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Abstract

We study a symmetric private value auction with signaling, in which the

auction outcome is used by an outside observer to infer the bidders' types. We

elicit conditions under which an essentially unique D1 equilibrium bidding

function exists in the second‐price and the English auctions. We establish there

is no equivalence between these two auction designs, neither in bidding

strategies nor in expected revenue. This is because the presence or the absence

of an increasing price clock affects signaling incentives differently in both

auction formats, and thereby also the bidders' incentives to overbid their

types. This leads to a strictly higher expected revenue in the second‐price
auction than in the English auction. Our analysis is completed by a compar-

ison with other disclosure policies. Applications include art auctions and

charity auctions.

1 | INTRODUCTION

Signaling constitutes an important motivation and determinant for many forms of publicly observable behavior of
individuals and organizations. Humans tend to universally care about what others think about them. This is either
because of innate tastes, as humans intrinsically care about others' esteem, or because of instrumental reasons, as a
higher status often gives access to better mates, partners, or resources.1 Firms care about how other market parties
perceive them, because this affects their access to capital and business opportunities. If working with the best suppliers
of goods and services is vital to the success of a company, then firms must carefully scrutinize other companies that they
consider working with. In such a context, appearing a better or more reliable supplier is crucial for winning a contract,
and this makes signaling and carefully controlling the observable behavior of the company a common element of
business life (see, e.g., facade building in banking and insurance, advertising, and public relations efforts). The behavior
of individuals or companies in an auction setting is no less prone to interpretation by outside parties looking for clues
about how this individual or company is faring, and signaling is therefore documented to matter in, for example, art or
charity auctions as well as in a more generic industrial or financial context.
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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Mandel (2009) distinguishes three main motives for buying art: investment, direct consumption, and signaling. While
art serves as an investment, owners can also enjoy its esthetic qualities and the prestige derived from showing it to friends
and acquaintances. Mandel (2009) suggests that the two latter motives explain an old puzzle: why art systematically
seems to underperform as an investment compared with bonds and equity, especially when taking the high variance of its
yields into account. The underperformance of art is particularly important for famous masterpieces (Mei & Moses, 2002),
which likely have a greater signaling value. Similarly, charities often raise funds by auctioning objects provided to them by
celebrities. In recent years, an extensive literature has analyzed charity auctions as auctions in which bidders' preferences
are altruistic.2 However, the predictions of these theoretical contributions were invalidated in a field experiment
(Carpenter et al., 2008), while a broad theoretical and empirical literature suggests that signaling and status are important
motives for contributions to charities.3 Moreover, the very mechanism of auctioning celebrities' belongings seems to
exploit signaling motives. Where altruistic donators can get a warm glow from discreet contributions, it takes a unique
object and a public event to make donators shine who (also) care about their public image.

Finally, the public behavior of any sizable firm is under constant scrutiny by market analysts and other market parties.
A firm's performance in an auction, irrespective of whether it won or lost the auction, is informative to outsiders trying to
judge, for example, its profitability, financial situation, strategy, or management quality. In these auctions, bidders not
only care about their payment and about winning the object, but also about what the auction outcome reveals about their
type to outsiders. These inferences about the individual qualities of a bidder depend on the outcome and format of the
auction, and in turn affect the equilibrium bidding strategies and thus the outcome of the auction.

We study a symmetric independent private value auction with signaling. A single and indivisible commodity is
allocated by means of an auction to the one out of n bidders who submits the highest bid. Each bidder independently
draws a private valuation for the auctioned object according to the same distribution and this valuation is her private
information.4 The bidders' payoffs consist of a standard and a signaling component. As in the standard auction model, a
winner's ex post payoff equals her private valuation for the object minus her payment and a loser's payoff is minus her
payment (which is zero as we consider only winner‐pay auctions here). In addition, we assume that each bidder also
cares about the beliefs of an outside party, the receiver, about her type. The receiver is assumed to observe and use the
auction outcome, in casu the identity and payment of the auction's winner, to form beliefs about the private valuation of
all bidders. In the above examples, especially in charity and art auctions, the English design is commonly used, while
not yet formally analyzed in the presence of signaling incentives. The second‐price auction, although rarely used in
practice, is more often studied in all settings because of its common strategic equivalence with the English auction.
However, as shown in this text, this equivalence does not exist in the presence of signaling incentives. Therefore, we
study how this form of signaling in combination with the details of the auction format affects the inferences by the
receiver and thereby the bidding strategies, and eventually also expected revenue.

Because of the combination of a signaling game and an auction in a single game, such that the beliefs of the receiver
directly enter the payoff function of the bidders, a general mechanism design approach to this problem is beyond the
current state of the art. Auctions with signaling inherit the usual equilibrium multiplicity of signaling games, due to a
lack of restrictions on out‐of‐equilibrium beliefs. Therefore, we restrict out‐of‐equilibrium beliefs by means of the D1
criterion of Banks and Sobel (1987). The D1 criterion is the most common way of restricting out‐of‐equilibrium beliefs
in signaling games with multiple types, and imposes a monotonicity on out‐of‐equilibrium beliefs: an out‐of‐
equilibrium bid b is never attributed to a certain bidder type if a higher type bids in equilibrium less than b. We show
that only fully separating equilibria survive the D1 criterion if the density function characterizing the ex ante dis-
tribution of bidders' types is nonincreasing. We elicit conditions for the existence of an essentially unique D1 equili-
brium bidding function in the second‐price and the English auctions. This analysis is provided through the “button
auction,” one of the many formalizations of the English auction. Then, we show that for a finite number of bidders,
the second‐price auction outperforms the button auction in terms of expected revenues. This strict revenue ranking is
due to the different amounts of information available to the receiver and the bidders in the two auction formats. We
consider the minimal information button auction, in which bidders only observe whether two or more bidders are still
active in the auction. The reason is this minimal information setting remains closest to the second‐price auction.

In a fully separating equilibrium, the winner's payment imposes a lower bound on the receiver's beliefs about the
winner's type in the second‐price auction and button auction. This will be shown to induce the lowest types in both
auctions to bid strictly above their value in equilibrium and can also induce the highest types to also bid strictly more
than in the case without signaling. In addition, the presence of an increasing price (clock) in the button auction
weakens bidders' incentives to overbid their true valuation for signaling purposes, compared with the second‐price
sealed‐bid auction.
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Finally, to provide a better understanding of how the content of revealed information matters for the bidders'
strategic behavior, we compare our results to the cases in which (i) the winner's identity and her bid, (ii) only the
winner's identity, and (iii) all bids and bidders' identities are revealed. These three different disclosure policies have
been previously analyzed by Giovannoni and Makris (2014). We show that if the auctioneer can decide, he would prefer
to use a second‐price auction and to reveal the winner's identity and her payment rather than her bid, or to use an
English auction. Yet, revealing only the winner's identity is better in terms of revenue than to also disclose the winner's
payment. While revealing all bids and bidders' identity leads to the highest expected revenue for a sufficiently large
number of bidders, this relies on some conditions on the equilibrium existence which is not fulfilled for some common
distributions.

Signaling in auctions had been studied by at least two strains of theoretical literature. The closest to our analysis is
models of information transmission in auctions in function of an aftermarket.

Haile (2003) examines how bidders' incentives for signaling their type in function of a resale auction, in which the
winner can resell the item to a loser, depend on the auction formats and information assumptions. He shows that the
revenue equivalence may not hold. Goeree (2003) studies oligopolists' bidding for a single‐license patent on a cost
reducing technology. Each oligopolist has private information about the cost reduction which winning the patent would
imply for her firm and other oligopolists try to infer the winner's production cost reduction from the auction outcome to
determine their strategies in the aftermarket Cournot competition game. However, Goeree's setting and results are in
several respects different from ours. First, Goeree (2003) assumes that the receiver (the other oligopolists) observes the
winner's bid, rather than her payment. Second, the structure of the aftermarket imposes a single crossing condition on
the winning bidder's payoffs in Goeree (2003): higher types benefit more from an improvement in the receiver's beliefs.
And third, in Goeree (2003) only the winning bidder cares about the receiver's inference. Together, these three
assumptions imply that Goeree (2003) obtains an expected revenue equivalence of the first‐price, second‐price, and
English auctions.

In a setting similar to Goeree (2003), Katzman and Rhodes‐Kropf (2008) show that the auctioneer's announcement
policy of bids can change the auction's revenue and efficiency, while Das Varma (2003) elicits conditions for equili-
brium existence for a first‐price auction with an aftermarket with linear demand functions and Cournot or Bertrand
competition. Molnar and Virag (2008) investigate the optimal mechanism and show how the shape of the bidder's profit
function w.r.t. the outside observer's inferences affects an auctioneer's revenue maximizing information treatment.
Moreover, assuming as Goeree (2003) only the winning bidder is affected by the receiver's inference, Liu (2012)
analyzes takeovers through an ascending auction, and shows how the winner's bidding strategy can signal the firm's
posttakeover value to the market.

Giovannoni and Makris (2014) study the impact of different disclosure policies in standard independent private
value takeover auctions with signaling to an aftermarket.5 A firm's private valuation is interpreted by a postauction job‐
market for managers as a signal of its manager's ability to extract revenue from an acquisition. The aftermarket observes
the winner's identity, a set of bids and the identities of the bidders who submitted those revealed bids. The set of bids
revealed can be: no bids, all bids, the highest bid, or the second‐highest bid. The information policy closest to ours is
revealing the second‐highest bid. In Giovannoni and Makris' analysis of the second‐price auction also the identity of the
second‐highest bidder gets revealed. This is an essential different features with our analysis as we reveal only the
winner's identity and her payment. That changes the receiver's inferences and the bidding incentives of all potential
losers. Finally, Dworczak (2020) studies a setting with abstract aftermarkets in which the mechanism conceals all
information and derives conditions under which disclosure of additional information is not profitable.

A second strain of literature studies signaling to other bidders in dynamic auctions. Avery (1998) shows that bidders
may use ‘jump bids’ in the English auction to signal a high valuation to scare away competing bidders, thus decreasing
the auction's expected revenue and breaking expected revenue equivalence. Hörner and Sahuguet (2007) compare in a
dynamic auction context jump bids and cautious bids as strategic signals about private valuation towards other bidders.
Finally, this paper studies how an auctioneer can extract different rents from agents seeking to signal their type to an
uninformed party through the auction mechanism, and thus relates to a larger literature about the supply of signaling
mechanisms by a profit‐maximizing monopolist (see, e.g., Rayo, 2013).

The paper is organized as follows. Section 2 introduces the formal setting and equilibrium concept. Sections 3 and 4,
respectively, characterize the D1 perfect Bayesian equilibria (PBE) of the second‐price and the English auctions. The
expected revenues of these auctions are compared in Section 5. Section 6 provides a comparison with other information
disclosure policies (winner's identity and her bid, only winner's identity, and all bids and bidders' identities). Section 7
concludes. All proofs are collected in Appendix A.
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2 | FORMAL SETTING

Consider n bidders, indexed i, competing for a single object which is allocated through an auction to the highest bidder.
Bidder i's valuation for the object (her ‘type’) is denoted Vi , and is assumed i.i.d. and drawn according to a 2
distribution function F with support on ⊂v v[ , ¯] + . Let ≡f F′ denote the density function. Bidder i's realization of Vi ,
denoted vi, is her private information, but the number of bidders and the distribution F are common knowledge.

