk aversion, . This is an important equation in the model, as
expectations will matter for the economy via their effect on the consumption of the middle-
aged (savers).
The consumption of the old is given by their budget constraint.”

Firms

Firms use labor to produce the final output in the economy according to the following

production function:
Y, =L,

When o = 0, there are constant returns to scale in production. In this case, profits are zero,
and the ownership structure of the firm is irrelevant for the results. However, if a € (0, 1),
then there are decreasing returns to scale, and here I assume that the division of firm
ownership between the middle-aged and the old is governed by the parameter 6.,.

Firms choose labor to maximize profits, taking wages and prices as given:
maxy, Zt = ]Dt}/t - WtLt.

This yields the inverse demand function for labor in the economy.
Government
The government issues one-period risk-free bonds (By) and collects lump-sum taxes (7;)

in every period to finance its existing stock of debt (B} ;) plus purchases (G;). While

Robbins (2019) such as a deleveraging shock, slowdown in productivity growth, relative price of investment,
inequality, etc. The main feature of the shock that is significant for the current analysis is that there is
uncertainty about its future path.

51 assume that households are born and die without assets.
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purchases and debt are exogenous, the taxes are determined endogenously to maintain a

balanced budget in every period:°

Bl +T/"+ Ty = (14 r_1)B]_ | + G,

2.1 Equilibrium under Flexible Prices

Now we can use this setup to analyze the effect of a debt-financed fiscal expansion on the
economy. The economy is in equilibrium when the goods market clears, which is also equiva-
lent to the asset market clearing. This requires aggregate demand to equal aggregate supply.
Aggregate demand is the sum of the consumption of the two generations plus government
purchases. Aggregate supply depends on labor supply. Since households do not obtain any
disutility from working, they are willing to supply all their labor endowment at any positive
wage. Thus, under flexible prices, the economy is always at full employment. Any disequi-
librium created by exogenous shocks is equilibriated through adjustments in the real interest
rate.

The flexible-price competitive equilibrium in the economy is defined as a sequence of
endogenous variables {Y;, )", ¢}, Ly, wy, T, TP, Zy, 1, a3}, so that given prices and wages,
households maximize utility, firms maximize profits, the government balances its budget,
and the aggregate goods/asset market clears for a given exogenous path of { B}, Gy, D;} and

labor endowment {L}. The full equilibrium system is presented in Appendix A.1.

2.2 Characterization of Equilibrium

There are two possible states of the economy: low (L) state and business-as-usual (B) state,
driven by the inter-temporal wedge shock D;. This wedge takes on two values: D and Dp.

Dpg is normalized to 1, while Dy > Dpg. A higher D, implies that households derive a higher

6 Assuming proportional income taxes yields similar results; due to the exogeneity of labor supply, pro-
portional income taxes are non-distortionary. The benefit of assuming lump-sum taxes is that it simplifies
the algebra for analytical tractability.



utility from the same amount of future consumption. This induces them to save more from
any given income, thereby reducing the benchmark real interest rate. This is the low state,
which corresponds to Dy. On the other hand, a low D; reduces savings and increases the
benchmark real interest rate. This is the business-as-usual state, corresponding to Dpg.

To solve the model, I make use of a simple assumption that is based on Woodford and

Eggertsson (2003) and is now common in the New Keynesian literature.

Assumption 1. Inter-temporal Wedge Process: The economy is in a constant low-state
solution, with Dy = Dy. In every period, there is a probability (1 — u) that D, will revert to
its business-as-usual state value Dg. Once the economy is in the business-as-usual state, it
stays there forever. The stochastic period in which the shock reverts to its business-as-usual

state value is denoted by I'.

Additionally, for fiscal policy, I assume that government purchases are constant, the gov-
ernment targets a constant stock of end-of-period /interest-inclusive debt,” and the resulting

tax burden is shared by the two generations as governed by the parameter 6.

Assumption 2. Fiscal Policy:

Gt — G, \V/t,
Wt = (1 + Tt)B'tg = W*, \V/t,
" =6, [(14r-1)Bl, - B/ +G],

T, =(1-0,) [(1 +7r1)B} | — B} + G} .

Under assumption 1, the benchmark real interest rate in the current low state is negative
(with a high Dp) but reverts to being positive with a positive probability (1 — ) in every
ensuing period. This means that government debt can be issued at a negative interest

rate today but would need to be financed at a higher positive interest rate if the economy

"This is an assumption made for the sake of analytical tractability—it helps to eliminate the endogenous
state variable (r;_1) from the system. We will work with a beginning-of-period debt target in the later
sections of the paper.
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reverts to the business-as-usual state. The proceeds from debt issuance are rebated to the
households as tax cuts today, but there is a probability of higher taxes in the future if the
benchmark real interest rate recovers. While I assume away any distortionary effects of
taxation by assuming lump-sum taxes, this is not the case in the real world, where debt
service payments are financed through distortionary income taxes. For now, I assume a

reduced form for this distortion.

Assumption 3. Ezrogenous Output Cost of Debt: Government debt is costly in terms of

output in the business-as-usual state.® This cost is of the form:

Y, =L~ — v,W,,

where v, determines the cost of output per unit debt.

This cost arises endogenously in models with endogenous labor supply and capital accu-
mulation decisions via distortionary taxation and crowding out, and in models with sovereign
default risk. These elements will be added to the illustrative model in Section 3.

Under assumptions 1, 2, and 3, the optimality conditions of the model can be simplified
and reduced to one equation, which is the Euler equation, in one endogenous variable {r;},
given exogenous {W;, D;, G} and parameter set {©,v,, G}, where © = {ﬁ,y,a,E,GZ,QT}
(details in A.1).

2.3 Policy Experiment: Debt-financed Fiscal Expansion

To understand the effect of a debt-financed fiscal expansion in an economy where the bench-
mark real interest rate is negative but may become positive in the future, I contemplate

the following experiment: Suppose the economy begins in the low state with a stock of

8In the model where taxes are distortionary, higher debt will have output effects in the low state as
well. In particular, the proceeds from higher debt will lead to lower tax rates, which will increase output by
crowding in labor supply/capital. Accounting for this positive effect does not change the qualitative results,
but it complicates the analytical expressions. So, I do not account for it in the illustrative model, but it will
be accounted for in the baseline and quantitative models in the following sections.
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government debt equal to W7, . government purchases equal to G, and taxes determined
endogenously according to assumption 2. Now suppose that the government unexpectedly

announces an increase in its stock of debt to W*

new-*

At negative rates, this debt issuance
corresponds to a one-time tax cut for the households (as I assume that government purchases
do not change). The government also announces that it will permanently maintain debt at
this new high level.

To analyze the effect on the natural real interest rate, it is helpful to first abstract from the
transition dynamics and focus on the constant solution to establish analytical results. The
constant solution involves comparing the low-state natural real interest rate in the steady

state of the economy with a low (W, )

versus high (W? ) stock of debt. In other words,

it is equivalent to doing comparative statics with respect to the stock of debt inherited from

the past. The following two propositions characterize this constant solution.

Proposition 1. Suppose assumptions 1, 2, and 3 hold.
If D = Dg, then the economy is in the business-as-usual state with a constant solution for

the natural real interest rate given by:

rp = f(W*vygvDB;@)‘

If D = Dy, then the economy is in the low state with a constant solution for the natural real
interest rate given by:

=g (W*, DL, oy Vg, D37 @) .
Proof. The proof, along with closed-form expressions, is provided in Appendix A.2. n

Taking the partial derivative of the constant low-state natural real interest rate (ry) with
respect to the stock of government debt (W*) yields the next proposition, which characterizes

the effect of expansionary fiscal policy on the natural real interest rate.

12



Proposition 2. Under assumptions 1, 2, and 3, the effect of increasing government debt on

the low-state constant natural real interest rate is given by:

d?"L B (97‘L direct 07“L indirect
W* - (aBg) +<1_/‘L>>< aBg 9

a direct
where, ( ) (D1, W', vy, Dy ©) > 0,

oB9
i 87’L indirect _ (b W* b d?“B o <0
ana, @ =1 L y Vg, VB, W? =~ Y.
Proof. The proof, along with closed-form expressions, is provided in A.3. n

In the low state, the effect of increasing debt on the natural real interest rate is driven
by two opposing forces: a direct effect, which is positive, and an indirect effect, which is
negative. The direct effect captures the effect if the economy were to stay in the low state in
the next period, while the indirect effect captures the effect from the possible exit from the
low state and entrance into the business-as-usual state. Conditional on W*, the strength of
the indirect effect depends on the probability of the economy reverting to the business-as-
usual state in the next period, that is, (1 — p). Given the two opposing forces driving the
overall effect, a threshold probability emerges; if the probability of reversion is higher than
this threshold, then the indirect effect via expectations dominates, and increasing debt has
a net negative (perverse) effect on the natural real interest rate. On the other hand, if the
probability of reversion is lower than this threshold, then increasing debt raises the natural

real interest rate. The following proposition characterizes this threshold.

Proposition 3. Suppose assumptions 1, 2, and 3 hold and, D = Dy. Then:

orp . *
) <0,if p<p
" =u* (ry,Dp,v,0) >0, such that <8B )

(Z£) > 0,if > .
Proof. The proof, along with closed-form expressions, is provided in Appendix A .4. O

13



A direct corollary of this proposition is that when other parameters are held fixed, the

threshold p* is an increasing function of v.

Corollary 1. Under assumptions 1, 2, and 3, when D = Dy :

*

dp
dv,

> 0.

