~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Shinozaki, Hiroki; Kazumura, Tomoya; Serizawa, Shigehiro

Working Paper
Efficient and strategy-proof multi-unit object allocation

with money: (Non)decreasing marginal valuations without
quasi-linearity

ISER Discussion Paper, No. 1097

Provided in Cooperation with:
The Institute of Social and Economic Research (ISER), Osaka University

Suggested Citation: Shinozaki, Hiroki; Kazumura, Tomoya; Serizawa, Shigehiro (2020) : Efficient
and strategy-proof multi-unit object allocation with money: (Non)decreasing marginal valuations
without quasi-linearity, ISER Discussion Paper, No. 1097, Osaka University, Institute of Social and
Economic Research (ISER), Osaka

This Version is available at:
https://hdl.handle.net/10419/234910

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/234910
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Supplementary material for “Efficient and
strategy-proof multi-unit object allocation with
money: (Non)decreasing marginal valuations without

quasi-linearity”

Hiroki Shinozaki, Tomoya Kazumura, and Shigehiro Serizawa

August 6, 2020

In this supplementary material, we provide the proofs and the example omitted in the
main text (Shinozaki et al., 2020).

1 Proofs of Remarks

In this section, we give the proofs of some remarks in the main text.

Remark 3 (Upward convexity). Let m’ € M with m’ > 0. Let i € N, R; € R™P,
and z; € M x R. (i) For each z; € M(m'), ZZv;(m’, z;) > vi(2,2;). (ii) If there is
x; € M(m')\{0,m'} such that Z5v;(m/, z;) > vi(x;, 2;), then for each zj € M(m')\{0, m'},

/
%’,vi(m’, zi) > vi(2h, ).

Proof. (i) Let z; € M(m'). Then

m'vi(x;, 2) = (Z vi(z + 1, 2 —vi(x,zi))>

| /\

<Z vi(r + 1, 2) v(x,zl))> (by R; € RNP)

r=

—~

= zv;(m/, z;).

(ii) Suppose there is x; € M(m/)\{0,m'} such that ZZv;(m’, z;) > vi(2, 2). Then
there is © € M(m’)\{0, m'} such that v;(x + 1, z;) —v;(x, z;) > vi(x, z;) —vi(x —1, 2;). Let
z; € M(m')\{0,m'}. Then the inequality above holds strictly for /. O



Remark 7. Let R, € R™". (i) Let x; € M\{m} and h*(-;x;) : R — R, be such that
ht(t;; ;) = Vi(xi+1, (z4,t;)) —t; for each t; € R. Then h'(+; x;) is strictly decreasing in ¢;.
(ii) Let z; € M\{0} and h™(-;2;) : R — Ry besuch that h=(t;;z;) = t;—Vi(z;—1, (x4, t;))
for each t; € R. Then h™(-;z;) is strictly decreasing in t¢; as well.

Proof. (i) Let t;,t; € R be such that ¢; < t;. Note that (x;+1, V;(z;+1, (x;,t:))) Li (24, t;).
Thus, by t; — t; > 0, R; € R*" implies

(i1, Vi(mi+ 1, (i, t3) = (ti—1)) P (i, ti—(ti—1)) = (i, £7) L (mit 1, Vilwit1, (23, 17)))-

Thus, Vi(x; + 1, (x;,t;)) — (t; — 1) < Vi(x; + 1, (x4, t))), or ht (t;2;) = Vi(xi + 1, (x4, 1)) —
ti < Vi(wi + 1, (@, ) — t, = hH (¢ ;).
(ii) We can show (ii) in a symmetric way, and we omit the proof. O

2 Proof of Proposition 3

In this section, we give the proof of Proposition 3.

Proposition 3 (The inverse-demand sets). Let Ry € RP N R**. Then (i) P(0; Ry) =
[Vo(1,0),00), (ii) P(1;Re) = [t*(1),Vo(1,0)], (iii) P(a;Ry) = [“& C&D) for each
z € M\{0,1,m}, and (iv) P(m; Ry) = [0, £m=1)],

m—1

Before proving Proposition 3, we show the following two lemmas.

