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Factor Strengths, Pricing Errors, and Estimation
of Risk Premia

Abstract

This paper examines the implications of pricing errors and factors that are not strong for the Fama-
MacBeth two-pass estimator of risk premia and its asymptotic distribution when T is fixed with n
— o0, and when both nand T — oo, jointly. While the literature just distinguishes strong and weak
factors we allow for degrees of strength using a recently developed measure. Our theoretical
results have important practical implications for empirical asset pricing. Pricing errors and factor
strength matter for consistent estimation of risk premia and subsequent inference, thus an estimate
of factor strength is required before attempting to estimate risk. Finally, using a recently developed
procedure we provide rolling estimates of factor strengths for the five Fama-French factors, and
show that only the market factor can be viewed as strong.
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1 Introduction

There is a large literature in finance which estimates the risk premia associated with observed
risk factors using a two-pass estimation procedure introduced in Fama and MacBeth (1973). The
first pass estimates the factor loading, (;;, of factor, fi:, for the security 7 over the time period
t=1,2,...,T, by running least squares regressions of returns on each security r, ¢ =1, 2,...,n,
using K observed factors fi;, k = 1,2, ..., K. The second pass runs a pure cross-section regres-
sion of time averages of security returns on the estimated factor loadings to price the factors
and obtain estimates of their risk premia, \y. The asymptotic properties of this procedure have
been investigated by Shanken (1992), Shanken and Zhou (2007), Kan, Robotti and Shanken
(2013), and Bai and Zhou (2015), among others. The survey paper by Jagannathan, Skoulakis
& Wang (2010) provides further references.

This literature implicitly assumes that (a) all the risk factors used are strong, in that they are
pervasive, influencing almost all securities, (b) there are no pricing errors, (c) the parameters
of interest are what Shanken (1992, p6) calls the "ex post" risk premia, which differ from the
actual risk premia due to a bias caused by the difference between the means of risk factors and
their expected (population) values.

This paper examines the consequences of relaxing the above three restrictions, individually
and in combination, for estimation of risk premia and their asymptotic distribution, under
different values of n and 7' and their relative expansion rates. Different issues are involved in
the second pass estimation of risk premia from the first pass estimation of factor loadings. We
first focus on the second pass and look at the effect of non-strong factors and pricing errors on
risk premia estimation with known, rather than estimated, factor loadings, ;. We then move
to the more realistic case where [3;, are estimated.

The possibility of weak factors has been discussed in the econometrics literature by Chudik,
Pesaran and Tosseti (2011), Onatski (2012), and Kleibergen (2009). Connor and Korajczyk
(2019) construct a test statistic for empirically distinguishing strong from semi-strong factors
using marginal R squared. Anatolyev and Mikusheva (2020), discussed further below, consider
models with strong as well as weak factors in asset pricing, but do not allow for pricing errors
or semi-strong factors, and focus on estimation of ex post risk premia.’

Unlike the existing literature we do not just distinguish between weak and strong factors,
but allow for different degrees of strength. The strength of factor fi;, is measured by the
exponent oy

> =0, 1

where 3, is the loading of fi; on the i** security, and © (n®*) denotes the exact rate at which
S B2 rises with n. Factor k is strong if ay, = 1, semi-strong if 1 < ay, < 0.5, and weak if
o, < 0.5. 2

Our theoretical results establish explicit links between the precision with which risk premia
can be estimated and the strength of the underlying factors. In turn, the factor strengths can
be estimated, as proposed by Bailey, Kapetanios and Pesaran (2021), from the proportion of
securities with statistically significant factor loadings, allowing for multiple testing. Whereas a

!There is also an emerging literature on unobserved factors that allow for weak as well as strong factors. See,
for example, Lettau and Pelger (2020a, 2020b) and Section 4 of Bailey et al. (2021). But for the identification
of risk premia, which is the focus of the present paper, the factors must be observed.

2The © (.) notation in (1) should not be confused with the standard big O notation, O(.).



strong factor with o = 1 has non-zero loadings for almost all securities, a factor with a;, = 1/2
has non-zero loadings for /n of the n securities, and the share of non-zero loadings tends to zero
quite fast as n increases. This means that even with known (;;, a large number of loadings used
in the second pass regression could be zero, making estimation of the risk premia imprecise.
For instance, with n = 400 and oy = 1/2, only about 20 securities will have non zero loadings.
As n — oo, the rank of the variance covariance matrix of the loadings is given by the number
of strong factors.

For identification of risk premia, A\, we also need a sufficient degree of heterogeneity across
the loadings as n — oo, such that

n

Z (Bar — Bk)Q = o (n™), (2)

i=1

where 3, = n~1Y." | Bi. This is not necessarily implied by (1).

Pricing errors, denoted by 7); for security i, are likely to be important in practice. In his
theoretical derivation of Arbitrage Pricing Theory (APT), Ross (1976) assumed pricing errors
to be square summable, namely >, n? < co. We use the weaker condition

S Il =0 (), 3

with the exponent o, measuring the pervasiveness of the pricing errors.

If the strength of factor & is oy, and the pervasiveness of the pricing errors is ), when factor
loadings are known, we need aj, > «,, for consistent estimation of risk premia. The associated
convergence rate is n~(®~%1)/2 which can be very slow if oy, — oy, is small, requiring n to be
very large to get accurate estimates of \;.> Similarly, even if there are no pricing errors, when
oy, is small the number of non zero 3;; rises slowly with n.

Our results have important practical implications for Fama-MacBeth type procedures. To
accommodate non-zero pricing errors n has to be large even when the first pass factor loadings
are known. The need for large n was highlighted by Roll (1977). This argues against the
practice of using a small number of constructed portfolios in the second pass regressions and we
use individual securities in our derivations and empirical work. Chordia and Subrahmanyam
(1998) emphasize the problems for inference created by using portfolios and, more recently,
Ang, Liu and Schwarz (2020) show that creating portfolios to reduce estimation error in the
factor loadings does not necessarily lead to smaller estimation errors of the factor risk premia.

While n needs to be large, the number of time periods, 7', is inevitably small because of the
possible instability of factor loadings over time, hence the nearly universal practice in finance
is to use regressions estimated over relatively short rolling windows (5 to 10 years). As noted
above, in the second pass as n — oo, the rank of the covariance matrix of the true loadings
is given by the number of strong factors. So if there are any factors that are not strong, the
population covariance matrix of factor loadings will become rank deficient and the estimator
of the risk premia will not be defined. However, when the loadings are estimated with 7" small
relative to n, the two-pass estimator of the risk premia is still defined because it uses the sample
covariance matrix of the estimated loadings.

3In the case examined in the literature where oy, = 1, ay = 0, and factor loadings are known, one gets the
usual n~ /2 rate.



As is well known, for a fixed T, the two pass-estimator of the risk premium is biased because
of sampling error in the first stage estimates of 3;;. This is usually dealt with using the Shanken
(1992) small T" bias correction. The bias correction works by shifting the covariance matrix of
the estimated loadings back to the covariance of the true loadings. But the correction made to
eliminate the bias renders the limiting distribution of the bias-corrected estimator (for a finite
T and as n — o0) ill-conditioned, unless all the factors under consideration are strong. In
short, the Shanken bias-corrected estimators of expost risk premia are defined for small n, but
its limit as n — oo exist if and only if all the factors under consideration are strong.

When both n and T are sufficiently large such that as n, T — oo, n/T — k, with 0 < k < o0,
and there are no pricing errors, the two-pass estimator of the risk premium associated to factor
fre converges to the "ex post" risk premium at the rate of n=/2T~1/2 and the ex post risk
premia of all factors, whether strong or not, can be consistently estimated and tested. However,
this is not true for the actual risk premia, which is the primary object of interest. When there
are no pricing errors, the two-pass estimator of risk premia converges to its true value at the
T—1/2 rate and does not depend on the factor strengths, a;. In the more realistic case where
there are pricing errors then the two-pass estimator converges to its true value at the rate of
n_%(“k_aﬂ), which, as noted above, can be quite slow. Furthermore, although risk premia may
be identified with very large n, it is not possible to carry out inference on the weak or even
semi-strong factors. In the presence of pricing errors the asymptotic distribution of the two-pass
estimator of risk premia is non-degenerate only in the case of strong factors, with the influence
of remaining factors waning as n and T — oo.

A central question in this literature is the ability of factors to explain returns. We show
that asymptotically the pooled R-squared of the panel regression of returns on factors is only
determined by strong factors. In the limit as n — oo, factors with o < 1 do not contribute
to explanation of returns. The effects of weak or semi-strong factors on the fit of the return
regressions will vanish eventually.

As an empirical application we estimate factor strength for the five Fama and French (2015)
factors. We compute 10-year rolling estimates for all the five factors over the period September
1989 to May 2018, a total of 345 rolling estimates for each factor. The factor strengths are very
precisely estimated, with the stronger the factor the more precisely its strength is estimated.
As might be expected, the market factor is strong, with a strength always very close to one and
a time average over the 345 rolling estimates of 0.99. The estimated strengths for the other
four factors are much lower, generally below 0.8, with the average of their strengths over the
rolling windows never exceeding 0.75.

Our theoretical analysis suggests that in practice it is important to measure the strength
of the factors and to focus on estimation of risk premia for strong factors. Semi-strong or
weak factors can be included, to reduce cross section dependence, so long as the strength of
the weakest factor, ., exceed 2c,,. However, use of risk factors that are not strong poses
important new challenges, since there are likely to be many weak or even semi-strong potential
factors in what has been labelled a "factor zoo". Harvey and Liu (2019) list over 400 factors
suggested by early 2019 in the literature. Fama and French (2019) discuss the issue of choosing
factors while Jensen, Kelly and Pedersen (2021) argue that the large number of factors can be
clustered into fewer themes.

The rest of the paper is organized as follows: Section 2 sets up the multi-factor model
allowing for differing factor strengths and the APT restrictions. Section 3 considers the esti-
mation of risk premia with known factor loadings. Section 4 introduces the two pass estimator.



Section 5 considers the asymptotic properties of the two-pass estimator with a fixed 7" and
large n. Section 6 examines the asymptotic properties of the two-pass estimator when both n
and T are large, under different pricing error scenarios. Section 7 examines the effect of factor
strength on the explanatory power of the regressions explaining returns. Section 8 presents the
rolling estimates of factor strength for the five Fama-French factors. Section 9 provides some
concluding remarks. Detailed mathematical proofs are relegated to the Appendix.

