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Model Appendix to ‘Inheritances and inequality over the

life cycle: what will they mean for younger generations?’

Pascale Bourquin Robert Joyce David Sturrock
April 22, 2021

Abstract

This appendix formally sets out the lifecycle model of savings and consumption in the
presence of parental wealth and inheritances that is employed in the IFS report ‘Inheri-

tances and inequality over the life cycle: what will they mean for younger generations?’.



1 Model

Here, we formally set out the heterogeneous agents life cycle model that we employ in
Bourquin et al. (2021). The agent is a household that is endowed with a level of education
(either attains compulsory schooling attendee only i.e. GCSEs; completed high school i.e.
achieved A-levels, or completed higher education) and begins life at age 26, faces survival
risk from age 65 and dies at latest at age 110. In the case where a household is a couple,
this education level can be interpreted as the highest educational level of the two couple
members and household death as the death of the second member of the couple to die. The
household receives exogenously given earnings from work and a state pension in retirement
and makes consumption (equivalently, savings) decisions in each period. Each household has
two parental households. The parental households have a level of wealth whose value evolves
according to an exogenous process. The timing of the death of the parental households is
uncertain and when they die they may leave an inheritance which is split equally between
their heirs.

We now set out more detail on each aspect of the model. Many of the model parameters
vary by decade of birth. For ease of notation, we suppress this dependence on decade of
birth when describing the model. Where components vary by decade of birth, this is made

clear in the description of the model estimation.

1.1 Preferences and demographics

The household is assumed to have constant relative risk aversion utility, defined as a the

following function of consumption, ¢;;, within each period:

(C@t/et)li’y —1
L=v

(1)

Ut(Cz’,t) =0,

where 6, is the equivalisation factor. The household faces mortality risk in each year from

age 65 onwards. The unconditional probability of survival to age t is given by S; and the



probability of survival to ¢ conditional on survival to t — 1 is given by s;. The household
receives warm glow utility from bequests, b; according to the function (following De Nardi

(2004))
(bi + o))

¢(bi) = 1—~

(2)

where ¢, determines the strength of the bequest motive and ¢, the degree to which bequests

are a luxury. Lifetime utility if therefore given by

t=110

U; = Eo{ Z Se—1 B seue(cin) + (1 — si)p(b(ar)) (3)

t=0

where 3 is the discount factor.

1.2 Exogenous processes
Earnings

The household receives earnings in each period from age 26 to the latest retirement age,
K. Earnings household 7 in period ¢ are denoted e;;. Earnings can be zero, representing
voluntary or involuntary unemployment or early retirement. We denote the household’s
binary employment status as E;,. Log earnings conditional on working are the sum of
an education-specific deterministic age component, f<,(age;+), a permanent household fixed

effect and a persistent stochastic component, 7; ;:

In(eiy) = foglageis) + G +mniy Eip=1

€it = 0 Ei,t =0

Following the framework of Arellano et al. (2017), we assume that the stochastic component
follows a first order Markov process. The persistent earnings component is drawn from
a distribution that varies with age and with its lagged value and is given by the series of

conditional quantile functions Q¢(+|n;+—1). Employment status is assumed to be drawn from a



distribution that varies by age and lagged employment status and lagged persistent earnings
component. The draws of the persistent component and employment status are independent

across time and independent of each other. These conditions can be written as

i = Qe(WiMis—1) (4)
Eiy=1{viy > 0(Ei1-1,mi1-1)} (5)
uiy U(0,1) (6)

vy X U(0,1) (7)

wiy Lvg, YV t,s (8)

Number of living parental households

Each household may start life with up to two living parental households. These parental
households face a probability of death in each year that is a function of their age and the
(child) household’s education level. We assume that the age gap between living parents and
their children is constant, conditional on education, such that parental survival is equivalently
a function of the household’s age. The realisation of the parental households’ mortality
is drawn independently between the two households (if there are two). We denote the
unconditional survival curve for the parental household j of household ¢ with the set of
probabilities {S;”}=1". These assumptions then define a law of motion for the number of

parents parents, P, € {0, 1,2}, denoted

Pria = 9 ()