Lemma 12. Let Ry € RP N RYT. (i) Let x € M\{0,m} and p € P(z;Ry). Then
p>E (I . (1) Let x € M\{0,1} and p € P(x; Ry). Thenp < %

Proof. (i) Suppose p < ( ). Then pz < t*(z), and by Ry € RP N R+, Lemma 10 (i)
implies Vo(x + 1, (z,pz)) — pr > 25 = p, or Vy(2/, (v, px)) > pa’, where 2’ = x + 1. This
implies (2/, pz’) Py (x, px), which contradicts p € P(z; Ry).

(ii) We can show (ii) in the same way as (i) by using Lemma 10 (ii) instead of Lemma 10

(i). O

Lemma 13. Let Ry € R” and p € R,. (i) Let x € M\{0}.
¥ € M with ' > z, (x,px) Ry (2/,pa’). (i) Let x € M\{m}. [fp < (@ 1) then for
each ' € M with ¥’ < z, (z,px) Ry (2, px’).

Proof. (i) Suppose p > * ) Then px > t*(x). Thus, by Ry € RP N R**, Lemma 10 (i)



implies Vo(x + 1, (2, px)) — pr < B2 = p. Let 2’ € M with 2’ > z. Then

Vo(2', (z,px)) — pr = 2 (VO(QJ” + 1, (z,px)) — Vo2, (x,px))) (by Remark 1 (iii))
< (@ =) (Voo + 1. (2, p2)) = Vo, (w,p2)))  (by Ry € RP)
= (2 —x <Vg x+ 1, (z,px)) —pw) (by Remark 1 (iii))
< (@' —x)p (by Vo(z + 1, (z,px)) — pz < p)
= pr’ — pz,

or Vo(a', (z,px)) < pa’. This implies (x, px) Ry (2/, px’).
(ii) By using Lemma 10 (ii) instead of Lemma 10 (i), we can show (ii) in a symmetric
way. O

We now proceed to the proof of Proposition 3.

(i) First, we show P(0; Ry) C [V(1,0),00). Let p € P(0; R;). Then 0 Ry (1, p), which
implies p > V4(1;0).

Next, we show [V((1,0),00) C P(0; Ry). Let p € [Vi(1,0),00). Then by p > V,(1,0),
0 Ry (1,p). By Ry € RP N R*", Lemma 11 implies that p > V4(1,0) > ¢*(1). Thus,
by Ry € RP N R, Lemma 14 (i) implies (1,p) Ry (z,pz) for each x € M with z > 1.
Thus, by 0 Ry (1,p), 0 Ry (z,px) for each x € M with x > 0. Thus, p € P(0; Rp).

(ii) We show P(1; Ry) = [t*(1),Vo(1,0)]. Note that by Ry € RP N R**, Lemma 11
implies t*(1) < V4(1,0), and the interval is well-defined.

We first show P(1; Ry) C [t*(1),Vo(1,0)]. Let p € P(1; Ro). By (1,p) Ry 0, p < V,(1,0).
Also, by Ry € RP NR*T, Lemma 12 (i) implies p > t*(1).

Then, we show [t*(1), V5(1,0)] € P(1; Ry). Let p € [t*(1),V5(1,0)]. By p < V,(1,0),
(1,p) Ry 0. Also, by Ry € RP N R™* and p > t*(1), Lemma 14 (ii) gives (1, p) Py (z,xp)
for each x € M with > 2. Thus, p € P(1; Ry).

(iii) Let € M\{0,1,m}. We show P(z;Ry) = [@, %] By Ry € RP N R+
and Lemma 11, the interval is well-defined. By Ry € R” N R**, Lemma 12 (i) and (ii)
imply P(z; Ry) C [t*;x), t*fffl)] and Lemma 14 (i) and (ii) give [t*(z) t*g(f 11)] C P(z; Ry).

(iv) Finally, we show P(m; Ry) = [0, %] Note that by Ry € R? N R**, Lemma 9
gives that % > (. Thus, the interval is well-defined. By Ry € R” N R**, Lemma 12
(ii) implies that P(m; Ry) C [0; %] Also, by Ry € RP N R™, Lemma 14 (ii) implies
that [0, D] C P(m; Ro). |



3 Proof of Proposition 4

In this section, we provide the proof of Proposition 4.

