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Abstract
We provide analytical formulae for the asymptotic bias (ABIAS) and mean squared error (AMSE) of the IV
estimator, and obtain approximations thereof based on an asymptotic scheme which essentially requires the
expectation of the first stage F-statistic to converge to a finite (possibly small) positive limit as the number of
instruments approaches infinity. The approximations so obtained are shown, via regression analysis, to yield
good approximations for ABIAS and AMSE functions, and the AMSE approximation is shown to perform
well relative to the approximation of Donald and Newey (2001). Additionally, the manner in which our
framework generalizes that of Richardson and Wu (1971) is discussed. One consequence of the asymptotic
framework adopted here is that consistent estimators for the ABIAS and AMSE can be obtained. As a
result, we are able to construct a number of bias corrected OLS and IV estimators, which we show to be
consistent under a sequential asymptotic scheme. These bias-corrected estimators are also robust, in the
sense that they remain consistent in a conventional asymptotic setup, where the model is fully identified. A
small Monte Carlo experiment documents the relative performance of our bias adjusted estimators versus
standard IV, OLS, LIML estimators, and it is shown that our estimators have lower bias than LIML for
various levels of endogeneity and instrument relevance.
JEL classification: C13, C31.
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1 Introduction

Over the last decade there have been a great number of papers written on the subject of
instrumental variables (IV) regression with instruments that are only weakly correlated with
the endogenous explanatory variables. A very few of the important recent contributions
include Nelson and Startz (1990a), Dufour (1997), Shea (1997), Staiger and Stock (1997),
Wang and Zivot (1998), Hahn and Inoue (2000), Hahn and Kuersteiner (2002), Stock, Wright
and Yogo (2002), Stock and Yogo (2002), and the references contained therein.! Important
related contributions include Bekker (1994), Hall, Rudebusch and Wilcox (1996), and Hall
and Peixe (2000). Much of this literature focuses on the impact that the use of weak
instruments has on interval estimation and on hypothesis testing, although there are also
notable results on the properties of point estimators. Both of these areas are of interest to
applied researchers who first documented the weak instrument problem in empirical work
(see e.g. Nelson and Startz (1990b), Bound, Jaeger, and Baker (1995), and Angrist and
Krueger (1995)).

This paper focuses on point estimation properties. In particular, we focus on the IV esti-
mator, and give new asymptotic bias (ABIAS) and asymptotic mean-squared error (AMSE)
approximations based on an examination of explicit analytical formulae for the ABIAS and
AMSE, under the local-to-zero framework.? These approximations can be viewed as having
been derived from a sequential limit procedure whereby the sample size, T, is first allowed
to grow to infinity followed by the passage to infinity of the number of instruments, ko;.
The AMSE approximation so derived provides an alternative to the MSE approximation
of the 2SLS estimator obtained in Donald and Newey (2001) under a different asymptotic
scheme. Numerical calculations provided in this paper suggest that our first order AMSE
approximation outperforms the approximation of Donald and Newey (2001), particularly in

cases with small values of the concentration parameter (i.e., cases with weak instruments)?.

LA related literature which examines the implications for statistical inference when the underlying simul-
taneous equations model is partially identified includes papers by Phillips (1989), Choi and Phillips (1992),

and Kitamura (1994).
2Another approach used to examine the behavior of the IV/2SLS estimator under weak identification,

which is based on conditional inference, is discussed in Forchini and Hillier (1999) and Moreira (2001, 2002).
3The performance of the MSE approximation of Donald and Newey (2001) has also been examined in the



Additionally, when the approximation method is applied to the bias, the lead term of the
expansion (when appropriately standardized by the ABIAS of the OLS estimator) is exactly
the relative bias measure given in Staiger and Stock (1997) in the case where there is only
one endogenous regressor. Furthermore, the lead term of the MSE expansion is the square
of the lead term of the bias expansion, implying that the variance component of the MSE is
of a lower order vis-a-vis the bias component in a scenario where the number of instruments
used is large relative to the value of the population analogue of the first stage F-statistic.
In order to tie our findings in with the IV literature, we note also that our formulae for the
asymptotic bias and MSE, correspond to the exact bias and MSE functions of the 2SLS es-
timator, as derived by Richardson and Wu (1971), when a fixed instrument/Gaussian model
is assumed, and in this sense our findings generalize their results to the more general setting
with possibly non-normal errors and stochastic instruments.

A consequence of the sequential limit approach which we adopt here is that consistent
estimators for the ABIAS and AMSE can be obtained.* This, in turn, enables us to construct
bias-corrected OLS and IV estimators, which consistently estimate the structural coefficient
of the IV regression even when the instruments are weak in the local-to-zero sense. In
addition, we show that in the conventional setup where the model is fully identified, all
but one of our proposed bias-corrected estimators remain consistent. We include a small
Monte Carlo experiment in order to document the relative performance of our bias adjusted
estimators as compared with unadjusted IV and OLS estimators and also with the LIML
estimator.

This rest of the paper is organized as follows. Section 2 contains preliminaries, and
Section 3 presents formulae for the ABIAS and AMSE, as well as approximations thereof. In

Section 4 we discuss consistent estimation of the ABIAS and AMSE, and suggest a number

Monte Carlo study reported in Hahn, Hausman, and Kuersteiner (2002). Although the latter paper does
not study our approximation, the results they obtained on the Donald-Newey approximation are in rough

agreement with the results reported in section 3 of this paper.
“4In a recent paper, Stock and Yogo (2003) give conditions under which sequential limit results are equiv-

alent to results obtained by taking ko1 and T jointly to infinity. Indeed, Stock and Yogo (2003) argue that
the sequential asymptotic approach often provides an easier and useful way of calculating the results which

would also be obtained under a joint asymptotic scheme.



of bias corrected OLS and IV estimators. Monte Carlo results are discussed in Section 5,
and Section 6 concludes. All proofs are contained in two appendices. Before proceeding,
we briefly introduce some notation. In the sequel, the symbols “=" and “= ” denote
convergence and equivalence in distribution, respectively. Also, Px = X (X'X)71X’ is the

matrix which projects orthogonally onto the range space of X and My = [ — Px.

2 Setup

Consider the simultaneous equations model (SEM):

y o= b+ Xy+u, (1)
yo = ZI+ X+, (2)

where y; and yy are T x 1 vectors of observations on the two endogenous variables, X
is an T x k; matrix of observations on k; exogenous variables included in the structural
equation (1), Z is a T x ky matrix of observations on ks exogenous variables excluded
from the structural equation, and v and v are T' x 1 vectors of random disturbances®. Let
u; and v, denote the " component of the random vectors u and v, respectively; and let
Z! and X] denote the t'" row of the matrices Z and X, respectively. Additionally, let
w; = (ug, vy) (or w = (u,v)) and let Z, = (X, Z!) (or Z = (X, Z)); assume that F(w,) =0,
Elwaw,) =% = ( Tw Tw

O”Uﬂ.} O-’U'U
all t # s, where t,s = 1,...,T. Following Staiger and Stock (1997), we make the following

, and EZw, = 0 for all ¢ and assume that E(w;w’) = 0 for

assumptions.
Assumption 1: [I =1l = C/\/T, where C is a fixed ko X 1 vector.
Assumption 2: The following limits hold jointly: (i) (Wu/T,w'v/T,v'v/T) 2 (Guu, Tuvs Oso),
(i) ZZ )T % Q, and (iii) (T~ X, T~V Z, T 20 X, T- V' Z) = (s Vs Vo Vi)'
where Q = E(Z,Z,) and where 1 = (W, Wy, Uy, V) is distributed N(0, (S @ Q)).

We consider IV estimation of 3, where the IV estimator may not make use of all available

instruments. Define 3, = (y4(Pg — Px)y2) " (y4(Puy — Px)y1), where H = (Z;,X) is an

5 Although for notational simplicity we only study the case with one endogenous explanatory variable in
this paper, we do not see any reason why many of the qualitative conclusions reached here will not continue

to hold in more general settings.



T x (ko1 + k1) matrix of instruments, and Z; is an T' X ky; submatrix of Z formed by column
selection. It will prove convenient to partition Z as Z = (Z;, Z3), where Zy is an T X ko
matrix of observations of the excluded exogenous variables not used as instruments in esti-
mation. Note that when Z; = Z and H = [Z, X] (i.e. when all available instruments are
used), the IV estimator defined above is equivalent to the 2SLS estimator. Additionally, par-
tition Iz, T_%Z’u, T_%Z’v, Wz, and 1z, conformably with Z = (7, Z,) by writing Iy =
(I, 7, Iy ) = (CNT,Co/VTY, T2 2 = (T~ 2u'Zy, T3/ Zs), T~22'v = (T~20'Zy,
T=20'Zs), by = (V0 ¥5,0) s and Yz, = (VY ¥7,,)", where from part (iii) of Assumption
2 we have that (T~ 2u'Zy, T30/ Zo, T~30' 21, T 20 Zs) = (Wl 0y Wy s Wy ¥y,) - Further-
more, partition @) conformably with Z = (X, Z;, Z,) as

Qxx Qxz Qxz
Q=| Qzx Qzz Qzz |- (3)
Qnx Qnzn Qznz

Finally, define

Q- ( Q1 Q9 ) _ ( Qz,2, — Qzle)_{Xszl Qz,2, — Qzle)_(ixQXZQ ) (4)
Q/12 QQ? QZ2Z1 - QZQXQ)_(XQXZ1 QZ2Z2 - QZQXQ)_(XQXZ2

and Q. = (11, Q12). To ensure that the ABIAS and AMSE of the IV estimator are well-
behaved assume that:

Assumption 3: There exists finite positive integer Ty such that suppsq, E(|Ur|**°) < oo,
for some 6 > 0, where Up = BIV,T — Bo, B\W,T denotes the IV estimator of [ for a sample of
size T, and [y is the true value of (.