Parental wealth

Living parental households have a level of wealth that evolves according to an exogenous
stochastic process. We denote the level of wealth of parental household j of household 7 at

time t as afjf. As in the case of earnings, log parental wealth is assumed to be the sum of a



deterministic component which is a function of the parental household’s age and education
level, ~gd(age]ff,;) and a stochastic component, ,ufytz

In(a;y) = fealagesy) + piy
The stochastic component is assumed to follow a first order Markov process as given by a

series of conditional quantile functions:

e = Qu(vilpdey) (9)

itd

00,1 (10)
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Inheritances

The inheritances received by a household depend on the processes for parental wealth and
parental survival in the following way. When a parental household dies, their wealth is left
as a bequest, which is taxed according to the function b(-) and split between their heirs, n¢?,
to yield an inheritance. The number of heirs of parental household is a function of the level
of education of the (child) household. Denoting the inheritance received by household i from

parental household j as HY,, we can write the level of inheritance received as a function of

,t)

the above processes as follows:

(

0 if P,=P_,
Hy = b(al,) /ng! wop. 0.5 if Pr=Pry—1 (11)
| blal,) /it if P=PF_,—2

Initial conditions

The household earnings fixed effect and persistent earnings shock are drawn independently

from education-specific distributions. The initial number of parental households is drawn



from an education-specific distribution. The initial level of each persistent parental wealth
shock are drawn independently from an education-specific distribution which varies by edu-

cation and the level of the household earnings fixed effect.

1.3 Choices and constraints

In each period the household chooses its level of consumption or, equivalently, its level of
net saving, z; ;. Saving is into a single, riskless asset whose returns vary with the household’s
age. Agents may borrow but must repay all borrowing with certainty by age 75 (they face
the implied natural borrowing constraint for ages younger than 75). Inheritances received
add to the household’s assets.

A government levies a labour tax on income less net savings, according to the tax function
Ti(-), and provides a public pension, sp;(e; x—1), that is a function of education and earnings
in period K — 1.

This can be formalised through the following budget constraints:

Yit = €it + SPit + Hil,t + Hzt (12)
Cit = Tt(yi,t - Zi,t) (13)

Qi1 = (@ig + 2i0) (1 + 1) (14)
Qity1 = @ (15)

where y; ; is gross income in period ¢, a,, is the level of assets held in time ¢, 7,4, is the net
rate of return on assets held from time ¢ to time ¢ + 1 and a is the natural borrowing limit

for period t + 1.

1.4 Timing and household problem

We now formally define the household problem. We first clearly state the within-period

timing assumtions. The timing of events each period is as follows:



1. The household may die, potentially leaving a bequest

2. If the household does not die, their earnings of evolve

3. Any remaining parental households have their wealth evolve

4. One or more of the remaining parental households may die, resulting in an inheritance
5. Household makes their consumption/savings choice

Before formally defining the solution to the household problem, we note that the house-
hold problem can be re-written in a way that will be convenient when solving the model by
defining the variable “cash in hand” as the sum of assets and income: M;; = e;; + sp;; +
H},+H?,+a;;. The solution to the household problem solves the following Bellman equation

for the household problem (subscript ¢ is committed for clarity)

Vi(ne, My, Py, M%a M?? ¢, ed, cohort) = ma’xct{u(ct; 01)+
Bt / Vi1 (M1, Myga, Py, ,ut1+1> M?ﬂ% ¢, ed, cohort)

dF(nH—h Mt-i—la Pt+1) Mz}—&—l? M?—i—l |7]t’ Mta Pt7 Mz}a MtQa Cu eda COhOTt)

+ (1 = 5041) B (b(ar41)) }

subject to the budget constraints and laws of motion for earnings, parental wealth and
number of parental households. The time-invariant state variables for this problem are
cohort, education and the household earnings fixed effect. The time-varying state variables of
this problem are: time (equivalently age), education, the persistent component of earnings,
cash in hand, the number of living parental households and the levels of the persistent
component of wealth for the parental households. This problem has no analytical solution

and must be solved numerically.