Proposition 4. Assume n =2 and m is even. Let Ry € RP N R satisfy

%(5 + 17 (ﬁat*)) -t < p(ﬁ - 1; RO)a (1)

where = 2 and t* = Zizlp(m —x;Ry). Let R = (R N RY) U {Ry}. An inverse-
demand-based generalized Vickrey rule on R? satisfies efficiency, strategy-proofness, indi-

vidual rationality, and no subsidy for losers.
Let g = (z,t) be an inverse-demand-based generalized Vickrey rule on R?.

Lemma 14. Let R € R* and i,j € N be a pair such that R; = Ry and R; € RY N RY.
Let v; > 0 be a constant marginal valuation associated with R;. (i) If x;(R) > 0, then
ti(R)—=Vi(z;(R)—1,9,(R)) > v;. (i) If v;(R) < m, then V;(z;(R)+1, g:(R))—t:(R) < v,.

Proof. By the definition of the inverse-demand-based generalized Vickrey rule and R € (RN1)2,
p(zi(R); Ri) < vj < p(z:i(R) — L R;) and t(R) = vjzi(R).

(i) Suppose z;(R) = 1. Then v; < p(0; R;) = V;(1,0), where the inequality follows
from v; < p(x;(R)—1; R;). Then we have g;(R) = (1,v;) R; (1,V;(1,0)) I; 0. This implies
Vi(0,9:(R)) < 0. Thus, by t;(R) = vj, t:(R) — Vi(0,:(R)) = v;.

Suppose instead z;(R) > 1. By 0 < 2;(R) — 1 <m, p(x;(R) — ; R;) = %.
Thus, by v; < p(x;(R) — 1; R;),

() = wii(R) < plas(R) = G Ra)a(R) = s

#(z;(R) — 1).

Thus, by R; € RP N R**, Lemma 10 (ii), and #;(R) = v;z;(R),

t:(R

~—

t:(R) — Vi(zs(R) — 1, g:(R)) >

= Vj.
(ii) If z;(R) = 0, then Vi(z;(R) + 1,¢;(R)) — t;(R) = Vi(1,0) = p(0; R;) < v;, where
the fist equality follows from g¢;(R) = 0, and the inequality follows from v; > p(z;(R); R;).
Suppose instead x;(R) > 0. By 0 < 2;(R) < m, p(z;(R); R;) = %. Thus, by
v; = pzi(R); Ry),
ti(R) = vjzi(R) = p(xi(R); Ri)xi(R) = t"(xi(R)).

Thus, by R; € RP N R*F, Lemma 10 (i), and ¢;(R) = v;x;(R)

Vi(zi(R) +1,9:(R)) — ti(R) <




as desired. [

We now proceed to the proof of Proposition 4. Since no subsidy for losers is immediate

from the definition of the rule, we here show the other three properties.

INDIVIDUAL RATIONALITY. Let R € R%?and i,j € N be a distinct pair. If R; € R¢ N R,
then R; = R™. Since g;(R) is the outcome of the Vickrey rule for R, g;(R) R; 0 by
individual rationality of the Vickrey rule. Thus, we assume R; = Ry. We consider the

following two cases.
CaseE 1. R; = R,.

By the definition of the inverse-demand-based generalized Vickrey rule and R € (R”)?,
z;(R) =  and

m—1 B—1 m—1 B
t;i(R) = Zp(x, R;))—» plz;R;) = Zp(x, R;) = Zp(m -z R;) =1".
=0 x=0 =0 r=1
Then 5
ti(R) =Y _plm —z; R;) < Bp(B; R;) = t(B; R;) < Vi(B,0),
=1

where the first inequality follows from R; € RP? N R*, § = %, and Lemma 11, and the
second inequality follows from R; = R; € R? N R™ and Lemma 9. Thus, g;(R) P; 0.

CASE 2. R; € RY N RC.