Notations: Generic positive finite constants are denoted by C' when large, and ¢ when
small. They can take different values at different instances. —? denotes convergence in prob-
ability as n,7 — 00. Apax (A) and Ay, (A) denote the maximum and minimum eigenval-
ues of matrix A. A > 0 denotes that A is a positive definite matrix. ||A| = )\Ilrgx(A’A),
Al = [Tr(A’A)]Y2, |All, = (EHAH”)UP, for p > 2 denote spectral, Frobenius, and ¢,
norm of matrix A, respectively. If {f,} 7 is any real sequence and {g,} -, is a sequences
of positive real numbers, then f,, = O(gy), if there exists C' such that |f,|/g, < C for all n.
fn =0(gn) if fn/gn — 0 as n — oco. Similarly, f,, = O,(g,) if f,./gn is stochastically bounded,
and f,, = 0,(gn), if fn/9n —p 0, where —,denotes convergence in probability. If {f,} -, and
{gn}>2, are both positive sequences of real numbers, then f, = ©(g,) if there exists ng > 1
such that inf,>,, (fn/gn) > C, and sup,,>,,, (fu/9,) < C.

2 Return regressions, APT and factor strengths

2.1 A multi-factor model of returns

Following the literature, we assume that returns on security ¢ in period t, r;, are generated by
the following linear multi-factor model

K
ra—rl =a; + Zﬁikfkt +uy, fori=1,2,...n, t=1,2,....T, (4)
k=1

where rf is the risk free rate, assumed to be fixed; a; is the return-specific effect; fi;, k =
1,2, ..., K are the K common factors with associated factor loadings, ;x; and u; are the idio-
syncratic components of asset returns. The model can be written more compactly as

rie — = a; + ﬂ;ft + U, (5)

where 3; = (ﬁilaﬂi% ---aﬁiK),; and f; = (f1t7 Jat ons fKt),-

We make the following standard assumptions about f; and u;; (the drivers of asset returns):

Assumption 1 (Common factors) (a) The K x 1 vector of risk factors, £;, follows the general
linear process

fi=p,+ Z Wovie, (6)
=0

where H“fH < C, vy ~IID(0,1x), and ¥, are K x K exponentially decaying matrices such
that ||| < Cp* for some C >0 and 0 < p < 1. (b) The T x K data matriz F = (f,, 2, ..., fr)’
is full column rank and and there exists Ty such that for all T > Ty, Xp = T-'F'M.F is a

~ —1
Ef :Op(].).

positive definite matriz, 3y —, Xy = E (f, — puy) (f, — puy)’ > 0, and



Assumption 2 (Idiosyncratic errors) The errors {uy, i =1,2,...,n; t=1,2,....,T} are seri-
ally independent across t, with zero means, E(u;) = 0, and constant covariances, E(u;uj) =
0ij, such that 0 < c < 0;; < C < 00,

(a):sqp2|aij| < C, (7)
Ti=1

and
n

(b): n_lzZCov (ugy,uz,) < C. (8)

i=1 j=1

(c) The errors, u; are distributed independently of the factors fiu, for all i,t,t" and k =
1,2, ..., K, and their associated loadings (.

Assumption 3 The dependence between loadings, factors and errors is such that

T

n~1/? Z 52’ T-1/2 Z (ft — fT) Ui | = Op(l)'
i=1

t=1

Remark 1 Under Assumption 1 E (f;) = pg, and Var(f) = X; =52, ¥, ¥). Also |X¢|| <
S 1 |* and it follows from part (a) of Assumption 1 that |X|| < C, for some C.

Remark 2 Let V,, = E (uqul,) = (0;;), where Uoy = (Uyy, Usy, ..., Unt)’, then condition (7) also
ensures that .
Amax (Vi) < [V, = SUPZ |E (wiuje)| < C.
Joi=1
Condition (7) is in line with the assumptions of the approzimate factor models used in the APT

literature that require Amax (V) < C. Condition (8) is needed to establish probability limits in
Lemma A.1 of the Appendiz.

Remark 3 Part (a) of Assumption 2 is standard in the literature and allows for errors to be
weakly cross correlated. It rules out serial correlation, but can be relaxed to allow for a limited
degree of serial correlation when both n and T' are large. But it is required if T' is fixed and n
large.

2.2 Arbitrage pricing theory (APT) restrictions

The main result of the APT can be summarized in the following cross section return regression
where (population) return of security i is related to its factor loadings

E(ri) = Ao+ BX+n, 9)

where A is the K x 1 vector of factor risk prices (or risk premia), and 7; is the pricing error of
the i'" security, assumed to satisfy the APT condition (18) of Ross (1976), namely

Y m<c. (10)
=1

5



To impose the APT restrictions on the statistical model, first using (5) and (6) we note that

E(ra) =1 +a;+ B,E () + E (uy) =1/ +a; + B;Mf- (11)

Therefore, for APT restrictions (9) to hold we must have
4 a; + ,B;u,f =X+ NGB, + 1, foralli
which in turn requires that
A=pp, and a; + rf = Xo + 1, for all i. (12)

Also, since F (r;) is unobserved, it is typically replaced by its sample mean, 7y = 7! Zle Tits
which, using (5), is given by ~
o =17+ 2, + Bifr + Wi

Imposing the APT restrictions (12) yields:
rir = Ao+ NB; + 1 + Girs (13)

where B
Gir = [fT - B (ft)],ﬁi + U, (14)

But under Assumptions 1 and 2 it also follows that

1 (e )
Wir = ﬁ (T 1/2;114‘15) =0, (T 1/2)>
T

fr—B(f) = % (T_1/2 > I E(ft)]> =0, (T7'?).

t=1

Hence, under standard assumptions made in the literature, the use of time averages allows the
sampling errors in (i to tend to zero at the rate of T-1/2, while the pricing errors, 7;, remain.
Specifically,

rir = Ao+ XNB; +ni + O, (T_l/Q) : (15)

Also, Tir —p E (rie) = i = Mo + NB; + 1, hence APT restrictions only hold in the limit with
T — oo. Therefore, one might expect pricing errors, 7;, to play an important role even for large
samples or where the factor loadings, B, are treated as known. A formal account is provided
below.

2.3 Factor strengths

From the perspective of risk diversification, APT also rules out the possibility of a fully diver-
sified portfolio. This means that there must exist at least one strong factor, otherwise it would
be possible to construct a portfolio whose risk vanishes as n — oo. To see this using (5) a
portfolio constructed as a simple average of the returns, 7oy =n~' Y"1 | 74, is given by

Tot — Tf = E_1“—+_/énft + Uot,



and under Assumption 2 (that errors are weakly cross correlated) we have
For =1 +a+ B,.f + 0, (n?),

where B, =n"2>"" | B; = (Bu1s Bu2, -y Bure)'- Full diversification occurs if 8, — 0, as n — oc.
To avoid this outcome, factor loadings should be such that 3, = S, (1), for some k.

Also for estimation of A, using (15), it is commonly assumed that the covariance matrix of
factor loadings defined by

Bss = Plimn oo [n‘l > (Bi-8.) (8~ Bn)/] ,
=1

is positive definite. For 3z to be positive definite it is necessary that all the K risk factors
under consideration are strong in the sense that

n

Pl oo [n_l Z (Bir — ﬁ,f] >0, fork=1,2,.. K. (16)

=1

However, such an assumption is quite restrictive and is unlikely to be satisfied for many risk
factors being considered in the literature. BKP (2021) propose a method for estimating factor
strength and show that, apart from the market factor, only a handful of 144 factors considered
by Feng et al. (2020) in the literature come close to being strong. More importantly, factor
strengths vary over time in addition to the familiar variation over time in the factor loadings.

BKP (2021) define the strength of factor, fx:, in terms of the number of its non-zero factor
loadings. For a factor to be strong almost all of its n loadings must differ from zero. Given our
focus on estimation of risk premia, we adopt the following definition which directly relates to
3 55. (see also Chudik et al. (2011))

Definition 1 (Factor strengths) The strength of factor fi, is measured by its degree of perva-
siweness as defined by the exponent o, in

> 6 = o), (17)

and 0 < ay, < 1. We refer to {ay, k=1,2,..., K} as factor strengths. Factor fi is said to be
strong if o = 1, semi-strong if 1 > ay, > 1/2, and weak if 0 < o < 1/2.

In the above definition © (n*) denotes the rate at which additional securities add to the
factor’s strength and a4, can be viewed as a logarithmic expansion rate in terms of n and relates
to the proportion of non-zero factor loadings. It is also clear that X34 is positive definite if
and only if oy = 1 for all £ = 1,2,..., K. Condition (17) applies irrespective of whether the
loadings, [k, are viewed as deterministic or stochastic. Under the latter condition (17) can be
written as

n= > E(Bh) >c>0,
=1

which we write more compactly as > | 57 = ©,(n).



3 Estimation of risk premia with known factor loadings

To highlight the importance of pricing errors and factor strengths for estimation of risk premia,
we begin with the case where the factor loadings, §;., and their strength, a;, £k =1,2,...K, are
known. We also assume that E(r;) = p; is known. We make the following assumption about
the loadings. Throughout we assume K is fixed as n and T" — oo.

Assumption 4 (Factor loadings) The factor loadings By, fori=1,2,...n and k =1,2,..., K
are (a) either deterministic such that supg |Bix| < C, or stochastically bounded such that
suppE (B%) < C, and for k=1,2,.... K

> B = Spln™). (18)

(b)The n x K matriz of factor loadings, B,, = (8.1, Boa, -, Box ), Where Bor = (Bik, Poky s Buk)’
satisfy

0 < ¢ < Amin (D,'B,M,,B,D,") < A\per (D;,'B,M,,B,D;") < C < o0, (19)

for some small and large positive constants, ¢ and C, where M,, = I, — n~ ‘v, 7, 7, =
(1,1,...,1), and D,, is the n x n diagonal matriz

D, = Diag(n®/? n®/? .. nos/?), (20)

Assumption 5 (Pricing errors) (a) The pricing errors, n;, fori=1,2,...,n are deterministic
such that sup; |n;| < C, and satisfy

n

> lml =0 (n™), (21)

=1

where oy, > 0 denotes its degree of pervasiveness. (b) The pricing errors, 1;, are stochastic such
that

Y Elml =00, (22)
i=1
and are distributed independently of the factor loadings, (3.
Remark 4 Under Assumption 4
D,'B/M,B,D,' —, Zs3(a) > 0, (23)

where 3gg() is a kxk symmetric positive definite matriz which is a function of a= (a1, o, ..., ag)’.

This follows from (19) since for any non-zero n X 1 vector c,
¢D,'B/M,B,D,'c > (cc) Amin, (D,,'B,M,,B,D,") > 0.