Proof. The proof is provided in A.5. O]

The logic of all the propositions will be discussed in the numerical examples in the next
subsection, where I will also show an analog of proposition 3 for W*. In particular, I will
show that, conditional on p, there exists a threshold (W*)* such that increasing debt to this
threshold has a positive effect on the natural real interest rate, but further increases in debt

beyond this threshold have a perverse effect.

2.4 Numerical Results

At this stage, it is useful to attach illustrative parameters to the model in order to visualize
the closed-form results derived so far and understand the logic behind them. The details of
the parameterization are provided in Table 4 in Appendix A.G.

Result 1: The effect of fiscal expansion depends on .

Figure 2 shows the numerical analog of proposition 3. The effect of an increase in debt
on the low-state natural real interest rate (constant solution) depends positively and mono-
tonically on the probability of being in the low state tomorrow (u). At one extreme, if © = 1,
that is, the economy stays in the low state forever, increasing debt unambiguously increases
the natural real interest rate. p = 1 is the implicit assumption in the “secular” stagnation
literature, thereby rationalizing its policy recommendation of fiscal stabilization via higher
public debt to revive the natural real interest rate. At the other extreme, if y = 0, that is,

the economy reverts to the business-as-usual state with certainty in the next period, then
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increasing debt unambiguously has a perverse effect on the natural real interest rate. In

between these extremes lies ©* ~ 0.5, where the sign of the effect switches.

Figure 2: Effect of increasing debt on the low-state natural real in-
terest rate
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Source: Author’s calculations.

Note: This figure plots the change in the annualized real interest rate (in percent)
against different probabilities of staying in the low state in the next period, rang-
ing from 0 to 1. The entire computation holds the initial annual debt-to-GDP
ratio fixed at 3 percent.

The intuition behind this result can be understood by analyzing the impact of the con-
sidered policy experiment on the market for loanable funds. An increase in government debt
constitutes an increase in the demand for loanable funds (a rightward shift in the demand
curve). The final effect on the equilibrium real interest rate depends on whether the supply
for loanable funds increases by more or less than this initial increase in the demand for
loanable funds (whether the supply curve shifts out by more or less than the demand curve
does). The middle-aged households are the suppliers of loanable funds in this model. Their
savings decision, in turn, is based on their Euler equation: (7)™ = 8Dy (1+rp)E; (c¢f 1) ',
where E; (1) = [p(c2)™" + (1 — p) (¢%) "], in accordance with assumption 1. In the
business-as-usual state, higher debt implies lower disposable income, and hence, lower con-
sumption by the old. The weight on the business-as-usual state consumption-when-old in
the expected consumption of the middle-aged is given by (1 — u), which is the probability
of exit from the low state. When p is smaller, this probability of exit is larger, which means

that the expected consumption is lower (or the expected marginal utility of consumption
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is higher). This makes the middle-aged households consume less and save more today. On
the other hand, when p is higher, the probability of exit is smaller, which means that the
expected consumption is higher. As a result, the middle-aged households consume more and
save less today. To visualize the magnitude of this “shift” in asset supply for the entire
range of u, we can compute the (partial equilibrium) change in the supply of loanable funds.
In particular, we can compute the new asset supply choice of the middle-aged households,
holding fixed the real interest rate at its initial equilibrium value but accounting for the
increase in government debt to its new level. Figure 3 plots these changes. We can see that
when p is lower, that is, when the households believe that the probability of the economy
transitioning to the business-as-usual state in the next period is sufficiently high, the change
in asset supply is greater than the change in asset demand, which ultimately results in a
lower natural real interest rate in the new equilibrium. On the other hand, when p is higher,
the change in asset supply is smaller than the change in asset demand, which ultimately

results in a higher natural real interest rate in the new equilibrium.

Figure 3: Effect of increasing debt on the loanable funds market
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Source: Author’s calculations.

Notes: This figure plots the change in asset demand and the partial equilibrium
change in asset supply against different probabilities of staying in the low state in
the next period, ranging from 0 to 1. In computing the partial equilibrium asset
supply, the real interest rate is artificially held fixed at its level before debt was
increased. The entire computation holds the initial annual debt-to-GDP ratio
fixed at 3 percent.

Result 2: The effect of fiscal expansion depends on the initial debt-to-GDP ratio.
Figure 4 illustrates the analog of Proposition 3 with respect to W*. It shows the non-
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monotonicity in the response of the low-state natural real interest rate with respect to the
initial debt-to-GDP ratio. If the economy begins at a low initial debt-to-GDP ratio, increas-
ing debt increases the natural real interest rate; however, for an economy with an already
high debt-to-GDP ratio, increasing debt has a perverse effect on the natural real interest
rate. In other words, for any given probability of staying in the low state tomorrow (u),
increasing debt first has a positive effect on the low-state natural real interest rate up to a
threshold. Any further increases in government debt beyond this threshold would have a

perverse effect on the low-state natural real interest rate.

Figure 4: Non-monotonicity of change in natural real interest rate
with respect to the initial debt-to-GDP ratio

o)

o
o
1

°

o

e

et
o

e
w

1 1 1 1 1 ]
5 10 15 20 25 30
Initial Annual Debt-to-GDP Ratio (%)

Change in the Annualized Real Interest Rate (%
iy . . :
=

o

Source: Author’s calculations.

Notes: This figure plots the change in the annualized real interest rate (in percent)
against different initial debt-to-GDP (annual) ratios. The computation holds the
probability w, in the stochastic process for the inter-temporal wedge shock, fixed
at 0.7.

Again, the intuition behind this result can be understood by analyzing the impact of
the considered policy experiment on the market for loanable funds. The change in asset
demand is the same across all initial debt-to-GDP ratios by construction. What remains to
be studied is the partial equilibrium change in asset supply for these different initial debt-to-
GDP ratios. Figure 5 plots these changes in the asset market. For low initial debt-to-GDP
ratios, the partial equilibrium change in asset supply is dominated by the change in asset

demand, which results in a net positive effect of the policy on the natural real interest rate.

Then the debt-to-GDP ratio reaches a threshold beyond which further increases in this ratio
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imply larger changes in asset supply relative to asset demand, which results in a perverse

effect of the policy on the natural real interest rate.

Figure 5: Non-monotonicity of the partial equilibrium change in asset
supply with respect to the initial debt-to-GDP ratio
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Notes: This figure plots the change in asset demand and the partial equilibrium
change in asset supply against different initial debt-to-GDP (annual) ratios. In
computing the partial equilibrium asset supply, the real interest rate is artificially
held fixed at its level before debt was increased. All of this computation holds
the probability u, in the stochastic process for the inter-temporal wedge shock,
fixed at 0.7.
Sensitivity Analysis with Respect to v,

An important parameter in the current analysis is v, which pins down how costly gov-
ernment debt is in the business-as-usual state. The larger this parameter, the “worse” the
business-as-usual state is in terms of expected consumption of the current middle-aged. Im-
portantly, this expectation is worse for any given probability of exit from the low state.
Thus, for any given u, as v, increases, the middle-aged want to save more and consume less
from any given current income (based on their Euler equation). This leads to a reduction in

the real interest rate for any given p.” In other words, as v, increases, increasing debt has a

perverse effect for a larger range of p values, as shown in Table 1:

Table 1: Sensitivity Analysis with Respect to v,

v, 1 15 2 25 3
gt 0 0.65 08 085 0.9

9A graphical representation of this fact is shown in Figure 11 in Appendix A.5.
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3 Extension: Endogenous Labor and Capital

So far we have seen that a debt-financed fiscal expansion can—perversely—lower the natu-
ral real interest rate if it triggers expectations of sufficiently low disposable income in the
future. These negative expectations are built into the model via an assumption that debt
is associated with an exogenous cost in terms of output in the business-as-usual state. In
this section, we relax this assumption and introduce endogenous labor supply and capital
accumulation decisions, along with income taxation, into the model. In this setting, the
output cost of debt arises endogenously, and we obtain similar results.

The following equations highlight the main differences relative to the illustrative model
that are relevant for the main results. The full model, complete with the optimality condi-
tions, is presented in B.

Households maximize utility according to the following function:

1—7 C1—n X 1+% B 1+2

e O m
cy 7Ct+l’ht Jh p

cm) 1=y @ = hm 1+% ho 1+%
Up(cf", ctyns B hi) = max mEt {( ) + D (€41) - (7 XﬁDt—( v
t+1:0¢

st. " =wh"(1—7)—a" - K +7rF1 - 1)K},

1 = werrhiy (1= 1) + (14 re)ag” + (1 = 0) K7

Here, h{* and h{, , are the labor supplies of the middle-aged and old, respectively; 7 is the
Frisch elasticity of labor; 7; is the income tax rate; aj” is the supply of loanable funds toward
government bonds; K7 is the supply of loanable funds toward productive capital; r¥ is the
rental rate on capital; and ¢ is the capital depreciation rate. The middle-aged rent out the
capital in the same period when it is produced; this is a reasonable assumption because every
period/generation in the model represents 30 real-life years. They consume the undepreciated
portion of this capital in the next period, when they old. As in the illustrative model, a
shock to the inter-temporal wedge D, will generate a negative benchmark real interest rate
in the low state.

Firms now use both labor and capital in their production function: Y; = (Kf)a L.
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The government obtains its revenue from income (rather than lump-sum) taxation on
both wage and rental income: By + myw;L; + 77 K§ = (1 +7,_1) B/ | + G;. In equilibrium,
this implies BY + 7,Y; = (1 +7r;_1)B!_, + G; as K = K@ in equilibrium.