By the definition of the inverse-demand-based generalized Vickrey rule, ¢;(R) = v,x;(R),

where v; > 0 is a constant marginal valuation associated with R;. If z;(R) > 0, then

z;(R)
G(R) = Vil0,i(R)) = > (Vi gi(R)) = Vi(w = Lgs(R)))  (by Remark 1 (ii))

v

#i(R) (Vi(wi(R), 9:(R) = Vilai(R) = 1.gi(R)))  (by R, € RP)
(by Lemma 14 (i))

AV
8
—
e
‘G

or V;(0,¢;(R)) < 0. Thus, ¢;(R) R; 0. On the other hand, if z;(R) = 0, then g;(R) = 0.

STRATEGY-PROOFNESS. Let R € R? and i,j € N be a distinct pair. If R; € R¢ N R?,



then since g(R) and g(R;, R;) are both the outcomes of the Vickrey rule, strategy-
proofness of the Vickrey rule implies that g;(R) R; ¢;(R;, R;). Thus, we assume R; = Ry.

Let R, € R. Let x; = ;(R;, R_;). We show ¢;(R) R; (z;,t:(R}, R;)). If z; = 0, then
ti(R}, Rj) = 0 by Lemma 2. Thus, by individual rationality of g, suppose z; > 0.

CASE 1. Rj = Ro.
By the definition of the inverse-demand-based generalized Vickrey rule and R € (R”)?,

9i(R) = (B,t") and t;(R;, R;) = 371, p(m — 21 R;).
First, suppose z; > z;(R). Then

:Zp(m—x;Rj):t*—i— Z p(m — z; R;). (2)
r=1 r=0p+1

For each x € M with x > [+ 1, we have

p(m —z; R;) > p(B—1; Ry)
> Vi(B+1,0i(R)) —t"
= Vi(B+1,0:(R)) — Vi(B,9:(R))
> Vi(z, gi(R)) — Vi(z — 1, g:(R)), (3)

where the first inequality follows from R; = R; € R” N R*", z > f+1, and Lemma 11,
the second one follows from (1), R; = Ry, and g;(R) = (/3,t*), the equality follows from
t* = t;(R) and Remark 1 (iii), and the last inequality comes from R; € R” and z > S+1.
Then

WRLR) =4 3 plm— o Ry) (by (2)

rz=L£+1

>4 3 (Vleai(R) — Vil — 1. gu(R))) (by (3))

rz=£+1
= Vilari(R), gi(R)) + (Vils, 6s( ) = Vi(ai(R) () )
(by gi(R) = (B,t") and Remark 1 (iii))
= Vi(wi, gi(R)),

which implies g;(R) R; (x;, ti(R;, R;)).



Suppose instead x; < x;(R). Then

-1

Zp )=t"= Y pm—z—1LR)). (4)

T=T;

Note that by 8 = z;(R) > 2; > 0, 3 —1 > 0. Thus, by R; € RP? N R™" and Lemma 9,
Ft*(8 = 1; Ry) = Vi(B, (8 — 1,¢*(8 — 1; R;))). This implies

(857545 = LR))= (B.VG6 - L3 = LR L (3~ L#'(5 - i y).

Thus, by Remark 1 (i) and (iii),

B
B—1

By R, € R N R** and § = 2, Lemma 11 implies

Vi(B= 1,8, 221 (B = 1 R)))=VilB — 1, (8~ L¥'(B— L, R)) = (8= L R). (5

B
= ptm ) < 8~ 1 R) = 5T (8- 1 R) (©
Then
, . B . my v (s — B is_1 R,
VB L (5,) > gt (8= L R) = Vi~ L8, 52 (8 ~ 1 R))
_t*(ﬁ—l;Rz’)
e
=p(B— L Ry), (7)

where the inequality follows from R; € R**, (6), and Remark 7 (ii), the first equality
follows from (5), and the last one follows from R; = R;. Then for each z € M with
x S ﬂ - 17

Vilz + 1, 6i(R)) = Vi, 9:(R)) = Vi(B, 9:(R)) = Vi(B = 1, 9:(R))