To participate in the auction, a bidder submits a nonnegative bid. As all bidders share the same beliefs about the
other bidder's valuations, they are assumed to follow a symmetric bidding strategy →β v v: [ , ¯] + .6 Let b β v= ( ) denote
the vector of bids given a vector of valuations v, with bi the effective bid of ith bidder. An auction mechanism maps a
vector of bids b to a winner, denoted ⋆i , and vector of payments p. We assume a fair tie breaking in case of multiple
highest bids.7

Besides the auction's outcome, bidders also care about the beliefs of an uninformed party, the receiver, about their
type. This receiver can represent, for example, the general public or press, business contacts or acquaintances of the
bidder or experts related to the object sale. The receiver is assumed to observe the auction's winner and her payment
⋆

⋆i p( , )i . This either represents a scenario in which the winner and her payment are reported in media outlets, or it
reflects a distinction between a payment being ‘hard’ verifiable evidence, and claims of bids being ‘soft’ information,
which is difficult to verify. Moreover, revealing the winner's identity and her payment is relevant with many economic
situations in practice. For example, the Hospices de Beaune,8 in Burgundy (France), organizes a yearly wine auction for
charity, in which the winner's identity and her payment are publicly revealed. In many art auctions, that is, in which
signaling matters, the auction's outcome is available in the press the day after. A directive from the European Union on
public procurement stipulates that this very information must be contained in a contract award notice.9 We keep this
information assumption constant throughout both the second‐price and the English auctions to ensure comparability.
The receiver's beliefs, denoted μ, are a probability distribution over the type space, such that ∣ ⋆

⋆μ v i p( ( , ))i i is the
probability of bidder i being of valuation type v given ⋆

⋆i p( , )i . Let ∣ ⋆
⋆vμ i p( ( , ))i then be a probability distribution over

vectors of valuations v given ⋆
⋆i p( , )i . The receiver's beliefs are (Bayesian) consistent with a bidding strategy β if10

∫
∣

∣ ∏

∣ ∏
⋆

⋆

⋆
⋆

⋆

⋆

v
β v

β v dv
μ i p

i p f v

i p f v
( ( , )) =

Pr( , ( )) ( )

Pr( , ( ′)) ( ′) ′
.i

i i i

i i i

(1)

The utility of bidder i, given an auction outcome ⋆i p( , ), consists of two parts. The first part is standard: the valuation for
the object for the winner of the auction, minus the payment (which is here zero for all losers). The second part is the
expected value of the receiver's beliefs about bidder i's type given ⋆

⋆i p( , )i , denoted ∣ ∣ ⋆ ⋆V μ V i p( ( , ))i i i i :

∣
∣ ∣

∣ ∣ ≠

⋆ ⋆

⋆ ⋆

⋆

⋆{u v p μ
v p V μ V i p i i

V μ V i p i i
( , ) =

− + ( ( , )) for winner = ,

( ( , )) for loser .
i i i i

i i i i i i

i i i i




This utility function either represents a psychological game, in which bidders care directly about the receiver's beliefs,
as humans care about the good opinion of others, or is reduced form of a game in which the receiver chooses an action
given her beliefs, while the bidders care about this action.11 In the latter case, an explicit analysis of the receiver's
problem is easily integrated, but does not add much. Although somewhat restrictive, this linear payoff structure is the
most natural benchmark case to study the role of signaling in auctions, because it guarantees a tractable solution and
ensures that the auction formats under consideration are expected revenue equivalent without signaling.12

We study the symmetric PBE of this auction game with signaling. A PBE is then described by a pair bidding strategy
and beliefs β μ( , ) such that:

1. The bidding function β maximizes expected utility for all v, given that all other bidders play β and given the
receiver's beliefs μ.

2. The receiver's beliefs μ are Bayesian consistent with the bidding function β, as in (1).

Because this equilibrium concept imposes no restrictions on out‐of‐equilibrium beliefs, that is, how the receiver
interprets auction outcomes which should never occur on the equilibrium path, we face the usual equilibrium mul-
tiplicity of signaling games. Therefore, we use the D1 criterion of Banks and Sobel (1987), which refines the set of
equilibria by restricting out‐of‐equilibrium beliefs. The D1 criterion restricts out‐of‐equilibrium beliefs by considering
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which bidder types are more likely to gain from an out‐of‐equilibrium bid, compared with their equilibrium expected
utility. More precisely, if the set of beliefs for which a bidder gains from a deviation to an out‐of equilibrium bid b (w.r.t.
her equilibrium expected utility) is larger for one bidder type than for another, then the D1 criterion requires out‐of‐
equilibrium beliefs to attribute zero probability the latter type having deviated to b.13 The D1 criterion imposes a certain
monotonicity on out‐of‐equilibrium beliefs, which excludes many implausible equilibria.

However, although the D1 criterion typically excludes (semi)pooling PBE in monotonic signaling games on the one
hand, and although (semi)pooling strategies are normally easily excluded in canonical auction games with the present
preference structure on the other hand, the exercise of excluding (semi)pooling equilibria by means of the D1 criterion
is less obvious when both games are combined into an auction with signaling.

3 | SECOND ‐PRICE AUCTION

In this section, we derive the essentially unique D1 PBE bidding strategies for the second‐price auction, in which the
winner pays the second‐highest bid. Because the receiver only observes the identity and payment of the winner, the
latter only allows her to bind the set of possible bids of the winner from below and the set of possible bids of the losers
from above. This difference in information available to the receiver considerably alters the bidders' expected payoff and
equilibrium bidding.

The second‐price auction suffers from a multiplicity of equilibria due to insufficient restrictions on out‐of‐equilibrium
beliefs, which is remedied by imposing the D1 criterion. A bidder deviating unilaterally to a bid above the highest
equilibrium bid always wins the auction. But such a deviation will not be revealed, because the winner only pays the
second‐highest bid, which has an equilibrium interpretation. Therefore, bids cannot be constrained from above by possibly
implausible out‐of‐equilibrium beliefs. Out‐of‐equilibrium beliefs for bids below the minimal equilibrium bid do not affect
bidding because such deviations can never be observed by the outside observer, such that implausible out‐of‐equilibrium
beliefs can never constrain equilibrium bidding from below. However, discontinuities in the bidding function at inter-
mediate valuations can be supported by particular out‐of‐equilibrium beliefs. Such deviations are revealed to the receiver if
they constitute the second‐highest bid, in which case they fix the inference about all losing bidders, including the deviator.

In what follows, we restrict F to be concave, that is, ⋅ ≤f ′( ) 0. This condition is proven to be close to a necessary
condition for the existence of a fully separating PBE in both the second‐price and the English auctions. Note that this
condition implies the common log‐concavity of F or the nondecreasing hazard rate condition. It neither implies nor is
implied by the log‐concave density condition imposed by Goeree (2003).14 This condition implies that only fully
separating equilibria survive the D1 criterion.15 Although restrictive, this condition is likely satisfied if we believe that
only the top end of, for example, the income distribution participates in art or charity auctions.

Lemma 1. If ⋅ ≤f ′( ) 0 and ≥n 3, then ⋅β′( ) > 0 in any D1 PBE of the second‐price auction.

We now proceed step by step to construct the problem of a v‐type bidder choosing which type ṽ to mimic in the
second‐price auction. As before, a strictly increasing bidding function implies that a type‐v bidder choosing the ṽ‐type's
equilibrium bid wins with probability F v(˜)n−1 . In this case, her payoff is

∫ ∫
∫

v
F v

β x dF x
F v

y dF y

F x
dF x−

1

(˜)
( ) ( ) +

1

(˜)

( )

1 − ( )
( ).

n v

v
n

n v

v x

v

n
−1

˜
−1

−1

˜
¯

−1

The second term is the expected payment if β v(˜) is the winning bid and the third term is the receiver's expected inference

about a winner of valuation ṽ . If the second‐highest bidder is of type x , then the inference about the winner is
∫ y dF y

F x

( )

1 − ( )
x

v̄

. But

because the second‐highest bid is unknown to the bidder, the third term takes the expectation over the second‐highest bid.
Second, with probability n F v F v( − 1) (˜)(1 − (˜))n−2 bid β v(˜) is the second‐highest bid. In this case, the receiver's

inference about any losing bidder is

∫v

n

n

n

x dF x

F v

˜

− 1
+

− 2

− 1

( )

(˜)
,

v

ṽ
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as one of the n − 1 losers has valuation ṽ while the n − 2 others' valuations are weakly lower than ṽ . Finally, with probability
F v n F v F v1 − (˜) − ( − 1) (˜)(1 − (˜))n n−1 −2 , a type‐ṽ bidder is neither the highest nor second‐highest bidder. For this case, a

bidder forms an expectation over the second‐highest bid to assess the receiver's expected inference about the losing bidders.
The expected utility of a valuation v bidder choosing type‐ṽ 's bidding strategy is then

∫ ∫
∫

∫

∫
∫

v β x dF x
y dF y

F x
dF x

n F v F v
v

n

n

n

x dF x

F v

y

n

n

n

x dF x

F y
d n F y n F y

( − ( )) ( ) +
( )

1 − ( )
( )

+ ( − 1) (˜)(1 − (˜))
˜

− 1
+

− 2

− 1

( )

(˜)

+
− 1

+
− 2

− 1

( )

( )
(( − 1) ( ) − ( − 2) ( )).

v

v
n

v

v x

v

n

n v

v

v

v v

y

n n

˜
−1

˜

¯

−1

−2

˜

˜

¯
−2 −1

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟
⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

The first‐order condition is

∫

∫

∫

∫

β v F v v F v
x dF x

F v
F v

F v F v n
vf v F v f v x dF x

F v

n f v F v n f v F v v n
x dF x

F v

n f v F v n f v F v v n
x dF x

F v

(˜)( (˜))′= ( (˜))′ +
( )

1 − (˜)
( (˜))′

+ (˜)(1 − (˜)) 1 + ( − 2)
˜ (˜) (˜) − (˜) ( )

(˜)

+ (( − 2) (˜) (˜) − ( − 1) (˜) (˜)) ˜ + ( − 2)
( )

(˜)

− (( − 2) (˜) (˜) − ( − 2) (˜) (˜)) ˜ + ( − 2)
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After dividing both sides by F v n F v f v( (˜))′ = ( − 1) (˜) (˜)n n−1 −2 , imposing v v˜ = and simplifying, we obtain

∫ ∫

∫

≡

β v v
x dF x
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F v

f v n
f v

n

F v
v

x dF x
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n
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The essentially unique D1 PBE bidding function for the second‐price auction is then characterized by the following
proposition.