Assumption 3 is sufficient for the uniform integrability of (BIV’T — Bo)? (see Billingsley
(1968), pp. 32). Under Assumption 3, Tli_I}goE(BMT — ) = E(U) and %EEOE(BIV’T —Bo)? =
E(U?), where U is the limiting random variable of the sequence {Ur}, whose explicit form
is given in Lemma Al in Appendix A. Hence, the ABIAS and AMSE correspond to the
bias and MSE implied by the limiting distribution of B\MT. Note also that for the special
case where (ug,v;) ~ i.i.d. N(0,%), ko; > 4 implies Assumption 3 (see e.g. Sawa (1969)).
Throughout this paper, we shall assume ky; > 4 so as to ensure that our results also apply
in the Gaussian case. In addition, note that Assumption 3 rules out the limited information
maximum likelihood (LIML) estimator in the Gaussian case since no positive integer moment
exists for the finite sample distribution of LIML in this case (see e.g. Mariano and McDonald
(1979) and Phillips (1984, 1985)).



3 Bias and MSE Formulae and Their Approximations

We begin with a proposition stating the ABIAS and AMSE in our context.

Proposition 3.1 Given the SEM described above, and under Assumptions 1, 2, and 8,
the following results hold for koy > 4 :

(Bias)

(a)

_ i k kor 1
bg,, (1 11, kar) = oulon P R <% - L g; %) ’ ©)

where by (p' 1, koy) = Tlim E(BIV’T — 0Bo) is the asymptotic bias function of the IV estimator

1 1

which we write as a function of p'i = o 1C"N Q1 Q1.C and koy, and where p = 0uyOuwd 0w’
, I'(+) denotes the gamma function, and 1 Fy(-;-;-) denotes the confluent hypergeometric func-
tion;

(b) For ko fized, as p'pn — oo, bﬁw(u’u,kgl) — 0;

(¢) For p'p fized, as ko — 00, by (11t k1) — Oup /0w = 05420;)1/2/);

(d) The absolute value of the asymptotic bias function (i.e. |bg (1'p,ka1)]) is a monotoni-
cally decreasing function of u'u for ko fized and oy, # 0;

(e) The absolute value of the bias function (i.e. |bg (111, ka)|) is a monotonically increasing
function of koy for p'p fized and oy, # 0;

(MSE)

()

’ 1 1 k' k /
4 _ -1,2 —&L 21 SN2l
M 1H Rat) = w7 {E <k21—2) e (7_1’7’ 2)

kg1 —3 K1 ko1 p'p
o e P el
+(k21—2>11(2 22 )] (6)

~ 2
where mg_ (W, kar) = 71im E (ﬁmT — ﬁg) is the asymptotic mean squared error function

of the IV estimator;

6The proof of this proposition follows directly from the exact results of Richardson and Wu (1971) given
the equivalence of the local-to-zero asymptotic distribution of the IV estimator and its exact distribution
under Gaussian errors, as stated in Staiger and Stock (1997). An alternative proof of this proposition is also

given in Chao and Swanson (2000).



(9) For ko fized, as ' — oo, mg (W', ka1) — 0;
(h) For yi'y fized, as ka1 — 00, mg (1'1, k) — 03, /05, = 0uu0y, p7
(i) The asymptotic mean squared error function mg ('1, k1) is a monotonically decreasing

function of p'p for ke fized and oy, # 0.

It is well known that confluent hypergeometric functions have infinite series representa-

tions, so that we can also write:

1/2 _—1/2 i m(%_l)j(%y
!/ — _ERE
b ) =l e S A "
=0 5 ) J!
&/H J

g e |1 1 - (%—1%(2)
mg, (Wi, kn) = ouwo,, ple —< ) . »
orv p? \ ka1 — 2 ; (k21); J!

One merit of such infinite series representations is that they provide explicit formulae for
the ABIAS and AMSE of B\IV under weak identification, which can be used in numerical
calculations, as is done below.

Note that |bg (111, ka1)| < \aéuav_v% p|. Hence, even when the instruments are weak in
the sense of Staiger and Stock (1997), the ABIAS of the IV estimator is less in absolute
magnitude than that of the OLS estimator for 'y # 0, and the former only tends to the
OLS bias as kg; — o0o. Furthermore, the asymptotic biases of the two estimators are exactly
equal only when p/p = 0, for finite values of ko1. Also note from inspection of equation (7)
that the bias of the IV estimator has the same sign as the OLS bias. Thus, our results are in
agreement with results in Bound, Jaeger, and Baker (1995) and Angrist and Krueger (1995),
who suggest that with weak instruments, the IV estimator is biased in the direction of the
OLS estimator, and the magnitude of the bias approaches that of the OLS estimator as the
R? between the instruments and the endogenous explanatory variable approaches zero (i.e.
as p';n — 0). Our results also generalize characterizations of the IV bias given in Nelson
and Startz (1990a&b) for a simple Gaussian model with a single fixed instrument and a

single endogenous regressor to the more general case of an SEM with an arbitrary number

6



of possibly stochastic instruments and with possible non-normal errors.

The above expressions for ABIAS and AMSE can also be compared with those of
Richardson and Wu (1971), who obtained the exact bias and MSE of the 2S5LS estima-
tor for a fixed instrument/Gaussian model”. To facilitate this comparison, write the above
SEM in its reduced form as: y; = ZI'1 + XT's + &1 and ys = ZI1 + X P + &5, where 'y = 1173,
[y = ®6+7, e =v, and &1 = u+ v8 = u+ 6. Richardson and Wu (1971) assume
that (14, €)' = 1.i.d.N(0,G), where £1; and ey denote the t"* component of the T x 1
random vectors &1 and eq, respectively and where G = (g;;), 4,7 = 1,2, is the 2 X 2 co-
variance matrix of (g1, €9¢)’. Now, consider the case where all available instruments are
used (i.e. the IV estimator is simply the 25LS estimator). In this case, it follows that
pp = 0,000 = 010" (Qzz — QzxQ%%xQxz)C. Moreover, note that in terms of the
elements of the reduced form error covariance matrix GG the elements of the structural er-
ror covariance matrix ¥ given in Section 2 can be written as: 0., = gi1 — 291283 + 92252,

Ow = g12 — 9223, and 0, = gao. Substituting these expressions into equations (5) and (6)

yields:
/ 9B —gi2 kor . kay pp
b,EIV (/’L 2 k21) - _Te 2 1F1 (7 — ].7 7, 7 s and (9)
2 /
g11922 — 912 1 =2\ _#u kg ko p'p
3 "n, k = 1 2 F = -1 ==
mﬂIV(M o 21) g22 (kQI — 2) ( +B )6 141 ( 2 ) 9 ) 9 )
k?l -3\ 52 _wu k’gl ]{,‘21 ///l

SR Qi T S 10
+<k21—2)ﬁ6 11<2 55 | (10)

where 3 = (gggﬁ—glg)(gllgm—gf?)’%. Comparing equations (9) and (10) with equations (3.1)
and (4.1) of Richardson and Wu (1971), we see that in this case the formulae for the ABIAS
and AMSE are virtually identical to the exact bias and MSE derived under their assumption
of a fixed instrument/Gaussian model - the only minor difference being that the (population)
concentration parameter p'p enters into the asymptotic formulae given in expressions (9) and
(10) above, whereas the expression o, /Tl Z' My Z1I appears in the exact formulae reported in
Richardson and Wu (1971). In this sense, the result in Proposition 1 generalizes Richardson

and Wu (1971) to the case of non Gaussian errors. Additionally, our results are also consistent

TOther papers which have studied the bias and/or MSE of the IV estimator, but for a fully identified
model, include Richardson (1968), Hillier, Kinal, and Srivastava (1984), and Buse (1992).



with the result from Staiger and Stock (1997) that the limiting distribution of the 2SLS
estimator under the local-to-zero assumption is the same as the exact distribution of the
estimator under the more restrictive assumptions of fixed instruments and Gaussian errors.
Next, we construct approximations for the bias and MSE. The approximate formulae we
provide below have the virtue that they greatly simplify the more complicated expressions
given in (7) and (8). To proceed, assume that
Assumption 4: ll:/T/f =72+ O (kyy") for some constant 72 € (0,00), as p'p, kay — c.
The next result gives a formal statement of our approximations based on Assumption 4.
Theorem 3.2 (Approximations): Suppose that Assumption 4 holds. Write pu'u = 7%ko; +