=t = Vi(B—1,(8,1))
> p(B—1; R;)
> p(m —z —1; Ry), (8)

where the first inequality follows from R; € RP and < 8 — 1, the equality follows from
gi(R) = (B,t*) and Remark 1 (iii), the second inequality follows from (7), and the last



one comes from R; € RP N R*T, 2z < 38— 1, and Lemma 11. Thus,

5-1
ti(R, Ry) =t =Y p(m —x — 1; Ry) (by (4))

T=x;
B—1

> 1= 3 (Vile + 1,0:(R) — Vi, gu(R))) (by (8))

= Vilwi(B), i(R) — (Vi (R), gi(R)) = Vil gi(R)))
(by ¢;(R) = (B,t*) and Remark 1 (iii))

= Vi(zi, 9i(R)),

which implies g;(R) P; (x;,t;(R;, R;)).
CasE 2. R, € RC N R

By the definition of the inverse-demand-based generalized Vickrey rule, ¢;(R) = v,x;(R)
and t;(R}, R;) = v,x;, where v; > 0 is a constant marginal valuations associated with R;.
If x; > x;(R), then z;(R) < m, and

Vi(zi, gi(R)) — t:i(R)

x;—1

= > (Vo + 1L (R) — Vil 6i(R)) (by Remark 1 (iii))
r=z;(R)

< (a1 = au(R) (Viw(R) + 1, :(R)) = Vi(ai(R), 5u(R))) (by R; € RP)

< (x; — x;(R))v; (by Lemma 14 (ii))

= Li(R;, R;) — ti(R),

or Vi(z;,9:(R)) < ti(R;, R;). Thus, ¢:(R) R; (z;,t:i(R;, Rj)).

The other case can be treated symmetrically.

EFFICIENCY. Let R € R% If R € (R® N RY9)2, then by efficiency of the Vickrey rule,

g(R) is efficient for R. Thus, we consider the following two cases.
CASE 1. Rl = RQ = Rg.

By the definition of the inverse-demand-based generalized Vickrey rule and R € (R”)?,
g1(R) = g2(R) = (B,t*). By g1(R) = go(R) and Remark 1 (iii), Ry = Ry, € RP gives
Vi(zi(R) + 1,0:(R)) — ti(R) < t;(R) — Vi(z;(R) — 1, 9;(R)) for each pair 7,5 € N. Thus,
by R € (R")? and Remark 5, g(R) is efficient for R.

8



CASE 2. R; = Ry and R; € R N R for some pair i, € N.

Without loss of generality, let ¢ = 1 and j = 2. By the definition of the inverse-
demand-based generalized Vickrey rule, t1(R) = wvexi(R), where vy > 0 is a constant
marginal valuation associated with R.

If z;(R) = 0. then by Lemma 14 (ii), v > Vi(1,1(R)) — t1(R). If 0 < 21(R) < m,
then by Lemma 14 (i) and (ii),

Vi(zi(R) +1,01(R)) = ti(R) < vy < ty(R) — Vi(z1(R) — 1, g1(R)).

Finally, if z;(R) = m, then by Lemma 14 (i), t;(R) — Vi(m — 1,91(R)) > vy. In either
case, by R € (RN1)? Remark 5 implies that g(R) is efficient for R. |

Remark 8. In the proof of Proposition 4, we use the condition (1) only when we
prove that an agent has no incentive to misreport his preference at the preference profile
(R1, R2) = (Ro, Ro). Indeed, all the remaining parts of the proof remain valid without

the condition (1) and even the assumption that m is even.

4 Proof of Proposition 5

In this section, we prove Proposition 5.

Proposition 5. Assume m > 4 is even. Let Ry € R” N R+ wviolate

Vo(B+1,(8,1%)) =t < p(F = 1; Ro), (1)

m

where = 5 and t* = Zle p(m — x; Ry). Let R be a class of preferences satisfying
R D (RY N R?) U{Ry}. No rule on R™ satisfies efficiency, strategy-proofness, individ-

ual rationality, and no subsidy for losers.

Let R = (R N R9) U {Ry}. Suppose by contradiction that there is a rule f on R"
satisfying efficiency, strategy-proofness, individual rationality, and no subsidy for losers.