2 Identification and estimation of exogenous processes

In this section, we set out the indentification of the exogenous processes for household earn-
ings and parental wealth that feed into the model of household behaviour. We also set out

the data and procedure used to estimate the model parameters.

2.1 Earnings process
2.1.1 Empirical specification and identification

The earnings model set out above places minimal restrictions on the form of the deterministic
earnings component and the process for the persistent earnings component. In order to take
this process to the data, we will must specify the form of the deterministic component,

conditional quantile functions and initial conditions in a way can be estimated.

Deterministic component

The deterministic component of earnings in our model is a function of education, age and
time. In the description of our model above, we abstracted from differences in earnings
across cohorts. As the estimation of our earnings model will require us to pool data from
multiple cohorts in order to have observations of households of all working ages, we allow
for differences by 10-year cohort in the deterministic component of earnings. We specify the

deterministic function as

64 45
P ageis) = Bee + Y Yacl{agei, = a} +6,+ Y DPj (16)
a=16 k=1

where (3. is a 10-year birth cohort and education-specific intercept, {74} is an education-
specific set of individual year-of-age effects, d; is a linear time trend and DP* are a series of

time dummies constrained to sum to zero.! We are allowing for levels of earnings that differ

IThis restriction, proposed in Deaton and Paxson (1994), means we do not have collinearity of age, time
and cohort controls.



by the interaction of 10-year birth cohort and education level. The age profile of earnings is
flexibly given by single year of age dummies that vary by education level. Time effects are
assumed to take the form of common deviations around a linear trend. This specification
differs from Arellano et al. (2017), which includes only a set of age dummies.

The identification of the parameters of type of specification with cross-sectional data is
standard. We can separately identify the cohort and age effects for each education group so
long as we have cohort overlap, given the assumption of a constant age profile across cohorts,
within education groups. The time trends are separately identified from the age and cohort
effects given the Deaton-Paxson restriction, which imposes a particular form on the effects
of time. The assumption around the commonality of the age profile across cohorts may seem

strong, but produces a close fit for each cohort in the first stage of the estimation process.

Stochastic component

We follow the empirical specification of Arellano et al. (2017) and specify the quantile func-
tions as the sum of a set of products of low-order hermite polynomial functions of age, lagged
value of the persistent earnings component and vary over a grid of the shock distribution. We
also allow for a transitory component to earnings as in the setting of Arellano et al. (2017).
We denote this €;;. This component can be interpreted as in part measurement error. It
is for this reason that we discard this part of the earnings process when feeding it into our
model. This transitory component is specified as an age-varying quantile function, with an
empirical specification set out in an analogous way to that for the persistent component.?
We make the addition, compared to Arellano et al. (2017), of allowing the quantile functions
to vary fully flexibly by education group.

Arellano et al. (2017) show that the parameters of an earnings process of the form set out
are identified given panel data with at least 5 periods. We give a brief summary here. The

marginal distributions of ¢, and n; and the conditional distributions of 7; given 7,_; (for each ¢

2We also follow Arellano et al. (2017) in other aspects of the empirical specification not discussed here
for brevity. See the appendix for further details.



from 1 to T'—1) are identified given T > 3 (i.e. 4 periods of data) and some conditions on the
process, including a completeness condition. Intuitively, the completeness condition requires
that there is some dependence of the n’s such that they can be distinguished from the €’s.
The intuition for why we require 7' > 3 is as follows. Consider any 3 period subpanel of data
(€i0,€i1,€i2). The model implies that conditional on 7; 1, €;0, €;1 and e; 2 are independent.
This allows us to identify the distribution of n;; and hence €; ;. These can be identified for
the middle periods in any panel with 7" > 2. With T > 3 we can therefore identify the
joint distribution of (e;1, ..., €;7—1) due to the serial independence of the transitory shocks.
This means we can identify the joint distribution of (71, ...,m;7—1). Therefore if T'—1 > 1
i.e. T'> 3 (i.e. 4 periods of data available), we can identify one transition of 7. For any
panel with 7" > 3 we can identify all other than the first and last transitions. Intuitively,
separately identifying the household fixed effect then requires one additional period in the
panel.