Proposition 1. If either ≥n 4 and ⋅ ≤f ′( ) 0 or n = 3 and ⋅f ′( ) < 0, then an essentially unique second‐price
auction D1 PBE exists, and its bidding strategy is

∣ ≤
∣ ≥β v

n

n

v V V v

F v
V V v

F v

n f v
( ) =

− 2

− 1

− ( )

( )
+ ( ) +

1 − ( )

( − 1) ( )
,
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with
→
lim β v V( ) = ( ) +
v v

n

n f v− 1

1

2 ( )
 and

→
lim β v v v V( ) = ¯ + ( ¯ − ( ))
v v

n

n¯

− 2

− 1
 .

The qualification ‘essential’ reflects that the equilibrium bidding function is undetermined at both extremes of the
type space. If ⋅β′( ) > 0, then a v type has the highest or second‐highest bid with zero probability, such that all bids in

V[0, ( ) + ]
n

n f v− 1

1

2 ( )
 are in equilibrium payoff equivalent. On the other hand, for finite n a v̄ type wins with probability

1 and does not pay her own bid, such that all bids weakly above
→
β vlim ( )

v v̄
are in equilibrium payoff equivalent. However,

the D1 equilibrium bidding function is uniquely determined on v v( , ¯). Remark that the limit of the equilibrium bidding
function at v lies strictly above the average valuation for the object. Indeed if a very low valuation type wins the auction,
the winner is inferred as slightly higher than an V( ) type by the receiver, while all losers are inferred almost as v
types, because the second‐highest bidder's type is below the winner's valuation. Therefore, the lowest types bid at least
their valuation v plus the difference in inference by the receiver V v( ) − in equilibrium.

By reflecting the second‐highest bid, the winner's payment only imposes a lower bound on the receiver's expected
beliefs about the winner's type. This incites the low valuation types to bid considerably above their valuation. The
reason is that if they win the auction, they pay the bid of an even lower type, while the receiver's expected inference
about the winner is just above the ex ante average valuation V( ) and the expected inference about the losers is close to
the lowest possible valuation. Moreover, the higher the bidder's type is, the lower the incentives are to bid above her
valuation, because the difference in the expected inferences about the winner and the losers decreases with v.
Therefore, an inspection of the bidding function in (2) shows how a type‐v bidder inflates her bid by vΨ( ) compared
with the standard second‐price auction without signaling. A further comparison with the equilibrium bidding function
of the English auction in Section 4 will provide additional intuitions for the second‐price D1 PBE bidding function.

Note that in the second‐price auction, there is no fully separating equilibrium with two bidders, and even not with
three bidders if the density f is constant over some interval of the support. In the following example with a uniform
distribution on [0, 1], we comment on this nonexistence of an equilibrium with two or three bidders. However, this
nonexistence result relies on the importance of the bidders' sensitivity to signaling concerns. In this example,
we introduce a scalar γ , as discussed in footnote 12, to measure the relative importance of the receiver's inference in the
bidder's payoff function. It shows that the equilibrium for two bidders does not exist for ∕γ > 2 3 and provides some
comparative statics on the relative importance of the bidders' sensitivity for signaling.

Example 1 (Uniform on [0, 1] and bidders' sensitivity γ to signaling). Consider an example in which the
receiver's expected inference is weighted by a scalar γ in the bidder's payoff function:

∣
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i i i i




with ≥γ 0 measuring the relative bidders' sensitivity to signaling concerns. For F uniform on [0, 1], the expected
payoff of a v‐type bidder imitating a ṽ type is
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The D1 PBE bidding function is

β v v γ
n n v

n
( ) = +

2 − 1 − ( + 1)

2( − 1)
.
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Signaling concerns cause overbidding compared with a standard auction by an amount γ n n v

n

2 − 1 − ( + 1)

2( − 1)
.

Unsurprisingly, γ = 0 leads to the standard second‐price auction without signaling. γ = 1 corresponds to the case
fully investigated in this section, in which the outcome of the auction and the receiver's beliefs receive the same

weight in the payoff function. Remark that the D1 PBE does not exist for any ≥γ
n

n

2( − 1)

+ 1
. Every increase of γ in

[0, )
n

n

2( − 1)

+ 1
gives more importance to the receiver's expected inference and this leads to a more aggressive bidding.

The bidding function also shows that the overbidding compared with the standard auction without signaling
decreases with a bidder's type v.

If n = 2, the receiver can pinpoint the losing bidder's type v in equilibrium, while the winner's type can be
narrowed down only to the average between the valuation of the loser and the maximum valuation 1, that is, the
expected inference for n = 2 is

γv
v

γ v v γ
v

v˜
1

2
+

˜

4
+ (1 − ˜) ˜ =

3˜

4
(2 − ˜).⎜ ⎟⎛

⎝
⎞
⎠

For two bidders, the receiver's inference increases more with ṽ if a bidder loses, but the probability of losing
decreases with ṽ , such that the marginal effect of ṽ on the receiver's expected inference, that is, γ v(1 − ˜)

3

2
,

decreases with ṽ at a constant rate 3

2
. For any value of γ >

2

3
, this decreases more than offsets the higher valuation

types' incentives to bid strictly more than lower types, which in turn breaks down the existence of a D1 PBE. At
n = 3 both these effects cancel out exactly for γ = 1. Thus, we have no D1 equilibrium bidding function for n = 2

and γ >
2

3
, and for n = 3 and ≥γ 1.

A similar logic about the existence of a D1 PBE applies if f is constant over an interval in the support of a more general
distribution function, such that Proposition 1 requires either that ≥n 4 and ⋅ ≤f ′( ) 0 or that n = 3 and ⋅f ′( ) < 0.

4 | ENGLISH AUCTION

An important reason for the popularity of the second‐price auction among auction theorists is its common strategic
equivalence with the English auction, which is more frequently used in reality. However, this equivalence ceases to
exist in the presence of signaling. This result can be surprising, because the introduction of other externalities, such as
financial externalities in charity auctions (e.g., Engers & McManus, 2007), did not break up the strategic equivalence.

The English auction can be studied in various formalizations. We consider a minimal information “button auction”
(see, e.g., Milgrom, 2004; Milgrom & Weber, 1982), in which the auctioneer lets the price continuously increase on a
price clock. Each bidder chooses when to exit the auction by releasing a button, and such exit is irrevocable. The last
bidder holding her button wins, and pays the price fixed when the second‐highest bidder released her button. Bidders
only observe whether two or more bidders are still pushing their button or not, and the latter implies that the auction
has a winner. This minimal information setting remains closest to the second‐price auction, as bidders can learn little
about the other bidders' valuations during the auction. We maintain the assumption that the receiver only observes the
identity and the payment of the winner. This keeps the information that the receiver disposes of constant throughout
the different auction formats to ensure the comparability of the results.16 Remark that a strict ranking of the revenues
between the second‐price auction and this minimal information button auction would explain the role plays by
dynamic features. Therefore we could also conclude for the revenue comparison between the second‐price auction and
the button auction (without information restriction on the bidders' exit).

In this auction, each bidder has to decide on each moment (or price) whether to stay in or to exit. Note then that in
equilibrium, the exit price is increasing with v because the prospects in terms of inference by the receiver at a certain price are
identical for different types, while the lower‐type values winning the auction strictly less. Again, we restrict out‐of‐equilibrium
beliefs by means of the D1 criterion to avoid the multiplicity of equilibria, and establish that any D1 PBE is fully separating.

Lemma 2. In any D1 PBE, the exit rule β is a continuous and strictly increasing function of v.

If the bidding strategy (i.e., exit price) is strictly increasing with type and as the winner pays the price posted
when the second‐highest bidder left the auction, then the second‐highest bidder fixes the payoff of all bidders.
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Since bidders do not observe previous exits by lower valuation bidder, the latter's strategy does not affect equili-
brium bidding. Of course, a bidder does not know whether she has the second‐highest valuation, but she optimizes
her strategy as if this was the case. A type‐v bidder then leaves the auction when the price hits the bid of a ṽ type,
such that

∫
∫

v β v
F v

x dF x
v

n

n

n

x dF x
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− (˜) +

1

1 − (˜)
( ) =
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− 1
+

− 2

− 1

( )

(˜)
.

v

v v

v

˜

¯
˜

(3)

The left‐hand side (LHS) of (3) is the payoff a type‐v bidder gets if she wins at price β v(˜), while the right‐hand side
(RHS) is a loser's payoff, if she releases the button at price β v(˜) with only two bidders left. This exit rule defines a
unique equilibrium bidding function of the second‐highest valuation type, which determines the auction price.
This is equivalent to having at each price b type β b( )−1 leaving the auction, such that the optimal exit price of type v
satisfies

∫
∫

v b
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(4)

Note in (4) that the receiver's inference about the winner and about all losers increase with b (or ṽ). However, the
following proposition establishes that in equilibrium the costs of mimicking a higher type in terms of payment increase
faster than the benefits in terms of inference, such that this equality establishes the essentially unique D1 equilibrium
exit rule for the English auction.

Proposition 2. If ≥n 3 and ⋅ ≤f ′( ) 0, then an essentially unique D1 PBE exists for the (minimal information,
button) English auction, and its exit rule is

∫ ∫
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As for the second‐price auction, the winner's payment only imposes a lower bound on the receiver's expected beliefs
about the winner's type, and this again induces the low valuation types to bid significantly above their valuation
because the receiver's expected inference about the winner is just above the ex ante average valuation V( ) and the
expected inference about the losers is close to the lowest possible valuation. In the English auction, all bidders increase

their bid compared with a standard auction without signaling by a term ∫
∫

x dF x( ) − +
F v v

v v

n

n
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because of the signaling concerns.

Given the optimal exit strategy of a winner in the English auction, the second‐price and the English auctions
are equivalent in terms of information for the receiver. A closer comparison of equilibrium bidding in both
auctions can therefore also further clarify the equilibrium in the second‐price auction. When comparing the
equilibrium bidding functions of the second‐price and the English auctions, we note both are identical up to the
two following additional terms in the former:

∫F v

F v

n

n
v

x dF x

F v

F v

n f v
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which vanish for →v v̄. A closer inspection of (2) shows that these two additional terms, the third RHS term in (2),
reflect the effect on the receiver's expected inference about all the losing bidders of a marginally increased bid for a
given probability of being the second‐highest bidder.
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The main difference between the second‐price and the English auctions is that in the latter, the set of possible second‐
highest bids is bounded from below by the increasing price clock. If the English auction has no winner
at price b, then all active bidders can take it as a given that the second‐highest bid is at least b, and that the receiver's
expected inference about the winner will be bounded from below by β b( )−1 . This lower bound on the second‐highest bid
also bounds the receiver's expected inference about the losers from below. Therefore, each bidder just compares at each
price her payoff as a winner and as a loser with the second‐highest bid, and quits if both are equal. If she turns out not
being the second‐highest bidder, then the payoff of losing certainly exceeds her payoff of winning. As such, (5) means that
an active bidder exits when the price equals her valuation plus the difference between the receiver's inference about the
winner and a loser if this exit price was the second‐highest bid.