We omit assumption 3 so that there is no longer an exogenous output cost of government
debt in the business-as-usual state. Assumption 2 is modified so that the government targets
a beginning-of-period (rather than end-of-period) stock of debt while still maintaining a con-
stant level of purchases in every period. The tax rate is determined endogenously (there is no

longer an arbitrary division of the total lump-sum tax burden between the two generations).
Assumption 4. Fiscal Policy: Gy = G, BJ = B9, Vt.

In the experiment considered, the government unexpectedly announces a permanent in-
crease in its stock of debt from BY},, to BY, . Under assumptions 1 and 4 now, the results
obtained are similar to those in the illustrative model.'?

Figure 6(a) is the analog of Figure 2. The effect of debt on the low-state natural real
interest rate depends on the probability of staying in the low state in the next period, p. In
particular, there is a threshold u*, such that for p < p*, increasing debt perversely reduces
the natural real interest rate, while for p > p*, increasing debt has the desired effect of
increasing the natural real interest rate. The intuition (shown in panel [b]) is also similar
to the illustrative model. For p < p*, the increase in supply of loanable funds toward
government bonds, triggered by the expectation of being in the “bad” business-as-usual
state in the next period, is so large that it dominates the initial increase in demand for these
loanable funds, and the real interest rate falls in equilibrium.

Similarly, Figure 7(a) is the analog of Figure 4. A debt-financed fiscal expansion has the
desired positive effect on the natural real interest rate at low initial debt-to-GDP ratios but
has a perverse effect when the initial debt-to-GDP ratio is high.

The logic of these results is also analogous to the illustrative model but no longer relies

on an exogenously assumed output cost of debt in the business-as-usual state. Instead, this

10Refer to Table 4 in Appendix A.6 for details of the parameterization.
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Figure 6: Effect of increasing debt on the low-state natural real interest rate
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Source: Author’s calculations.

Notes: This figure plots the change in the annualized real interest rate (panel [a], in percent) and
the change in the market for loanable funds (panel [b]) against different probabilities of staying
in the low state in the next period, ranging from 0 to 1. The ratio is computed based on the
annualized equilibrium output in the initial constant solution of the business-as-usual state. The
computation holds the initial annual debt-to-GDP ratio fixed at 13.95 percent.

Figure 7: Non-monotonicity of change in natural real interest rate with respect to
the initial debt-to-GDP ratio
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Notes: This figure plots the change in the annualized real interest rate (panel [a], in percent)
and the change in the market for loanable funds (panel [b]), against different initial debt-to-GDP
(annual) ratios. The ratio is computed based on the annualized equilibrium output in the initial
constant solution of the business-as-usual state. The computation holds the probability u, in the
stochastic process for the inter-temporal wedge shock, fixed at 0.7.

cost arises endogenously because in the business-as-usual state, higher debt must be financed
at a higher real interest rate (compared with the benchmark real interest rate before the

policy change), which necessitates a higher income tax rate. This higher taxation reduces
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disposable income both by negatively distorting labor supply and through the crowding
out of productive capital. A lower disposable income results in lower consumption. The
consumption-smoothing middle-aged respond to this drop in expected consumption by saving
more today, which then applies downward pressure on the real interest rate.

A crucial parameter in this analysis is the Frisch elasticity of labor supply, n. This
elasticity determines the responsiveness of labor supply to changes in the tax rate and,
hence, the distortionary effect of debt on output in the business-as-usual state. With a
higher 7, the same increase in the income tax rate corresponds to a larger drop in labor
supply and, hence, disposable income.

This effect can be be seen in Table 2, which shows that as n increases, the implied
output cost of debt in the business-as-usual state, computed as v, = —53%, also increases.

Thus, with higher 7, the perverse expectations channel will be stronger for any given pu.

Alternatively, the threshold p* increases weakly in 7.t

Table 2: Sensitivity Analysis with Respect to n

n 1.4 1.8 2.2 2.6 3 3.4

implicit v, 27.936 29.61 30.858 31.825 32.595 33.224
w* 0.75  0.85 0.9 0.9 0.9 0.95

4 Quantitative Life Cycle Model with Aggregate Un-
certainty

We now turn to a medium-scale version of the baseline model for a quantitative analysis of
the effect of a debt-financed fiscal expansion in a low interest rate environment. The model
is based on Heer and Maussner (2009) and Auerbach and Kotlikoff (1987).

The economy consists of a large number of households with identical utility functions.

1A graphical representation is shown in Figure 12 in Appendix B.
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These households live for T+ R periods. Each generation is of measure ﬁ. In the first
T periods of life, households consume and work while endogenously deciding the amount of
labor to supply based on market prices. In the last R periods, they are retired and receive no
labor income but receive pension payments from the government. They die with certainty

at age T'+ R + 1. They maximize expected lifetime utility when they are of age 1 at time ¢

according to the following function:
EtEsTIlR5871Dt+s—lu (Cf+s—1a ”§+s—1) .

Instantaneous utility is a function of both consumption and leisure:

- 1+L
u(e,n) = = — X%

The working agent of age s faces the following budget constraint in period ¢:
ajfl = (1 +r)a; +wni(l—75) — ¢, s=1,...,40.
The budget constraint of the retired worker is given by:
ayfi=1+r)a+b—c, s=41,...,60.

Here, ¢} is the consumption of age s household in period ¢, nj is the labor supply of age s
household in period ¢, @] is the supply of loanable funds by the age s household in period ¢,
which becomes a part of the disposable income for period ¢ + 1 when the household is age
s + 1. The households are assumed to be born without assets, and they do not leave assets

behind when they die. This means a} = o] ™' = 0. Additionally, in retirement, labor

supply is zero, so that n] 7' =nl T2 = .. . =n] f

= (0. The pension b is constant. As in the
baseline model, the future streams of utility from consumption and disutility from labor are
discounted using the discount factor § and inter-temporal wedge shock D;.

Production is characterized by constant returns to scale and assumed to be Cobb-Douglas:

Y, = N} *K?.
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In a factor market equilibrium, factors are rewarded with their marginal product.
The government issues one-period debt in every period and collects wage income taxes

to finance its purchases, pension spending, and payments on servicing the last period’s debt:
Tttht + Bg+1 = (1 + Tt)Bf + Gt + ﬁRRb

The policy experiment is the same as previously. The economy begins in the low state
with a negative real interest rate. The government unexpectedly announces a permanent
increase in its stock of debt. The proceeds from this debt, issued at the current negative real
interest rate, are rebated to the households via tax cuts (in accordance with assumption 4) .
However, there is a risk of real interest rate normalization in the future (in accordance with
assumption 1). In case the economy exits the low state and enters the business-as-usual state
in the next period, this higher debt stock has to be serviced at the positive real interest rate
that prevails in that state. The goal is to quantitatively analyze the effect of a debt-financed
fiscal expansion in a low real interest rate environment.

In the presence of a stochastic process driving the benchmark real interest rate in the
economy, solving for the transition dynamics in a fully nonlinear model presents a challenge.
To address the aggregate uncertainty, I first reduce the system to a linearized rational expec-
tations system. This requires solving for the non-stochastic steady state equilibrium of the
nonlinear model and then linearizing the system around this equilibrium. Once the system
is cast in this form, the assumptions on the shock structure allow us to solve the model
transition dynamics recursively in the two states (see Eggertsson et al. (2020) for details).
We start by solving for the dynamics in the business-as-usual state and work backward to the
period when the system is in the low state. It is important to keep in mind that outcomes
in later states influence behavior in earlier ones through expectations, while outcomes in the
earlier states influence outcomes in the later state through endogenous state variables. The

computation details, along with the numerical solution algorithm, are outlined in Appendix

C. The algorithm is based on Klein (2000).
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4.1 Calibration

We calibrate the quantitative model to the current moments in the US data and use this
calibrated model to derive the effect of increasing public debt on the natural real interest
rate in the low state. The calibration strategy includes the use of a set of parameters directly
from the literature and another set to match moments in the data. Panel A of Table 3 shows
the parameters from the literature, while Panel B shows the parameters based on the data.
Fiscal variables are set to match their contemporary values. Government purchases are set
at 18.2 percent of GDP, the baseline initial debt-to-GDP ratio is set at 110 percent, and
the pension spending is set at 6.8 percent of GDP. The income tax rate is then determined
endogenously based on the government’s period budget constraint.

As with the illustrative model, an important parameter in the following analysis is the
Frisch elasticity of labor supply, 1. Reichling and Whalen (2012), in their literature survey
paper, suggest a range of 2 to 4 for the macro Frisch elasticity.'? Prominent examples
include that of Hall (2009), whose calibration exercise estimates the macro Frisch elasticity
of labor supply in a sticky-wage model at 1.9, and that of Rogerson and Wallenius (2009),
whose calibration exercise in an overlapping generations model with labor taxation produces
estimates ranging from 2.3 to 3. Smets and Wouters (2007) employ parameter estimation in
a DSGE model to obtain a point estimate of 1.9. In the baseline calibration, I conservatively
set this elasticity to 2, which is at the lower end of the estimated range. A sensitivity analysis
with respect to 7 is provided in Table 6 in Appendix C.

Under the chosen calibration, the steady state real interest rate is 1.03 percent and the tax
rate is 37.34 percent. The steady state consumption, asset, and labor supply distributions

are reported in Figure 13 in Appendix C.1.