In the standard case where the factors are all strong (o, = 1 for all k), the above limit reduces



Remark 5 The exponent parameter, o, of the pricing condition in (21), can be viewed as
the degree to which pricing errors are pervasive in large economies (as n — oo). Letting

nn = (77177727 "'77771)/ we ha/Ue

2
> 0t = 1nall? < Il l1nlly = sup; ;] (Zlml) 7
i=1 =1

and under Assumption (5) it also follows that
I, = = O (). (24)
i=1

Remark 6 Whilst (21) implies (24), the reverse does not follow. By allowing for o, > 0 we
are relaxing the Ross’s boundedness condition that requires setting o, = 0.

Remark 7 Parts (a) and (b) of Assumption 5 differ in whether the pricing errors and factor
loadings are correlated, and as we shall see this can play an important role for the analysis of
risk premia.

Consider the APT equations (9), denote the expected returns on asset ¢ by u; = E(r;), and
stack the equations for : = 1,2, ..., n, to obtain:

w, = XoTn + B A+m, (25)

where B,, is the n x k matrix of factor loadings, w,, = (f1, ft2, -, tin)’, M, = (M1, M2, -, M)’ and
Ao is treated as an unknown constant. Under this setting and assuming B, is known, A can be

estimated by least squares A
An = (B;Man)_l B, M, pu,,. (26)

To establish the asymptotic properties of X, as n — oo, when the factors have different
strengths, we need to standardize the factor loadings using the diagonal matrix D,,, defined by
(20). For any given n, A, can be written equivalently as

D, A, = (D;'B,M,B,D;") ' D;'B,M,p,,
which upon using (25) yields
D, (S\n - )\> — (D;'B,M,B,D,') ' D;'B,M,n,. (27)

First, note that?

. 1
) } © Amin (D;1B.M,, B, D)’

|(D,'B,M,B,D, ")

— Ao [(D;lB;ManDgl
and since under Assumption 4 \,.;, (DB, M, B, D, 1) > ¢ > 0, then it follows that

H (D;lB;anBnD,;l)”H < C < . (28)

4Recall that ||A|| = A,l,{fm(A’A) denotes the spectral norm of A, and when A is symmetric then ||A| =

)\771,(1% (A) .



If there are no pricing errors, and n; = 0 for all 4, it is clear from (27) that A, = A; there are no
remaining uncertainties and estimates of risk premia do not depend on factor strengths. But
it is unrealistic to assume no pricing errors. To take them into account write the second term

of (27) as

_ _ _ !
_ Bo - Tnﬁ / M /Bo - Tnﬁ /nn /80 - Tnﬁ / M
DnlB{nMn{r’n = ( : na1/2 1) 9 ( 2 na2/22) PRRES ( s naK/2K> . (29)

where 3, = n~17! 3.,, and note that that k™" element of D; !B/ M,,n, can be written as

n

Tom = 12> (B — Be) mi- (30)

=1

The probability order of 7, critically depends on the nature and the degree of pervasiveness
of the pricing errors, 7;. By Cauchy—Schwarz inequality

2 ;. 1/2
(z n?) |
=1

and under Assumption 4, n=* > | (B — Bk)2 = &(1). Also using (24), implied by part (a)
of Assumption 5, we have Y1 | n? = O (n®v), and hence |ry,,,| = O, (n®/?). Given that K is
fixed, overall we have

n

|| < [n_a’“ Z (Bir — Bk)2

i=1

D,'B/M,n, = O, (n""/?) . (32)

But when part (b) of Assumption 5 holds, the effects of pricing errors on risk premia estimates
will be much less pronounced. This is achieved by conditioning on the pricing errors and then
exploiting their independence from the factor loadings, namely by noting that?

B (Jmial 1) < 0% 3" B |Bu = B Ini < [supanE |Bu = Bel] =23 Il = O (nor=24/2)
=1

i=1
and hence

D;lB;Mnnn — Op (nOén_amin/Q) ; (33)
where a,,;, = min(ay, as, ..., ax). Using this result together with (28) in (27) we now have
D, (5\” — A) =0, (n"‘"/Q) under part (a) of Assumption 5, and D, (5\” — )\) =0, (na"*amm/z),

under part (b) of Assumption 5. For the risk premia of the k" factor, these two results can be
written equivalently as

Nem — A = O, (n_(ak;an)) , under part (a) of Assumption 5, (34)

~

Ao — A\ = O n*(aﬁgmm*o‘") , under part (b) of Assumption 5, 35
p

®Note that under Assumption 4

E|ﬁik *Bk| < E|Bix] +E|Bk| <C.
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The convergence rate of j\kn to its true value, A, is governed by both oy as well as a,, and
Qmin- If only part (a) of the pricing error assumption holds, then for Nen —p g it is required
that «, < ai, for all k, which follows if o, < i = min(ay, s, ...,ak). This condition
weakens to «, < 1, if all the factors are strong (i.e. when aj, = 1). If in addition the factor
loadings and pricing errors are independently distributed (as in part b of Assumption 5), then
for A\, —, Mg it is required that o, < (o4 + Qmin) /2. Finally, Nen —, A faster under part
b since W — oy > 52 when @, < Qin. These results show that for identification of
risk premia it is essential that the strength of the pricing error is less than the strength of the
weakest factor.

The equilibrium pricing condition of Ross (1976), given by (10), is satisfied if o, = 0. It is
clear that for \; to be y/n-consistent we must have both a;, = 1 and a, = 0, satisfied. More

pervasive pricing errors and/or weaker factors combine to reduce the rate of convergence of Nen
to Ax. The above result also establishes that the risk premia associated with a factor whose
strength is close to o, is poorly identified at best. Even in the unlikely case of known factor
loadings the rate at which Nen converges to A\, can be painfully slow in the case of factors with
strength close to ;. For example, when only part a of Assumption 5 holds with «, = 1/4
(representing a moderate degree of pricing errors), identification of A, with strength a;, = 3/4
implies a convergence rate of n~'/* which is very slow and requires a very large number of
securities for a reasonably accurate estimation and inference.

We now consider how the above results are affected once we allow for estimation uncertainty
(often referred as measurement errors) in the factor loadings in the more realistic case where
B,, is estimated using a sample T" observations on 7, for t =1,2,...,T.

4 Two-pass estimator of risk premia

In practice the factor loadings are unknown when the Fama and MacBeth (1973, FM) two-pass
estimation procedure is used. In addition, the second pass regression uses average returns,
71, that do not coincide with true mean returns F(r;), when T is small. As noted in the
introduction, the use of portfolio returns and their associated [3's in the second pass does not
alleviate the small 7" bias and in some settings could even accentuate it.

We now derive finite T' large n asymptotic properties of the two-pass estimators of risk
premia when one or more of the risk factors are not strong, namely when a,,;, < 1, where
Qmin = min(aq, ag, ..., ak). The first pass of FM estimator estimates [3;; by running ordinary
least squares (OLS) regressions of the individual (excess) returns, {r; ; i =1,2,...,n} on an
intercept and the same common factors, f;, over the time periodst = 1,2, ...,T. These individual
regressions can be written as

ri, =a;7r +FB;, + u;, fori=1,2,...n, (36)

where r;o = (11,732, ..., 7o), F = (£, £, ... f7), and w;o = (ui, wiz, ..., u;r)’. True values of the
factor risk prices (or risk premia), A, are defined by the cross section regressions (CSR)

E(ryg) =X+ BX+mn, fori=1,2,...,n, (37)

where 7); is the pricing error. It is also convenient to combine the individual return regressions
as
ro =a, + B,f; +u,, fort=1,2,....T, (38)

11



where ro; = (714, T2¢, .., Tne)' 18 an n X 1 vector of excess returns on individual securities during

period t, a, = (a17a'27-"7an)/7 B, = (/601’ﬁ027"'7/60K)7 ﬁok = (ﬁl]mﬁ?ka“'?ﬁnk)/a and u,; =
(U]_t,/U/Qt, ceey unt)/-
The two-pass estimator is given by

~

N N -1
Ay = (B;TManT> B’ M, F,, (39)

where M,, = I,—n~!7,7/ as defined above, B,,; = (Bi7,Bors s Bur)s Tn = (Tio, T20, -y ro)

Fir =T Y01 Tay

B, = (F'M7F) " F'Myr,, (40)
F = (f17f2> -"7fT)la MT = IT - T_lTTT/T, and i, = (Til,rig, ---,riT)/- Under (36), Bi,T =
G, + (F’MTF)_1 F'Mru,,, and hence

BnT = Bn + UnTGT7 (41)

where U,r = (U0, Ug0, ..., Uy), and Gy = M¢F (F’MTF)_l. Also, averaging the return
equations (36) over t for each i, we have

T = a; + ,BZFT + ’l_LZ'T, and B (ﬂ) =a; + ,BQE (?T) s (42)

where fr = 71 Zle f,, and @, = T71 Zthl u;. Hence, using the above results together with
the APT condition given by (37), we have

T, = ATy + By (A+dyr) + 0,41, (43)
= K, -+ BndfT + ﬁn

Where l_ln - (alcn a207 “eey anoy

and

T
dpr =fr — E(fr) =T [f, — E(f)], (45)
t=1
0 = (1o, Ugo, ..., Uno) , and m,, is the n x 1 vector of pricing errors. Relations (41) and (43) can
now be used in (39) to derive the asymptotic properties of A,,.

5 Asymptotic properties of two-pass estimator in the
case of short 7" and large n panels

As is well known when T is finite the two-pass estimator is biased due the errors in estimation
of factor loadings that do not vanish. In our case the derivations are further complicated since
we also allow for some of the factors not to be strong. Even if only one of the factors is not
strong, namely if a,,;, < 1, then lim, .., (n7'B/M,B,) = X5 will be rank deficient. It is
easily seen that the rank ¥ 35 will be equal to the number of strong factors. In the extreme case
where none of the factors are strong we have 335 = 0. Interestingly enough, even in this case
the two-pass estimator tends to a finite limit so long as 7' is fixed as n — o0o. The following
theorem provides the main asymptotic result when 7' is short.

12



Theorem 1 (Small T bias of two-pass estimator of risk premia) Consider the multi-factor lin-
ear return model (38) and the associated risk premia, X, defined by (37), and suppose that As-
sumptions 1, 2, 4 and part (a) of Assumption 5, hold such that c,y < sy = min(oq, g, ..., o).
Suppose further that X is estimated by Fama-MacBeth two-pass estimator based on individual
excess returns, vy, and the factors, £y, fori=1,2,....n, andt =1,2,...,T. Then for any fixed

T > K + 1 we have (asn — c0)
7 (FMF\ ™ 2 (F'MyF\
255+—< d ) (25[301”—7( TT ) AL (46)

T T

an_A —p

where X, is defined by (39) and

T
B'M,B
dpp =T7" Z f; — E(f)], Xps = lim (”—H) , and o° = lim
t=1

n—oo n

1 n
=3 or >0, (47)
i=1

n—oo N 4

The proof is provided in sub-section A.3.1 of the Appendix.