O (k;ll) = ' (7% kay), say, and reparameterize the bias and MSE functions given in equa-

tions (5) and (6) in terms of 7% and kg so that:

_ _ il kg) k koy p'u(t? k
by (72 k) = e (T B TR ) (1)
9 B 1 g _#uGkep |1 1 ko1 oy (72, Ean)
mglv(T vko1) = w0, pe 2 [? <k21 — 2) 11 <7 -1 o 9
ko1 — 3 ka1 ko 1/ pu(72, kay)
Py (22 g B HRT ) 12
+(k21—2>11(2 o 5 (12)

Then, as koy — o0, the following results hold :

(i)

1 2 1 2 \?
2 o 1/2. -1)2 9
B (% ) = ol ”{(r) () () }”(’W )

(it)
1 \*> [1-p? 1 1 1 1
(2 k — oo lp? L L
Mg, (77 k1) 7T b {(1+72> +( p? ) (k21> <1+72) " (’fm) (1+72>

17— Ty 2—6 Ly + O(kyy) (14)
1+ 72 1+ 72 1+ 72 2
1/2 —1/2p

A few quick remarks about Theorem 3.2 are in order. First, set /b\ﬁzv (72, ka1) = Ol Owu




(i) — 2 (%) ( 72 >2 . Since the ABIAS of Bog takes the form bg,ps = Tu v p,

) "R ) e
it follows that the relative bias of IV to that of OLS is given by the ratio

by, (Pika) 1\ 2/ 1 2 \? (15)
b 1472 ko1 \ 1+ 72 14+72)

BoLs

Observe that the lead term of equation (15) is (1+ 72)~! = (1 + p/u/ks1)~'. Note also
that when all available instruments are used so that IV = 2SLS, (1 + p//ke1)~! is the
relative bias measure given in Staiger and Stock (1997), in the case where there is only a
single endogenous explanatory variable. Staiger and Stock point out that this measure of
relative bias is given by an approximation which holds for large ko1 and/or large '/ kor. Our
analysis shows that their relative bias measure can also be obtained, from an approximation
that requires p/'p/ko1 to approach a finite limit as p/p, kyy — o0o. ®

Note also that the lead term of the mﬁzv (72, ko1 ) approximation is given by 0,0, p*(1+
72)~% which is simply the square of the lead term of bs,, (72, ka1 ). Tt follows that the variance
component of the AMSE is of a lower order in koq, relative to the bias component, so that
the variance can be thought of as being negligible relative to the bias component when the
number of instruments is large relative to the value of 72. Note further that a desirable
feature of the approximation formula T?LBIV(TQ , k21) is that it is non-negative for ko > 4, as
one expects a mean-square error formula to be (see Chao and Swanson (2000) for further
details).

As outlined in the proofs of Lemma A2 and Theorem 3.2, the approximate ABIAS and
AMSE given above are derived using a Laplace approximation of the confluent hypergeomet-
ric function which holds as p/pi, ko1 — 00 such that ’,:IT’f =724+0 (k;f). Our technical result
extends approximations of the confluent hypergeometric function given in Slater (1960) in

an important way and, thus, may be of independent interest. Note, in particular, that the

8Note also that even though we take x/p to infinity in making our approximations, our framework is still
one which is appropriate for the case of weak instruments since we require % to converge to a finite limit
as T — oo and k91 — 00, in sequence. This is in contrast to the usual case of full identification and good
instruments where the first stage F-statistic diverges in probability as 7' — oo. Note, in particular, that

even within a weak instrument setup, p’p increases as kg1 — oo if the added instruments are not completely

uncorrelated with the endogenous regressor.



approximation given in equation (4.3.8) of Slater (1960) is derived using the binomial ex-
pansion; and hence, strictly speaking, the result in Slater (1960) does not apply to the case
72 > 1, whereas our results, being based on the Laplace approximation, do apply in this case
(as is needed if the results are to provide useful approximations for the ABIAS and AMSE).

In order to assess the potential usefulness of our approximations, we carried out some
numerical calculations using a canonical SEM, where the reduced form error covariance
matrix is taken to be the identity matrix (i.e., G = I ). In particular, we performed a simple
regression analysis (see Table 1), where we calculated values of the dependent variable using
the analytical formulae for the bias and MSE given by expressions (7) and (8), but specialized
to the case of a canonical model. The independent variables in the regressions were the first
order approximations given in Theorem 3.2 (called CS Approzimations), again specialized to
the canonical case. In addition, regressions were run using as independent variable the MSE
approximation first derived in Donald and Newey (2001) and further examined in Hahn,
Hausman and Kuersteiner (2002). This approximation, called the DN Approzimation in the
table, takes the form (1 + 3%) /u'u+ k2,3 /(1/1n)? when the underlying model is a canonical
SEM?. Values for both the dependent and the independent variables were calculated for
B ={-05-1.0,—1.5,...,—10}, /u = {2,4,6,8,...,100}, and kyy = {3,5,7,9,11,...,101},
so that in total 50000 observations were generated by taking all possible combinations.!?
A total of 50 regression were run for each approximation, with each regression including
1000 observations for a given value of p/p. Of note is that these regressions thus all include
observations for low values of ko;. Interestingly, both our bias and MSE approximation
fare very well, with R? values very near to unity for all cases considered. This contrasts
with the DN Approzimation, which has low R? values when the instruments are weak, and
plateaus with an R? value of 0.961 for the boundary case of y/y = 100. Our approximations

thus appear quite robust, and our MSE approximation fairs very well compared with the

9The approximate bias formula presented here has also been discussed in Hahn and Hausman (2002),
although, in that paper, this bias approximation is not given a rigorous justification based on Laplace’s

method, as is done here.
1ONote that, for our regressions analysis, we have chosen only negative values of 3. This is because the

bias function is perfectly symmetrical with respect to positive and negative values of (.
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approximation examined by Hahn, Hausman and Kuersteiner (2002). Furthermore, while
numerical calculations given in the finite sample literature on single-equation estimators
have tended to parameterize the bias and MSE functions in terms of ko and p/p (see, for
example, Richardson and Wu (1971)), our results suggest that, in agreement with the findings
of Staiger and Stock (1997), both the bias and the MSE might be better viewed instead as

functions of ks and the ratio 72 = p/p/ko;.

4 Estimation of Bias and MSE and Bias Correction

In this section, we obtain consistent estimators for the lead terms of the bias and MSE

expansions given in Theorem 3.2. Let M} = Mz x) and M, = My and define the fol-

. .. —~ ! M; . — ol ) M; .
lowing statistics: Gu,; = 252, for i = 1,2; Sy = w, for i = 1,2; 540 =
(y1—y2B1v)' Ma(y1—y2Brv) . ~ _ yiMy; S . . _ | w(Pa—=Px)y2 | 1.1 _
7 » iy = " fori =12 and j = 1,2 Wi, p = |57 | kg =
Wi, ~ Whoy, T 1 . ~ 52 . 1
21,7 . o ) 21, _ ) _ . R uv,i .
k21 3 O-'LLUﬂ» - SU'U,T/ (Wk21,T71 - Su’u,z 1— Wkl pe bl fOI' 1= ]‘7 2) a'nd Juu,z - Suu+23m}ﬂ. WkQI,T
21>

g

=2 2
= (Wkl T) , for i = 1, 2. The following Lemma shows that we can consistently estimate
VU, 21

the quantities 0y, Ouy, Tuw, and (1 + 72) under the sequential limit approach.
Lemma 4.1: Suppose that Assumptions 1 and 2 hold. Let T'— oo, and then let koy, ' —
0o such that Assumption 4 holds. Then: (i) Guwi —> Ouy, for i = 1,2; (ii) Wiy, 7 = 1+ 72
(111) Ty L G, for i =1,2; and (10) T i 2 G, for i =1,2.

Based on this result, several estimators for the ABIAS and the AMSE can be con-

structed, including:

—— Cuv.i 1
BIAS, = —/* , fori=1,2; 16
va,i (Wkgl,T) ore ( )
— 0 Ouvi 1 2 1 Wigir — 1)2 .

BIAS; = — - — = , fori=1,2; 17
Ovvyi [(ka,T) ko (Wk21,T) ( Wkgl,T ( )

- 52 1 2
MSE; = ™~ , for i =1,2; 18
012111,1' (szl,T> ( )

11



]\Z_\S—’/E 631} K ( 1 )2 + 1 (6uu,ia\’uv,i - 8031),2‘) < 1 )
b vv )i W]f21 T ko 81%11,1‘ Wk’217T

N 1 ( 1 ) 4 7 n 12 6 fori=1,2 (19)
I B _ — , fori=1,2;
ko1 \ Wiy, 1 Wipwr Wi, o Wi o

_ 32 N2 /am o0 .
MSEZ _ uv,i ( ) +— (9119/2\22 912) ( )
vv )i W]f21 T ko Oun,i szhT

+1<1)1 Ly 2 0 ) fri=12 (0)
—_— — — , Ior 7 = 1, 2.
k21 szl,T Wk’QLT Wl?gl,T Wk?ZlyT

Note that the above estimators differ in that some are constructed based only on the lead

and

term of the expansions given in Theorem 3.2 while others make use of both the lead and the
second order terms. Also, two different estimators of ¢,,0,, — 02, are used, yielding different
sets of estimators.