12The micro-elasticity is based on the intensive margin of hours worked, while the macro-elasticity also
incorporates the extensive margin. The estimates for the micro-elasticity are much smaller and range from
0.2 to 0.54 (see MaCurdy (1981), Altonji (1986), and Chetty et al. (2011) for a micro-literature survey).
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Table 3: Calibration Parameters

Panel A: Literature Symbol Value
Discount Factor 15} 0.99
Coefficient of Relative Risk Aversion y 1
Frisch Elasticity of Labor n 2
Disutility from Working Parameter Xs 1
Capital Share @ 0.3
Depreciation Rate ) 10% p.a.
Number of Work Years T 40
Number of Retirement Years R 20
Panel B: Data Symbol Value
Government Debt (% of GDP) BY 110%
Government Purchases (% of GDP) G 18.2%
Pension Spending (% of GDP) b 6.8%

4.2 Results

Result 1: The effect depends on the probability of benchmark real rate reversion.

Figure 8 shows how the effect of a debt-financed fiscal expansion on the natural real interest
rate depends on the probability of staying in the low state in the next period, pu. This
computation holds the initial debt-to-GDP ratio fixed at 110 percent. As with the baseline
model, when this probability is 1, higher debt unambiguously increases the natural real rate.
At the other extreme, when this probability is 0, higher debt unambiguously has the perverse
effect of reducing the natural real interest rate. The threshold p* is 0.14, which translates
to an expected duration of 1.16 years.'?

This means that if the economy is currently in the low state with a negative benchmark
real interest rate and debt at 110 percent of GDP, which is close to the current level of debt
in the United States, then a debt-financed fiscal expansion will be successful in raising the
natural real interest rate only if agents expect the low state to last more than 1.16 years.

If they expect otherwise, then the policy of increasing government debt will not have the

desired effect of raising the real interest rate. In fact, it will worsen the problem by lowering

13Under assumption 1, the expected duration of the low state is 1%“ See Appendix C.4 for a derivation.
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the real rate further.'*

Figure 8: Effect of increasing debt on the low-state natural real in-
terest rate
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Notes: This figure plots the change in the real interest rate (in percent) against
different probabilities of staying in the low state in the next period, ranging from
0 to 1. The computation holds the initial debt-to-GDP ratio fixed at 110 percent.
Since this is a linearized model, the y-axis denotes the change in the linearized
natural real interest rate in response to a change in the linearized government
debt.

It is likely that since the aftermath of the Great Recession, when the economy experi-
enced low (possibly negative) market-clearing real interest rates for a period of five to seven
years, households in the United States expect the low state to last longer than 1.16 years.
This suggests that there may still be room to use government debt to revive the natural real
interest rate. However, due to the non-monotonicity of the effect illustrated in the baseline

model, this stimulus is likely to work only up to a limit. We explore this limit next.

Result 2: The effect is non-monotonic with respect to the initial debt-to-GDP ratio.
Conditional on pu, the effect of higher public debt on the natural real interest rate depends
on the initial debt-to-GDP ratio. Suppose we choose p to be 0.5. Figure 9 shows the effect

of increasing debt on the natural real interest rate for different initial debt-to-GDP ratios'®

4For any given initial debt-to-GDP ratio, the threshold p* depends positively on the Frisch elasticity
of labor supply. The logic follows exactly as discussed for the baseline model. A sensitivity analysis with
respect to this elasticity is presented in Table 6 and Figure 14 in Appendix C.

15Since I am working with a linearized model, this corresponds to changing the steady state around which
the system is approximated.
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for the case where households expect the low state to last two years.'

We see that under the chosen pu, the effect of debt is positive and increasing up to the
limit of 150 percent of GDP, beyond which it begins to decline while still remaining positive.
As debt continues to increase, it reaches another limit of 250 percent of GDP, beyond which
any further increases have a perverse effect on the economy. Once debt crosses this threshold,

increasing debt lowers the natural real rate rather than raising it.

Figure 9: Non-monotonicity in the effect of debt
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Notes: This figure plots the change in the annualized real interest rate (in per-
cent) against different initial debt-to-GDP ratios. The computation holds the
probability of staying in the low state in the next period, pu, fixed at 0.5. Since
this is a linearized model, the y-axis denotes the change in the linearized natural
real interest rate in response to a change in the linearized government debt.

Finally, Figure 10 plots the threshold p* corresponding to different initial debt-to-GDP
ratios. We see that for an economy with initial debt ranging from 0 percent to 90 percent of
GDP, a debt-financed fiscal expansion always increases the real interest rate, regardless of
the probability of benchmark real interest rate normalization (as long as it is not less than
0). After the initial debt-to-GDP ratio crosses this threshold of 90 percent, expectations
about real interest rate normalization begin to have some bite in the model. Interestingly,

90 percent of GDP is also the critical value in Reinhart and Rogoff (2010) for debt to have

a systemic negative effect on economic growth empirically.'”

16The realized duration of the low state may be shorter or longer than two years. The expected duration
simply indicates that in every period that the economy is in the low state, the model agents expect to be in
that state for another two years.

17This paper analyzes public debt in a real model where debt has no impact on growth, but it is interesting
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Figure 10: Variation in the threshold probability of reversion with
respect to the initial debt-to-GDP ratio
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Notes: This figure plots the threshold probability of staying in the low state, u*,
for different initial debt-to-GDP ratios. As p* increases, the perverse effect of
debt is present for a larger range of u values.

The intuition behind this result is most easily understood by flipping the graph 90 degrees,
so that p is on the x-axis and the initial debt-to-GDP ratio (which becomes the threshold
debt-to-GDP ratio for the corresponding p on the x-axis) is on the y-axis. The flipped
graph reveals that as the probability of staying in the low state increases, the threshold
debt-to-GDP ratio, up to which higher debt increases the real interest rate, correspondingly
increases. This is because as u increases, (1 — p) decreases, which means that the weight
attached to the negative expectations coming from the “bad” business-as-usual state is lower.
Therefore, the threshold debt-to-GDP ratio for the overall effect of debt to be perverse must

also be greater.'®

5 Conclusion

This paper shows that in an environment with uncertainty about the path of future real
interest rates emanating from unforeseeable forces, government debt may not be the silver

bullet to solve the problem of low real interest rates, as it is made out to be. In analyzing

that the perverse effect of debt in their paper (in terms of economic growth) begins at a limit similar to the
limit for the perverse effect of debt in my paper (in terms of the natural real interest rate).
18This is also shown in Table 5 in Appendix C.
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the effectiveness of public debt, it is important to account for tradeoffs created by future
contingencies where real interest rates are high and debt is burdensome. The argument is
first formalized within a non-Ricardian framework with overlapping generations, and then
quantitative implications are derived from a medium-scale version of the model.

Since this paper focuses on a low interest rate environment, it abstracts away from
considerations of sovereign default, which are often cited as a reason for caution against
buildups of large stocks of debt. Appendix D shows a simple way of adding sovereign default
to the baseline model. The possibility of default imposes a risk premium on government debt,
and an output cost if default is realized. This makes the bad business-as-usual state worse
and exaggerates the potential perverse effect of government debt. This paper also abstracts
away from nominal frictions to keep the discussion focused. Adding these frictions can yield
important quantitative insights about the stimulative effects of debt policy conditional on
the expected duration of the ZLB episode, which, in turn, can be inferred from survey
data. Finally, it would also be interesting to empirically analyze how current fiscal policy
affects expectations of agents regarding future fiscal policy, conditional on the existing level of
government debt. This has been studied recently in the context of Japan (see Appendix E for
a summary of the evidence), however, the literature in this area is scant. In a related study,
Roth and Wohlfart (2019) examine how beliefs about the debt-to-GDP ratio affect people’s
attitudes toward government spending and taxation. They find that people underestimate
the debt-to-GDP ratio and favor a cut in government spending once they learn about the
actual amount of debt, but they do not alter their attitudes toward taxation.

The implications of this paper are relevant also for the current US situation and uncer-
tainty created by the COVID-19 pandemic. The nominal interest is again very close to 0
percent, possibly with a negative natural real interest rate driving the most recent rate cut
decision (March 2020) of the Federal Reserve Bank. There is definite uncertainty about the
future path of the natural real interest rate absent fiscal policy intervention—mno one knows

how long the pandemic will last, or how great its effect on the economy will be. The govern-
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ment has taken on additional debt to push tax rebates to households. This paper suggests
that the government should devise a strategy to manage household expectations in order to
ensure the maximum benefit of this debt-financed fiscal expansion in stabilizing the natural

real interest rate.
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A Appendix: Illustrative Model
A.1 Model Equilibrium

First-order conditions of the household optimization problem:
(C;n)i’y + /\t = O
ﬁDtEt(Cerl)_’y + )\t+1 = 0
)\t — )\t+1(1 =+ T‘t) =0
Combining the above three yields the Euler equation:
(ci")™7 = BDe(1 + re)Ee(cfy )

First-order conditions of the firm optimization problem:

wy=(1- )I)z
Zy =Yy —wiely
Li=1L
Government:
" =6; [(1+ri-1)B)_, + Gy + BY]
Ty = (1-0;) [(1 +ri-1)B_ + G + Btg]
Equilibrium:

The flexible-price competitive equilibrium in the economy is defined as a sequence of endogenous variables

{Ye, e, ey Ly we, T, T, Zy, 7, a7 }, which satisfies the following equations, given exogenous {B{,Gy, D}
and labor endowment {L}.