In the second‐price auction, no increasing price clock bounds the second‐highest bid. First, in case of winning, a
high valuation bidder must consider the possibility of paying the bid of a very low valuation bidder when winning, and
consequently being inferred as the expected value of any type above the latter by the receiver. The benefits of the
potentially lower payment are compensated by the low inference by the receiver. In the case of losing the auction, a
bidder can bound the receiver's inference about her type from below by means of her own bid. Compared with the
English auction, this provides an additional marginal benefit to bidding in the second‐price auction, which disappears
as v approaches v̄ (for which the probability of losing goes to zero).

Example 2 (Uniform on [0, 1] and bidders' sensitivity to signaling γ). As in Example 1, consider a case in which
the receiver's expected inference is weighted by a scalar ≥γ 0 in the bidder's payoff function, and F represents
the uniform distribution on the unit interval. Equality (3) then becomes

v β v γ
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which implies the D1 PBE exit rule

β v v
γ

γ
v

n
( ) = +

2
−

2( − 1)
.

Signaling affects bidding to some extent as in the second‐price auction. The case γ = 0 corresponds to the
standard English auction without signaling, and γ = 1 to the case fully investigated in this section, in which
bidders are as sensitive for the outcome of the auction as for the receiver's beliefs. Remark that the D1 PBE does
not exist for any ≥γ n2( − 1). An increase of γ in n[0, 2( − 1)) leads to a more aggressive bidding behavior. A
comparison of the overbidding in the present example and Example 1 shows strictly lower overbidding in the
English auction than that in the second‐price auction for all values of γ , but this difference can be seen to reduce
to zero as the bidder's type tends to the upper bound 1.

5 | EXPECTED REVENUE COMPARISON

We now compare the expected revenue of the two auction designs analyzed so far. Let ERII and ERE denote the
expected revenue, respectively, of the second‐price and the English auctions. The following proposition shows
that for finite n, we obtain a strict ranking in terms of expected revenues of the English and the second‐price
auctions.

Proposition 3 (Expected revenue ranking). If ⋅ ≤f ′( ) 0 and ≥n 4, and if n is finite, then in the D1 PBE

ER > ER .II E

The following example illustrates this strict expected revenue ranking for F being the uniform distribution.
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Example 3 (Uniform on [0, 1]). For the uniform distribution on [0, 1], Figure 1 represents the D1 PBE bidding
functions for the auction formats studied so far. The expected revenue of the second‐price and the English auctions
is then

∫n n

n
n n v v v dv

n n

n
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such that the second‐price auction outperforms the English auction,

n

n n
ER − ER =

2 + 1

2( − 1)( + 1)
> 0.II E

This strict ranking in terms of expected revenues reflects the differences in the information that is available to the
bidders in the two auction formats. The absence of a price clock in the sealed‐bid second‐price auction implies an
additional marginal benefit of a higher bid in comparison with the English auction: one's bid constrains the receiver's
expected inference in case of losing the auction from below. Because of this additional effect, the equilibrium bids are
strictly lower in the English auction than those in the second‐price auction for all bidders with a valuation strictly below
the upper bound v̄. Since the winner pays the bid of the second‐highest bidder in both auctions, the second‐price
auction dominates the English auction in terms of expected revenue.

However, note that expected revenue equivalence is restored asymptotically for n going to infinity. Let ⋅β ( )II and
⋅β ( )E denote the equilibrium bidding functions of the second‐price and the English auctions. In the limit, the bid of the

v̄ type is identical in all auctions:

→ ∞ → → ∞ →
β v β v v Vlim lim ( ) = lim lim ( ) = 2 ¯ − ( ).

n v v n v v+ ¯

II

+ ¯

E 

FIGURE 1 The D1 PBE bidding for
U [0, 1] with n = 10, for the English (solid)
and the second‐price (dashed) auctions with
signaling, and without signaling (dots)
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If → ∞n , both the winner of the auction and the second‐highest bidder have type v̄ with probability 1. As such, the v̄‐
type winner pays her own bid in all auctions. In addition, the v̄‐type's winning bid must make her indifferent between
winning and losing, because another bidder with a valuation of almost v̄ type would otherwise benefit from
outbidding her.

6 | OTHER INFORMATION DISCLOSURE POLICIES

Our analysis illustrates that the auction format and informational assumptions matter if bidders use the auction
outcome for signaling their valuation to an uninformed party. Although the present setting is reflecting the examples
presented in the first two sections of this text, a broad variety of alternative settings merit attention. Different in-
formational assumptions can be equally plausible, depending on the particular application one has in mind. Among
them, we distinguish three interesting disclosure policies, characterizing different sets of information that the
auctioneer can share with the receiver: (i) the winner's identity and her bid, (ii) only the winner's identity, and (iii) all
bids and bidders' identities. Note that the second‐price auction for these other information settings has been analyzed in
Giovannoni and Makris (2014).

6.1 | Winner's identity and her bid revealed

In this subsection we compare our results with the case, in which the winner's identity and her bid (instead of her
payment) are disclosed to the receiver. We denote βII,B corresponding bidding function in the second‐price auction.

In the second‐price auction the winner's type, v, is fully revealed to the receiver, as β β v v( ( )) =−1 .17 If the winner's

type is known to be v, the expectation of a loser's valuation is ∫ x dF x( )
F v v

v1

( )
. However, if a v type does not win, she ex

ante does not know the winner's valuation (except that it is above v), such that her expectation of the receiver's

inference about a loser is
∫ ∫ x dF x dF y

F v

( ) ( )

1 − ( )

v

v

F y v

y n

n

¯ 1

( )
−1

−1
. Giovannoni and Makris (2014) analyzed this second‐price auction and

determined that the fully separating equilibrium is given by

∣ ≤β v v V V v
F v

n f v
( ) = 2 − ( ) +

( )

( − 1) ( )
II,B 

if Fn−1 is log‐concave.18 Remark that, if a fully separating equilibrium exists, then the information available for the outside
observer when the winner's identity and her bid are revealed is the same in the second‐price and the English auctions.
Moreover, the receiver's inferences about the winning and losing bidders now only depend on the winner's bid, and not on
the second‐highest bid. This means that the presence of a price clock does not play the role that it does in the English auction
in which the payment is revealed, that is, to constrain the bidder's expectations of the receiver's beliefs about the losing
bidders, which causes the divergence in expected revenue between the second‐price and the English auctions if the winner's
payment is revealed to the receiver. As a result, these two auctions are revenue equivalent under the current information
disclosure policy. We denote ERB the expected revenue when the winner's bid is revealed.

The following proposition determines that the second‐price auction when the winner's payment is revealed instead
of her bid yields to a higher expected revenue. If the auctioneer can decide, he will disclose the winner's payment and
use a second‐price auction. This requires that the conditions for the existence of fully separating equilibrium in the
second‐price auction in both information settings are fulfilled, that is, Fn−1 is log‐concave and f is decreasing.

Proposition 4 (Winner's payment vs. winner's bid). Assume the conditions for the existence of a fully separating
equilibrium are satisfied. If ≥n 4, and if n is finite, then in the D1 PBE

ER > ER > ER .II B E

This ranking in terms of expected revenues stems from the differences in information available to the receiver and
the bidders. As previously mentioned, revealing the winner's payment imposes a lower bound on the receiver expected
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beliefs about the winner's type, and then generates high incentives for low bidders' type. When the winner's bid is
revealed, in contrast, a winning low‐type bidder is perfectly pinpointed by the receiver, and therefore has less incentives
to bid high. This makes the driving force for a better revenue in the second‐price auction when the winner's payment is
revealed.

However, the equilibrium bidding function for high types in the second‐price when the winner's bid is revealed is
strictly higher than that in the English auction when the winner's payment is revealed. The reason is that the gap in
terms of the receiver's expected inference between winning and losing is larger. On the one hand, losing v̄ types at

→
β vlim ( )

v v̄
are interpreted as V+ ( )

v

n

n

n

¯

− 1

− 2

− 1
 if the payment is revealed rather than as V( ) if the winner's bid is

revealed. On the other hand, a winning v̄ type is in both revealing policy inferred to be a v̄ type.

Remark that the bid of the v̄ type for n going to infinity is identical in both information settings:
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Therefore, the expected revenue equivalence is restored asymptotically for the second‐price and the English auctions
when either the winner's payment or her bid is disclosed.

6.2 | Only winner's identity revealed

We now compare our results with the information setting in which only the winner's identity is disclosed to the
receiver. Without information about either the payment or the bids, the receiver uses the information about who is the
winner to update his beliefs about the different bidders. We denote βII,Id corresponding bidding function in the second‐
price auction.

In the second‐price auction upon seeing who is the winner, the expectation of the winner's type is the expectation

that her type is higher than all the losers' type, ∫ ∣ ≥V V y dF y( ) ( )
v

v n¯ −1 . The receiver cannot distinguish between the

n − 1 losers, and so his expectation of a loser's type is the expectation that her type is below than the winner's type,

∫ ∣ ≤V V y dF y( ) ( )
v

v n¯ −1 . As the winning and losing expected inferences are both constant, the bidding equilibrium is

inflated by the difference of these two numbers. Giovannoni and Makris (2014) analyzed the second‐price auction and
determined that the fully separating equilibrium is given by

∫ ∫∣ ≥ ∣ ≤v v V V y dF y V V y dF yβ ( ) = + ( ) ( ) − ( ) ( ).
v

v
n

v

v
nII,Id

¯
−1

¯
−1  (6)

The information available for the receiver when only the winner's identity is revealed is constant and the same in
the second‐price and the English auctions. Then, if a fully separating equilibrium exists in the English auction, both
auctions lead to the same expected revenue, as is Section 6.1. We denote ERId the expected revenue when the winner's
bid is revealed.

The difference of expected revenue reflects again the difference of amount of available information to the receiver
and the bidders, and plays in favor of revealing only the winner's identity in the second‐price auction (if ⋅ ≤f ′( ) 0,
condition on equilibrium existence). We state this result in the following proposition:

Proposition 5 (Winner's identity and her payment vs. winner's identity). Assume the conditions for the existence
of a fully separating equilibrium are satisfied. If ≥n 4, then in the D1 PBE

ER > ER > ER .Id II E

When only the winner's identity is revealed, the receiver's expected inference between winning and losing is the
same for every bidder's type. That contrasts with the second‐price auction when the winner's payment is revealed,
which creates higher incentives for low bidders types. This result highlights that disclosing less information is a better
choice if the auctioneer has the objective to maximize the revenue.
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6.3 | All bids and bidders' identities revealed

Finally we compare our results with the case, in which all bids and corresponding bidders' identities are disclosed to the
receiver. We denote βII,A corresponding bidding function in the second‐price auction.

In the second‐price auction the bidder's type, v, is fully revealed to receiver, as β β v v( ( )) =−1 .19 Therefore the
receiver's expectation of a loser's valuation as well a winner's valuation is their true valuation. Giovannoni and Makris
(2014) analyzed this second‐price auction and determined that the fully separating equilibrium is given by

β v v
n f v F v

( ) = +
1

( − 1) ( ) ( )
.

n
II,A

−2

This equilibrium requires two existence conditions20: (i) (lower bound condition) there exists a positive and finite

number N such that ≤
→

Nlim
v v F v

1

( ( ))′n−1 , and (ii) (distribution) Fn−1 is a concave function.