Theorem 4.2: Suppose that Assumptions 1 and 2 hold. Let T' — oo, and then let koy, i/ p —
oo such that Assumption 4 holds. Then, for i =1,2: (i) BIAS; & oilont"p (1+T2) (ii)
BIAS; L oil2on?p (IJr 5) 3 (i) MSE; % Cunloy P* (155) 5 (iv) MSE; % Tuul oy P* (lJrsz)z ;
and (v) MSE; 5 0,0, 0% (

1472

1+7’2) ’
These weak consistency results suggest that there is information which can be exploited

when a large number of weakly correlated instruments are available, as consistent estimation
may be achieved when the number of instruments is allowed to approach infinity.

The consistency results presented in Theorem 4.2 can be applied to construct bias-
corrected estimators!!. In particular, we propose the following bias-adjusted OLS and IV

estimators:

~

gomn = Bors — , fori=1,2;

BIV = B]v—BﬁSl;
Eﬂgi = B]v — B/]\AS,, fori=1,2.

The following consistency results can be obtained for these estimators.

HOther recent work in the area of bias correction is discussed in Hausman, Hahn, and Kuersteiner (2001).
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Theorem 4.3: Suppose that Assumptions 1 and 2 hold. Let T — oo, and then let koy, i/ —
00, such that Assumption 4 holds. Then: (i) BOLSJ- L By, fori=1,2; (ii) BIV 2, 3y ; and
(iii) ;ﬁm L By, fori=1,2.
Note that, under the local-to-zero framework with many instruments, the bias-corrected
estimators are consistent. This is in contrast to the uncorrected OLS and IV estimators which
are still not consistent in this case. It should also be noted that if we fix ky; and only allow
T — oo, then none of the bias-adjusted estimators are consistent either. In fact, in this latter
case, both the uncorrected and the bias-corrected IV estimators converge weakly to random
variables. Moreover, if 72 = 0, then the bias-adjusted estimators would not consistently
estimate 3. Our results, thus, suggest that if one is faced with a situation where a great
many weak instruments are available; then, the appropriate estimation strategy may be to
make use of all of these poor quality instruments in constructing bias-corrected estimators
so long as the instruments are not completely uncorrelated with the endogenous explanatory
variable (i.e. 72 # 0). Finally, note that while Theorem 4.3 establishes the consistency of
the bias-corrected estimators on the basis of a sequential asymptotic scheme; under some
stronger but more primitive conditions than those stipulated in this paper, the bias-corrected
estimators proposed here have also been found to be consistent under a pathwise asymptotic
scheme whereby the number of instruments is taken to approach infinity as a function of the
sample size (see Chao and Swanson (2001)). This is consistent with the findings of a recent
paper by Stock and Yogo (2003) who recently give general conditions under which sequential
limit results coincide with results obtained by letting k91 and T to approach infinity jointly.
It is also of interest to examine the above estimators under the conventional framework,
where the instruments are not assumed to be weak in the local-to-zero sense but rather the
usual identification condition is assumed to hold, even asymptotically. More explicitly, the
conventional full identification assumption can be stated in our context as
Assumption 1*: Let IT be a fixed ky x 1 vector such that IT # 0.
Under assumption 17, we have the following asymptotic results for our bias-adjusted estima-
tors

Theorem 4.4 Suppose that Assumptions 1* and 2 hold. Then, as T — oo, the following

limit results hold: (i) §OL571 2 By —qu <#§Ew> ; (1) EOLSQ 2y Bo; (iii) Bry 2 By ; and

Ovv

13



(iv) ﬂlv,i - Bo fori=1,2.
Thus, Theorem 4.4 shows that, in the conventional setup where the instruments are fully

relevant, all bias-corrected estimators, with the lone exception of BO s are still consistent'?.

5 Monte Carlo Results

In this section, we report the results of a small Monte Carlo study of the sampling behavior
of the bias adjusted estimators introduced above. The DGP’s used in the study are based
on equations (1) and (2), with v = 0 and ® = 0, i.e., they are based on the two-equation

system

Yie = Yl +uy,
yor = ZJI1+ vy,

where t = 1,....,T . In this context, the reduced form of the first equation above can be
written as

Yie = ZéFl + €14,

t =1,...,T. Data were generated with: 9y = vy, €y = (€14, €2¢)' = 1.0.d.N(0, ), koy =20, T =
2000, IT = (my, mo,...,m0) = (7, 7, ..., 7), with 7 = {0.0225,0.0513,0.0745,0.1120,0.1290}
and # = {—0.1111, -0.5, —0.65, —0.81, —1.0}. In addition, the exogenous instruments, Z;,

were generated by assuming that Z; = i.i.d.N(0, I, ), and that all ky; instruments are used

in estimator construction. Finally, define w; = (u;, v;)" with E(ww;) = ¥ = ( Zu“ Z”“ >,
and note that our canonical model specification implies that o,, = 1 + 32, 0w ;u—ﬁqjvand
0w = 1. It follows that the degree of endogeneity is determined by the value of the parameter
B (see footnote to Table 2 for further discussion).

Table 2 reports the sample bias and MSE averaged across 5000 Monte Carlo simulations
for the OLS, IV, LIML, and our 5 bias corrected estimatgrs (for LIML, median bias is given,

although mean bias results are similar). Of note is that B v yields lower bias than OLS, IV

I2Note also that since the correction terms in the bias-corrected IV estimators BIV, B rv,1, and B 1v,1 are
all of order O,(T~!) under Assumption 1* and 2, these estimators are also asymptotically normal in the

usual sense under these assumptions.
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and LIML for 19 of 25 different levels of endogeneity and instrument relevance examined.
In addition, all of our other bias corrected estimators, with the exception of Bo L1 yield
less biased estimates in numerous cases. However, there is a trade-off. The bias corrected
estimators only MSE dominate OLS, IV, and LIML for low levels of endogeneity (i.e. R4,

= 0.1 - see the table for further details), although in most cases the MSE is very close to the
“best” MSE (i.e. that of the IV estimator).!?

6 Concluding Remarks

In this paper, we constructed approximations for the ABIAS and AMSE of the IV estimator
when the available instruments are weak in the local-to-zero sense. These approximations
were shown, via a series of numerical computations, to be quite accurate. Additionally,
we are able to obtain consistent estimators of the bias and MSE, and construct a variety
of consistent bias-corrected OLS and IV estimators. Finally, we show that in the more
conventional case where the simultaneous equations model is fully identified, all but one of

our proposed bias corrected estimators are still consistent.

BFurther exploration of these and other bias corrected estimators is the subject of ongoing research.
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Appendix A

This appendix outlines a number of lemmas which are used to establish the main results

of the paper (see Appendix B). Before presenting the lemmas, however, we first introduce
_1 _1 _1

some useful notation. Define 7, ; = Qlfl(wzlu — QZIXQ;(leXU)UWQ and Z,, = Qlfl(wzw -

1
Q2 xQxxVxv)0w’ . Note that

)= (o) 1) em)): 1)

In addition, define vy (1 g, ka1) = (u+ Zyp1)' (p+ Zyp1) = Zfill (i + 22,1)2 and vy (1 11, ka1 ) =
(bt Zog) Zuy = S0 (i + Ziy) Zy, where pu;, Zi,, and Zi, are the i — th components
of u, Z, 1, and Z, 1, respectively. Note that we have written vy (-, -) as a function of p/p and
not p because v; is a noncentral x? random variable which depends on p only through the
noncentrality parameter p'p. In addition, since p'Z, 1 = N(0, ' n), va(p' o, kor) = W' Zyy +
Zy, 12y, also depends on i only through p'p. To simplify notation, we will often write v,
and vy instead of vy (p'p, ko1) and wve(p'p, ka1) in places where no confusion is caused by not
making explicit the dependence of v; and vy on p'p and ko;.
Lemma A1l: Let BIV’T be the IV estimator defined in Section 2 and suppose that (1), (2)
and Assumptions 1 and 2 hold. Then, as T' — oo

BIV,T — b= Uéufquvévflvz- (22)
Proof: The proof follows from slight modification of the proof of Theorem 1, part (a) of
Staiger and Stock (1997) and is, thus, omitted.
Lemma A2: Suppose that Assumption 4 holds. Write gy = 72koy + R*(ko1) = p/ (72, ko1)
(say), where R*(ks1) = O (k3;'). Then, for a given value of 7%, as ko — oo, the following

results hold:
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Py (a2~ 15 a2 40/2) exp {— (1/30/2)}
= R (k:21/2 — 15 ko/2; (7% k1) /2) exp {— (/' (7% k21)/2) }
= (1) kg () T 2- a1+ ) T 2147
gt (1472 528 (14 7)) 482 (14 ) T m 12 (14 7))
R (kan)kyt (1+72) 7" 4+ 0 (k) (23)