If we impose further restrictions then we can identify 7;0, 77, €0, € and the first
and final transitions for n. In particular, as we have data on multiple cohorts for whom
t =0 and t = T occur at different ages, then by the assumption of the invariance of these
distributions over time/cohorts, we can identify these objects at all ages other than the
oldest and youngest ages in our samples. Further if we make parametric restrictions (as we
do in the empirical specification set out above) then we can extrapolate to the oldest and

youngest ages.

Probabilities of employment

We specify the probabilities of being in employment as a function of education, age and the
persistent stochastic component of earnings. As with the level of earnings, these probabilities
are in practice allowed to vary also by 10-year birth cohort. The empirical specification that
we implement allows these probabilities to vary non-parametrically by age, education, 10-

year cohort and by a fixed number of quantiles of the lagged persistent component.



2.1.2 Data and sample

We now set out the data used to estimate this model. We draw upon data from the Family
Expenditure Survey (FES) and its successor surveys (the Expenditure and Food Survey and
the Living Costs and Food Survey), which are cross-sectional surveys covering the years 1968
to 2018. We will refer to this collection of surveys as “the FES”. We also use the UKHLS,
a household panel survey running 1991 to 2018. The “British Household Panel Survey”
waves of the data cover 1991 to 2008 and these survey waves are annual, with fieldwork in
September to December of each year. The “Understanding Society” waves cover 2009 to 2018
and are rolling 2-year periods. In all surveys, individuals are interviewed at approximately
12 month intervals and data can be treated as annual.

We use two different datasets for the following reason. The FES covers a longer time
period, enabling us to more precisely disentangle age, time and cohort effects. However, to
estimate the stochastic processes, we require panel data and must use the UKHLS. Since the
estimation of the deterministic profile only requires cross-sectional data, we use the FES to
estimate the parameters of this function. We then strip out the deterministic component of
earnings from the UKHLS data using the same method and estimate the stochastic process
for earnings using this data.

We are interested in modelling processes for total household (or, more accurately, “benefit
unit”, corresponding to the fiscal unit i.e. a couple or single individual) pre-tax earnings.
We drop dependent children from our sample. When modelling benefit unit earnings, we
define a couple’s age as the mean of their ages and their level of education as the highest
achieved by the couple. The 10-year birth cohort variable is defined based on the mean
birth year of the couple. We keep observations from the 1930s through to the 1980s birth
cohorts. We define individual education using a three-way education categorisation based
on the highest qualifications achieved by the individual: low: up to and including GCSEs
(or no qualifications for those born before 1958), mid: A-level or equivalent (or GCSEs for

those born before 1958), high: higher education degree.
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When selecting a balanced panel of benefit units as required for the estimation of the
stochastic components, we define a benefit unit as the same benefit unit in another period
if it has the same members (excluding dependent children).?

The measure of earnings that we use is annual gross real earnings, including self-employment

income.*

2.1.3 Estimation

To estimate the parameters of the deterministic component of earnings, we pool all observa-
tions of benefit unit earnings from the FES for those born between the 1930s and 1980s and

run OLS estimation of the empirical counterpart to Eq. (16):

80s
n(ei) Z Z Beecohorty X ed; + Z Z Yaelgess X ediy + 0 + Z DPZ; +uve (17)
c=30s e=1 a=16 e=1

The second step is to use obtain the residuals from the equivalent OLS regression on the
UKHLS. We then take all non-overlapping sets of 6 consecutive observations of a benefit
unit. We estimate the parameters of the empirical specification of the conditional quantile
functions by using the EM algorithm. A description of the algorithm is given in the appendix
and in Arellano et al. (2017). Note that in this step we pool all observations of a given
education group together (combining cohorts) and estimate sets of parameters separately by
education group. We assume here that the process for the stochastic component of earnings
varied by education group but not by cohort.