It is clear that the probability limit of X,r exists even if 344 is rank deficient. As an
example, consider a two-factor case where only one of the factors is strong, namely oy = 1 and
oy < 1. In this case

B.M,,B, ( n-! Z?ﬂ(ﬁz‘; — Br)? - n~t Y (B — Bl)(ﬁp — () )
n n! Z?:l(ﬁil — B1)(Biz — B2) n! Z?zl(ﬁiz — [2)?

[ ew o (n) (0
@(nazz_l) O (no271) P 0 0)°

> =2 / -1
where 03 = lim, oo™ 31 (B — £1)? > 0. Let Ap = & (M) = (ayr), and dpr =

T T
%Zthl [f: — E(f;)] = (d71,dsr2), then using (46) and after some algebra we obtain

a2, T 0/231 (M+dsr1)

A — AT . |Ar|+azeTog,
nT = 5\2 - p —a12,703 (M+dyr1)
’ \AT|+¢122,TU§1

For a finite T" the estimate of risk premia of the weak factor, 5\27nT tends to —algyTagl()\l +
drra)/ (\AT| + a227TO'?31) which is proportional to A;, and does not converges to Ay even if we
consider sufficiently large 7. In fact the ratio XMT / 5\1,nT —p —a12.7/a2 r which reduces to
Cov(far, f11)/Var(fiz) for T sufficiently large. In effect the risk premia estimated for the weak
factor represent an spill over effect from the strong factor via the correlation of the underlying
risk factors. In the special case where the two risk factors are uncorrelated ;\27nT — 0.

In the extreme case where none of the factors are strong 333 = 0 and we have

-1
72 (F'MF\ 72 (F'M;F *1)\
T T T T

—
and we have \,r —, 0, irrespective of the true values of the risk premial

~

AnT_A -

p
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5.1 Shanken bias-corrected two-pass estimator

The small T' bias of the two-pass estimator of A has been a source of concern in the empirical
literature. As can be seen from (46) and (47) the bias of A, is due to terms that involve dr
and 2. Following Shanken (1992), 5 can be consistently estimated (for a fixed T > k+1) by®

T no o~
52 _ D1 i Ui (48)
(T —k—1)
where U;; = rip—a;r — ,@;Tft, and 4;r and Iéi,T are the OLS estimators of a; and 3,. Using this
result the bias-corrected version of the two-pass estimator is given by:

—1 ~
B ~-M,r1,
(nT—r> . (49)

n:

B, M,B,r pr (F'MTF)1
- - = nT

n n

To obtain the probability limit of X,,, we first note that since 5.4 —, 32, and n" B/, M,,B,r —,

_ , -1
g8 + %2 (FMT—TF> , then

n

o (FM/F\ !
-5 ()~ 2 (50)

and the probability limit of X, exists if Y3 is full rank, which requires all the K factors to
be strong. Note that the k" diagonal element of X4 is given by plimy, on™ > 1 (Bix — Br)?,
which tends to zero if oy, < 1.
Supposing that aj = 1 for all k, then for a fixed T > K + 1 and as n — oo, we have (as
required) ~
An —p A7 = A +dyr, (51)

where dr is defined by (45). Shanken refers to A} as "ex-post" risk premia to be distinguished
from A, referred to as "ex ante" risk premia. See also section 3.7 of Jagannathan et al. (2010).

Remark 8 In short, bias-correction of two-pass estimator is not innocuous, and pre-supposes
that all the included factors are strong. The inclusion of a factor whose strength is below unity
can lead to ill-defined bias-corrected estimates if a sufficiently large number of securities is
considered. Ironically, this deficiency of two-pass bias-corrected estimators starts to show up
only when n is sufficiently large and one or more of the factors is not strong.

6 Asymptotic properties of the two-pass estimator when
both n and T are large

It is clear that the large n asymptotic distribution of the two-pass estimators, whether bias-
corrected or not, is not correctly centred when 7' is small. Furthermore, as argued above the
validity of the bias-corrected two-pass estimator requires all the risk factors under consideration
to be strong. Here we consider the asymptotic distribution of the two-pass estimator (without

6 A simple proof of n consistency of of 32T for &2 is provided in sub-section A.3.2 of the Appendix.
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bias correction) when both n and T" are large, whilst at the same time allowing for the possibility
that one or more of the risk factors are not strong. Accordingly, we consider the following scaled
version of the two-pass estimator given (39):

DninT = ngl’qnta (52)

where
Sur = D' BlyM,BrD,, dur = (D' Bl M., )

and D,, is the K x K diagonal matrix defined by (20). Write S,r as
. ' .
Sur = D," (Bur = Bur + Bur) My, (Bur — Bur + Byr) D,
and recall from (41) that B,y — B, = U,+Gr, where U,p = (Uyo, Ug, ..., U,0) , and Gp =
My F (F'M;F)~'. Then we have

S,r =D,'B'M,B,D,' +D,'G,U/;M,B,D,"'
+D,'B/M,U,+G;D,' + D;'G,U M, U,+G;D,*.
Similarly, using (43) we also have
@ = [(D,'B,M,B,D,") + (D, G UM, B,D, )| Dy A7
+D;1B:1Mn77n + DrleéFU;zTMn”’n
+D,'B/M, i+ D, 'G,U/,;M,1,.

To derive the probability order of the two-pass estimator we need the following results estab-
lished in Lemma A.3:

D,'G;U/;M,B,D,"' = O, (T~ /?n mn/?) (53)
D, 'B,M, 1, = O, (T"'?), (54)
1 , _ n(l_amin)/Q Ao /2
D,'Gr UMyt = O | =5 ) + Op (0777, (55)
DG UM, = (/) 0 [0, (56
1—amin
D, Gy (UM, Uyr) GrD; = 0, (™ (57
Using the above results we have
1—amin
S.r =D,'B,M,B,D,! + O, (T"'/?n~"/?) + O, (n = ) : (58)
and
qr = [(D,'B,M,B,D.") + O, (T~ /*n="n/)| D, A}, (59)
1R/ 1R/ N = n(1—min)/2
+0, (n_l_am”’ﬂ) + ( %) Oy [n_(o‘mm_anw] :
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Also by Assumption 4, D, 'B/ M,,B, D! —, ¥55(ar) > 0,asn,T — oo, where a= (ay, az, ..., ag)'.

Hence it follows that as n and 7' — oo, and S, — Xgs(a) > 0, and overall we have

D, (S\nT - A;:) — %} (e)D; "B, M, 1, + X;}(a)D; 'B, M, T, (60)

n(l—amm)/Q)

+ Op (n—l—amm/2) +0p ( T3/2

where
T

o= A+dpy = A+% STl - E(R)]. (61)

t=1

6.1 Asymptotic distribution of two-pass estimator under zero pric-
ing errors

The asymptotic distribution of two-pass estimator critically depends on assumptions made
about the pricing errors, 7,. In the case where pricing errors are ignored the expression for

D, (XnT — A}) reduces to

n(l_amin)/Q

D, <XnT - A}) = Egé<a)D7:1B'InMnﬁn +0, (W) + 0, (n1omin/2)
= 0,(1).

where 0,(1) here refers to an amalgam of terms that tend to 0 in probability. To obtain a
non-degenerate distribution we need scale up both sides by /T which yields

. B T (1—amin)/2
VTD, (A = A7) = B33(@)D, ' B,M, (VTH,) + 0, (#) Lo, (n_) _

(62)
The last two O,(.) terms tend to zero as n,T" — oo, so long as n/T — k where ¢ < k < C.
Also note that
|255(a)D, "B, M, || = A2, [855(a)D,, ' B,M, B, D, 'S 1 ()] =, A2, [S54(a)] < C,

max mazx BB

and hence A
TY/2p00/2 (Ak,nT - A;;T> = 0,(1), for k=12, ... K. (63)

This is a generalization of the second part of Theorem 1 in Anatolyev and Mikusheva (2020).
They use a drifting parameter model similar to that used for weak instruments in which the
loadings, B, of the weak factor drift to zero at rate /T to model the near degenerate rank.
Since they also assume n grows with 7', this is equivalent to \/n and corresponds to the special
case of our models with o = 0.5. They only consider strong (o, = 1) and weak (ay = 1/2)
factors, though they also have other terms that come from missing factors.
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Under our assumptions and in absence of any pricing errors we obtain
VTD, (XnT _ Ai}) oy N (o, zgg(a)Hﬂﬁ(a)zgg(a)> , (64)

where

Hs(a) = plimy, 1.0 (D;;'B,M, V,M,B,D;) , and V,, = (o). (65)

The above result holds for different degrees of factor strength and reduces to familiar results
when o = 1, namely

/ X * -1 -1
nT ()\nT — )‘T> —d N (0, EﬁﬁHﬁﬁﬁﬂﬁ) s
where Hgp = plim, r—. (n 1B, M, V,M,B,,).
A consistent estimator of the asymptotic variance of A, — A} is also given by

-1

—— ~ ~ ~ 71 ~ ~ A A~ ~
Var ()\nT _ A*T> 7! (B;TManT) (B;MnVuMan> (B;TManT> , (66)

where V,, = (6i;) represents a consistent estimator of V,. Since V, is assumed to be row
(column) bounded, it can be consistently estimated using the various thresholding procedures
advanced in the statistical literature. See, for example, Bickel and Levina (2008a, 2008b) and
Cai and Liu (2011). Here we suggest the threshold estimator proposed by Bailey, Pesaran and
Smith (2019, BPS), which does not require cross-validation and is shown to have desirable small
sample properties. Accordingly, we propose the following threshold estimator

0ii = 0
Gij =61 [|py| > T Vca(n)], i=1,2,....n—1, j=i+1,...,m, (67)
where
1 < G N
Oij = T Zﬁitﬁjt, pij = —m=, Uy =Tt — A7 — Bk, (68)

03i0jj

t=1

and ¢,(n) = ®' (1 — &), is a normal critical value function, p is the the nominal size of
testing of 0;; = 0, (i # j) and 0 is chosen to take account of the n(n — 1)/2 multiple tests being
carried out. Monte Carlo experiments carried out by BPS suggest setting 6 = 2. The variance
estimator given by (66) does not require a knowledge of the factor strength and applies to risk
=0, (&),

P\ VT
As it stands the asymptotic distribution in (64) is very encouraging, but it is important to

factors of differing degrees. It can be shown that H{/“ -V,

note that the fast +/n%T convergence rate obtained for (an;p — )\ZT> does not carry over to

the risk premia, A\, which is the primary object of interest. To this end, using (61) in (62) we
observe that

VID, (S\nT - A) - D, ( ET: £, — E(ft)]) +35a)D; ' B/M, (ﬁﬁn) (69)

t=1

ﬁ n(l_amin)/2
o <n1+amm/2 *O”( T )

3~
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where under Assumption 1 we have \/LT S [f, — E(f)] = O,(1). Now that the distribution
of the two-pass estimator is centered correctly around A\, the first term on the right hand side
of (69) is unbounded in n, and will eventually dominate the remaining terms. To avoid this
outcome we need to multiply both sides of (69) by D, ! to obtain

VT (:\nT - ,\) - % ZTJ If, — E(f)] + D, 'S;}(0)D; 'B,M, (ﬁﬁ) +o,(1),  (70)

where

HD;lzgﬁl(a)DnggMn (\/Tﬁn>

<D |[Z5k @)D, By M, (VT )
=0, (n*%/Q) ’

and hence we end up with

VT (A = A) = % ; £, — E(£)] + 0,(1).