(@)™ = BDy(1+ re)Ee(cfyy) ™"
C;n = thLt + azZt — Ttm‘ - a:"

fyr = w1 (1= 0)L+ (1= 0.)Zy — TPy + (14 re)af”

Y, = Lt1—a
Li=1L
wy=(1—a)L®
Zy =Yy —wily

Ttm = 97- [(1 + Tt—l)Bg_l + Gt — Bg]
Ty = (1—06;) [(1+r-1)B{_; + G — Bf]
ap = B



Under assumptions 2 and 3, the equilibrium system reduces to:

(") = BDy(1+ 1) Ee(cfyy)
b = wOL + 0,7, — " —af”
i1 = w1 (1= 0L+ (1= 0:.)Zpr — T2y + (L +1e)af”

Y, =L — vgWy, s.it. vy =0 if low state, vy > 0 if bau state
wy = (1 —a)L™®

Zy =Yy —wily

W
147

" =0, [Wt—l - + Gt:|

) W
Te = (1-96,) [wtl -1 +‘;t +Gt}

at = Wi
t 1+7't

Note that: Wy = w(f/, Vg, Wt), Zt = Z(E, Vg, Wt), T[_” = Tm(GT, Wt,l,Wt,ft, Gt), Tto = TO((07-7 Wtfl, Wt, Tty Gt)
From the middle-aged budget constraint: ¢* = cm(wt,_L, 0., 7, T{" a)") = f(L,vg, Wy, 0, Wi_1,1¢, Gy, a}).
Similarly, from the old-age budget constraint: ¢ = g(L, vy, W¢, 0, W;_1,7¢, G, ay*). From the asset market-

clearing condition, we know that a}* = IYY;t.

Define the parameter set © = {3,7,a, L,6.,6.}. This implies:

ci" = f(vg, W, Wy 1,7, Gt;©)
C? = f(ygawtawtflarth;@)
Since Gy = G = 0, this further reduces to:
c' = f(rg, Wy, Wy_1,74;0)

cf = f(vg, Wy, W;_1,7;0)

Thus the entire system can be reduced to one equation, that is, the Euler equation in terms of one
endogenous variable {r;}, given exogenous {W;, D;} and parameter set {0, v,, G}:

i i i W W, 7
_ -« l-a o - a) - t _ t
{(1 a)fL' ™ + 0. (L vyWe = (1—0a)L%) — 0, [Wt_l 1+ Tt] 147 }

= BD;(1+ 1)K, {(1 —a)1-0) L'+ (1-6.) (L' —yWyp1 — (1 —a)L*) — (1—6,) {Wt — Wt“] + Wt}7

Here, vy = 0 in the low state while v4 > 0 in the business-as-usual state.

A.2 Proof of Proposition 1

Proof. Under assumption 1, once the economy reverts to the business-as-usual state, it stays there forever.
Therefore, in the constant solution of the business-as-usual state with D; = Dp, the Euler equation becomes:

) ) _ W w77
_ l—« . l-a * o L) — 07_ W+ — o
{(1 Q)L + 0. (L vgW* — (1 —a)L?) { 1-1—7“B:| 1+7“B}

— BDy(1+18) {(1 )1 =)L+ (1= 0.) (D — vy W — (1 — a)L%) — (1 — 6) [w* - l\f’u +w*}7
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This implies:
B = f (W*vl/ngB; @)

Under assumption 1, in every period of the low state, there is a probability u of being in the low state in
the next period while there is a probability (1 — i) of the reverting to the business-as-usual state in the next
period. Therefore, in the constant solution of the low state with D; = Dy, and v, = 0, the Euler equation is:

()™ =BDr(L+r) [p(c]) ™ + (1 = p)(ch) "]

This implies:

= = = W* w* 177
_ -« l—a _ (e AN N _
{(1 a)§L = 46, (L (1—a)L®) -6, {W 1+rJ 1+rL}

= ﬂDL(l -+ TL)

! {“ — o)1 =)L+ (1= 0.) (L1 = (1 =)L) = (1= 0;) {W* - ﬁu +W*}_7

+(1-p)sQ=—a)1 =)L+ (1—6.) (L' —vyW* — (1 —a)L*) — (1—6,) |W* — W + W B
1+7rp

This implies:
L = g(W*aDL’MDngrB;@) = g(W*,DL,/.L,Vg,DB;@)

A.3 Proof of Proposition 2

Proof. Differentiating the above Euler equation, of the low-state constant solution, with respect to W* yields:

ey [—eT(l 1) () er}

C1+4r) 14r, (T4rL)? dW*
0\ — 0\ — d?“
= 8D [p(ef) 7 + (1= p)(ep) 7]

+BDL(L+rr)u(=) () " {—(1 —0r) (1 - ) Ty ]

1+, (I1+7rp)%2 dW*

+BDL(L+ ) (1= p)(—) () 7 [(1 —0.)(~vy) — (1-05) (1 3 f3> - ijf
This implies:
dri,  nump,
dW* ~ deny’
where,
nump = BDL(1+rr)p(—y) (¢z) 7 {—(1 —0r) (1 1 +11”L> - 1}
T BDLA+ )1 p)(—) (¢3) [(1 —0.)(~vy) — (1-6) (1 1 f3> - wj\w?

1 1
m\—7Y—1 | _ _
+’Y(CL) |: HT(l 1+’I“L) 1+’I“L:|’

T = D )+ (L= ()] BDA(L (=) ()

i WE 1= 6,)

deny, =~ (") (1+77)2

The total implicit effect can be decomposed into two parts—the direct effect and the indirect effect—by
combining the terms multiplied with g versus (1 — u) in the total derivative of the Euler equation wrt W*
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as follows:
14+7rp B

_ my—y—1 | _ _
’Y(CL) [ 0 (1 1+7rg (1—|—TL)2 dW*

= u{BDu(e) e+ 8DL 0+ ) ) [~ 00 (1= )= T T
_ drp

dW*

1 ) 1 W (0, — 1) er]

+8Du1+ () )7 1m0 (1o ) 1 - S 4

(l_u) {/BDL(COB) B 14+rp (1+TB)2 W

Thus, we have:

drp Nt BDL( 7)) ()T == 00) (1= )+ 1] e T [0 (1- ) -
v () T IO 8D ()7 + pBDL(L 4 ) (=) (¢q) T R0 (1 1) BD ()
L (+rp)z — #PHLLCE HPLL rL)=7) g (T+r.)? H L\Cp

dW* -

( dry, )"dt DL () () [0 () — (10 (1= g )+ - R e | )T [0 (1 ) - ]
dw* ¥ (ep) T TS — uBDL(cg) Y + pBDL(L 4 ) (=) () T TSR — (1 w)BDL(cy)

At this stage, we can verify by substitution that:

dr dr direct dTL indirect
L= " +(1—p) ;
dW dW dW
—_—

=d(D1, "0y, Dp©) (D D )

If —1 < 71, < 0 and given that parameters 6,0,,60.,« € [0, 1], this implies that the denominator (of the
direct and indirect effect) is negative.
For the direct effect, the numerator can be rearranged to:

16,

<0
1+7rg

8041+ ()7 0= (155 ) = 1] = ) =)

drp )direct >0

This implies: ( e

For the indirect effect, the numerator can be rearranged to:

BDL(1+7p)y () ! {(1 —0.)vy + (1—0,) < "B ) W*(1—6,) drp }

T+r5) " (T+rp)? daw

- oy =1 (1-0;
= BDL(L+7)y () =y ()T e =y () 1<1+ )
L

dry,
dW*

)indirect

A large enough v, implies the numerator> 0, which implies ( < 0. In particular, we need:

B _ W*(lieﬂ') d’l"B
1+rp (14+rp)2 dW*

BDL b)) T e ()] )(
BDL(+rL)v(eg) .

Vg >

1-6,

(C?)7771[67+(%)] _ (1 ) ) ( rp ) _ Wr(1-6,) drp +1
BDL(1+7’L)<COB)7771 T/ \1+rB (14rp)? dW*

1-6,

v



A.4 Proof of Proposition 3

< 0. This

. . . direct ) indirect
To begin with, note that den; = denominator [(j&f*) ”P(} = denominator [(j&,ﬁ)m m)c}

means that: p
TL numrp,
numyp >0 = = <0
L dW* ~ deny

numpg, = DL (1 +rp)u(—v) (¢3) 7! {—(1 —6,) (1 _ ) + 1}

1+rg

+8DL(1+ 7)1 - p)(—) (ep) 7! [Uoz)(ug)(lef)(l 1 )+1W*(107)dTB

1+rp (1+7rp)2 dW*
mN\— 7 — 1 1
+7(CL) ' 1[_97 (1_1+TL>_1+7”L:| >0

- u{wm ) e -0 (1- )+

147

- BDL () () A= 0w - (=00 (1- ) 1= ST }
)

+BDL(1+7L)y ()7 {(1 —02)(=vy) — (1 - 6-) (1 1 +1TB> 1= w;l{&ﬂ

Thus, we can define pu* as:

e o (1= ) ] DL ()T [ - 0 () — (1= 6) (1= k) 1 - Tt 5@3]
DL+ ) (=) ()7 [0 =00 (1= 1) +1] =B+ ) () ()7 [0 =00 — (1 0) (1= ) +1 = Pt dee

1+TB

() (0 + 15 ) + BDL(L+ )y (e) T [rp(1—0.) — (L= 60) (1525 ) — ek g + 1
BDL(1 4y {(ep) 7 [Frg(1 - 02) - (1= 0 (525 ) - TR e + 1] + () - 00 (F5) 1]}

« ” d’I“B
=W (TL,D[”W 7r37m'<7yg;®)

such that if denominator(u*) < 0, then p < p* = %L < 0, while if denominator(u*) > 0, then

u>pt = U‘lj”‘ < 0. So what we need now is a condition such that denominator(u*) > 0. In particular,
we need:

i (Gl = o AR PR T 5 P
(e3)™” 4rp (I+r5)* dW

Yo = 1-0.