1Fu (ko1 /2 — 25 ko1 /2 — 15 p'pn/2) exp{— (1'1n/2)}
= R (k21/2—2 ko1 /2 = 15 p' (72, k1) /2) exp { — (' (72, k21)/2) }
= (1) kg () T am 6 (1) T 214 7))
g (14 72) 24— 56 (14 7) a4 (14 72) 12 (147
R (kan)kyt (1+72) 7 4+ 0 (k) - (24)

Proof: We shall only prove part (a) since the proof for part (b) follows in an analogous
manner. To show (a), we make use of a well-known integral representation of the confluent

hypergeometric function (see Lebedev (1972) pp. 266) to write

1F1 (]{721/2 — 1 ]{Z21/2 ,u,u(T l{igl)/Q) exp{ (,u,u 7' ]{?21)/2)}

where hi(t) = 0.5[72(t — 1) +logt] — (2/ke1)logt. Given the integral representation (25),
we can obtain the expansion given by the right-hand side of expression (23) by applying
a Laplace approximation to this integral representation. We note that the maximum of
the integrand of (25) in the interval [0,1] occurs at the boundary point ¢ = 1, and as
ko1 — oo the mass of the integral becomes increasingly concentrated in some neighborhood

of t = 1. Hence, we can obtain an accurate approximation for this integral by approximating
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the integrand with its Taylor expansion in some shrinking neighborhood of ¢ = 1 and by
showing that integration over the domain outside of this shrinking neighborhood becomes
negligible as ko1 becomes large. To proceed, notice that the RHS of equation (25) can be
written as:

(0.5 (ka1 — 2)] /1 il/mexp (karha(8)} exp {0.5R* (kot) (£ — 1)} dt

1-1/Vk21
+ [05 (]{321 - 2)] / exXp {k’glhl (t)} exXp {05R*<k521)(t - 1)} dt = Il + ]2 (SCLZ,OZG)

Now, note that

Iy < [0.5(ky —2)]exp {— <0-572\/k_21)} <1 — ks, )(km o exp {—0.5/{2_1%1%*(/{:21)}
= 0 (kmew {- (05 vin)} (1-11) ). 1)

where the inequality holds for k9; > 4. Now, turning our attention to Iy, we first make the

change of variable r = t—1 and rewrite [; = [0.5 (ka1 — 2)] fi)l/\/E exp {ka1ha(r)} exp {0.5R*(koy)r} dr
where hy(r) = 0.5[7%r +1og(1 4+ 1)] — (2/ka1) log(1 + r). With this change of variable, we

note that the maximum of the integrand of Ijin the interval [—1/v/kg;, 0] now occurs at

the boundary point » = 0. To apply the Laplace approximation to I;, note first that the
derivatives of hy(r) evaluated at r = 0 have the explicit forms: h5(0) = 0.5 (1 + 72) — 2k,

and hY(0) = (=1)i71(i — 1)! [0.5 — 2k3;'] for integer ¢ > 2. By Taylor’s formula, we can

expand hs(r) about the point r = 0 as follows

ha(r) = ha(0) + hy(0)r + (REV(0)/2!) v+ (A (0)/3) 7 + (REV () /at) (28

where r* lies on the line segment between r and 0 and hy(0) = 0. Moreover, for —1/v/kg; <
r <0, [hSY ()] = 13— 12k (1 + )~ < |3 — 12k k3, (VE2r — 1) = M(kw) (say), and
note that M (ky) — 3 as kg — oo. Hence, for —1/y/kqy; <17 <0,

h() s

" < [M(kgl)rﬂ /4. (29)

s n0)
mr) = Y0 O]

i=1  ql
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@) @
It follows that 27 %2 Qi Mlar? < o (r) < >3 % ©pi 4 (km) , so that

7! 4! il
ko1 — 2 0 : hg) (O) i M(k21)7’4
5 oo koy Z p rt— 1 exp { 2R (kgl)} dr
Ve = '
k21 -2 0 *
< 5 exp {korho(r)} exp {0.5r R* (ko1 ) } dr
1/vVka21

. <k212— 2) /01 - {kzl (23: hgi;(o)ri N M(lzl)wl) }exp { LR (k) } dr(30)

Ve i=1

Let I3 denote the upper bound integral in expression (30). To evaluate I3, we rewrite it as

I3 = (k212— 2) /01 exp {ka1h5(0)r} exp {km (23: h&;(()) i1 M(]Z2!1)7“4) } exp {2R (k’21)} dr.

Voo i=2
(31)

Expanding the latter two exponentials in the integrand above in power series and integrating
term-by-term while noting the absolute and uniform convergence of the series involved in
the interval r € [—1/v/ka1, 0] for key > 4; we obtain, after some tedious but straightforward

calculations,

Iy = <O‘5 (k21 - 2)) {/0 €xXp {k21h/2(0>r} (1 + [k21hg2)(0)/2!} r?

~1/vFa
+ [kzlhg?’)(()) /3!] 4 {kzl ( )2 } 4+ 0.5R* (ko )r ) dr 4+ O (/c214)1 (32)
= (147 =k (1472 1[2 LA+ 12147 kR (147 7 8-

2B (1+72) " +32(1+72) 7 —12(1+7%)° ] R*(ka )k (1+72) 7 + O (kaP33)

By a similar argument, it can be shown that the lower bound integral in expression (30)

can also be approximated by the right-hand side of expression (33). It, thus, follows that

(0.5 (ko1 — 2)) / exp {ka1ho(r)} exp {0.5R"* (ko1 )7} dr

—1/Vka1
= 1+ =kt 1+ [2 —4(1+7) 4201 ”2)72] —hat (14+7%) 8-
28 (14727 432 (14797 =12 (14 7) 7| = R (ka)ki' (14 7%) "+ O (k5p4)

Finally, the result given in part (a) follows immediately from expressions (27) and (34).
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Lemma A3: Suppose that (1), (2) and Assumptions 1 and 2 hold. Then, the following
convergence results hold jointly as 7' — o0 :
(a) (o Mxu/T, yyMxu/T, ysMxys/T) = (Ouu; Oups Oun)-
(b) ZiMxZ1/T 5 Quy, where Qi1 = Qz,2, — Q7 xQxxQx 2,
() {(ZMx 203 Z M, (ZiMx 20) 3 ZMxv } = { Zuaota, Zunoia )
where (Zq’J 1 Z;’l)’ has joint normal distribution given by (21).
(@) (Z M2/ T) 3 (Z My VT ) = (5 + Zua) 0.
(e) (yoMxZ1(ZiMx Z0) " ZiMxu, ysMx Z:(Z1Mx Z,) ' Zy Mxys,
W M Z4(Z! Mx Z2) " 2] Mxcut) —> (ai,v?aéu, Gutts TwiZisZus )
(f) (W'Mz xyu/T, ysMz xyu/T, ysMz x192/T) 2> (Tuus Tuws Tov)-
(g8) WMz xym/T, yiMz xyy2/T) LN (911, 912), where g1 and g5 are elements of the
reduced form error covariance matrix G.
Proof: These results follow from Staiger and Stock (1997), and the reader is referred to
Chao and Swanson (2000) for further details.
Lemma A4: Let Assumption 4 hold, so that u/u/ky = 72 + O(k;?) for a fixed con-

stant 72 € (0, oo)' and write p'y = 72ko1 + O(ky') = p'1u(72, ko1). Then, as kg — o0, (a)

v 72, ko1),k vo (' (72, ko1),k
1(p p(r? = 21),k21) P, (1 P ) and (b) 2 (1 u( - 21),k21) P, p.

) D2 kot ) ke 2! Zoa 'y , 'y
Proof: To prove (a), write AW s Tkele) — Zoafold | gpZul 4 10 Next note that 221 =
’ ka1 ko1 ko ka1 ) ko1

! 2 / !
N (O, 2, ) so that £ <M> = 1t = k21 + O(ky’), and, thus, 2“,52’;’1 £ 0 as ky — 00

ka1 k§1

and p'p — oo under Assumption 4. Moreover, note that, as ky; — oo and p'u — oo under

’ 2
Assumption 4, E (M — 1) = = — 0, so that %, 1Z” L2

1, and note also that —H — 72,

kgl k21

It follows by the Slutsky’s Theorem that kl L Q“kZQ’I L+ ““ 21472, as ke — oo and

v (W p(r? k21) k21) _ W Zy Z, 1 Zun .
Tl =t First,

from expression (21), we see that Z,1 = N(0, Iyy,), Zy1 = N(0, Ik, ), and E(Z,17,,) =
ply,, . It follows from Khinchine’s weak law of large numbers that, as ko1 — 0o and p/'pu — oo

ka1 . . .
= (1/ks) Z VARVAR 2 p, where Z! ; and Z}, | denote the i —th

w1 — oo under Assumption 4. To show (b), write

component of Z,; and Z, 1, respectively. In addition, note that £ Z;l‘ L=N (O

2
M Zu,l
B (")

Assumption 4. The desired result, thus, follows by the Slutsky’s Theorem.