Interestingly enough, when pricing errors are ignored the asymptotic distribution of the two-pass
estimator around A is not affected by factor strengths and is primarily governed by the distribu-
tion of the risk factors around their means. The asymptotic distribution of T-1/2 3" [, — E(f,)]
can be obtained using standard results from covariance stationary multivariate time series lit-
erature. Also see Theorem 2 below.

6.2 Asymptotic distribution of two-pass estimator allowing for pric-
ing errors

In the more realistic case where there are pricing errors, using (60) and noting that D, 'B/, M, u,, =
O, (T~?), we have

D, (Aur = A7) = 3;33(@)D, "B, M,m, + 0,(1), (71)

asSUMINg i > ), and if n/T — k < C asn, T — co. The probability order of D,,'B! M,,n,,,
is given by (32) and (33), depending on whether part (a) or part (b) of the pricing error
Assumption 5 is met. The weaker part (a) allows consistent estimation of the risk premia, A,
but at the rather slow rate of n*w), assuming i, > o, and if n and T" — oo such that
n/T converges to a finite constant (inclusive of zero). The convergence of Anr to A is ensured
since under Assumption 1 we have dy, = O, (T -V 2). However, the asymptotic distribution

of Az — A% will be dominated by the pricing error, unless stronger conditions in part (b) of
Assumption 5 is made. Under part (b) of Assumption 5 we have (using (33))

Dn <XnT - A:}) _ Op (nan*&min/2) + 0p<1)7 (72)

and the effects of the pricing errors on the asymptotic distribution of the two-pass estimator of
risk premia vanish if oy, < i /2. By definition (see (61) we have

D, (Awr = A7) =Dy (A = A) = T7'D, ETJ £, — B(£)] .
t=1
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which in conjunction with (72) yields

D, (XnT - ) 77D, Z )] + 0,(1).

Hence, for the two-step estimator of the k' risk premia we have

nok/2 (anT — )\k) = (W) Z frt — E(fre)]

Therefore, under joint n and 1" asymptotic ;\ka is correctly centred but its limiting distribution

depends on the strength of its underlying risk factor. When «a; < 1, then Tk — 0 as n and

T — oo and we end up with a degenerate distribution for S\ka. Only for strong factors with
ar = 1 the asymptotic distribution is non-degenerate, and can be written as

+ 0,(1). (73)

n'/? <S\k,nT - /\k> = (\/>> \/—Z [fie = E(fre)]| + 0p(1),
or equivalently (after post multiplication by /7/n)
ﬁ(j\knT — )\k> = [\/—Z [fee — E(fre)]| + 0p(1).

The following theorem gives the asymptotic distribution for the case where a subset of K
factors, denoted by f,;, are strong.

Theorem 2 Consider the multi-factor linear return model (38) and the associated risk premia,
A, defined by (37), and suppose that K, of K factors are strong, and the remaining K — K

factors are weak, such that a= (T, ag,+1,0K,42,....,aK)', where Tk, is a Ky x 1 of ones,
and o, < 1 for k= K, + 1, K, + 2, ..., K. Further suppose that Assumptions 1, 2, 4, and part
(b) of Assumption 5 hold, and o, < Gmin/2, where Qi = Min(ok, 41, Ak 12, -..., ). Denote

the strong factors by fy and let Vi(p) = E [(fst — pisf) (Fsp—p — Msf)/}; such that the long run
covariance matrix defined by

V,=V,(0) + i (Vs(p) + Vi(p)) . (74)

p=1

is positive definite. Denote the two-pass estimator of the risk premia associated to the K, strong
factors by s 1, and further suppose that n and T'— oo such that n/T — k, with 0 < k < C.
Then

VT (S\M _ AS) .y N(0, V). (75)

The proof of this theorem follows directly from (73) and the application of standard re-
sults from stationary time series processes applied to T1/2 Zthl [fss — E(fs)]. Also V4 can be
consistently estimated by

m

Vo =V (0)+ > blp.m) (Vap) + Viw))

p=1
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where Vs(p) =71 ZtT:pH (fst - fST) (f&t_p - fsT)/, = Z L s, b(p,m) is the kernel
or lag window, and m is the bandwidth. This is a standard HAC estlmator where the kernel
and bandwidth must be chosen carefully to ensure that m /T tends to zero at a sufficiently fast
rate, and V, is invertible.

7 Asymptotic properties of pooled R squared

A common procedure to judge the effectiveness of a factor model is to look at the fit, measured
by R2, of regressions explaining returns. There are a number of ways this can be done. One
possibility is to use the average the R? of the first pass regression. Fama and French (2015p12)
report average R? for the 5 factor model for various ways of constructing portfolios. But
averages are sensitive to outliers. Another possibility is the R? of the second pass Fama-
MacBeth regression. Kleibergen and Zhan (2015) consider the large sample distributions of this
R? when the observed proxy factors are weakly correlated with the true unobserved factors.
This implies an unexplained factor structure in the first pass residuals; a large estimation error
in the estimated beta’s; and possibly large spurious values of the second pass R?. A third
possibility is the pooled R? which we consider.

Consider first stage regressions of returns r; on a vector of K factors f;, for securities
1=1,2,...,n and time periods t = 1,2,...,T

rit = a; + Bify + wi
average these over time, where 77 = Zthl ry and U = ZtT:l Ui
Fir = a; + Bifr + Ui
The pooled R squared is then given by

PR?—1— (nT) "' 3oy Doy -
(nT)" Zt 12y (Tie = Tar)

Under our assumptions, as shown in Appendix A.3.3, it follows that (for both n and T large)

Y, BB + o)
T l4nt Z?:l IBészﬁi/agz + 0,(1) .

Hence, the order of PR?, is governed by the pooled signal-to-noise ratio defined by

2 _121 lIBZfTIB

SaoT =
n 0_2

PR?

and has the same expansion rate as 3.0 (n"' 3., B2). Therefore, the limit of PR, is
dominated by the strongest factor. For example, in the case where only one of the factors is
strong, say fis, then oy =1 and ay, < 1 for k = 2,3, ...K, and we have

<%) [nillimn—wo Z?:l 121]

PR?, — "
1+ (%) [n_llimn—wo Z?:l 121]

> 0.
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where by assumption n='lim, . Y., 53 > 0. This finding is in line with the result of The-
orem 2 that only risk premia of strong factors can be identified. The effects of factors with
strength below unity will vanish eventually. Therefore, the use of semi-strong or weak fac-
tors in estimation of risk premia can be justified only by appeal to market inefficiency that
might prevail when the number of available securities is not sufficiently large and the effects of
semi-strong factors do not vanish and could be contributing to the pooled R2.

8 Empirical evidence on the strength of the Fama-French
5 risk factors

The earlier sections demonstrated the importance of knowing the strength of the factors both
for assessing the relative importance of pricing errors and for the convergence properties of the
estimators of the risk premia in terms of n and T'. This section uses the procedure suggested by
Bailey, Kapetanios and Pesaran (2021, BKP) to estimate the strength of the five factors sug-
gested by Fama and French (2015), which have been used extensively in the finance literature.
We first provide a brief overview of the BKP estimation method.

8.1 Estimation Procedure

BKP propose estimating the strength of a factor from the proportion of the n securities in
which the factor loading is significant in the first pass time-series regression. Denote by %
the t-statistic of the estimated loading of factor k for security ¢ and consider the proportion of
regressions where the estimated factor loadings, [, is statistically significant:
1 |tik] > cp(n
L Tt > o) -

n

where 1 (A) =1 if A > 0, and zero otherwise. To control for the multiple testing problem, the

critical value function, ¢,(n) = @' (1 — L) =6 < ln(n)> , is used, where ®~1(-) denotes the
inverse cumulative distribution function of the standard normal distribution, p is the nominal
size of the multiple tests, and ¢ is a small positive constant that controls the overall size of
the multiple tests and ensures the consistency of the estimator of a,. BKP use ¢ = 0.25 and
p = 0.1. Monte Carlo results indicate that the estimates of factor strength do not seem to be very
sensitive to the choice of ¢, and even less so to the choice of p. Note that lim, ..c5(n)/In(n) =
2¢, and does not depend on p.

The estimator of the strength of factor k£, is given by
ar = 1+ In(7,)/In(n). (77)

BKP derive its asymptotic distribution and give analytical expressions for its asymptotic stan-
dard errors for values of «y in the range 1/2 < oy, < 1. The confidence intervals become quite
narrow as oy gets closer to unity. When oy = 1, the distribution of &; tends to its true value
of 1, at an exponential rate, a convergence rate they label as ultra consistency.

The relationship between «y and 7 in (77) can be used to examine the association between
ay and the amount of information in the sample about the factor. With n = 400 securities the
condition ay, < 1/2 implies that the factor loading is non-zero in around 20 out of 400 securities.
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The fact that around 380 out of the 400 beta estimates are zero in the second pass regression
makes it clear that factors with ay < 1/2 cannot be distinguished from the idiosyncratic errors.
In comparison, in the case of a factor with strength o = 0.9, it will have non-zero loadings
in around 220 of the 400 securities under consideration. As «y approaches unity, almost all
securities will be affected by the factor.

Factor strength is determined by the number as well as the size of non-zero loadings, f3;.
While BKP focus on the number of non zero factors, other papers assume that

Bi = Bim = 6;/n1 0 (78)

with ¢; > ¢ > 0 for all 7. See, for example, Kleibergen (2009) and Onatski (2012) who consider
the above specification with v = 1/2. This specification requires all factor loadings to decline at
the same rate with n, when o < 1. But uniformly declining values for 3;,, as n increases, make
little empirical sense and there does not seem to be any suggestions in the literature on how to
estimate o under (78). The BKP procedure, of using the number of non-zero factor loadings
to determine factor strength, is empirically more sensible and easier to implement than (78).