Thus, the final condition we have is:

s { e forr (2] (e 2[00 () ] } ~ =) (s385) ~ e 41

ﬁDL(1+TL)(CB)7771 ’ (0‘13)7771 1+rp (14+rp)? dW*
Vg >
g 1-0.
. % dry \indirect .
Sanity check: Note that numerator(u*) = —numerator [(dwﬁ) ] Since v, was chosen to be large

)indirect

enough so that the numerator [(j&f > 0, this implies numerator(p*) < 0. This verifies that

w* > 0, which is a necessary condition for this probability parameter to have any significance in the model.
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A.5 Proof of Corollary 1

Proof. This follows directly from the solution for p*:

)7 (0 )+ BDL(1 4 )y ) T [ - 02 — (1—0) (722 ) - TS e 4]

Dy {(ep) 7T [ -0 = (1 -0 (£55) - SR e+ 1]+ o) (=00 (v27) -1}

As v, increases, numerator(p*) and denominator(u*) both become equally more negative. This leads to an
increase in p* (think for example, =% < }g) -

Figure 11 shows a graphical representation of this corollary under the illustrative parameterization
described in the main text. It shows that for smaller values of vy, increasing debt has a positive effect on the
low-state natural real interest rate, irrespective of . However, as v, increases, there emerges a threshold
w* such that for p < p*, increasing debt has a perverse effect on the natural real interest rate. This u* is a
monotonically increasing function of v.

Figure 11: Sensitivity analysis with respect to v,: Effect of increasing debt on the
low-state natural real interest rate

|—v=1—v=15—p=2—p=25—uy=3|

@ o, b, = 9 o
mw oD = o o

1 1 1 1 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Probability of Staying in the Low State ( u)

A

Change in the Annualized Real Interest Rate (%)
o

Source: Author’s calculations.

Notes: This figure plots the change in the annualized real interest rate (in percent) against different
probabilities of staying in the low state in the next period, for a range of v,. The computation
holds the initial annual debt-to-GDP ratio fixed at 3 percent.

A.6 Calibration
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Table 4: Illustrative Parameters

Parameter Description Value
Lllustrative Model
Dpg Business-as-usual-state Inter-temporal Wedge Shock 1
rb Business-as-usual-state Benchmark Real Interest Rate 10% p.a.
7“_% Low-state Benchmark Real Interest Rate -2% p.a.
L Labor Endowment 1
0 Middle-aged Share of Labor Endowment 0.5
(1—a) Labor Share 0.7
0, Middle-aged Share of Profits 0.5
0 Middle-aged Share of Taxes 0.5
y Coefficient of Relative Risk Aversion 1
Vg Output Cost of Debt in the Business-as-usual State 1.3
G Government Purchases 0
Endogenous Labor and Capital
n Frisch Elasticity of Labor 1.4
) Capital Depreciation Rate 10% p.a.
Sovereign Default Risk
dg Risk Premium Parameter 0.05
dy Risk Premium Parameter 1
dg Output Cost of Default 0

B Appendix: Model with Endogenous Labor and Cap-
ital

Households:

With the addition of capital, households can now save in government bonds as well as capital, which is
rented out to the firms in the same period. I assume full depreciation. This is a reasonable assumption, as
every period in the model corresponds to 30 years in the real world. Capital is unlikely to serve as a store
of wealth for such a long period of time.

1 1
m 0 m 10 1 my1l— 1 o 1— (h?)1+77 (h?-l-l)lJr]
Ue(ei®, cfyr, b hiyy) = . {1_7(% ) +5DEtm(Ct+1) T- Xﬁ — XBDr— 1

st. o' =wh{* (1 —1) —ai" — K + (1 - 1)K}
fy1 = weprh{ 1 (1= 71q0) + 1+ r)af” + (1= 6) K

1)
where h{" and h{, ; is labor supply of the middle-aged and old, respectively; 7 is the Frisch elasticity of labor;
T¢ is the income tax rate; aj* is the supply of loanable funds that is invested in government bonds; and K}
is the supply of loanable funds that is invested in capital. I assume that when households are middle aged,
they convert consumption goods into productive capital at a fixed 1:1 rate. They rent the capital to firms
in the same period and receive rental income. In the next period of life, when they are old, they convert the
undepreciated capital back into consumption goods at the same fixed rate to use for consumption. As in the
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illustrative model, a shock to the inter-temporal wedge D; will generate a negative benchmark real interest
rate in the low state.

First-order conditions of the household optimization problem:
(") T=M=0
BDtEt(C§+1)_’Y - )\t+1 = 0
_>\t + )\t+1(1 + ’I“t) = 0
()7 + Awy (1= 7) =0
—XﬁDtEt(hgﬂ)’% + M1 (1 = 741) =0
_)\t =+ )\t’f‘f(l — Tt) + )\t+1<1 — (5) =0
Combining the first three yields the Euler equation:
(c")” = BDy(1 4 1¢)Ei(cy 1)

Combining the first through fourth and second through fifth equations yields the labor supply conditions:

L. m
X(hi®) 7 (") = wi(1 = 7)
o 1 0 y—~1—1
XEe(hy )7 [Ee(cyyr) ] = w1 (1 — 7e41)
Combining the third and sixth equations yields the no-arbitrage condition:

_>\t +)\t’l"f(1 —’Tt) +>\t+1(1 — (5) =0

A [1=rf(1—7)] = A1 (1= 5)

1-6
Tf(l_Tt):l_(l—&—rt)

Under full depreciation, this reduces to: rf = 17175

Firms:

The production side of the economy now includes capital in the firm’s production function. Thus, there are
constant returns to scale in production and profits are zero in equilibrium.

max Z; = KOL} ™ —w Ly — 7 K,
L, K¢

First-order conditions of the firm optimization problem:

Y,

w = (1— )Lf
Y,
rf:aé
Zt:()

Firm ownership is irrelevant now as profits are zero.

Government:

The government’s problem is the same as before, except tax revenues are now derived from distortionary
income taxes on both labor wage and capital rental income. Government purchases and debt are given
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exogenously in every period. The tax rate is determined endogenously to balance the budget.

Tt’lUtLt + Tt’l"fKt + TtZt = (1 —+ T’t_l)B't971 + Gt + Btg
— 7Y, = (1 + Tt—l)Biq_l + Gy + Bf
Equilibrium:

The flexible-price competitive equilibrium in this economy is defined as the sequence of endogenous vari-

ables {c™, c?,a™, ry, wy, Yy, 7 he, Ly, 7, K, K&, rF} that satisfy the following equations, given exogenous
{Biq, Gt7 Dt}:

(c")77 = BDe(1 +1)Ee(cfh1) "
et =whi*(1 — 1) —ay* — K{ + Tf(l — 1)K}
cf =wh{(1—7)+ (1 +mr-1)a’; + (1 - 6K,
1 m
X(h{")n (") = wi(1 —7)

o 1 o — _1 o 1 (o}
XE¢(h§y 1) [Ee(cfy1) 7] 7 = w1 (1 — 7eg1) = x(BD)7 () = we(1 — 1)

1-46
ri(l—7)=1- (1+n>

Y, = (K{)" L~

wy = (1-— a)LZi
. a;}
7Yy = (1+7r-1)B]_ , + G+ B/
Ly = hi" + hy
aj' = B} + K}
K} = K{

C Appendix: Quantitative Life Cycle Model with Ag-

gregate Uncertainty

First-order conditions of the household optimization problem:

3=

un(cf+s_1, ”f—s-s—l) = 5571]EtDt+s—1(*Xs) (”t8+s—1) ==\ (1 —7)wy

UC(C§+S—1’n§+s—1) = 6571EtDt+3—1 (Cf—i-s—l)_ﬂy = /\f

A7 = (L4 reen) X
We can combine these to obtain the following intra-temporal labor-leisure condition and inter-temporal

Euler equation, respectively:
1
(ci)" xs (ng)" = (1 — m)wy

Dy (¢})™" = BE/(1+re11) Depa (511)
First-order conditions of the firm optimization problem:
w = (1 — )N, *K}
re=aN Kt —§

1X



Figure 12: Sensitivity analysis with respect to n: Effect of increasing debt on the
low-state natural real interest rate
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Source: Author’s calculations.

Notes: This figure plots the change in the annualized real interest rate (in percent) against different
probabilities of staying in the low state in the next period, for a range of v,. The computation
holds the initial annual debt-to-GDP ratio fixed at 3 percent.

Government budget constraint:
g g 20
Tttht+Bt+1 = (1—|—7"t)Bt +Gt+ _60b

Market clearing conditions:
In equilibrium, individual and aggregate behavior are consistent:

nS
N; = zgglé
60 aﬁ%
and the goods market clears:
arra c;
N} T“K? = zgglé + Ky — (1 -0)K; + Gy
C.1 Non-stochastic Steady State
Fors=1,..., T —1:
1
(€)"xs(n*)m = (1 = 7)w
(L+7r)ae + (1 —rjwn® —att 77 _ B(1+7)
(I1+r)ast + (1 — 7)wnstl — gs+2 N

For s =T )
(c*)"xs(n*)7 = (1 —T)w



14+7)a® + (1 —7wn® —ast1\ 7
(( (1)+ T)agH + 3) —ast? ) o) ©)

Fors=T+1,..., T+ R—1:

1+ S+ h— s+1 -
((1(+r§c)§+1 +b—aas+2) =Bl +7) (6)

Since the households are born and die without assets, a”’ %+ = 0. The equations (2) through (6)
constitute a system of T+R-1+T = 2T+R-1 equations in the T+R-14+T = 2T+R-1 unknowns {a*} 1 and
{n°}iz1.

Figure 13 shows the distributions for consumption, asset, and labor supply in this non-stochastic steady
state under the baseline calibration.