The final step is to estimate the employment probabilities. Our approach here is some-
what ad-hoc since the existing literature on earnings process estimation does not yet model

non-employment jointly with the evolution of earnings in the form set out above. We pool all

3When selecting balanced panels of both individuals and benefit units, we enforce that a panel cannot run
across the ‘seam’ between the BHPS and Understanding Society surveys. When selecting balanced panels
we also drop observations where consecutive interviews are less than 9 months or more than 15 months apart
(this is 3% of interviews, causing us to drop 14% of otherwise usable subpanels).

4We use the IFS’ Household’s Below Average Incomes “before housing costs” variant of the consumer
price index (estimated based on the RPI for years before 1997-98) to convert nominal values to real terms.
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observations in the UKHLS of benefit units observed for two consecutive periods conditional
on being in employment in the first period. We then calculate, conditional on age, education,
10-year birth cohort and quantile of lagged earnings the proportion of observations that are
in employment in the second observation. Given the observed employment rate for each
group at each age, we can then back out the implied probability of being in employment
in the following period conditional on being out of work in the previous period, for each
quantile of the persistent component of earnings.

We show assessments of model fit in the appendix.

2.2 Parental wealth process

We now set out our empirical specification, identification and estimation of the process for

parental households” wealth. This takes a similar form to the process for earnings.

2.2.1 Empirical specification and identification

In the model set out in section 1, wealth is the sum of a deterministic component that is a
function of education and age, and a stochastic component whose process is given by age-
varying conditional quantile functions. We set out the empirical specification given to these

two components here.

Deterministic component

We specify the function that defines the deterministic component of wealth as the sum of an
education and cohort-specific intercept, an education-specific fourth order polynomial in age
and time effects that are the sum of a linear trend and a series of time effects constrained to

sum to zero (i.e. we again make the Deaton and Paxson (1994) restriction).

7
sagely) = e + dheagels + ¢ (agely)” + 6l (agely)? + ¢ (agel))* + 6, + Y  DPf (18)
k=1
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We note that this function depends on the (child) level of education. One might expect a
more natural specification to be that the function vary by parental household education. We
make this specification as parental households’ level of education is not a state variable of
our lifecycle model. Intuitively, the intercept captures the average level of parental wealth
for households of a particular level of education and the age coefficients capture the average
age trend of parental wealth (in parental age) within that group. We note also that as
parental age is not a state variable of our lifecycle model, when we feed the parental process
in the model we will assume a constant age gap between parents and children conditional
on birth cohort and education level and hence assume away heterogeneity in the parental
wealth process that comes from heterogeneity in this age gap.

The identifying assumptions include those analogous to in the case of earnings. We
require that, conditional on education, the age-profile of parental wealth is the same across
cohorts. One threat to this might be if different cohorts of parental households draw down
on their wealth at different rates on average. This might be expected if, for example, the
parents of later-born households expect to live longer and so have a more gradual path
of decline of wealth at older ages. To some extent, changes in the average rate of wealth
drawdown across cohorts are allowed for to the extent that these are captured by a different
educational composition of the households in the cohort. Given we are examining parental
households at older ages, differential mortality according to wealth means that we will observe
a selected sample (only those who survive) in the cross-section. We can augment the above
specification in two ways to deal with this. First, we can use data only from balanced panels
of observations and secondly, we can interact the intercepts with a set of dummy variables
indicating the first age at which an individual was observed. Under the assumptions that
(1) level but not the age profile of wealth varies systematically by age of death and (2) we
observe each cohort at some age before there has been any differential mortality by wealth
level then we will recover the common age profile and intercept terms for each cohort and

education group. These assumptions of course rule out that parental households might draw

13



down their wealth faster in response to news about the resolution of uncertainty over the

timing of their death.

Stochastic component

Here we follow the same empirical specification as used for the household earnings process
with the same identifying assumptions applying. One exception is that we restrict the
quantile functions by imposing a no-crossing condition in all years other than every 10 years.
We do this because the model without these restrictions fails to fit the long-run persistence
of parental wealth. We assume that the process for parental wealth varies by child education

level but does not vary across cohort and is not affected by survivor bias.