> so that

) k2

T£:E+O(k %), and, thus, i211”—>Oas k1 — oo and /i — oo under
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Lemma A5: Suppose that (1), (2) and Assumptions 1* and 2 hold. Then, the following
convergence results hold as T' — oo.

(a) (w'Mxu/T, ysMxu/T, y,Mxys/T) 2 (0uu, Ouw, I'QI + 0,y).

(b) (W' Mz, xyu/T, ysMz, xyu/T, ysMz, x)y2/T) = (Guns Tuws Tuu)-

(¢) (ZiMxZy)T, Z'Mxys/T) 2 (Qu1, Qu,10).
Proof: Each part of this lemma follows directly from Assumptions 1* and 2 and the Slutsky’s

Theorem. The arguments are standard and well-known, so we omit the details.
Appendix B

Proof of Theorem 3.2: To show part (a), note that direct application of part (a) of Lemma
A2 to equation (5) yields

by, (P ) = 020, p { (14 72) 7 =2k (147) 7 (72 (14 7))} 40 (h52)
(35)

To show part (b), first rewrite equation (6) as follows:

mg (7% kn) = 0wy, P’ [p” (kor —2)7" By (har /2 — 15 ean /25 0 pu(72, i) [2) e #H(m ko) 2

ko1 — 3 ko1 — 2 ka1 ka1 Wit kor)\  _ wut? k)
B(22 ot g BHT R
+(k21—2>< 2 )“(2 o T © 7

ko1 — 3 ko1 — 4 ka1 kor p/p(T2 ka1)\ _wuthan
_ J o T PRI ol e SR RIS
(2) () (5 - i) ] o

where we have made use of the identity (y—a—1) 1F (;v;2) = (v—=1) 1F1 (; 7y — 1;2) —«

1Fi(a+1;7;2). (See Lebedev (1972), pp. 262, for more details on this and identities
involving confluent hypergeometric functions.) Applying the results of Lemma A2 to the
confluent hypergeometric functions in an expansion of equation (6) discussed in Chao and

Swanson (2000) yields, after some tedious algebra, the following expression
mBIV(TQ, ko)) = Owo,,p {(1 + 7'2)_2 +p %kt (1+ 72)_1 —ky' (1+ 7'2)_2 [7
—12(1+7) 7 6 (1+ 72)_2} + O(k;;f)}
= CuwO,, P {(1 + 7'2)72 + ((1 — p2) /p2) kot (1 + 7'2)71 + kot (1 + 7'2)71 X
[1 —T(1+) T+ 12(1+72) =6 (1 + 72)*3} } + O(ky72). (37)
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. A M .
Proof of Lemma 4.1: To show part (i), note that since G,,; = 2—ZX% and G, =

Yo Mxy2

=, it follows directly from part (a) and (f) of Lemma A3 that, as T' — 00, Tyy,1 LN

and O,y 2 N 0w Note, of course that these limits do not depend on either ko or p/p , and
the results of part (i) follow as an immediate consequence. To show part (ii), note that it

follows from part (d) of Lemma A3, part (i) of this Lemma, and the continuous mapping

(y/QMle> (ziMle>*1 (ZlMXyQ)/k21
— VT T VT _— (#+ZU,1)I(N+ZU,1) —

Gou,1 k21

theorem that as T" — oo, Wiy, 1

v1 (1’ p,k21)

o It then follows directly from part (a) of Lemma A4 that, as kyy — oo and

v (1 p,ko1)
ka1

o~ !
~ (y1—yzﬁlv) Mz xyy2 ( Wiy 1 u M(z x)y2
Ouv,1 = T Wiy, 7—1 = 6[‘/ - 60

YoMz x)y2 Wioy,T ~ 'M yhMxy2 Wioy,T .
2 (ZX) ] ( 2l > and 0y, 2 = [“ XYz (51\/ — ﬁo> = Wk;lT_l . Applying Lemma

T Wiy, 1 —1

A1, parts (a) and (f) of Lemma A3, and the continuous mapping theorem; we see immedi-

ately that G, ; = {a . g (”1(”’“vk21)>_1 (vz(u’uvkm))} (vl(ul;u,k’m) _ 1) - (M)
uv, uv uuY vv o1

ka1 ko1 ka1

W' — oo under Assumption 4, L 1 4+ 72 as desired. To prove part (iii), write

= Ay wp (say) and also that 0,0 = Ay wu @ T — 00, so that both estimators
approach the same random limit as the same size approaches infinity.  Moreover, ap-
plying Lemma A4, we deduce that, as ky; — oo and p/'u — oo under Assumption 4,
1 1
-1

p = =
Akm,u’u - [O—uv - Oiuagvp (1 + 7'2)

<1j§2> = ouw [1 — 5] (1”2) = 0y, thus, establishing the desired results. Finally,

1472 T2

. o~ 52 2 ~
to show part (iv), write Guu1 = Suu + 2!“’1 < L ) — el ( 1 > and Guu2 = Sy +

Oyv,1 Wk21,T Oyv,1 Wk21,T
a; 2 1 a’ 2 1 2
22 (o — . Note first that
Ovv,2 ko1, T Oyv,2 Wk21,T
I . N 2
_ (1i—y2Brv) Mx(y1—y28rv) _ uw'Mxu y Mx Yo Mxy2
Suu = T = == - 2 (Brv — Bo) X + (Brv — ) ez 7 Hence,

it follows from Lemma Al; part (a) of Lemma A3; the proofs of parts (i), (ii), and (iii)

of this Lemma; and the continuous mapping theorem that as T — 00, Oyu1 = Ouu —
1 1 —1 -2 2 A2 _
5 _~3 v1 (p' p,k21) v2 (1 pk1) v1 (p'p,k21) va (p' p,k21) koy/p [ vi(p k1)
200w’ Oun ( ka1 ) ( T Ouu ka1 ka1 +2

ko1 Tyv ko1
2
AkQLu’u (vl(ﬂlﬂ7k21)

k21

Ovv

) = By wp (say). Similarly, Gyue = By wu as T — oo. More-

over, applying Lemma A4 and part (iii) of this Lemma, we easily deduce that By,, ./, E

1 1
L1 2 2 2 2
3 53 p p o 1 o 1 _
Ouu — 200u0v0° Ous (HTQ) +0uu (HTQ) + 27 (HTQ) - (HTQ) = Ouy as ko — 00 and

1 1 — oo under Assumption 4, thus, establishing the desired result.
Proof of Theorem 4.2: We will only prove the convergence result for the estimator with

subscript ¢ = 1, since the proofs for ¢ = 2 follow directly. First, to show (i) write BIAS, =

22



?‘—“f <Wk1 T) , and note that given Lemma 4.1 and the continuous mapping theorem, it is ap-
v, 21,

— A ’ / -1 .
parent that as T — oo, BIAS, = ’“ffiv*‘ " (”1(“k’;£k21)> = Chy, v (Say). Applying Lemma

A4 and part (iii) of Lemma 4.1, note that as ky; — oo and p/u — oo under Assumption

1 1 1 1
b1 3 3 1+72 1 3 73 1 :
4, Chpypin — = (qu — OeuOdiv (lfTQ)> < JTFQT ) (1+72) = Tqu0w’ P (1+T2), as required. To

Ovv

show part (ii), write BIAS, = BIAS, — (%) [(8""’1) ( L ) (WkQI‘T_1>2]. As above,

Cuv,1 Wioy,T Wigq,T

k21 O k21 k21

__ ) , -1 , 2
it follows that as T — oo, BIAS, = Ciy, iy — = |:Ak211HH <v1(u u,kzl)) <v1(u u:k21)>

<% — 1)2 = &y u (say). Moreover, note that Eyy, iy = Croyyrp + OD (k—;>, SO
that applying Lemma A4, part (iii) of Lemma 4.1, and part (i) of this theorem; it follows
that as koy — oo and p'pt — oo under Assumption 4, &, v, L aéua;ép (ﬁ) , as required.
To show part (iii), write MSE, = (Bﬁ51>2. It follows immediately from the proof of
part (i) above and the continuous mapping theorem that as 7' — oo, A/TgEl — Ci%zwﬂu'
Moreover, given part (i) of this theorem, as ky; — oo and p/pn — oo under Assumption

4, we deduce easily that Cl%zw’u L TuuOoup? (#)2 To show part (iv), write MSE, =
—_ 32
MSE + 2 (22) (vis)

vv,l szlvT
=~ ~9
Ouu,10vv,1 70,4 1 7 12 6
— el ) (1 — + — )] . Hence, from the proof of Lemma 4.1
[( Co ) Whoy, T W1321,T W1§21,T ’ P ’

the proof of part (iii) of this theorem, and the continuous mapping theorem; it is apparent