Figure 13: Distributions in the non-stochastic steady state

0.622 10r 1.215r
0.62F ! 121+
< 0.618} >
S _6r 9.1.205f
o [ S
Eo.616f 2 %
2 << o
Q 4r ] 12f
o614} -
0612l 2F 1.195}
0.61 - - ' 0 - - ' 1.19 - ‘
0 20 40 60 0 20 40 60 0 20 40
Age Age Age

Source: Author’s calculations.

Notes: This figure plots the distributions for consumption, asset, and labor supply in the non-
stochastic business-as-usual steady state for the baseline calibration of the quantitative model
provided in Table 3.

C.2 Linear Approximation

Log-linearization of the household first-order conditions around the business-as-usual steady state:

7A't+IZ]t—Dt, 821,...T

9

1—71

—& =X =Dy, s=1,....T+R

~ ~ r N
)\fz}Et)\nger]EtrtH, s=1,...., T+ R—1

Log-linearization of the working household’s budget constraint around the steady state for the 1-year-old
household with a} = 0:

x1



151 141

a*ai = —twn'? + (1 — T)wn'dy + (1 — 7)wn'ny — el

and for s=2,...,T:
a* et = (L4 1)a®a +ra®fy — rwn®s + (1 — 1)wn®wy + (1 — 1)wn®nf — ¢

Log-linearization of the retired household’s budget constraint around the steady state for s = T +
ST+ R-—1:
a*Maitl = (L+r)a®a +ra*fy — c°¢;

and for s=T + R:

THRETHR — (1 4 )qTHRGTHE | pgT+E,
Thus, we have T'+ R controls ¢, s = 1,...,T + R, T controls nj, s = 1,...,T, T + R costates S\f,
s=1,...,T+ R and T+ R — 1 predetermined variables a, s = 2,...,T + R. We also have (T)+ (T + R) +
(T+R—-1)+ (T + R) = 4T + 3R — 1 equations.
We have three further endogenous variables wy, 7, 7:. Log-linearization of the reward to each factor

along with the market-clearing equation yields:

n® 1

1 BI .
Wy = —aXi? 1N 60 o @ Bg}

A
ny +a Eé 1A60t_?t

w1 Aogy a®1 ., B,
(1- )5 - (- 0) | E gt - B

e = s=1\ 60 't

Log-linearization of the government budget constraint:
rBY G -

n® 1 BY . (1+r)BY
-5 ~ B+ BY + i+ G
s=1'N 60 ny rwn T TWN Ton ' Twn ¢
These constitute three further equations in three endogenous variables w, 7, 7y
Finally, we need the law of motion for the three exogenous variables B, G4, Dy to close the model. For

7A't = —’lf}t

!/
[Dt, Gt, ] this is presented as:
]EtZt+1 = HZt

C.3 Solution Algorithm

Step 1: Express as a Linear Rational Expectations Model
It is convenient to express this system of equations in the form:

Cuut = Ca:)\ |:§t] + CZZt
t

Xt“} + Fy {)\] D Epap 1 + Fyue + D Eyze g + Flozy

D:CA]Et
At+
where, I define:
1 42 760 ~1 ~2 40 & o~ o~/
u; = [Ct7ct s Cr s My My oo, Ty 7Tt7wtaTt:|
2 A3 ~6077
X; = [at,at,...,at]

~ ~ ~ i

A = [Ai,A?,...,A?g}
~ N N !
= [DtaGt7Bg:|
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Step 2: Solve the business-as-usual state solution
Solving this system of equations yields a solution of the form:

Xt+1 = Lin + Lﬁzt
us = L:Xt + LZZt
>‘t = L;xt + lezt

Step 3: Solve the low-state solution

In the low state, the equations are the same as in the business-as-usual state. The only difference is
that the expectation of the variables that are not predetermined at time ¢ depends on the probability of
benchmark real rate normalization. In particular,

Etut—H = HEtut+1\low state T (1 - H)Etut+1|business—as—usual state

= /J/EtutJrl\low state + (1 - /J/)L;Etxt+1\low state + (1 - M)LgEtZF
]Et)\t-‘rl - ,UEt)‘t+1\low state + (1 - H)EtAtJrl|business—as—usua1 state

= .LLEt)‘t+1\low state T (1 - H)L;Etxt-ﬁ-l\low state T (1 - H)le]EtzF

This requires modifying the input matrices slightly and resolving the entire system of equations using
the new modified matrix system.'?
Again, the solution will be of the form:

Xt41 = LiXt + L;:Zt
u = L;‘.Xt + LZZt
>\t = LlIXt + lezt

From this, we can extract the coefficient of the shocks to derive the effect of public debt on the natural
real interest rate (and other macroeconomics variables) in the economy.

The solution algorithm is based on a generalized Schur decomposition as described in Klein (2000).
Replication codes are available on my website at www.vaishaligarga.com.

C.3.1 Input matrices for numerical solution

We partition the entire system of equations into two: contemporary system and dynamic system, as discussed
in the general solution method above.

Contemporary Equations:

1 “ .
Rt A =N =Dy, s=1,...,40
n 1—-7
—’yéfzj\f—ﬁt, s=1,...,59
S0E80 _ 1803, — (1 4 1)a®0ae0
N 4 n® 1 ~ a® 1 N B9 .
Wy + aZSOﬂN@nf =« gigg%af - ?Btg

9The linearized shocks are zero in the business-as-usual state, because I linearize the model around the
“final” business-as-usual steady state. Thus, I can eliminate z; from the business-as-usual state rational
expectations system, thereby also eliminating the need for defining a law of motion for it. See Appendix
C.3.2 for further details.
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o 4 n® 1 a® 1, BI .
Fr—(1— 04)250:1N@nf =-(1-0) 2312}@05 - thg
n® 1 rBY B9 . (1+7)B9 G ;4
~ ~ 240_ T as N Bg Bg G
T et 2 N60t T Tun't Twn T + TN ET rwn
Dynamic Equations:
XS—EtX5+1:LEt7§t 1 s=1,...,58
t t+1 147 +1 ’ ’
5\?9 = _’Y]Etég—?-l + LEtft+1
147
a*aj = —twn'? + (1 — r)wn'dy + (1 — 1)wn'ny —c'e}
a*taif] — (L4 r)a®a; = ra®fy — rwn®# + (1 — )wn®iy + (1 — T)wn®af — ¢,
s =2, ....40
a*trajt) — (1+r)a’af = raty — 5,
s=41,...,59

So far, this is a system of 222 equations in 225 unknowns. We need three more equations for the
exogenous variables that constitute z;:

]EtZt+1 = HZt

uw 0 0
Mm=({0 1 0
0 0 1

Stability requires that the eigenvalues of the matrix II lie within the unit circle.

C.3.2 Business-as-usual state:

The contemporary equation system is characterized by matrices C,, Cyx, and C, defined as follows:

A11 =0

19 0

n

0 % 0
A12: : . :

0 0 %

0 -1 %

0 -1 _T

1—7

A1z = C :

0 -1 %

and the 60 x 60 submatrix Asq, 60 x 40 submatrix Ass, and 60 x 3 submatrix Aoz as follows:

Xiv



0 —v 0 0

Ao = :
0 0 -y 0
0 0 0 %

0 0 0

0 0 0

Aoz =
—ra% 0 0

and the 3 x 60 submatrix Asy, 3 x 40 submatrix Ass, and 3 x 3 submatrix As3 as follows:

A3 =0
n' 1 n? 1 nt 1
YN0, YN0, N 60,
= n_1 1 _,\n. L (1 — o\ _ L
Azz = | =(1 - )% 5 (I - ) %gg (I- )% 5
n! 1 n? 1 n® 1
N 60 N 60 N 60
0 0
Asgs=| 1 0 0
rBY
~ TwN 1 1

Cexi1 Caai2
Cor= |Crr21 Ciro22
Cerz1t Cerz2
with 40 x 59 submatrix Cyx 11, 40 x 59 submatrix Cyy 12, 60 X 59 submatrix Cy 21, 60 x 59 submatrix
Cya22, 3 X 59 submatrix Cyy 31, and 3 x 59 submatrix Cyy 32 defined as:

Cex11 =Czr32=0

10 0 0 0
0 1 0 0 0
CQM,IQ = :
0 0 10 0
0 0 0 0
0 0 0 0
CJ;)\,QI =
00 0 (1+7r)a
1 0 0
0 1 0
Crr22 =
0 0 1
0 0 0
2 3 60
Curz = ~(1-a)%s —(1-a)%g —(1—a)% &
0 0 0



The dynamic equation system is characterized by matrices D,», Fix, Dy, and F,, defined as follows:

Dm)\,ll Dz)\,12:|

D.'c/\ =
Dyx21 Dgxo2

where D, ;; are 59 x 59 submatrices defined as:

Daxi1=Dgr22 =0

0 -1 0 0 O
0 0 -1 0 0
Dixiz = | : L
0 O 0 0 -1
0 0 0 0 0
a2 0 0
0 o 0
Dm)\,Ql = : . :
0 0 ... g

Foy = Foxir Faxio
* Fx)\,21 FmA,QQ

where Fy ;; are 59 x 59 submatrices defined as:

Foxi1 = Fupao2=0

1 0 0
0 1 0
Fpxio = :

0 0 1
0 0 0 0
—(1+r)a? 0 0 0
Fyxo1 = 0 —(1+7r)a® - 0 0
0 0 o —=(1+ma®® 0

Dy11 Dyi2 Dyns
Dy21 Dy22 Dypos

where Dy, 11, Dy,21 are 59 x 60 submatrices, Dy, 12, Dy 22 are 59 x 40 submatrices, and Dy, 13, Dy, 23 are
59 x 3 submatrices defined as:

D, =

Dy12=Dy21 =Dy =D,23=0

0 0 0

0 0 0
Dyq11 =

0 0 0

0 0 —y
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(en]

e Ce
A

1+r 0 - 0
Dyi3=| .
r

T 0o --- 0

F, F, F,
Fu _ u,11 u,12 u,13

Fyuor Fyuoa Fyos

where F, 11, Fy, 21 are 59 x 60 submatrices, Fy, 12, £y 22 are 59 x 40 submatrices, and F,, 13, Fy, 23 are 59 x 3
submatrices defined as:

Fuiin=Fui2=F,13=0

—ct 0 0 0
0 —c? 0 0
Fyo1 =
0 0 s 0 0
0 0 - 0
(1 —7)wn! 0 0 !
0 (1 — 7)wn? 0
Fuo0 = 0 0 < (1= 7)wn®®
0 0 0
0 0 o
[0  (1-7wnt —7wn']
ra>  (1—7)wn? —Twn?
ra® (1 —7)wn® —7wn?
Fyo3 = ra’® (1 —r)ywn® —rwnt
ra*l 0 0
_ra59 0 0 |

C.3.3 Low state:

The contemporary equation system is again characterized by matrices C,, C, defined above and matrix C,
defined as follows:

—1 0 0 ]
-1 0 0
c.—|-1 o 0
0 0 0
BY

0 0 _a? .