8.2 The strength of the Fama-French factors

Our empirical application uses the BKP procedure to obtain rolling estimates of the strength
of the five Fama and French (2015) factors, FF5. The loadings are obtained from regressions
in which all five factors are included. We use all stocks in the S&P 500 portfolio that have at
least 10 years of return history, for each month from September 1989 to May 2018. The list is
updated monthly and includes at least 400 stocks, with an average number of 442 stocks. This
procedure avoids the possible survivorship bias caused by the changing composition of S&P 500
portfolio.

The data for the FF5 factors are taken from Kenneth French’s web pages.” The factors
are: market, size, value, profitability, and investment. The market factor, the excess market
return, differs from the average of the roughly 400 stocks we consider. In particular, it is value
weighted and has a much wider coverage. It includes all CRSP firms incorporated in the US
and listed on the NYSE, AMEX, or NASDAQ that have data for that month. The risk free
rate is the one-month Treasury bill rate.

In addition to the market factor, the original three Fama and French (1993) factors included
a size factor, SMB, small minus big measured as the return on a diversified portfolio of small
stocks minus the return on a diversified portfolio of big stocks, and a value factor, HML, high
minus low measured as the return on a portfolio of high book to market stocks minus the return
on a low portfolio. To these three, Fama and French (2015) added a profitability factor, RMW
measured as the difference between the returns on portfolios of stocks with robust and weak
profitability, and an investment factor, CMA measured as the difference between portfolios of
low and high investment firms, which they call conservative and aggressive.

The time series regressions are of the form:

5
Tip — 7{ =a; + Zﬁikfkt + Ujt, (79)
k=1

"The FF factors are obtained from https://mba.tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html.
Excess returns on individual securities were originally compiled by Takashi Yamagata and extended to May
2018 by Natalia Bailey. For further details see Appendix C of Pesaran and Yamagata (2018).
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where the excess return for each stock, ¢+ = 1,2,...n, is regressed on a constant and the five
factors over rolling ten year samples, 7 = 1,2, ..., 345, where 7 denotes the last month of the
ten year rolling sample from September 1989 to May 2018. The t statistics for the hypotheses
Bir = 0 are then used to calculate (76) and (77).

Figure 1 plots the 10 year rolling estimates, o, for & = Mkt, SMB, HML, RMW, and
CMA. The market factor always has a strength that is either one or very close to it, with little
variation over time. The other four factors are much weaker with a great deal of variation
over time. The time average of the rolling estimates of the strength of five factors in order of
strength are 0.994 for the market factor, 0.725 for SMB, 0.739 for HML, 0.722 for RMW, and
0.622 for CMA. The lowest value for the strength of the market factor is 0.982 in August 2001,
the highest value for the strength of any other factor is 0.821 for RMW in October 2001.

0.4% N N N N
1989 M9 1996 M 11 2004 M1 2011 M3 2018M5

M K T

S M B HM L RM W c M|A

Figure 1: Rolling estimates of factor strength for the five
Fama-French factors

0.9 86 + + + +
1989 M9 1996 M 11 2004 M1 2011 M3 2018M5
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M KTU

M KL

Figure 2: Rolling estimates of factor strength for the market factor
with its 95 percent error band

The time profile of the rolling estimates of factor strengths together with their 95 per
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cent standard error bands are given in Figures 2-6. As can be seen, the error band for the
market factor is very tight indeed, such that in many instances the upper and lower bounds
almost coincide, reflecting the ultra-consistency property of the estimator when its true value
is close to unity. The error bands for other factors are wider given that they are weaker in
strength, nevertheless they are still reasonably tight. This suggest that the factor strengths
are estimated fairly precisely, and their variations cannot be attributed to sampling variation
alone. The results also suggest that the importance of the additional four factors is subject
to substantial structural change, which adds another dimension to risk analysis. For instance
the lowest strength for any factor is for CMA in January 2011 at 0.54, with a 95% confidence
interval between 0.51 and 0.57; a small interval compared to its time variation. In general,
higher values of strength are associated with smaller confidence intervals.

0 .66
17989M 91996M 112004M 1 2011M 3 2018M5

0 . &= + + + +
1989M91996M112004M 12011M 3 2018M5

—HML-FHML_HMlLU

—SMB-FSMPSMlBU

Figure 3: Rolling estimates of factor strength for Figure 4 Rolling estimates of factor strength for
the SMB factor with its 95 percent error band the HML factor with its 95 percent error band

01.98UQM91996M112004M12011M32018M5 01.98UQM91996M112004M12011M32018M5
—RMw—FRMW_Rleu —CMA-FCMA_CMlAU
Figure 5: Rolling estimates of factor strength for Figure 6: Rolling estimates of factor strength for
the RMW factor with its 95 percent error band the CMA factor with its 95 percent error band

BKP follow a similar procedure but use a different first pass regression. Different first
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pass regressions will produce different proportions of significant coefficients and thus different
estimates of factor strength.® Whereas we use all five factors in the first pass regression, they
used just two factors in each first pass regression. These were the market factor and one other
factor taken in turn from the 145 factors considered by Feng et al. (2020). The estimates
they obtain are very similar. BKP also find that the market factor is the only strong factor,
never falling below 0.95 in strength, while none of the other 144 factors considered has strength
exceeding 0.95. After the market factor, with a time averaged strength of 0.99, the next
strongest factor is leverage, which has a time averaged strength of 0.827.

9 Concluding remarks

The Fama-MacBeth two-pass estimator has been routinely applied to multi-factor models to
estimate risk premia. This literature typically assumes that all the risk factors under consid-
eration are strong, and that there are no pricing errors. In this paper we extend the analysis
by considering risk factors that are not strong, whilst at the same time allowing for a less re-
strictive degree of pricing errors than the bounded condition assumed by Ross in his theoretical
derivations of APT.

The main message of our analysis for empirical asset pricing is that pricing errors and factor
strength matter for consistent estimation of risk premia and subsequent inference, thus an
estimate of factor strength is required before attempting to estimate risk premia by the two
pass method. The method advanced by BKP (2021) can be used to estimate factor strengths,
which then allows investigators to focus their analysis on the strong factors, whilst including
additional semi-strong factors to reduce residual cross-correlations. It is possible to allow for a
moderate degree of pricing error so long as the risk factors under consideration are sufficiently
strong.

The theoretical analysis highlights the importance for the estimation of risk premia of having
panels with sufficiently large n and 7'. This is likely to pose important challenges in practice,
since factor loadings are likely to be subject to a significant degree of time variation. We
have assumed K the number of possible factors is given and have not discussed how one selects
factors, but given our results it is clear that factor selection and measurement of factor strength
need to be done jointly.

8However, the Monte Carlo experiment 4 in BKP suggests that the estimates of ay, for strong factors will
remain close to unity irrespective of the model specification.
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A Mathematical Appendix

A.1 Introduction

We first state and establish a number of lemmas and provide a proof of Theorem 1 in the paper.

A.2 Statement of lemmas and their proofs

Lemma A.1 Consider the errors {u;,i =1,2,...n;t =1,2,..., T} in the factor model defined
by (38), and suppose that Assumption 2 holds. Then for anyt and t' (as n — o0)

1 n
Qn tt = ; Z Ut Uiy = Op (n_l/z) , fort # t/7 (A-l)
i=1
but = % Z (uft - 0?) —, 0, fort = t, (A.2)
i=1
Cnt - uztuzo - z 07 (A3)
—p

and

Var(cnt) = 3 Z Z Cov(uf,,us)| = O (n'T7?%), (A.4)

=1 j5=1

where 02 = E(u), and w;o = T™! Zt 1 Wit

Proof. Since {u;} is serially uncorrelated then E(ujuy) = 0 for ¢t # t' and E (anw) = 0 if
t £t Also

Var(anw) = E E E (uipwipujiwge)

7j=1 =1
_ % SN E (wiw) E (wivge)
j=1 i=1
ZZUU = Z (Z |U”|>
7j=1 =1

Since by Assumption 2, sup; > " | |oj;| < C, then
1 = .
Var(anw) < - supz o5l =0 (n71),
Ti=1

which establishes (A.1). Similarly, since E (u?, — 02) = 0, then E(b,;) = 0 and

Var (by,) = — Z Z Cov(u m jt

i=1 j=1
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which tends to zero by part (b) of Assumption 2, and result (A.2) is established. To prove

(A.5) set ziy = Uyl — %02-2, and note that u;u;,, = %Zzzl u;tlis, and given that {u;} is

serially uncorrelated then E(z;) = 0 and we have E(c,;) = 0. Also

Var(cnt) = - ZZCOU (zit, Zjt) (A.5)

=1 j=1
and
Cov(zit, 2jt) = E(uitjitiiolljo) — —50

Further

1 T T
E (uipujtiotije) = ﬁE Ui Ut E E UisUjs |
s=1 s/'=1

and since {u;} is serially uncorrelated, then E (u;ujloljo) = 77 E(ufu?,), which yields
1 22 L 5 1 "
Cov(zit, zjt) = T B(ujus,) — 720105 | = ﬁC’ov( UG-

Using this result in (A.5) we have

Var(cnt) = —

1
|3 ot ]
=1 j=1

Therefore, under part (b) of Assumption (2), it follows that Var(c,;) = O (n 'T72), as re-
quired. Result (A.3) also follows by Markov inequality. =

. . !
Lemma A.2 Consider thenxT error matriz U,r = (W10, Uge, ..., Wyo) , where wjo = (i1, sz, ..,

the n x 1 vector of pricing errors n,, = (11,72, ..., Mn)’, and suppose that Assumptions 2 and 5
hold, with oy, < 1/2. Then for a fixzed T and as n — oo we have

U%TMnUnT

o —p O'2IT, (AG)

' M, u (o
T sy T (A7)
—r=rl 0 (A.8)

— — (7. 7 = V 7. — 15T =2
where M,, = I,, — TnTn, U = (Uio, Uoy ooy Uno)'s Uio = T71D " Uy, 72 = limy, o0 = ) Y o?
and T, and Tr are, respectively, n x 1 andT' x 1 vectors of ones.