Remark that as for the other information settings considered in this section, if a fully separating equilibrium exists,
the information available for the receiver when all bids and bidders' identities are revealed is the same in the second‐
price and the English auctions. Therefore, these two auctions are revenue equivalent. We denote ERA the expected
revenue when all bids and bidders' identities are revealed.

The following proposition determines that revealing all bids and the bidders' identities yields to a higher expected
revenue than revealing only the winner's identity and her payment if either there are a large enough number of bidders
or v = 0.

Proposition 6 (Winner's identity and her payment vs. all bids and bidders' identities). Assume the conditions for
the existence of a fully separating equilibrium are satisfied. If n is sufficiently large or, if ≥n 4 and v = 0, then in the
D1 PBE

ER > ER > ER .A II E

When all bids are revealed, the receiver can pin down the types of all bidders. Therefore every bidder knows that
independently of the auction outcome she will be perceived as the type revealed by her own bid. If the number of
bidders is large enough, low and medium types know there is a high probably that another bidder with a higher type
participates to the auction (or even with the highest type v̄). For a sufficiently large number of bidders, that creates
higher incentives to overbid than when the winner's identity and her payment are revealed.

Therefore if the auctioneer can decide and there are a large number of potential bidders, he will disclose all
bids and rather than only the winner's payment. That requires that the existence conditions for the equilibrium
are satisfied. Yet for common knowledge distributions, such as the uniform distribution, the fully separating
equilibrium in the second‐price auction when all bids are disclosed does not exist. That makes the use of the
second‐price auction, in which either only the winner's identity or the winner's identity and her payment are
revealed more relevant for many environments.

7 | CONCLUDING REMARKS

We have studied the second‐price and the English “button” auctions with signaling, assuming that all bidders care
about an outside observer's beliefs about their type, if the outside observer sees the identity and payment of the auction's
winner. We show that if the outside party's beliefs satisfy a common refinement criterion (D1) and if the type
distribution function is concave, then any equilibrium bidding function must be fully separating. Moreover, we obtain a
strict expected revenue ranking of the second‐price and the English auction formats for a finite number of bidders: the
second‐price auction strictly outperforms the English auction. Revenue equivalence is only restored asymptotically, if
the number of bidders goes to infinity.

These differences in expected revenue stem from the differences in information available to bidders in both auction
formats. On the one hand, in both designs, the winner does not pay her own bid, such that the winner's payment only
imposes a lower bound on the receiver's expected beliefs about the winner's type. This incites the lowest valuation types
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to bid considerably above their valuation, thus boosting the expected revenue in both auctions. The reason is that if they
win the auction, they pay the bid of an even lower type, while the receiver's expected inference about the winner is just
above the ex ante average valuation and the expected inference about the losers is close to the lowest possible valuation.
On the other hand, the increasing price clock in the English auction constrains the set of potential second‐highest
bidders at each moment. If the auction has no winner at a certain price, then the second‐highest bidder in the auction is
at least willing to pay this price. In the sealed‐bid auctions, such a constraint is absent and a bidder can only depend on
her own bid to constrain the expected inference of the receiver about her in the case of her losing the auction. This
additional return to bidding in sealed‐bid auctions explains the superiority of the second‐price auction over the English
auction.

Remark that we kept constant the revealed information to the outside observer, which is the identity of the
winner and her payment, in both auction formats. This is a relevant assumption which makes the auctions
comparison consistent. However, we should keep in mind that in many English auctions in practice additional
information is disclosed to the outside observer. For example, in art and charity auctions all bids are observable by
the outsider. This additional released information explains very probably the prevalence of the English auction in
practice.

We also compared our results with other information disclosures relevant in practice, to provide a better
understanding of how revealing information is crucial for the bidders' strategic behavior. We showed that the use
of the second‐price auction when only the winner's identity is revealed leads to a higher revenue than to also
reveal the winner's payment. However revealing the winner's bid instead of her payment yields to a lower revenue
because of the too low additional incentives it creates for low bidders' type. Finally, if revealing all bids and
bidders' identities lead to the highest expected revenue for the second‐price auction with a sufficiently large
number of bidders, this requires some conditions on the equilibrium existence which is not fulfilled by some
common distributions.

7.1 | Dynamic features

In short, we show that dynamic features of the auction format affect the expected revenue if bidders care about a
receiver's inferences about their type. This disaccords with Goeree's (2003) finding of revenue equivalence in the
presence of signaling incentives. This difference originates from three crucial differences between Goeree's setting and
the present model. First, Goeree assumes that the uninformed party observes the winner's bid, rather than her payment.
In the second‐price auction, this implies a full revelation of the winner's type in Goeree's setting. In the present setting,
the incomplete revelation of the winner's type causes the low types to bid significantly above their valuation in the
second‐price auction. Second, higher bidder types care strictly more about the receiver's inferences in Goeree's setting,
and this single crossing condition allows winning bidders to fully reveal their type in the English auction. This equally
constrains the equilibrium bids of the lowest types in comparison to the present setting. Third, unlike in Goeree (2003),
losing bidders also care about the receiver's inferences in the present setting, and this increases in particular the
equilibrium bidding the sealed‐bid auctions.

7.2 | Robustness of our results for nonlinear signaling concerns

A natural follow‐up question is to determine if the above‐expected revenue ranking strongly relies on the linearity of
the bidders' payoff function w.r.t. the receiver's beliefs. An exhaustive analysis, establishing existence and uniqueness of
the fully separating equilibrium, is left for future research. We focus on a simple exploration of a payoff function that is
nonlinear w.r.t. the receiver's beliefs. Consider a strictly increasing function →v vΦ : [ , ] + , measuring the payoffs that
bidders draw from the perception of their type by the receiver.21 The bidder's payoff function is then given by

∣
∣ ∣

∣ ∣ ≠

⋆ ⋆

⋆ ⋆

⋆

⋆{u v p μ
v p V μ V i p i i

V μ V i p i i
( , ) =

− + Φ( ( ( , ))) for winner = ,

Φ( ( ( , ))) for loser ,
i i i i

i i i i i i

i i i i




To simplify the exposition we denote ∫≔K v x dF x( ) ( )
F v v

v1
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n
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In the second‐price auction, the expected utility of a valuation v bidder choosing type‐ṽ 's bidding strategy
becomes then

∫ ∫

∫

v β x dF x K x dF x n F v F v G v

G y d n F y n F y

( − ( )) ( ) + Φ( ( )) ( ) + ( − 1) (˜)(1 − (˜))Φ( (˜))

+ Φ( ( )) (( − 1) ( ) − ( − 2) ( )).

v

v
n

v

v
n n

v

v
n n

˜
II −1

˜
−1 −2

˜

¯
−2 −1

The first‐order condition is

β v F v v F v K v F v n F v F v G v

n F v F v G v G v

G v n F v n F v

(˜)( (˜))′= ( (˜))′ + Φ( (˜))( (˜))′ + ( − 1)(( (˜))′ − ( (˜))′)Φ( (˜))

+ ( − 1) (˜)(1 − (˜))Φ′( (˜)) ′(˜)

− Φ( (˜))(( − 1)( (˜))′ − ( − 2)( (˜))′).

n n n n n

n

n n

II −1 −1 −1 −2 −1

−2

−2 −1

After dividing both sides by F v n F v f v( (˜))′ = ( − 1) (˜) (˜)n n−1 −2 , imposing v v˜ = and simplifying, we obtain

β v v K v
n F v

n f v
G v G v G v( ) = + Φ( ( )) +

( − 1)(1 − ( ))

( − 2) ( )
Φ′( ( )) ′( ) − Φ( ( )).II

In the English auction, the exit rule equation (3) to determines the auction price becomes

v β v K v G v− (˜) + Φ( (˜)) = Φ( (˜)).E

Imposing v v˜ = it follows

β v v K v G v( ) = + Φ( ( )) − Φ( ( )).E

A comparison of the bidding functions shows that for every strictly increasing function Φ, the second‐price auction
outperforms the English auction in terms of expected revenue.

7.3 | Entry fees

The assumption that losing bidders equally care about the receiver's inferences reflects a situation in which the receiver
is interested in bidders' valuations as a reflection of individual characteristics, such that the auction's outcome is
informative about these characteristics, irrespective of whether a bidder won or lost. If participation is exogenously
given, then nonparticipating bidders get inference V( ) in the absence of information transmission, and are in equi-
librium generically strictly better off than losing participating bidders. Does that mean that bidders prefer to stay out if
entry were endogenous? Not really. If entry were endogenous and if the receiver observes the entry decision of each
bidder besides the winner's identity and payment, then the participation decision becomes informative. Consider then a
cutoff type v̂, with v vˆ < ¯, such that higher valuation types participate, while lower types stay out. If the v̂‐type bidder
stays out, she gets ∣ ≤V V v( ˆ) . If the cutoff type v̂ participates, she wins with probability zero if ⋅β′( ) > 0, and gets a
receiver's inference between v̂ and the winner's valuation. Hence, the cutoff type v̂ is strictly better off participating, and
endogenous participation implies full participation. Moreover, this means that the auctioneer can and should ask for a
strictly positive entry fee. The auctioneer can guarantee full participation while asking all bidders to pay an entry fee
which makes the type‐v bidder indifferent between participation and nonparticipation (and payoff v). Unfortunately, a
characterization of the optimal entry fee is in this setting, not a trivial exercise, and is as such outside the scope of this
paper. Bos and Truys (2019) provide a reply for the first‐price auction while Bos and Pollrich (2020) determine optimal
entry fees through a mechanism design approach.
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ENDNOTES
1See Frank (1985, 1999) for a broad introduction to social status in economics, Miller (2000) for an introduction to the biological roots of
status concerns, Mason (1998) for a history of economic thought w.r.t. status concerns, and Truyts (2010) for a recent survey of the literature.
See also Riley (2001) for more specific applications of signaling theory in this context. Cole et al. (1992) derive preferences for status from a
two‐sided one‐to‐one matching problem. If the equilibrium matching is assortative, one must appear more attractive than one's peers to
secure the best attainable partner. See also Cole and Postlewaite (2001) and Postlewaite (1998).

2See, for example, Engers and McManus (2007) and Goeree et al. (2005).

3Glazer and Konrad (1996) and Harbaugh (1998a, 1998b) show that signaling is an important explanation for observed patterns in donations
to universities. Kumru and Vesterlund (2010) find that donations are significantly higher if the charity first collects from high‐status sponsors
because donators like to be associated with higher status groups.

4Note that, in general, a bidder's private valuation can reflect, for example, purchasing power, a taste for art, generosity, profitability
prospects, expected market penetration, or a combination of such factors. To keep the model as simple and generic as possible, we disregard
how these qualities map into a private valuation, and how the receiver seeks to reverse this mapping to form beliefs about these ultimate
qualities from the auction outcome.

5Auctions with different disclosure policies are also studied in, for example, Lebrun (2010), Fan et al. (2016), Bergemann and Hörner (2018),
and Azacis (2020).