2.2.2 Data and sample

We draw on data from the English Longitudinal Study of Ageing (ELSA) a biennial household
panel that began in 2002-03. Theer are currently 9 waves available. We use the measured
level of household non-pension wealth (the overwhelming majority of pension wealth for the
cohorts we examine is non-bequeathable defined benefit pension wealth) which consists of
the sum of net property wealth (including second homes), business, physical and net financial
assets.

ELSA contains information about the number and year of birth of all children of sample
members. This allows us to use ELSA where the level of observation is the ‘child’. ELSA does
not contain information on the educational attainment of the children of sample members.
We therefore impute child education in a 2-step procedure. This procedure draws on two
datasets that have data linking parents and their children and contain parent characteristics
and child educational attainment. First, we use the UKHLS. The UKHLS follows household
‘split offs” of original sample members, including those who are originally children in a
household and leave home to form their own household at older ages. There is also a wealth

module in selected waves of the UKHLS. This allows us to determine, for each percentile of

14



the distribution of parental wealth, the distribution across child education levels. Specifically,
we make a non-parametric estimation, for each parental wealth percentile, of the percentage
of children with each education level. Here the unit of observation is again the ‘child’. We
make rankings of parental wealth levels based on the parental wealth observation from when
parental household was aged closest to 50 (this is approximately the starting age of parents
in our model).® Secondly, we use estimates from Bourquin et al. (2020) of the relationship
between parental characteristics (including their education, social class, housing tenure and
region, but not including wealth) and child education. These estimates are taken from
probit regressions estimated by where the outcome variable is the child education level and
the explanatory variables are parent characteristics. These models were estimated separately
for each parent birth-decade and child birth-decade combination.

We use these two sets of estimates to impute child education within ELSA in the following
way. Firstly, within parental wealth ranks in ELSA (where rankings were calculated based
on a household’s first wealth observation - which will be that closest to age 50 - and within
wave and cohort), we rank observations according to the predicted probability that they
are high-educated, using the estimated coefficients from the models estimated using the LS
in Bourquin et al. (2020). Second, we assign the first X% to be highly educated, the next
Y% to be mid-educated and the remaining 1-X-Y% to be low educated, according to the
proportions estimated for that percentile using the UKHLS.

In our sample, we include observations of benefit units born between 1950 and 1989 that
have wealth information and the required covariates. From these, we select all observations

that are observed for 6 consecutive waves or more.

5We make these rankings separately by parent decade of birth and wave in order to account for age and
time effects.
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2.2.3 Estimation

Estimation of the deterministic component of the wealth process is by means of OLS esti-

mation of the below equation.

80s 3 4 3 7
In(a); = Z Z Z Qecohorty X edy Xpi,t+z ¢aef(agel-t) X edit+5t+z DPﬁJrvi,t (19)
c=50s e=1 p=1 e=1 k=1

where f (age;) is a quartic in age. Note that the cohort-and education-specific intercepts are
interacted with a series of dummy variables denoted by p;;. These dummies record which
wave a household is first observed in the survey (given that we restrict to observations that
are present for at least 6 waves and there are 9 waves of ELSA, this means that observations
are first observed in either wave 1, 2, 3 or 4). This estimation using only observations
of households with positive levels of wealth (around 90% of observations). Note that the
interpretation of the estimated age profile of log wealth is the expected level of log wealth,
conditional on wealth being positive.

The second stage estimation uses the residuals from the first stage estimation. For
households with negative levels of wealth, assign them a level of log wealth of zero and
assign them a residual equal to the negative of the predicted level of log wealth from the
estimated first stage relationship. In effect, we are bottom-coding the wealth distribution
at zero for use in the second stage. This creates a mass point of low negative levels of
the residual component. This means that in our second stage estimation, we cannot model
any dynamics within those who have negative wealth levels and any heterogeneity in the
evolution of their subsequent levels of wealth, if positive. Given that debts are not heritable,

this is not a concern for us.
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3 Parameterising and solving the model

This sections sets out the parameterisation of some elements of the model and how it is

solved numerically.

3.1 Parameterisation

There are several other components that must be parameterised in the model. Here, we

briefly outline the data sources used for each.