Proof. To establish (A.6) note that

U7\ (7. U,
n U M, Uy = ™ U’TUnT—( TT)(T” T>

n n

and n U U,r = nt Y00 wou),, where wou, = (uyugy), for ¢,¢' = 1,2,..T. We first note
that the t'" element of n='U’r, is given by U, = n' Y7 u; and under Assumption (2),
U, —, 0, and we have

n'U'r, —, 0. (A.9)

A2

uiT>, ) and



Also, by results (A.1) and (A.2) of lemma A.1, it follows that n~'U/U,r—, o°Iz, and in
conjunction with (A.9) yields (A.6) as required. To establish (A.7) note that

! !/
n U M, = n U8 — (U“TT”) (T”U"T) , (A.10)

n n

— — ! . — . . o
where n= U’ 6 = (1.0, P2y ooy OTn) , With @y, = %Z?:l w;U;7, which can be written equiv-

alently as

1 1, 1,

Pt = o ;(UituiT - ?Ui) + = T7n

where 62 = 13" | 07, Hence, by result (A.3) of Lemma A.1, ¢y, —, 767, which in turn

establishes that n~'U’ @ —, £6°77. Also by (A.9) the second term of (A.10) tends to zero
in probability and (A.7) follows. Finally to establish (A.8), note that

U.rM,n, U;zT \L/2 UM, Uyr MM :
n Inax n n
Also using (A.6) it follows that )\i{fx (W) —, 02 < C, and by part (a) of Assumption

nMy

5n7'n'm, = O (n*~1), and as required HIJ,"% —,0,ifa;, <1/2. =

. . !
Lemma A.3 Consider the nxT error matriz U, = (U0, Ugo, ..., Upo) , Where Wio = (U1, Usz, -,

the n x k matriz of factor loadings, B, = (8.1, Boas s Box)s Where Por = (Bik, Boky - Bnk)’ s
the n x 1 wvector of pricing errors m,, = (01,72, ...,n)’, With a pervasiveness coeﬁiczent Qy,
D, = diag( a/2 peel2 | nok/2) i, = min(ag, ag, ..., ax), Gr = MrF (F/ MTF) .M, =
I, - TnT U = (Uio, U, - vy Uno)'y Ujo = T Z:;F:l Uit and T, and T are, respectwely, nx1
and T x 1 vectors of one. Suppose that Assumptions 1, 2 and 4 hold. Then

D,'B,M,u =0, (T"?), (A.11)
e Tall ki — n(l—amm)/Q —1—amin/2
Dn GTUnTMnun = Op W + Op (’I’L men ) . (A12)
D,'G, U/ ;M,n, = < %) O, [n~(@min=an)/2] | (A.13)
D,'G;U,;M,B,D,' = O, (T~ '/?n mn/?) (A.14)
1—min
DG (UM, Uy 6Dy = 0, () (A.15)

Proof. To establish (A.11), noting that
WM, B, D, = [t (B, — 761) D, W (Boz — 7aB2) Dy, @ (Boge — TalBx) Dy
then it follows that the k' element of D;;'B/, M, u is given by cx v = n /23" | (By — Br) Wir,
and we have E (¢t ,r) = 0, and
Var (cinr) =n" Z Z (Bik — Br) (Bjx — Br) E (Wiolijo) ,
i=1 i=1

A3

uiT)/a



with E (U;otjo) = T 'o;;. Hence (recalling that V, = (o))

Var (cyrg) =T 'n= Z Z 0ij (ﬁik - Bk) (Bjk — Bk)
i=1 i=1

= Tﬁlniak (IBOI{} - Tan)/Vu (/Bok - Tan)
< T_ln_ak (/Bok; - Tan)/ (ﬂok - Tan) )‘ma:c (Vu) .

But under Assumptions (1) and (2) M. (V) < C, and (B, — Tan)’ (B — Tan) = ( k),
and overall Var (c,7x) = O (T'). Thus by Markov inequality it follows that ¢,z = O, (T~'/?),
for k = 1,2,..., K, and result (A.11) follows. Similarly, to establish (A.12) using G/, =
(T-*F'M;F) " T~'F'M; we note that

D, G, U, M,ii = D;' (T"'F'MF) " (T"'F'M;U,,;M,1) . (A.16)

U = Aaa(Dy1) = o

By assumption T-'F'M7F is a positive definite matrix and ||D,,
where a,;, = min(ag, as, ..., ak). Also

1 U T ' U,r
T'FM U M,a = —FM;U/ 4 FMp | 2L~ n—n
e g ean () (40)
= Ya,nT — 9b,nT (A]_?)

Further n='U! ;0 = (¢1.n, P2ns oo ¢T7n)/, where

1_
Z uztuzT Cnt + = T n?

Cog = NN 2, Zit = Ualio — 702, and 62 = = 3" 02, Then the k' element of qZ, can

be written as

@or = () i(fm F)o = (2 )Z o (+ %0)
:<;> i(fkt Ji)eng.

Under Assumption 2 E(z;) = 0, and ¢, ; and (fi — fi) are independently distributed (since wu;
and fi; are independently distributed). Then F (q,‘c‘vnT) = 0 and since u;; are serially uncorre-
lated we also have

T
Var (g; o |fro) :( > > (e = fo)*Var (cuy)
t=1

and using result (A.4) in Lemma A.1 we have

Var (¢ r o) = (%2) { Z(fkt Tz

t=1

LSS Cont, ”

i=1 j=1

A4



However, under part b of Assumption 2 £ 5% ™" iy Cov(uf, u3) < C, and it follows that
(recall that TS (fiu — fi)? < O)

Var (¢ [fe) < C (”;) (#) {T1 XT:(fkt . fw?} -0 (%) . (A.18)

t=1

Hence q;; .7 = O, (T‘§2>, and since K is fixed establishes that

Ay = Op (%/3/%2) : (A.19)

Consider now the second term of (A.17) and note that

FM:U .7 7 U
okl < | 27 .k (420
Where %T%UnT = (a017 71027 LR aoT)a and
1/2

U, T T
TnYnr || _ <Z ,azt) =0, (‘ /_) ) (A.21)

n

t=1

Also the k' element of T'F'MrU! 7, is given by

T
Spr =171 Z(fkt — fi)lor,
=1

Since . is serially uncorrelated and distributed independently of fi for all ¢ and ¢/, it then
follows that E (sg,r) = 0, and

Var (sgur fro) =T 22 fie = o) E(u) =T (Tl Z(fkt fr) > ( ZZO’U>.

t=1 =1 j5=1

But under Assumption 2, n=' 37", 37", |o;] < €, and under Assumption 1, 7! S B [(fee— f0)?] <
C, overall Var (sg,nr) = O (=5), which establishes that sj,r = O, (n7*/?T~'/?), and hence
T-'F'M7U, 7, = O, (n"'/?*T~'/2) considering that K is fixed. Now using this result and
(A.21) in (A.20), now yields q°; = O, (n™!). Using this result together with (A.19) in (A.17)
we have

T-'F'M;U, M, u =0, ( j\é;) +0, (n"),

which if used in (A.16) establishes (A.12). Consider now (A.13) and note that
D,'G,U, M,n, =T 'D;! (T"'F'M;F) " (FM;U,;M,n,), (A.22)

and as established already HD; HT'F'M7F) || = O, (n=min/?). Also

[F' Mz U, rMun, [, < [[FMz Ul M, |l
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where |[F'MzU ||, = [E |[F'MzU|*]"? and [M,n, |, = [EHMn P12, Consider the
first term and note that its (k, ) element of F'MrU! ;. is given by Zt \(fxt — fr)ui. Then

2
IF'M U, ||* < [[F MUl | < ZZ (Z o = ﬁ)%)

k=1 i=1 t=1
- Z Z Z Z<fkt - fk)(fkt’ - f_k)uituit’;
k=1 i=1 t=1 t'=1

and since u;; are serially correlated we have (note that K is fixed)

E|FM;U’ | < ZZZ Fr—Ji)?0? =nTK (T—lK—lzZ(fkt - fk)2> <n—1za§> = O (nT).

k=1 i=1 t=1 k=1 t=1

Also . "
EIMm P =S Emi—a? <3 E(r2) =0 m™).
i=1

=1

Hence
[FMp U, M, | < O (n0/2) 0, (VaT)

Using this result in (A.22) now yields
DGy U, M,m, = T~'0, (n=+/2) O (n°%) O, (VT )

as required by (A.13). To establish (A.14) using G = (T'F'M;F) "' T-*F'M; we note that
D,'G,U,,M,B,D;! = T'D;' (T"'F'M,F) " F'M,U’;M,B,D;". (A.23)

Since (T 'F'M7F) " is bounded (by assumption), we focus on the K x K matrix F’ MU/ M,B,D,!
and note that its (k, k') element is given by

Pur (K, k) ZZ Sor = Tr) (%) Wit

=1 t=1

Since K is fixed to obtain the probability order of FFMrU’ .M, B, D! it is sufficient to consider
the probability order of p,r (k, k') for given k, k' = 1,2,..., K. To this end we note that since
w; is distribute independently of fiy and (), for all 4, j, tand ¢/, then E [p,r (k, k)] = 0 and
(conditional on Sy, fi:) we have

Var [pur (k, k)] ZZZZ E (uuge) (Fee — Fo) o — F2) (ﬁlkak//fkl> (@2;;/?1)

=1 j=1 t=1 t'=

T _
33 e A () ()

i=1 j=1 t=1

T n n > >
T (fu = fk)2] DD 0 (6”;%_/?) (Bj;/ak_,/fk/) : (A.24)
t=1

i=1 j=1

=T
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But 7! ZtT:l(fkt — fr)? < C, and

Z Z 0-7"7 ( nak/Q nak/Q = 5k,nvu6k7n7

i=1 j=1

_ _ — /
where 0, = [<ﬂ;§;/gk> , (ﬂsgk—gk) (fﬁn——ﬁﬂ ,and Vy, = (03;). Also 8V < (8464) Amas (V) |
and under Assumptions 2 and 1, A4, (V) < C and

n

00 =~ Z (Bir — Bk)z <C

i=1

Using this result in (A.24) it now follows that that Var [p,r (k, k")] = O (T), and since E [p,r (k, k')] =

0, then pur (k. k) = O, (ﬁ) From this it also follows that F'M;U’ .M, B, D! = O, (ﬁ) ,

which if used in (A.23) yields D, 'G,U,,M,B,D,' = O, (T~/?n=9min/2) as required by
(A.14). Consider now (A.15) and replacing Gr in terms of F we have

D, 'G, (U M, U,r) GrD,!
— 772D, (T"'F'MsF) " F'My (U,;M, U,;) MyF (T~'F'M;F) " D;".
Let A = F’M,U! M, = [a,r (k,7)], and note that

T

anr (k,1) =Y (for = fi) (i — Wir) .

t=1

Then FFM;U’ .M, U7 M7F = AA’ = [s,7 (k, k)], where

Sur (K, k) ZanT (k. @) anr (K, 1)

n

= Z Z Z(fkt — fi) (fwe — fir) (wie — tir) (i — tir)

i=1 t=1 t'=1

n T

E[sur (k, k) |F] = ZZ feo = Fo) (froe = fo) B (u — ir)?

=1 t=1

T
(1 4) ( 3 ) SIS
t=1
Hence
E (F'M7U,;M,U,sM7F |F) = n (T — 1) 52 (T~ 'F'M7F),
and
T2D;! (T"'F'MsF) " F'My (U/;M,U,;) MyF (T-'F'M;F) ' D!
=n(T - 1)52T*D;" (T"'F'M;F) " (T"'F'M;F) (T-'F'M;F) "' D;"
= n(T - 1)52T*D;" (T"'F'M;F) "' D;!