6We denote the bidding strategy in any auction format by β, and only add an additional superscript to specify the auction format when
comparing bidding functions of different auction formats for an expected revenue comparison.

7That is, for all ∈ ∣ bi j b{ = max }j we have ⋆
∣ ∣ ∣

i iPr( = ) =
bj b

1

{ = max }j
.

8https://www.beaune-tourism.com/discover/hospices-de-beaune-wine-auction.

9See Annex V part D of Directive 2014/24/EU of the European Parliament and of the Council of February 26, 2014 on public procurement:
https://eur-lex.europa.eu/legal-content/EN/TXT/PDF/?uri=CELEX:02014L0024-20200101&from=EN (last accessed July 8, 2020).

10Note that then ∫∣ ∣⋆
∣

⋆⋆ ⋆v vμ v i p μ i p d( ( , )) = ( ( , ))
vi i v v i{ = }i

.

11It can strike readers as counterintuitive that losing bidders seem to win something in terms of the receiver's inference. However, this is only
true if nonparticipants receive payoff zero. Rather, we assume that the receiver always forms beliefs about the bidders. Under exogenous
participation, a nonparticipating bidder obtains payoff V( ) , because the auction reveals no information about her. In this case, losing bidders
lose in equilibrium compared with their nonparticipation payoff. We return to this issue in Section 7, where we discuss endogenous entry.

12Note that Goeree (2003) can allow for a more general implicit payoff function. However, the receiver's equilibrium beliefs are necessarily
degenerate in his setting. In the present setting with nondegenerate equilibrium beliefs, such payoff functions entail far more complications
and a loss of some tractable solutions and results. Moreover, the main intuitions are more clearly presented with a linear structure. One can
also conceive a payoff function

∣ ∣

∣ ∣ ≠

⋆ ⋆

⋆ ⋆

⋆

⋆{v p γ V μ V i p i i

γ V μ V i p i i

− + ( ( , )) for winner = ,

( ( , )) for loser ,

i i i i i i

i i i i




with ∞γ0 < < measuring the relative importance of signaling. This would not change our results qualitatively, but merely complicate the
analysis. Examples 1 and 2 present an analysis with such a scalar γ to provide a better understanding on how the relative importance of
signaling concerns in the bidders' payoff function affects the bidding behavior. The robustness of the revenue comparison is also discussed in
Section 7, for a payoff function that is nonlinear w.r.t. the receiver's inference.
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13As outlined in Appendix A, the exact formal implementation of the D1 criterion depends on the auction format. Formally, for types v v′, ″

and out‐of‐equilibrium messagem, beliefs μ, a utility function ∣u m μ v( , ), and equilibrium utility levels ⋆u v( ) define the following two sets of
beliefs which make a type v sending m, respectively, strictly better off than in equilibrium and equally well off as in equilibrium:

∣ ∣

∣ ∣

⋆

⋆

m v μ u m μ v u v

m v μ u m μ v u v

( , ) = { ( , ) > ( )},

( , ) = { ( , ) = ( )}.

+

0





Then the D1 criterion requires

∪ ⊂ ⇒ ∣m v m v m v μ v m( , ′) ( , ′) ( , ″) ( ′ ) = 0.+ 0 +  

14Clearly, Goeree's (2003) condition allows for a broader class of type distributions. However, Goeree (2003) ensures the existence of a fully
separating equilibrium by imposing that the winning bidder's payoffs are strictly convex w.r.t. the uninformed party's inference. In the
present setting with linear payoffs, this is achieved by a stronger restriction on the type distribution.

15We use ‘fully separating’ to indicate that no bid is chosen by different types in equilibrium. In the present setting, this does not imply that
the receiver's equilibrium beliefs are degenerate, which is sometimes used as an alternative definition of ‘fully separating’ equilibrium.

16Obviously other information regimes, for example, the receiver observing all bids, are equally plausible in this setting. The plausibility of
these different scenarios depends on the specific context and the identity of the receiver (e.g., another bidder or the general public reading
media outlets). For example, the English auction formats used in practice for art and charity are usually reveal more information to the
receiver (e.g., all bids). This likely leads to a different ranking of revenues. This issue is discussed in Section 7.

17We omit only here the superscript II, B for a better readability.

18See Giovannoni and Makris' Proposition 5.

19We omit only here the superscript II, A for a better readability.

20See Assumption 2 and Proposition 5 in Giovannoni and Makris (2014).

21This assumption implies that the marginal payoff from signaling increases with the receiver's inference, for example, because the stakes for
higher types are higher in an aftermarket. See, for example, Molnar and Virag (2008).
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APPENDIX A

Proof of Lemma 1
The proof proceeds in three steps: (1) establish for any D1 PBE the bidding function β is weakly increasing, (2) show in
any D1 PBE, there is no pooling with the v type, and (3) show in any D1 PBE, there is no pooling above the v type.

Let ∣ ∣b bPr(1 ), Pr(2 ), and ∣ ∣ ∣b b bPr(3 ) = 1 − Pr(1 ) − Pr(2 ), respectively, denote the probabilities of winning, having
the second‐highest bid and having a lower bid with bid b, and let E b E b( ), ( )1 2 , and E b( )l be the expected inferences of
the receiver if a bidder with bid b, respectively, wins, has the second‐highest bid and loses, and let E b( )p be the expected
payment of a winner with bid b.

Claim A1 (β weakly increasing). If a v′ type bids b′ in equilibrium, then no v v″ < ′ bids b b″ > ′ in equilibrium.

Proof. Assume the opposite. Because both b′ and b″ are sent in equilibrium, it must be that ∣ ∣b bPr(1 ″) > Pr(1 ′).
Then if v″ bids b″ in equilibrium, it must be that

∣ ∣

∣ ∣

≥ ∣

∣ ∣ ∣

b v E b E b b E b

b b E b

b v E b E b

b E b b b E b

Pr(1 ″)( ″ − ( ″) + ( ″)) + Pr(2 ″) ( ″)

+ (1 − Pr(1 ″) − Pr(2 ″)) ( ″)

Pr(1 ′)( ″ − ( ′) + ( ′))

+ Pr(2 ′) ( ′) + (1 − Pr(1 ′) − Pr(2 ′)) ( ′).

p

l

p

l

1 2

1

2

But given that ∣ ∣b bPr(1 ″) > Pr(1 ′), this implies that the v′ type strictly prefers a b″ bid above b′, which
contradicts the equilibrium. Assume then that in equilibrium the v″‐type's equilibrium expected utility is so
low that ⊆ ∪b v b v b v( ″, ′) ( ″, ″) ( ″, ″)+ + 0   , then it must be that the v″ strictly prefers the bundle
b E b E b E b E b( ′, ( ′), ( ′), ( ′), ( ′))l p1 2 to her equilibrium strategy, a contradiction. Hence, if type v′ bids b′ in
equilibrium, then ∣μ v b( ″ ″) = 0, and no v″ type with v v″ < ′ chooses a b″ bid, with b b″ > ′. □
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Claim A2 (No pooling with v). In the D1 PBE, no other type pools with v.

Proof. Suppose a nondegenerate set of types ∣v β v b= { ( ) = ˜}O , with ∈v O, pool in equilibrium at bid b̃. If ≥n 3,
then if type v (or a type just above her) deviates to a bid b ε˜ − , for ε > 0, she has zero probability of having the
highest or second‐highest bid, while the expected inference if she loses remains unchanged at E b( ˜)l . In
equilibrium, such a deviation cannot be profitable such that

∣ ∣ ∣ ∣ ≥b v b E b b E b b b E b E bPr(1 ˜)( − ˜ + ( ˜)) + Pr(2 ˜) ( ˜) + (1 − Pr(1 ˜) − Pr(2 ˜)) ( ˜) ( ˜)l l1 2

or that

∣

∣ ∣

∣

∣ ∣
≥

b

b b
v b E b

b

b b
E b E b

Pr(1 ˜)

Pr(1 ˜) + Pr(2 ˜)
( − ˜ + ( ˜)) +

Pr(2 ˜)

Pr(1 ˜) + Pr(2 ˜)
( ˜) ( ˜).l1 2

Note that because ≤E b E b( ˜) ( ˜)l2 , it must be that

≥v b E b E b− ˜ + ( ˜) ( ˜).1 2 (A1)

If the sup( )O type would deviate to a bid b ε˜ + , for ε > 0 small enough such that b ε˜ + is out‐of‐equilibrium and
no equilibrium bids are in b b ε( ˜, ˜ + ), she still pays b̃ and gets expected inference E b( ˜)1 if winning, is inferred as
E b ε E b( ˜ + ) > ( ˜)2 2 if having the second‐highest bid and has expected inference E b ε( ˜ + )l if losing. For sup( )O to
bid b̃ in equilibrium, it must be that

∣

∣ ∣ ∣

≤ ∣ ∣ ∣

b ε b E b

b ε E b ε b ε b ε E b ε

b b E b b E b b E b

Pr(1 ˜ + )(sup( ) − ˜ + ( ˜))

+ Pr(2 ˜ + ) ( ˜ + ) + (1 − Pr(1 ˜ + ) − Pr(2 ˜ + )) ( ˜ + )

Pr(1 ˜)(sup( ) − ˜ + ( ˜)) + Pr(2 ˜) ( ˜) + Pr(3 ˜) ( ˜).

l

l

1

2

1 2

O

O

(A2)

Note then that

∣

∣

∣ ∣

∣
E b

b ε

b
E b ε

b b ε

b
E b( ˜) =

Pr(3 ˜ + )

Pr(3 ˜)
( ˜ + ) +

Pr(3 ˜) − Pr(3 ˜ + )

Pr(3 ˜)
( ˜),l l 2 (A3)

that is, if the sup( )O type is neither winning nor second when pooling at b̃, then the second‐highest bidder either
has a higher valuation or she is inO. In the former case, the receiver's expected inference is E b ε( ˜ + )l . In the latter
case it must be E b( ˜)2 . Substituting (A3) this in (A2), we obtain

∣ ∣

∣ ≤

b ε b b E b E b

b ε E b ε E b

(Pr(1 ˜ + ) − Pr(1 ˜))(sup( ) − ˜ + ( ˜) − ( ˜))

+ Pr(2 ˜ + )( ( ˜ + ) − ( ˜)) 0,

1 2

2 2

O

which can only be satisfied is vsup( ) =O . □

Claim A3 (No pooling above v). In the D1 PBE there is no pooling at bids strictly above v.