Tax and benefit system

Taxation of labour incomes in the UK is at the individual level. Given that we are using a
household model, we therefore estimate a household level tax function. We do this by using
the FES data from 1968 to 2018 , which includes measures of pre-tax income and post-tax
income. Using these, we estimate for each year, the following tax function using nonlinear

least squares:

Ti(yiy) = U + 07 (yie) ¥ (20)

For future, years we assume that tax system remains unchanged in its 2018 form.

Estate tax

The estate tax is of a form designed to capture the features of the UK inheritance tax over
the relevant period. The UK inheritance tax is set at a 40% rate on the value of estates
over a threshold. There are a number of exemptions and additional allowances. The most
relevant of these in the vast majority of cases of these is for owner-occupied housing. As we
model only total wealth, we assume that a certain share of total wealth is held as housing
and apply the inheritance tax system, assuming that the remainder of wealth attracts no

exemptions.
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Public pensions

Public pensions in the UK are based on an individual’s full history of earnings and employ-
ment.® We are restricted to include in our model a public pension that is a function of the
model’s state variables. In this case, the relevant variables are education (relevant here as
proxy for lifetime average earnings) and earnings in period K — 1, the period before the
pension is received.

Our approach to construct a household level state pension function is as follows. First,
we simulate our household earnings process 10,000 times for each of our cohort and education
groups. We then assign household earnings within members of a couple by using the mean
shares of earnings of received by the first and second-highest earning members of couples by
using shares estimated from the FES.” We then use a pensions calculator which calculates
entitlements for each simulated individual. Couples have their entitlements recombined to
give a household level of pension income. We then estimate, separately for each education
and cohort group, entitlements as a linear function of final period earnings.

Our estimated functions capture the main features of the UK state pension system: higher
educated individuals receive higher entitlements but the system is progressive. For the later
cohorts, the system becomes less related to earnings but more generous for lower earners,

reflecting reforms to the UK state pension system over time.

Survival curves

We estimate individual survival curves for each cohort and education group. We combine
UK Office for National Statistics data for estimated survival curves that are specific to year
of birth and sex with mortalty data from ELSA to create survival curves that vary also by

individual education level.®

SEntitlement can also be gained for some other activities including the receipt of out of work benefits
but we abstract form this.

"We estimate a the share of earnings amongst couples as cubic function of age interacted with education
plus the interaction of cohort and education.

8We follow the method set out in Sturrock and O’Dea (2020).
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With these individual survival curves, we are able to construct household survival curves
for each 10-year birth cohort and education group by taking the observed distribution of birth
years and education levels for both individuals and couples and assuming independence of
timing of death within couples. This gives us a set of survival curves for the final member

of the household that we use for both households and their parental households.

The joint distribution of the initial level of earnings and parental wealth

The joint distribution of the initial level of earnings and parental wealth is an important
input into our model. We draw on the UKHLS which contains information on linked parent-
child pairs. We take all observations where parental wealth is observed and child earnings
are observed (while in their 20s). We rank parental wealth as described in section 2.2.2.
We rank child earnings by removing age effects from each earnings observation and the
taking the mean level of observed earnings from all of the child’s earnings observations and
ranking children within cohort according to this earnings rank. We then non-paramertically
estimate the joint distribution of quantiles of initial earnings and parental wealth within

each education group.

Behavioural parameters

We parameterise the coefficient of relative risk aversion at 3 following Crawford and O’Dea
(2020). To parameterise the bequest function, we use the estimates of Lockwood (2018).
Specifically, we convert the parameter governing the extent to which bequests are a luxury
into 2018 pounds. We then use the implied marginal propensity to consume out of final
period assets implied by the parameter estimates in that paper, and back out the weight on
the bequest function which gives the same value for our model. The discount factor is set
to 0.955. This value was selected using a grid-search method, comparing the median wealth

levels predicted by the model to the median levels recorded in the Wealth and Assets Survey.
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3.2 Solving the model

We solve the model numerically. In order to do this, we need to make our earnings and
parental wealth processes into discretised processes with Markov transition matrices. We do
this by following the method of De Nardi et al. (2020). We simulate the processes for the
stochastic components of earnings/wealth a large number of times, divide the distributions
of earnings/wealth at each age into a certain number of quantiles and calculate the transition
probabilities between quantiles in the simulations. We set the level of earnings/wealth for
that quantile as equal to the median simulated level of earnings/wealth in each quantile.
This grid of levels of earnings/wealth and transition probabilities defines a discrete Markov
process.” We note that the periodicity of the wealth process is 10 years. Therefore in 9 out
of 10 years it is defined by a transition matrix equal to the identity matrix.