0 0 1-a)Z

0 G (14m)BY B9
o TwN TwN TwN -

Here, T use BY = B¢ in pinning down the final coefficient of this matrix.
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The dynamic equation system is characterized by matrices Dy, Fix, Dy, Fu, D,, and F, as follows:

Di} + Diy (1 —p)Ly  Disp

Xt+1 Xt| _ - u
DM 4 DIM(1 — I D%‘M] E, { :|+Fz>\ [ } = DypBEias 1 4+Dy(1—p) Lyxs 1+ Fyug+ Do pBeze 1+ .24

Aty1 At

where,

e}
(e}
(e}

Table 5: Debt-to-GDP threshold corresponding to different p values

W 01 02 03 04 05 06 07 08 09
expected duration 1.11 1.25 142 1.66 2 25 333 5 10
%*(%) 100 130 160 200 250 310 380 490 >496

Table 6: Sensitivity of u* with respect to n (conditional on initial debt-to-GDP ratio at 110
percent)

n 15 2 25 3 35 4
@t 0 014 051 063 0.69 0.73
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Figure 14: Sensitivity analysis with respect to n: Effect of increasing debt on the
low-state natural real interest rate
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Source: Author’s calculations.

Notes: This figure plots the change in the real interest rate (in percent) against different proba-
bilities of staying in the low state in the next period, for a range of . The computation holds the
initial debt-to-GDP ratio fixed at 110 percent.

C.4 Derivation: Expected Duration of Low State

Given the two-state Markov process for the shock driving the benchmark real rate:

Expected duration of low state = (1 — ) + (1 — p)2 + p?(1 — )3 + . ..
=(1—p) [1+2u+3u>+.. ]

== {1iu+(1—uu)2]

1
T—p

D Appendix: Extension with Sovereign Default Risk

Another issue with running up massive stocks debt is its potential unsustainability in the state of the world
where the benchmark real rates normalize. The possibility of a sovereign debt crisis makes government debt
risky, thereby increasing the real interest rate that needs to be paid on it to compensate investors for the
risk of holding it.

Sovereign debt is a complex issue with several important considerations. In this section, I incorporate
it in a simple way into my model and show how it creates an additional mechanism through which debt is
costly in terms of output in the business-as-usual state.

Additional Model Elements
Consider now that government debt is a risky asset that pays return ry, but with probability p;4; it
will not be repaid in the future. This gives rise to a no-arbitrage condition between the risky rate and the
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risk-free rate:
L7y =1 +7r))E(l — pr41)

Thus, with the presence of sovereign default risk, the government budget constraint changes—the relevant
real interest rate is now the risky rate:

—1] B} |+ G, — B}

We immediately see that a higher default risk implies a higher risk premium, which in turn implies a higher
tax rate for any given level of output.

The no-arbitrage condition between government debt and capital also changes so that the no-arbitrage
is with respect to the risky real interest rate rather than the safe real interest rate. The old-age budget
constraint also now features the risky rate instead of the safe rate.

Assumption 5. Default Risk: The probability of non-repayment is given by:
pt = p(BY) = doexp(d:1B}), t>T

pt:07 t<T

where dy is the probability of default when there is no government debt and dy is the elasticity of the probability
of default with respect to the change in the stock of government debt.

I assume that the probability of non-repayment is positive only in the business-as-usual state, because
there is no reason for the government to default on its payment in the low state, where real rates are negative.
I also assume that the probability depends positively on the stock of government debt.?® To complete the
model, I need to specify what happens in the economy if default actually occurs. Following the literature on
sovereign default, I assume that default is costly in terms of output.

Assumption 6. Occurence of Default: In the event of a default on government debt,
Y, =Y, - d,W*

where dg is the output cost of default.

dg is a reduced form parameter for the output cost of sovereign default.

To illustrate the results, I attach the following illustrative parameterization to the new parameters:
dop = 0.05, d; = 1.5, and dy = 0. I set d, to zero to get the most conservative results. But it will become
clear shortly that as d, increases, the results regarding the perverse effect will become stronger.

Main Results

Figure 15 is the analog of Figure 6. A comparison of the two figures shows that while the effect of debt
depends on p in similar ways in both models, the threshold p* in the model with default is higher. This
is because government debt imposes an additional cost in the business-as-usual state by imposing a risk
premium on government debt, which necessitates higher distortionary taxation to service the debt. This
results in a larger crowding out of labor supply and productive capital.

Similarly, Figure 16 is the analog of Figure 7. The threshold debt-to-GDP ratio in the model with default
risk is lower than in the model without.

Sensitivity Analysis with Respect to 7
As in the baseline model without default, with higher 7, the perverse expectations channel will be
stronger for any given u. Therefore, the threshold p* is (weakly) increasing in 7, as shown in Figure 17.

20This is motivated from the literature on sovereign default. Reinhart and Rogoff (2010) show that a
crisis is more likely to occur as government debt outstanding increases. D’Erasmo and Mendoza (2016) show
theoretically that default on domestic government debt is more likely when debt is larger and tax revenue is
smaller.



Figure 15: Effect of increasing debt on the low-state natural real
interest rate
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Notes: This figure plots the change in the annualized real interest rate (in percent)
(panel [a]) and the change in the market for loanable funds (panel [b]), against
different probabilities of staying in the low state in the next period, ranging from
0 to 1. The ratio is computed based on the annualized equilibrium output in the
initial constant solution of the business-as-usual state.

Figure 16: Non-monotonicity of change in natural real interest rate
with respect to the initial debt-to-GDP ratio
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Source: Author’s calculations.

Notes: This figure plots the change in the annualized real interest rate (in percent)
(panel [a]) and the change in the market for loanable funds (panel [b]), against
different initial debt-to-GDP (annual) ratios. The ratio is computed based on the
annualized equilibrium output in the initial constant solution of the business-as-
usual state. The computation holds the probability u, in the stochastic process
for the inter-temporal wedge shock, fixed at 0.7.

Comparing Table 7 here to Table 2 in the main text clearly reveals that the implicit output cost of debt
in the business-as-usual state is higher in the model with default risk than without.

E Case in Point: Japan

The Japanese economy has experienced a seemingly secular decline in the real interest rate over the past
three decades. Over the same period, the government has, in response, nearly quadrupled its debt-to-GDP
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Figure 17: Sensitivity analysis with respect to 7: Effect of increasing
debt on the low-state natural real interest rate
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Notes: This figure plots the change in the annualized real interest rate (in percent)
against different probabilities of staying in the low state in the next period for a

range of v.

Table 7: Sensitivity analysis with respect to n

n

1.4 1.8

2.2 2.6 3 3.4

implicit v,

29.615 31.429 32.781 33.828 34.662 35.342

*

7

0.8 0.85

0.9 0.9 0.95 0.95

ratio, increasing it from 50 percent to 230 percent (Figure 18). But the economy remains stagnated, with low
real rates. The hypothesis in this paper suggests that this is because people are highly aware and worried
about the potential burden of the extremely high debt in the event that real rates rise in the future.

Figure 18: Japan’s debt-to-GDP ratio has quadrupled, yet real rates remain unchanged
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(b) Real interest rates in Japan

Survey evidence from Japan provides suggestive evidence in support of this hypothesis. According to a
household survey conducted by the Japanese Cabinet Office in 2016, an increasing number of Japanese “feel
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worries or anxieties in everyday life” and around a third of them report “fiscal balance” as the reason for
these anxieties (Figure 19). Further, there is evidence that high debt is often associated with expectation
of future tax increases and potential unsustainability of debt. Figure 20, taken from Kobayashi and Ueda
(2017), shows the number of occurences of specific phrases in the morning and evening editions of the Nihon
Keizai Shinbun, Japan’s financial newspaper, from the years 1981 through 2016. The count suggests that
the frequency of use of “fiscal failure (zaisei hatan)” or “fiscal crisis (zaisei kiki),” phrases that reflect a fiscal
imbalance, has increased continuously since 1981. Moreover, a combination of the phrases “tax increases
(z0zet)” and either “fiscal failure” or “default” has been used more and more frequently as well. Masayuki
(2017) provides further survey evidence showing that there is considerable uncertainty over the future course
of the social security and tax systems in Japan, and that this uncertainty suppresses consumption.

Figure 19: Concerns about government debt
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Figure 20: The number of occurrences of specific words in newspaper
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