_ A2 , -1
that as T'— oo, MSE, = CiZl»H’N + kim ( ’“;12% 1 <v1(ukl;1,k21)>

U“”Bk21#’/f“4i21 ' v1(p' p,k21) -1 v (p' p,k21) -2 v1 (u' p,ko1) -3
et ) (L7 (mge) g () g () ) = F
21K K

+ Op (%21) , so that applying Lemma A4,

(say). Furthermore, note that F,, v, = CZ,, vs

parts (iii) and (iv) of Lemma 4.1, and part (iii) of this theorem; we readily deduce that,
as ko — oo and p'p — oo under Assumption 4, Fi,, . 2, T oo ” (ﬁ)Q, as required.
Finally, to show part (v), note that by comparing the expressions for ]\ZSVEl and MSE, ,
it is clear that the only difference between the two is that MS1 E, estimates the quantity
TuuOww — Oyp using the consistent estimator 7, 10,,1 — Egv,l whereas M SE; estimates the
quantity gi1ges— g3, using the estimator g1 gas—gis. Since it is easy to verify that gi1gea—g7y =

Ouwuls — Ouy, all that is left to show is the consistency of the estimator 11 gos — 9%,. However,

YoMz x)y2

Mz xy 1~ YiMz x)y2
Z A\ )7 g — 2 \4aA)I= T

T Y12 = ; we see immediately from

given that gy = , and g =

parts (f) and (g) of Lemma A8 that, as T' — oo, g11 2 911, G12 2, g12, and gy 2 Ove = §o2;
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and, thus, by the Slutsky’s theorem, G11G22 — §2 —* g11922 — G2 = Tuuluw — Oup. Since these
limits do not depend on ko and p/u, the desired result follows as a direct consequence.

Proof of Theorem 4.3: We will only prove consistency results for BOLSJ, EIV, and
EIVJ since the Eesults for gOLs,z and EIV’Q can be shown in a manner similar to those

Gu

for 50L5,1 and 5[\/,17 respectively. To prove part (i), write BOLS,1 = BOLS — 3 = [fo+

5
(yhMxy2) H(yhMxu) — ?:—;I Making use of part (a) of Lemma A3, the proof of parts (i)
and (iii) of Lemma 4.1, and the continuous mapping theorem; we see that as T — oo,
BOLSJ — Oy + ou — % = Liyy wn (say). It follows immediately that as ko; — oo and
w1 — oo under Assumption 4, Ly, vy 2, By since Aoy i 2. G4v, as shown in the proof of
part (iii) of Lemma 4.1. To show part (ii), write B}V = BIV — BIAS,. Making use of Lemma
A1, the proof of part (i) of Theorem 4.2, and the continuous mapping theorem; we see that,

~ 1 _1 ’
2 2 | va(p' pk21)

H —_— =

as T 00, frv == 0o + Tuu0wy |:v1(/t'/1,k21)
1

} — Chogy yrpp = Mgy (say). Moreover, applying
Lemma A4 and the fact that Cy,, ., — agua;,% p (1552) » as shown in the proof of Theorem 4.2
part (i); we deduce that My,, ./, 2 By —i—aéucr;v%p (ﬁ) — aéucr;v%p (ﬁ) = [y as koy — 00
and gy — oo under Assumption 4. To show part (iii), write EIW = BIV — BIAS,. Now,
given Lemma A1, the proof of part (ii) of Theorem 4.2, and the continuous mapping theorem;

LI -~ 1 _1 "k
it is apparent that, as 7" — oo, By, = By + Cquow’ [%] — Ehor i = Niggy e (50Y).

Moreover, applying Lemma A4 and the fact that &,, ./, RN aéuaq:v%p (ﬁ), as shown in the
proof of Theorem 4.2 part (ii), we readily deduce that Ny, ., 2 By + aéu(j;v%p (ﬁ) —
cru%ua;%p (ﬁ) = [y as kg; — oo and p'pu — oo under Assumption 4.

Proof of Theorem 4.4: Note, that under Assumption 1*, the SEM described in Section
2 is fully identified in the usual sense. The results follows from standard arguments, which

are omitted here. See Chao and Swanson (2000) for details.
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Table 1: Approximation Accuracy for Various Values of 'y *

o Bias MSE
CS Approzximation CS Approximation DN Approzimation
Blts) R? B(ts) R? B(ts) R?

2 1.0004(1563.2)  0.9996  0.9993(701.76) 0.9980  0.0004(29.555)  0.4665
4 1.0030(836.01)  0.9986  0.9980(871.11) 0.9987 0.0017(34.233)  0.5398
6 1.0053(693.30)  0.9979  0.9982(1130.2) 0.9992 0.0037(38.209) 0.5937
8 1.0069(657.54)  0.9977  0.9985(1373.2) 0.9995 0.0064(41.777)  0.6360
10 1.0079(656.18)  0.9977  0.9986(1563.0) 0.9996  0.0097(45.084)  0.6705
12 1.0085(668.18)  0.9978  0.9986(1697.9) 0.9997 0.0135(48.213)  0.6994
14 1.0088(685.61)  0.9979  0.9985(1789.8) 0.9997 0.0179(51.212)  0.7242
16 1.0089(705.04)  0.9980 0.9983(1851.5) 0.9997  0.0226(54.110)  0.7456
18 1.0090(724.95) 0.9981 0.9981(1892.8) 0.9997 0.0276(56.929) 0.7644
20 1.0090(744.56)  0.9982  0.9978(1920.2) 0.9997 0.0330(59.684)  0.7810
22 1.0089(763.59)  0.9983  0.9976(1938.0) 0.9997 0.0386(62.385)  0.7957
24 1.0087(781.85)  0.9984  0.9973(1949.0) 0.9997  0.0444(65.043)  0.8090
26 1.0086(799.33)  0.9984 0.9970(1955.0) 0.9997  0.0504(67.663)  0.8209
28 1.0084(816.00)  0.9985  0.9967(1957.1)  0.9997  0.0566(70.250)  0.8317
30 1.0082(831.92) 0.9986  0.9964(1956.4) 0.9997 0.0629(72.810) 0.8414
32 1.0080(847.12)  0.9986 0.9961(1953.3) 0.9997 0.0692(75.346)  0.8504
34 1.0078(861.63)  0.9987  0.9958(1948.3)  0.9997 0.0757(77.861)  0.8585
36 1.0076(875.48)  0.9987  0.9954(1941.8) 0.9997  0.0822(80.357)  0.8660
38 1.0074(888.69)  0.9987  0.9951(1934.2) 0.9997 0.0888(82.838)  0.8729
40 1.0072(901.37)  0.9988  0.9948(1925.4) 0.9997 0.0954(85.304)  0.8793
42 1.0070(913.51)  0.9988  0.9945(1915.8) 0.9997  0.1020(87.758)  0.8852
44 1.0068(925.16)  0.9988  0.9942(1905.5) 0.9997  0.1086(90.200)  0.8906
46 1.0066(936.35)  0.9989  0.9940(1894.6) 0.9997 0.1152(92.633)  0.8957
48 1.0063(947.08)  0.9989  0.9937(1883.2) 0.9997 0.1218(95.057)  0.9004
50 1.0061(957.40)  0.9989  0.9934(1871.3) 0.9997  0.1283(97.473)  0.9049
52 1.0059(967.32)  0.9989  0.9931(1859.0) 0.9997  0.1349(99.882)  0.9090
54 1.0057(976.95)  0.9990 0.9928(1846.4) 0.9997  0.1414(102.28) 0.9128
56 1.0055(986.17)  0.9990 0.9926(1833.5)  0.9997  0.1479(104.68)  0.9165
58 1.0053(995.08)  0.9990 0.9923(1820.3) 0.9997 0.1543(107.07) 0.9198
60 1.0051(1003.7)  0.9990 0.9921(1806.9) 0.9997  0.1606(109.46)  0.9230
62 1.0049(1012.0)  0.9990 0.9918(1793.4) 0.9997 0.1670(111.84)  0.9260
64 1.0047(1020.0)  0.9990 0.9916(1779.7)  0.9997 0.1732(114.22)  0.9289
66 1.0045(1027.9) 0.9991 0.9913(1765.8) 0.9997 0.1795(116.60) 0.9316
68 1.0043(1035.4)  0.9991  0.9911(1751.8) 0.9997 0.1856(118.98)  0.9341
70 1.0041(1042.8)  0.9991  0.9909(1737.8) 0.9997 0.1917(121.35) 0.9365
72 1.0039(1049.9)  0.9991 0.9906(1723.7) 0.9997 0.1977(123.72)  0.9387
74 1.0037(1056.8)  0.9991  0.9904(1709.6) 0.9997  0.2037(126.09)  0.9409
76 1.0036(1063.5)  0.9991  0.9902(1695.4) 0.9997  0.2096(128.46)  0.9429
78 1.0034(1069.9)  0.9991  0.9900(1681.1) 0.9996  0.2154(130.83)  0.9449
80 1.0032(1076.3)  0.9991  0.9898(1666.9) 0.9996  0.2212(133.19) 0.9467
82 1.0030(1082.5)  0.9991  0.9896(1652.7) 0.9996  0.2269(135.56)  0.9484
84 1.0029(1088.5)  0.9992  0.9894(1638.5) 0.9996  0.2326(137.92)  0.9501
86 1.0027(1094.3)  0.9992 0.9892(1624.3) 0.9996 0.2381(140.29) 0.9517
88 1.0025(1100.0)  0.9992  0.9891(1610.1) 0.9996  0.2436(142.65) 0.9532
90 1.0024(1105.7)  0.9992  0.9889(1596.0) 0.9996  0.2491(145.01)  0.9547
92 1.0022(1111.0)  0.9992 0.9887(1581.9) 0.9996  0.2544(147.38)  0.9560
94 1.0020(1116.3)  0.9992  0.9886(1568.0) 0.9996  0.2597(149.74) 0.9574
96 1.0019(1121.5)  0.9992 0.9884(1554.1) 0.9996  0.2650(152.11)  0.9586
98 1.0017(1126.6)  0.9992  0.9882(1540.2) 0.9996  0.2702(154.47)  0.9598
100 1.0016(1131.4) 0.9992 0.9881(1526.4) 0.9996  0.2753(156.84) 0.9610