= Op <%n7amzn) ,

as required. m

AT



A.3 Proof of theorems and related results
A.3.1 Proof of Theorem 1
Consider the two-pass estimator of A defined by (39), and to simplify notations, write it as

A -1 /. B
Anr = <B M”B”T> (BnTM"r> , (A.25)

n n

where B,r = (81, Bs, -, B,)'s F= (71, Tay ooy )y 7o = T3 it
B, = (F'M;F)"'F'Myr;, (A.26)
and r;, = (r;1, 72, ..., 7y7)’. Under the factor model (38)
ri, = a;Tr + FB; + u, (A.27)
where w;, = (w1, 2, ..., usr)’, and hence
B, =B, + (F'M;F) ' F'Myuy,. (A.28)
Stacking these results over i yields:
B,r = B,+U,rGr (A.29)
where U,r= (u,,, s, ..., Upo)’, and
Gr = M/F(FM;F)™! (A.30)
Also using result (43) in the paper we have (in terms of the simplified notations used here)
T =\o7, + B, AL+ 0+n (A.31)

where ~ ~
Ap = A+dg, and dyr = Fr — E (Fr) . (A.32)
and @ = (Uyo, Ugo, ---, Uno)'. To derive the asymptotic limit of Aot as n — 00, when 7T is fixed,
we first consider the probability limits of n~* <]A3;TMn]A3nT> and n~* (]AB;%TMnf> . Using (41)
and (A.31) we have
! (Bl M,B,r) =0 (B,M,B,) + 0" (G U}, M, B,)

n

+n 1 (B,M,U,rGr) +n ' (G,U,; M, U,+Gr) ,
-l (B;LTMJ> = n~ 1 (B, M, B,) A\ + n~ 1 (GLU’ . M, B,) X

+nt (B,M,, @) + nt (B.M,n,,)

+n " (GLU, M, ) + n~ ! (GLU :M,n,,) .

n n

A8



Now using the results in Lemma A.2, under Assumptions 2 and 1 we have

(B’ M, BnT) sy Bgs + 52GLGr,

~2
n! (B',LTMnF> —p 2ggAT + %G/TTT.

But using (A.30) we also have

1 (F'M/F\ '
/ e —
G- L (M) w5

and G/-77 = 0. Hence

. FM,F
! (Bl M Bor) =, s + T< - ) ,

(B’ M, r> o SasAb

When 7 is fixed, by Assumption 1, Z- o (EMzE) lisa positive definite matrix and by Assumption

4 255 is a semi-positive definite (Could be zero), then for a fixed T' the probability limit of
n B’ M, B, is non-singular and using (A.25) by the Slutsky Theorem we have

FM+F
2 _
5B+T( T >

which in view of (A.32) can be written equivalently in the form stated in Theorem 1.

Ay —p

Y87

A.3.2 Proof of n consistency of 327’ for 52
Consider the expression for EiT given by (48) and note that under (36) we have
Uip = @ — Q4 — (B@T - 51-)/ £ + wi,
and since 7;; are OLS residuals then for each 7, we also have 7~} Zthl Uy = 0. Using this result
Wip = Uiy — U; — (BZT - BZ), (ft - fT) ,fori=1,2,....,n
and stacking over ¢ now yields 4; = u; — 4 — <]§nT—Bn> (ft - fT). Hence

T
1.-1 -1 —1a/ o
T 'n E Euzt T Enutut
t=1

t=1 i=1
T
=71 Z n~t(w, —a) (v, — )
T ) r g,
+71" ! Z (BnT_Bn> <BnT_Bn> (ft - ?T)

t=1

7! ZT:n_l ) (B.r-B,) (f - Fr)

= Q,7 + bnT + Cpr (A34)
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Consider each of the three terms in the above expression in turn. For the first term we have

Zt LD Ui _ > U

nT n

QpT =
Under Assumption 2 u;; and u; are weakly cross correlated and for each t nfl Z u?, —p
limp—oon™ P 370 E(uZ) = limp—oon ™ty i 07 = 6% Similarly, n™' Y0  a? —, T~ 02 and

(for a fixed T" and as n — 00)

1
anT —p (1 — T) 2. (A.35)

Now using (A.29)
T
u U, -
= Z — fT (' uh T) GT (ft - fT) )
— n
and in view of (A.6) we have (as n — 00)

T
bur —p 02Ty (£, — ) GGy (f — £r) = 5T

F'M;F
= &*Tr [G’TGT <—T)} .

G, GrT~ Z f, — fr) (£ — &)’

t=1
T
, -1
But by (A.33) GGr = L (%TTF) , and it follows that

e (A.36)

Finally, again using (A.29)

T
ChT — =27~ Z n- llt — U. TGT (ft — ?T) =-2Tr TL_lUnTGTT_l Z (ft — fT) u; s

t=1

and noting that

T
Ty (f—fr)u,=T" thut—fTu
t=1 t=1

T
Z T-'F'U,
we have%ZTT
cor = =207 'Tr [GrF' (07U, U,r) ] 4 277 [Grfr (n7 @' U,r)]
Now using (A.6) and ( A.7) it follows that
=2
CaT —p —252T Ty (GrF') + 2Tr |:GT?T%T,T:|

= —26°T'Tr (F'Gr) +25°T 'Tr [fr77.Gr] .

A10



But using (A.30) it is readily seen that F'Gr = I, and 7/,Gr = 0, and therefore

2k
CaT —p —?62. (A.37)

Now using (A.35), (A.36) and (A.37) in (A.34)

2k

T n
_ . 1\ _ k B T—k—1\ _
i 1 ! E E U?t —p <1— T) U2+TU2_ ?0'2 = (T) 0'27
which establishes

=~2 Zthl Z?:l '&?t o n T Zt 1 Z? 1 zt —2
Onpr = - 'p 0
n(T—k—l) T- (T k—l)

as required.
Lemma A.4 Under Assumptions 2, 1 and 4

ch_\/ﬁZZga s — fr) u = O, (1).

i=1 t=1

Proof. Since by assumption 3;, u;; and f; are distributed independently and wu; is serially
uncorrelated with zero means then E (¢,r) = 0, and it is sufficient to show that Var (c,r) < C.
Let B, = (84,35, -.-,3,)’, and note that

Var (CnTlB TZZZZB;E[ ft fT uztujt’ (ft’ —fT)],B
i=1 j=1 t=1 t'=1
:liio—..g@ 1ET: f_f f) 3.
n 1IN thl t T T j
1 n n
=22 ouBEB,

i=1 j=1
i=1 j=1

Hence

1 n n
Var (eur [ Ba)l < || ~ oD loul 180184l

i=1 j=1
< (1351l Csups [|Bill) ZZIM
=1 j=1
< 112 (sups 18:11) sup; Y lois| -
j=1

Since K = dim(f;) is fixed, then ||X¢|| (sup; [|3;|]) < C, given that by assumption sup;; |5;;] <
C and ||X¢|| < C. Also under Assumption 2 u; is weakly cross-correlated and we have

All



supi Y5y loij| < C. Hence, overall |[Var (c,r |By)|| < C which establishes the desired re-
sult for any given values of factor loadings. When [; are treated as random variables then
Var (cyr) = E [Var (¢,r |By)], since E (¢,r|By) = 0. In this case

Var (cor) = E [Var (c,r |By) ZZO—UTT X/E(8;87)] .

7,1]1

and

\Var (car)| < sup; HTT [Z/E (8;8;)] H sup; Z o] -

j=1
and the desired result follows since sup;F(f%) < C, noting that 3, is bounded and by as-
sumption if sup; Y7 |oi;| < C. =

A.3.3 Properties of pooled R squared

Lemma A.5 Consider the factor model

K
Ty = a; + Zﬁmfkt + Uy = a; + Bgft +uy, fori=1,2,...n; t=1,2,...,T, (A.38)
k=1

and consider the following pooled measure of fit for known values of factor loadings, 3, :

PR2—1— (”T)11271 Zil (ug — ﬂiT)2
(nT) ™" >0y Doy (i — Tr)

where Typ = T71 Zthl rit, and wp = T71 Zthl u;;. Then under Under Assumptions 2, 1 and /
we have

2

, (A.39)

K
PRy =Y 0 (n™ 1) + Op(n ' ’T712) + O,(T/?). (A.40)
k=1
where ay, 1s the strength of factor fy..

Proof. Averaging (A.38) over ¢ and forming deviations of r; from its time average, 71, we
have

Tt — Fir = Ui — Wir + 0 (ft — fT) .
Using this result we have

n T n T

nT)™" Z Z (ri — i)’ = (nT) 7" Z Z Uip — Uir)”

i=1 t=1 i=1 t=1

+n Y BB,
=1
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where

T
ZfT - T_l Z (ft - fT) (ft - fT)I
t=1

But

n

(nT)_l Z (uir — Uir) B; (ft - fT) = (nT)_l

1

Bi

\E

(ft — fT) (wi — Uir)

1=

=1

= (nT)_l 3. (ft — fT) uy — (nT')~ Zﬂ; Z (ft - fT) Uit

=1 t=1

= (nT)il ' ,3; Z (ft - fT) Uit — (TLT)fl aiTﬂé Z (ft - FT)

n

= (1) ) _B;

-
- 10~ 114>
3

1=

3

(ft - fT) Uit = CpT-

-1

t=1
Now using Lemma A.4 we have

n T n

nT) YOS (g =)’ = (1) Y (i — tar)”

i=1 t=1 =1 t=1

+ nil Z /BiszIBZ + Op (n71/2T7/12) .
=1

Also since under Assumption 2, u;; are serially uncorrelated we have

T

T (un —r)? = 0? + O,(T1/2),

t=1

and
n T

IZZ Wiy — Uir) —0 2+ 0,(T 1/2)

=1 t=1

with 2 > 0. Using the above results in (A.39) we now have

WL B 0% Oy T 4 O, )

P = S BB 7+ O TR O,y A
Hence, the order of PR?, is governed by the pooled signal-to-noise ratio defined by
sty = 1L BB
o2
However, under Assumption 1
)\mm(sz)n_l Z_%l Bib, < sop < Amax@f:p)"_l Z_%l B8 (A.42)

n n
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where ¢ < A\pin(Z 1) < Anaz(Bpr) < C. Hence

1\ /

n! Z?:1 B;ﬁz)

2
On

and it must be that

sop = © <n—1 > ﬁ;@) =0
=1

Also, under Assumption 4 n=1 " | 52 = © (n®1). Hence

(-2

k=1

K
SZT = Z o (nak—l) :
k=1

which in view of (A.41) now yields (A.40), as desired. m
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