Note that Steps 1 to 3 in the proof of Theorem 2 depend on neither the number
of agents nor the choice of a preference Ry, and so the discussion is valid here as well.
Thus, we hereafter take over the results and the notations in Steps 1 to 3 in the proof of
Theorem 2.

As in the proof of Theorem 2, let Ry = Ry. First, we show zJ (R_s; 8+1) Py z{ (R_5; B).



Note that by Step 3, zJ (R_; 8) = (8,t*). Further,

t5(R_9; 8+ 1) — th(R_o; 8) = p(m — (8 + 1); Ry)
= p(ﬁ - 1; R1)
< Va(B+1,25(R_9; B)) — t5(R_5: B),

where the first equality follows from Step 3, the second one follows from 8 = %, and the
inequality follows since Ry = Ry = Ry violates (1) and 2] (R_y,3) = (B,t*). Thus, we
have t5(R_o; 3+ 1) < Va(B + 1,2 (R_2; 8)). This implies 2] (R_2; 8+ 1) Py 2 (R_5; §).
By the same argument as in the proof of Theorem 2, we can show that for each zo € M
with 5 < 8, 25 (R_g; 20 +1) Py 23 (R_s;25). Thus, we have 2 (R_y; B+1) Py 23 (R_s; 1)
for each xo € M with 25 < 8, and Lemma 4 implies z5(R) >  + 1. Since both agents 1

and 2 have the same preferences Ry, a symmetric argument gives x;(R) > § + 1. Thus,
n(R) +ma(R) > 208+ 1) =m+2,

contradicting feasibility. [

5 Even number of units and more than two agents

In this section, we give an example which demonstrates that when n > 3 and m = 6a —
2 for some a € N, the inverse-demand-based generalized Vickrey rule violates strategy-
proofness on R" = ((R® N R¥) U {Re})" for any Ry € RP N RT.

Example 5. Let n > 3 and m = 6a — 2, where a € N is an arbitrary natural number.
Let Ry € RP N R and R = (R® N R¥) U {Ro}. Let g = (x,t) be an inverse-demand-
based generalized Vickrey rule on R".

Let R € R™ be such that for each i € {1,2,3}, R; = Ry, and for each j € N\{1,2,3},
R; € RY N R? be such that v; < p(m—1; Ry), where v; is a constant marginal valuation
associated with R;. By the definition of the inverse-demand-based generalized Vickrey
rule and Ry 03y € (RP)3, 2;(R) = 2j(R) = 2a—1 and z,(R) = 2a for some distinct triple
i,7,k € {1,2,3}, z;(R) = 0 for each | € N\{1, 2,3},

3a—2 3a—2
ti(R) =t;(R) = p(2a — 1;Ro) + 2 Y _ p(a; Ro), tx(R)=2 Y p(x;Ry),
r=2a r=2a—1

and t;(R) = 0 for each [ € N\{1,2,3}.! Without loss of generality, let i = 1, j = 2, and

Note that when a = 1, i.e., m = 4, t;(R) = t;(R) = p(2a — 1; Ry) = p(1; Rp). In the subsequent
discussion, we consider the case where a > 2, but the same discussion can be applied to the case where
a=1.

10



k= 3. Let Rj € R® N RV be such that p(2a; Ry) < v| < p(2a — 1; Ry), where v} is a
constant marginal valuation associated with R}. By the definition of the inverse-demand-
based generalized Vickrey rule and Rys 31 € (R”)?, g1(R}, R_1) = (2a,2 S22 p(x; Ro)).
Note that by Ry € RP” N R* and Lemma 11,

3a—2

t1(R) = p(2a — 1; Ro) +2 Y _ pla; Ry) < (2a — 1)p(2a — 1; Ry) = t*(2a — 1).

r=2a

Thus,

Vi(2a, 1 (R)) — t1(R) > Vi(2a,(2a — 1,t"(2a — 1))) —t"(2a — 1)  (by Remark 7 (i))

_ t"(2a—1)
=1 (by Lemma 9)
= p(2a — 1; Ro)

= ti(Ry, Roy) — ta(R),
or Vi(2a,91(R)) > t1(R}, R—1). This implies ¢;(R}, R-1) P1 g1(R). Thus, g violates

strategy-proofness.
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