(*) Notes: 50000 actual bias and MSE values were generated using the analytical formulae given in Section
2 for various values of p'p, ko1 and S (i.e. oullov! 2p), as discussed above. For each value of u'u, a pseudo
regression (with 1000 observations) was then run with the actual bias (MSE) regressed on an intercept and an
approximate bias (MSE). Slope coefficients (with t-statistics in brackets) are reported, as well as regression

R? values.
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Table 2: Bias and MSE of OLS, IV, LIML and Bias Adjusted Estimators*

puv  RZ,. BoLs Brv Brimr BoLs,1 BoLs,2 Brv Brva Brva
Bias
0.10 0.01 0.110056  0.055485 0.018593 0.000708 0.002863 0.001791 0.002979 0.004026
0.10 0.05 0.105647 0.017693 0.003799 -0.006580 -0.000031 -0.001088 0.000194 0.001178
0.10 0.10 0.100122  0.009350 0.002005 -0.011004 0.001004 0.000013 0.000794 0.001702
0.10 0.20 0.088960  0.004525  0.002084 -0.021911 0.001147 0.000269 0.000662 0.001459
0.10 0.25 0.083505 0.003512 0.001892 -0.027351 0.001107 0.000283 0.000587 0.001334
0.20 0.01 0.495437 0.243785  0.039562  -0.207689  -0.195773  -0.202685 -0.197053 -0.190255
0.20 0.05 0.475447 0.075283  0.006690 -0.034721 -0.004923 -0.009726 -0.003904 0.000566
0.20 0.10 0.450478  0.038763 0.002751 -0.053507 0.000951 -0.003544  -0.000006 0.004112
0.20 0.20 0.400122 0.018076  0.002988  -0.101504 0.002789 -0.001184 0.000596 0.004202
0.20 0.25 0.375531 0.013814  0.002428 -0.125700 0.002936 -0.000790 0.000586 0.003961
0.30 0.01 0.644019 0.316396 0.036167 -0.059195 -0.045779 -0.052677 -0.045312 -0.038563
0.30 0.05 0.618020 0.097534 0.006689  -0.045459 -0.006694 -0.012941 -0.005371 0.000442
0.30 0.10 0.585556  0.050132  0.003070 -0.069860 0.000967 -0.004878  -0.000278 0.005077
0.30 0.20 0.520090 0.023319 0.003080 -0.132171 0.003443 -0.001724 0.000590 0.005279
0.30 0.25 0.488123  0.017803  0.002292 -0.163600 0.003659 -0.001186 0.000603 0.004991
0.40 0.01 0.802475 0.393875 0.032691 -0.260180 -0.241607 -0.252047 -0.242810 -0.232556
0.40 0.05 0.770068 0.121286 0.003910 -0.056859  -0.008533 -0.016319 -0.006884 0.000360
0.40 0.10 0.729610 0.062272  0.002785  -0.087282 0.001001 -0.006285 -0.000551 0.006123
0.40 0.20 0.648034  0.028921  0.002399 -0.164863 0.004149 -0.002290 0.000594 0.006438
0.40 0.25 0.608201  0.022065 0.002058  -0.204007 0.004437 -0.001600 0.000629 0.006098
0.50 0.01 0.990607 0.485889  0.026662 -0.813962 -0.786146 -0.803914 -0.792443 -0.774906
0.50 0.05 0.950593  0.149506  0.002772 -0.070357 -0.010682 -0.020295 -0.008646 0.000299
0.50 0.10 0.900647 0.076699  0.002844 -0.107948 0.001057 -0.007939  -0.000861 0.007381
0.50 0.20 0.799944  0.035582 0.002363 -0.203664 0.004997 -0.002952 0.000608 0.007823
0.50 0.25 0.750773  0.027134 0.001982  -0.251967 0.005370 -0.002084 0.000669 0.007420
Mean Square Error

0.10 0.01 0.012631  0.029674  2.232538 3.344585 3.276442 3.342322 3.339166 3.273371
0.10 0.05 0.011658  0.008821 0.012163 0.013834 0.012351 0.012591 0.012293 0.012075
0.10 0.10 0.010495 0.004457 0.005174 0.006443 0.005153 0.005246 0.005171 0.005087
0.10 0.20 0.008331  0.002038 0.002173 0.003647 0.002153 0.002187 0.002172 0.002142
0.10 0.25 0.007364  0.001546 0.001622 0.003325 0.001607 0.001630 0.001621 0.001600
0.20 0.01 0.245980  0.087718  25.38972 6.183739 6.056343 6.180073 6.175192 6.051633
0.20 0.05 0.226561  0.015405 0.015113 0.018464 0.015991 0.016374 0.015845 0.015539
0.20 0.10 0.203425 0.006695 0.006366 0.010397 0.006500 0.006635 0.006500 0.006405
0.20 0.20 0.160551  0.002778  0.002678 0.013922 0.002693 0.002734 0.002707 0.002681
0.20 0.25 0.141454  0.002063  0.002000 0.018714 0.002007 0.002033 0.002017 0.002003
0.30 0.01 0.415271 0.129580 4.192306 20.86674 20.45195 20.86363 20.85753 20.44608
0.30 0.05 0.382455 0.020142 0.017161 0.021728 0.018523 0.019011 0.018315 0.017946
0.30 0.10 0.343372  0.008297  0.007230 0.013280 0.007468 0.007635 0.007456 0.007350
0.30 0.20 0.270960 0.003308 0.003046 0.021409 0.003082 0.003129 0.003092 0.003070
0.30 0.25 0.238712  0.002433  0.002275 0.029917 0.002296 0.002324 0.002303 0.002292
0.40 0.01 0.644463  0.186309  1.508342 4.737517 4.635030 4.732172 4.724438 4.627611
0.40 0.05 0.593505  0.026557 0.019876 0.026131 0.021933 0.022562 0.021639 0.021186
0.40 0.10 0.532830 0.010464 0.008403 0.017190 0.008779 0.008989 0.008750 0.008630
0.40 0.20 0.420430 0.004023  0.003545 0.031556 0.003608 0.003663 0.003614 0.003595
0.40 0.25 0.370378  0.002933  0.002648 0.045095 0.002686 0.002717 0.002689 0.002683
0.50 0.01 0.981786  0.269921  3.761505 332.5419 325.9601 332.5278 332.5176 325.9504
0.50 0.05 0.904124  0.036005  0.023845 0.032628 0.026965 0.027801 0.026545 0.025966
0.50 0.10 0.811670 0.013650 0.010137 0.022952 0.010709 0.010984 0.010656 0.010514
0.50 0.20 0.640417  0.005075 0.004281 0.046498 0.004382 0.004450 0.004382 0.004367
0.50 0.25 0.564161  0.003668  0.003199 0.067443 0.003260 0.003296 0.003258 0.003258

29



(*) Notes: The 1st and 2nd columns report values of the correlation (puv) between the errors in the canonical
model (the degree of endogeneity) and the correlation (R?,,, ) between the instruments and the endogenous
explanatory variable (instrument relevance). Average Bias (except for the LIML estimator, for which median
bias is reported) and MSE are reported for the OLS, IV, LIML, and 5 bias corrected estimators in the 3rd
through 11th columns, respectively. In the 1st column, the correlations correspond to g = -0.1111, -0.5,
-0.65, -0.81, and -1.0, respectively, in the canonical model. In the 2nd column, the correlations correspond
to m= 0.0225, 0.0513, 0.0745, 0.1120, and 0.1290, respectively, in the canonical model. All entries are based

on 5000 Monte Carlo trials (see above for further details).
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