We construct a grid of values for cash-in-hand based on the borrowing constraint and the
maximum attainable level of cash in hand at each age. We then begin in the terminal period
and, for each combination of the state variables, we calculate the optimal choice of end-of-
period assets, taking into account the possible evolution of the household’s own mortality,
earnings, parental mortality and parental wealth. We solve the model recursively, working

back until the initial period.
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A Details of earnings process estimation and model fit

A.1 Further details of empirical specification

We use the same specification of the order of the hermite polynomials for each component
of the process as used by Arellano et al. (2017) (tensor products of polynomials of degree 3
(in 7;—1) and 2 (in age) for the transition of 1, and polynomials of degree 2 in age for 79 and
€). Again following Arellano et al. (2017), we use quantile regressions of earnings on their
lagged values and age to set initial parameter values. We use the same variances for the
random walk proposals in the Metropolis-Hastings sampler as Arellano et al. (2017), which

yields an acceptance rate of around 0.20-0.25.

A.2 Further details of estimation

The estimation procedure is based on quantile regressions corresponding to the restrictions
embodied in the empirical specification. We begin with a balanced panel (in our case T' = 6)
dataset of observations of log of gross earnings and age. Log earnings have been purged of
cohort, age and time effects in the initial regression step. Denoting the parameter vector 6,
the posterior density of (9,0, ..., mi1) given (y;o, ..., ¥i 1), the ages at which the individuals is

observed and 0, as f(n;|y;, age;; 6), we carry out the following steps:

1. Select initial values for the parameter vector, (). These are selected by running
a series of quantile regressions. For the parameters for the distribution of ny, we
estimate quantile regressions of observed earnings on hermite polynomials in age. For
the distribution of ¢; we estimate quantile regressions of observed earnings on a different
set of hermite polynomials in age. For the distribution of 7, given n,_; we estimate
quantile regressions of observed earnings on hermite polynomials in lagged earnings

and age (and their products).

2. Draw {n;}Y, from f(n;|y;, age;; ), using the current parameter vector 4.

22



A set of permanent components {n;})¥, clearly implies a set of transitory components

{e;}}¥,, given observed earnings.

3. Update the parameter vector to gs+1) ) by computing, for each [ =1, ..., L:

K
s+1 s+1
(aZP ™, ety = argmln ZZ,OTZ (e = ay (T)ek(mia-1, ageiy)) (21)
(a1l: 70‘}(1)2 1 t=1 k=1
(5§, ai™) = argmin Zzpn Yot = it — Zam T)er(ageis)) (22)
(@f 1) =1 t=0
N K
s+1 s+1
(a?fﬁ ),...,a"K(f )) = argmin an Nio — Za n1(T)r (ageip)) (23)
(“117 ’aKl)z 1 k=1
N T 0
Yo Unis < Z ak,z(T)SOk(m,t—h age;q)}
AT i=1t=1 k=1
- - N T 0 K 0
21 21 (77i,t - kZ ak,l(ﬂ@k(ﬁi,tq, agez’,t))]l{m,t < kz: Gk,l(T)wk(m,tfb ageiq)}
i=11= =1 =1

(24)

and analogously for the other tail parameters, where p,(u) = u(7 — 1{u < 0}) is the

check function.
4. Iterate steps 2 and 3 for s =1, ..., 5.

5. Set the final parameters as the mean values over the last S iterations: =

1S G
S’ESZS*S+16

The draws from the posterior distribution of 7; are made using the Metropolis-Hastings

algorithm.
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