Proof. To save on notation let p b( ), instead of ∣bPr(1 ), denote the probability of winning the auction with bid b.
Assume that b̃ is the lowest bid at which a nondegenerate set of types ∣v β v b= { ( ) = ˜} pool. The same envelope
theorem argument as for the first‐price auction also works for the second. Note then again that the expected
utility difference between sup( )O and inf( )O while pooling at b̃ is p b( ˜)(sup( ) − inf( ))O O , while in separation this
is by the envelope theorem

∫ ∫F x dx F F x dF x( ) = sup( ) (sup( )) − inf( ) (inf( )) − ( ).n n n n

inf( )

sup( )
−1 −1 −1

inf( )

sup( )

−1O O O O
O

O

O

O
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We now show that, if ⋅ ≤f ′( ) 0,

∫p b F x dx( ¯)(sup( ) − inf( )) < ( ) .n

inf( )

sup( )

−1O O

O

O

(A4)

First write the probability of winning the auction while bidding b̃

∑p b
n

i

F F F

i
( ˜) =

− 1 (inf( ))( (sup( )) − (inf( )))

+ 1
.

i

n n i i

=0

−1 −1− O O O⎜ ⎟
⎛
⎝

⎞
⎠

Note then that ∫p b F x dx( ¯)(sup( ) − inf( )) = ( ) = 0n

inf( )

sup( )
−1O O

O

O

for sup( ) = inf( )O O . Differentiate both sides of

(A4) to sup( )O , to obtain

∂

∂

p b
p b F

( ¯)

sup( )
(sup( ) − inf( )) + ( ¯) < (sup( )),n−1

O
O O O

which can be written as

α F p b F F p b[ (sup( )) − ( ¯) − (inf( ))] < (sup( )) − ( ¯),n n n−1 −1 −1O O O (A5)

with

α
f

=
(sup( ))

F F(sup( )) − (inf( ))

sup( ) − inf( )

O
O O

O O

because

∑
∂

∂

p b n

i
F F F

i

i
f

F p b F
f

F F

( ¯)

sup( )
=

− 1
(inf( ))( (sup( )) − (inf( )))

+ 1
(sup( ))

= [ (sup( )) − ( ¯) − (inf( ))]
(sup( ))

( (sup( )) − (inf( )))
,

i

n

n i i

n n

=1

−1

−1− −1

−1 −1

O
O O O O

O O
O

O O

⎜ ⎟
⎛
⎝

⎞
⎠

in which the last equality uses

∑p b F
n

i
F F F

i

i
1 − ( ¯) = (1 − (sup( ))) +

− 1
(inf( ))( (sup( )) − (inf( )))

+ 1
.n

i

n

n i i−1

=0

−1

−1−O O O O⎜ ⎟
⎛
⎝

⎞
⎠

Note then that ⋅ ≤f ′( ) 0 implies ≤α 1, such that (A5) and therefore (A4) are always satisfied for
F F(sup( )) > (inf( ))  and ⋅ ≤f ′( ) 0. Then the sup( ) type can achieve a strictly higher expected utility if she
would deviate to the bid she makes in the fully separating equilibrium because the expected inference after such a
deviation is at least the expected inference she gets in the fully separating equilibrium. This excludes any different
types pooling in a D1 PBE. □

Proof of Proposition 1
The proof proceeds again in three steps: (1) derive the bidding function, (2) show that the second‐order condition is
satisfied if the bidding functions is strictly increasing, and (3) show that the proposed bidding function is strictly
increasing.

Claim A4 (Bidding function). β is as written in Proposition 1.
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Proof. From (2), collect terms to obtain

∫ ∫
β v

n

n F v
v

x dF x

F v

x dF x

F v n

F v

f v
( ) =

− 2

− 1

1

( )
−

( )

( )
+

( )

1 − ( )
+

1

( − 1)

(1 − ( ))

( )

v

v

v

v̄⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ (A6)

∫ ∫ ∫n

n

F x dx

F v n

f x dx

f v

x dF x

F v
=

− 2

− 1

( )

( )
+

1

( − 1)

( )

( )
+

( )

1 − ( )
,

v

v

v

v

v

v

2

¯ ¯

(A7)

where (A7) is obtained from (A6) by partially integrating the first term.

Then by L'Hôpital's rule,
∫

→
lim =
v v

F x dx

F v

F v

F v f v

( )

( )

( )

2 ( ) ( )

v

v

2 , while
∫

→
vlim = = ¯

v v

x dF x

F v

vf v

f v¯

( )

1 − ( )

− ¯ ( ¯)

− ( ¯)
v

v̄

, such that

→

→

β v V
n

n f v

β v v
n

n
v V

lim ( ) = ( ) +
2( − 1) ( )

,

lim ( ) = ¯ +
− 2

− 1
( ¯ − ( )).

v v

v v̄





□

Claim A5 (Second‐order condition). The second‐order condition is satisfied iff ⋅β′( ) > 0.

Proof. We first show that a strictly increasing bidding function implies local strict concavity of the bidder's
problem, and then that the equilibrium bid is a global expected utility maximizing choice for each bidder.

First, use the first‐order condition (3) to define

∫

∫

∫

∫

≡G v v F v v β v
x dF x

F v
F v

F v F v n
vf v F v f v x dF x

F v

n f v F v n f v F v v n
x dF x

F v

n f v F v n f v F v v n
x dF x

F v

(˜, ) ( (˜))′( − (˜)) +
( )

1 − (˜)
( (˜))′

+ (˜)(1 − (˜)) 1 + ( − 2)
˜ (˜) (˜) − (˜) ( )

(˜)

+ (( − 2) (˜) (˜) − ( − 1) (˜) (˜)) ˜ + ( − 2)
( )

(˜)

− (( − 2) (˜) (˜) − ( − 2) (˜) (˜)) ˜ + ( − 2)
( )

(˜)
= 0,

n v

v

n

n v

v

n n v

v

n n v

v

−1 ˜

¯

−1

−2

˜

2

−3 −2

˜

−3 −2

˜

⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟
⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟
⎛

⎝

⎜⎜⎜

⎞

⎠

⎟⎟⎟

which defines β v( ) for v v˜ = . Let us denote ≡
∂

∂
G x x x x( , ) ( , )

G

x1 1 2 1 2
1

and ≡
∂

∂
G x x x x( , ) ( , )

G

x2 1 2 1 2
2

. By the implicit
function theorem β v′( ) > 0 if and only if strictly higher v prefer to imitate a strictly higher ṽ , that is, if

G v v

G v v

F v

G v v
−

(˜, )

(˜, )
= −

( (˜))′

(˜, )
> 0,

n
2

1

−1

1

which is only satisfied if G v v(˜, ) < 01 for all v at v v˜ = .
By construction, G v v(˜, ) = 0 is satisfied at v v˜ = , while G v v(˜, ) > 02 for all v v˜ > , such that type‐v's utility

reaches a unique maximum at v v˜ = . □

Claim A6 (Strictly increasing β). β is strictly increasing if ≥n 4 and ⋅ ≤f ′( ) 0 or if n = 3 and ⋅f ′( ) < 0.
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Proof. Write

∫ ∫

∫

β v
n

n F v
f v

F x dx

F v

f v

F v

x dF x

F v
v

n

f v f x dx

f v

′( ) =
− 2

− 1

1

( )
1 − 2 ( )

( )

( )
+

( )

1 − ( )

( )

1 − ( )
−

−
1

( − 1)
1 +

′( ) ( )

( ( ))
,

v

v

v

v

v

v

2

¯

¯

2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

(A8)

and apply partial integration on the second RHS term in (A8) to find

∫ ∫

∫

β v
n

n F v
f v

F x dx

F v

f v F x dx

F v

n n

f v f x dx

f v

′( ) =
− 2

− 1

1

( )
1 − 2 ( )

( )

( )
+

( ) (1 − ( ))

(1 − ( ))

−
1

( − 1)
−

1

( − 1)

′( ) ( )

( ( ))
.

v

v

v

v

v

v

2

¯

2

¯

2

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

(A9)

Note then that all RHS terms in (A9) are nonnegative if ⋅ ≤f ′( ) 0, except −
n

1

( − 1)
. If ⋅f ′( ) < 0 and v v> , then

∫ ∫
f v2 ( ) < = 1

F x dx

F v

dF x

F v

( )

( )

( )

( )

v

v

v

v

2

2

2 , such that
∫

f v1 − 2 ( ) > 0
F x dx

F v

( )

( )

v

v

2 . On the other hand, the last term
∫

−
n

f v f x dx

f v

1

( − 1)

′( ) ( )

( ( ))
v

v̄

2

is strictly positive for v v< ¯. Both terms are zero for ⋅f ′( ) = 0. The main step is now to prove that ⋅ ≤f ′( ) 0 implies

∫
≥

f v F x dx

F v

( ) (1 − ( ))

(1 − ( ))

1

2
.v

v̄

2
(A10)

First note that F is the uniform distribution, inequality (A10) is satisfied with equality. Note that ⋅ ≤f ′( ) 0 implies
that ⋅F1 − ( ) is convex and write the inequality as

∫
≥

F x dx

F v

F v

f v
2

(1 − ( ))

1 − ( )

1 − ( )

( )
.v

v̄

(A11)

In the figure below, that the LHS of (A11), for ∘v v= , is the gray area divided by the distance ∘F v1 − ( ).
Moreover, ∂

∂
∘

∘

∘ f v= − ( )
F v

v

(1 − ( )) , such that this tangent line through ∘ ∘v F v( , 1 − ( )) crosses the X‐axis at
∘

∘

∘v +
F v

f v

1 − ( )

( )
. For ⋅f ′( ) = 0, it must be that ∘

∘

∘v v+ = ¯
F v

f v

1 − ( )

( )
, such that the inequality in (A11) is always satisfied

with equality. If however f v′( ) < 0 at some ∘v v> , this strictly increases the LHS but not the RHS of (A11), such
that the inequality is strictly satisfied.
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Thus, ⋅ ≤f ′( ) 0 implies that
∫

≥ ≥
f v F x dx

F v n

( ) (1 − ( ))

(1 − ( ))

1

2

1

( − 1)
.v

v̄

2

Hence, ⋅β′( ) > 0 for n > 3, while for n = 3, we need ⋅f ′( ) < 0 to guarantee ⋅β′( ) > 0. □

Proof of Lemma 2

Claim A7 (β weakly increasing). If in a D1 PBE v′ exits at b′, then no v v″ < ′ exits at b b″ > ′.

Proof. Assume that v″ stays until b″. If type v′ exits at b′, then what she can win by staying is not better than
what can be expected by exiting. The expected payoff of exiting at b′ is identical for the v′ and v″ types, while v′
benefits strictly more from winning than v″, such that v″ should strictly prefer to exit at b′.

Assume then a PBE with v′ exiting at b v v′, ″ < ′, and b b″ > ′ an out‐of‐equilibrium exit strategy. Then if
type‐v″ equilibrium strategy is so low that ⊆ ∪b v b v b v( ″, ′) ( ″, ″) ( ″, ″)+ + 0   , then type v″ would strictly
prefer to exit at b′ above her equilibrium strategy, a contradiction. Hence, ∪ ⊂b v b v b v( ″, ″) ( ″, ″) ( ″, ′)+ 0 +   ,
such that in any D1 PBE we have ⋅ ≥β′( ) 0. □

Claim A8 (No pooling). In any D1 PBE, no two types ≠v v′ ″ exit at the same price b̃.

Let b̃ be the lowest price at which a nondegenerate set of types ∣v β v b= { ( ) = ˜} exit. By Claim A7, is convex. For
a nondegenerate set, a sufficiently small ε > 0 can be found for which the winning equilibrium payoff at price b ε˜ +

is strictly greater than at b̃. If b ε˜ + is out‐of‐equilibrium, then for ε sufficiently small and O nondegenerate

∫ ∫
b ε

x dF x

F
b

x dF x

F
sup( ) − ˜ − +

( )

1 − (sup( ))
> sup( ) − ˜ +

( )

1 − (inf( ))
,

v v

sup( )

¯

inf( )

¯







  (A12)

while the expected payoff of a loser exiting at b ε˜ + is at least as large as that of a loser exiting at b̃. If b̃ is chosen in PBE
by higher types, this increases the RHS of inequality A12. Hence, ⋅β′( ) > 0.

Proof of Proposition 2
Equation (5) is obtained by setting v v˜ = in (3) and solving for β. To see that ⋅ ≤f ′( ) 0 implies ⋅β′( ) > 0, write

∫ ∫
β v

n

n

f v

F v
v

x dF x

F v

f v

F v

x dF x

F v
v′( ) =

− 2

− 1
1 −

( )

( )
−

( )

( )
+

( )

1 − ( )

( )

1 − ( )
− .

v

v

v

v̄⎡

⎣
⎢⎢

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎤

⎦
⎥⎥

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

The second RHS term is always strictly positive for ∈v v v[ , ¯). To see that the first RHS term is always positive, note that
the term between square brackets is strictly positive if

∫
F v v

x dF x

F v
F v( ) > −

( )

( )
′( ),

v

v⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

which is always satisfied. Indeed for ⋅ ≤f F′( ) 0, is concave such that ≥ ≥
∫

F v F v v v v F v( ) ′( )( − ) − ′( )
x dF x

F v

( )

( )

v

v⎛
⎝⎜

⎞
⎠⎟ , with

the last inequality strict for ∈v v v( , ¯].
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For β as in (5), the exit rule in (3) fixes for every v a unique ṽ , as

∫
∫∂

∂v
β v

F v
x dF x

v

n

n

n

x dF x

F v˜
− (˜) +

1

1 − (˜)
( ) −

˜

− 1
−

− 2

− 1

( )

(˜)
= −1.

v

v v

v

˜

¯
˜⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Note also that no type v wishes to mimic a different type ṽ . By construction β v(˜) is such that (3) is satisfied with
equality for v v= ˜ and such that for v v> ˜ the benefits of winning (LHS) are strictly greater than the RHS when
mimicking ṽ 's strategy. The latter is the opposite if v v< ˜.

Proof of Proposition 3
Let βII and βE denote the equilibrium biding function, respectively, of the second‐price and the English auctions; ERII

and ERE denote the expected revenue, respectively, of the second‐price and the English auctions. As previously
established, both bidding functions are identical up to the two following additional terms in the second‐price auction:

∫
β v β v

F v

F v

n

n
v

x dF x

F v

F v

n f v
( ) − ( ) =

1 − ( )

( )

− 2

− 1
−

( )

( )
+

(1 − ( ))

( − 1) ( )
> 0.

v

v

II E

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

Expected revenues in both auctions are expectations of the bidding strategy at the equilibrium for the distribution of
the second‐highest type among n. It follows that ER > ERII E.

Proof of Proposition 4
We denote Vk

n( ) the k‐highest‐order statistic out n draws. Remark that when the winner's identity and her bid are
disclosed, the same information is revealed to the outside observer in the first‐price auction and the second‐price
auction. Therefore these two auctions are revenue equivalent (see Proposition 2 of Giovannoni & Makris, 2014). To
compute the expected revenue ERB we can then use the first‐price auction. The fully separating function at the
equilibrium for the first‐price when the winner's identity and her bid are revealed, denoted βI,B, has been established by
Giovannoni and Makris (2014) and is given by

∫ ∫ ∫ ∫β v
F v

x dF x
F v F y

x dF x dF y
F v

F x dx( ) =
2

( )
( ) −

1

( )

1

( )
( ) ( ) +

1

( )
( ) .

n v

v
n

n v

v

v

y
n

n v

v
nI,B

−1
−1

−1
−1

−1
−1 (A13)

Apply partial integration on the second and last RHS term in (A13) to obtain, respectively,

∫ ∫
F v

F x dx v
F v

x dF x
1

( )
( ) = −

1

( )
( )

n v

v
n

n v

v
n

−1
−1

−1
−1

and

∫ ∫

∫ ∫

∫ ∫

F v F y
x dF x dF y

n

F v
x dF x F y dF y

n

n

x dF x

F v n

x dF x

F x

1

( )

1

( )
( ) ( )

=
− 1

( )
( )( ( )) ( )

=
− 1

− 2

( )

( )
−

1

− 2

( )

( )
,

n v

v

v

y
n

n v

v

v

y
n

v

v

v

v
n

n

−1
−1

−1
−3

−1

−1
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and substitute these in (A13) to obtain

∣ ≤ ∣ ≤
→

( )( )β v v
n

n
V V v V V v β v v( ) = +

− 1

− 2
− ( ) with lim ( ) = .n

v v

I,B
1
( −1) I,B

+
 

We first write the expected revenue of the three auctions in a convenient form. When the winner's identity and her
bid are revealed, the expected revenue of the second‐price auction is

∫

∫ ∫ ≤( ) ( )

( ) ( )

β x dF x

V
n

n
V

n

n F y
x dF x F y dy

n

n
V

n

n
V

n

n
V

ER = ( ) ( )

= +
− 1

− 2
−

− 1

− 2

1

( )
1 ( )( ( ))′

=
− 1

− 2
+

− 1

− 2
−

− 2
( ).

v

v
n

n n

v

v

v

v

x v
n

n n

B
¯

I,B

1
( )

2
( )

¯ ¯

1
( )

2
( )

 

  

(A14)

When the winner's identity and her payment are revealed, the expected revenue of the English auction is

∫
∫ ∫

∫ ∫

∫
∫

∫
∫

∫ ∫

∫ ∫

∫ ∫

∫ ∫

( ) ( )

( ) ( )

n n
n

n
v

x dF x

F v

x dF x

F v
F v F v f v dv

n n vF v f v dv n n vF v f v dv

n n
x dF x

F v
F v F v f v dv

n n
x dF x

F v
F v F v f v dv

n
n

n
V n V n n x dF x F v F v f v dv

n n x dF x F v f v dv

n
n

n
V n V n n F v F v f v dvx dF x

n dF v x dF x

ER = ( − 1)
− 2

− 1
−

( )

( )
+

( )

1 − ( )
( )(1 − ( )) ( )

= ( − 2) ( ) ( ) − ( − 2) ( ) ( )

−( − 2)
( )

( )
( )(1 − ( )) ( )

+( − 1)
( )

1 − ( )
( )(1 − ( )) ( )

=
− 2

− 1
− ( − 2) − ( − 2) 1 ( ) ( )(1 − ( )) ( )

+( − 1) 1 ( ) ( ) ( )

=
− 2

− 1
− ( − 2) − ( − 2) ( )(1 − ( )) ( ) ( )

+ ( ) ( ),

v

v v

v

v

v

n

v

v
n

v

v
n

v

v v

v

n

v

v v

v

n

n n

v

v

v

v

x v
n

v

v

v

v

x v
n

n n

v

v

x

v
n

v

v

v
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When the winner's identity and her payment are revealed, the expected revenue of the second‐price auction is

∫

∫

( ) ( ) ( ) ( )

β x d nF x n F x
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n
V V
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Claim A9 (English auction with payment vs. second‐price auction with winner's bid revealed). In the D1
PBE ER > ERB E.
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Proof. We use that

V n V n V( ) = ( ) − ( − 1) ( )
n n n

2
( )

1
( −1)

1
( )   (A15)

to write

( ) ( )n

n
V V

n

n
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− 1
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n nE

2
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1
( )   (A16)

such that

( )( ) ( )
n n

n V V n VER − ER =
1

( − 1)( − 2)
− ( ) + + ( − 1) > 0.n nB E

1
( )

2
( )  

□

Claim A10 (Second‐price auction: winner's payment vs. winner's bid revealed). In the D1 PBE ER > ERII B.

Proof. We use (A15) to write
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n
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Then

∫

( ) ( ) ( )
n

V
n n

n
V

n

n
V

n n
V F y F y dy

ER − ER =

−
( − 2) + ( − 1)

− 2
+

− 2

− 3

−
1

( − 2)( − 3)
( ) + ((1 − ( )) ( ))

.

n n n

v

v
n

II B
1
( )

1
( −1)

1
( −2)

¯
2 −2

  



⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

Note then that
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(A17)

because by partial integration

∫ ∫ ∫v yF y dy F y dy y dF y¯ = ( ( ))′ = ( ) + ( )
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and the same for the other terms. Then
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with ≡u F y( ) and y u F u( ) = ( )−1 , and define

G u
n

n
u
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n
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n n
( ) = −
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− 2
+
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Note then that
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n n n n
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( − 2)( − 3)
= 0,

0

1

while G (0) = −
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( − 2)( − 3)
and G (1) = 0. Moreover, given G u u n u n G′( ) = (−( − 1) + − 2),n−4 is strictly in-
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n
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− 1
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n

n

− 2

− 1
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u u( ,1) [0, )
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then that y u F u( ) = ( )−1 is a strictly increasing function. Then by the intermediate value theorem we can find two
values y y0 < <1 2 such that
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u

II B
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□

Proof of Proposition 5
Consider the equilibrium bidding strategy in the second‐price auction given by (2), when the winner's identity and her
payment are revealed. Then, using (A17) and similar computations from above, the expected revenue is
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When only the winner's identity is revealed, the expected revenue is
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Hence,
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Remark that ∣ ≥V V y( ) is strictly increasing and then ∫ ∣ ≥V V y d F y F y( ) ( ( ) − ( )) > 0
v

v n n¯ −1 . Moreover,
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with ≡u F y( ) and y u F u( ) = ( )−1 . Let us define G u n u nu n( ) = ( + 1) − 2 + − 1n n−1 −2 . Note then that
G n G(0) = − 1, (1) = 0, and G v v n v n n′( ) = (( − 1) − 2 ( − 2)) < 0n−3 2 for ∈v [0, 1] and ≥n 4. It follows that G is a
positive function for ∈v [0, 1], hence the result.

Proof of Proposition 6
We established in Proposition 5 that ER > ERId II and Giovannoni and Makris (2014) determined in Part I of their
Proposition 4 that ≥ER ERA Id for n sufficiently large if ⋅ ≤f ′( ) 0 (condition for the equilibrium existence when the
winner's payment is revealed). Therefore, ER > ERA II for n sufficiently large.

Developing the computations of (A18), the expected revenue for the second‐price auction, when the winner's
identity and her payment are revealed, becomes

( ) ( )V
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V n VER = +
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− ( ).n nII

2
( )

1
( −1)  

When all bidders' identity and their bids are revealed, the expected revenue is
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Therefore,
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⎝
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Remark that n V V( − 1) ( ) > ( )
n

1
( −1)  . Then, if v = 0, ER − ER > 0A II . Using ER − ERII E established in Proposi-

tion 3, the result follows.
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