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Abstract: We consider a generalization of Baum-Katz theorem for random vari-
ables satisfying some cover conditions. Consequently, we get the result for many
dependent structure, such as END, p*-mixing, o~ -mixing and ¢-mixing, etc.
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1 Introduction

In this paper, we consider a sequence {X,,n > 1} of random variables defined on
some probability space (2, %, P). Hsu and Robbins [10] introduced the following concept
of complete convergence. A sequence {X,,n > 1} is said to converge completely to a
constant C' if

Y P(X,—C|>¢) <0,

n=1
for all e > 0. For independent and identically distributed (i.i.d., in short) random variables
{X,X,,n > 1}, let S, = >0, Xy,n > 1 be the partial sums, Hsu and Robbins [10]
proved that S,,/n converge completely to EX, provided DX < oo. Erdés [8] proved
the converse theorem. This Hsu-Robbins-Erdés’s theorem was generalized in different
ways. Katz [13], Baum and Katz [1], and Chow [7] formed the following generalization of
Marcinkiewicz-Zygmund type.

Theorem 1.1 Let {X, X,,,n > 1} be a sequence of i.i.d. random variables and let
ap > 1,a > 1/2. Then the following statements are equivalent:
(i) E|X|P<ococand EX=0ifp>1;
(i1) Y02 nP2P(|S,]| > en®) < oo for all e > 0;
(¢ii) Y 00 n*P 2 P(max;<i<n |Si| > en®) < oo for all e > 0;
If ap > 1, > 1/2 the above are also equivalent to
(1) Yoo n*P 2P (sup;s, %S| > ¢€) < co for all e > 0.

!Supported by the National Natural Science Foundation of China (No. 11571250)
2Correspondence: yanjigao@suda.edu.cn(Jigao Yan), Tel: (86)512-65112637, Fax: (86)512-
65222691



In many stochastic models, the assumption that random variables are independent
is not plausible. Increases in some random variables are often related to decreases in
other random variables, so an assumption of dependence is more appropriate than an
assumption of independence. One of the important dependence structure is the extended
negatively dependent structure, which was introduced by Liu [18] as follows.

Definition 1.1 Random wvariables X,k = 1,---,n are said to be lower extended
negatively dependent (LEND) if there is some M > 0 such that, for all real numbers
xk>k:1>'“7n>

k=1 k=1

they are said to be upper extended negatively dependent (UEND) if there is some M > 0
such that, for all real numbers xp, k =1,---,n,

k=1 k=1

and they are said to be extended negatively dependent (END) if they are both LEND and
UEND. A sequence of infinitely many random variables { Xy, k = 1,2,---} is said to be
LEND/UEND/END if there is some M > 0 such that, for each positive integer n, the
random variables X1, Xs, -+, X, are LEND/UEND/END, respectively.

In the case M = 1, the formula of END random variables reduces to the notion of
negatively orthant dependent (NOD, in short) random variables which was introduced by
Joag-Dev and Proschan [12]. They also pointed out that negatively associated (NA, in
short) random variables are NOD random variables and then END.

As pointed out in Liu [18], the END structure covers many negative dependence struc-
tures and, more interestingly, it covers certain positive dependence structures. Hence,
studying the limiting behavior of END random variables is of great significance. There
are more and more literatures appeared. See, for example, Liu [18] obtained the precise
large deviations for dependent random variables with heavy tails. Shen [25] presented
some probability inequalities and gave some applications. Wu et al [33] considered some
complete moment convergence and mean convergence theorems for the partial sums of
END random variables. Qiu et al [24], Wang et al [31, 32] and Shen et al [27] investigat-
ed some results on complete convergence of END random variables. Chen et al [6], Yan
[36, 37] considered the SLLN for END random variables, and so on.

An another group of dependencies is formed by mixing type structures defined by
special sequences of mixing coefficients. Some of them, however defined in a way that is
significantly different from the negative dependence structures, have many similar prop-
erties which allow us to use in consideration methods and tools similar to those used in
END case. In further consideration we will deal with three types of mixing dependencies:
o*-mixing, p-mixing and o~ -mixing.



Definition 1.2 A sequence of random variable { X,,,n > 1} is said to be a o*-mizing
sequence if there exists k € N such that

XY
0" (k) = sup ( sup cov(X,Y) > <1,

ST\ xer2(Fs)ver2(Fr) /Var(X) - Var(Y)

where S, T are the finite subsets of positive integers such that dist (S,T) > k and Fy is
the o-field generated by the random variable {X;,i € W C N}.

Bradley [2] and Miller [19] studied various limit properties of random fields under the
assumption o*(k) — 0, k — oo. We refer to the results obtained under the condition
0*(k) < 1 for some k£ € N which is important in estimating the moments of partial and
maxima of partial sums, see Bryc and Smolenski [3] and Peligrad [20]. Peligrad [20], Utev
and Peligrad [29] investigated the properties of the maximum of partial sums and used
them to obtain an invariance principle, Peligrad and Gut [21] presented Rosenthal-type
maximal inequality and rate convergence for the Marcinkiewicz-Zygmund type SLLN,
Cai [4] obtained SLLN and complete convergence for random variables with different
distributions.

Definition 1.3 A sequence of random variables {X,,,n > 1} is called to be p-mizing
(or uniformly strong mizing) if

p(n) = sup |P(BJ]A) — P(B)| -0 as n— oo,

k>1,AeFf,P(A)>0,BEF

where F)" is the o-field generated by random variables X,,, X, 41, ..., Xpm.

A concept of ¢-mixing dependence was introduced independently by Rozanov and
Volkonski [23] and Ibragimov [11]. A number of limit theorems for ¢-mixing random
variables have been established by many authors. We refer to Wang at al [30] (Rosenthal
type maximal inequality, H4jek-Rényi type inequality, SLLN), Tuyen [28] (SLLN), and
Chen at al [5] (complete convergence and Marcinkiewicz-Zygmund type SLLN of moving
averages processes) and Kuczmaszewska [16] (complete convergence for NA, p*-mixing
and -mixing sequences satisfying Petrov’s condition).

Definition 1.4 A sequence {X,,n > 1} is called o~ -mizing, if
o (n)=sup{o (S,T):S5,T C N,dist(S,T) >n} — 0,as n — oo,
where
0 (S, T)=0Vsup{corr(f(X;,i € 5),9(X;,j €T))},

and the supremum is taken over all coordinatewise increasing real functions f on R° and
g on RT.



Some results concerning the complete moment convergence, the complete convergence
and strong law of large numbers of Marcinkiewicz-Zygmund type for moving average
process generated by o~ -mixing seguences one can find in Zhang [38]. We also refer to
Wang and Lu [34].

Most of results concerning limit theorems are formulated for identically distributed
random variables. Pruss [22] introduced the following concept of regular cover which
allowed to consider sequences without identical distribution.

Definition 1.5 Let X, X5, -+, X,, be random variables, and X be a random vari-
able possibly defined on a different probability space. Then, X1, Xa, -+, X, are said to be
a reqular cover of (the distribution of ) X provided we have

BG(X) = 37 BG(X), (1.3)

for any measurable function G for which both sides make sense.

In this paper, we are interested in generalizations of the Baum-Katz result. Under
some cover condition weaker than (1.3), Kuczmaszewska [14] extended the result to the
case of negatively associated (NA, in short) sequence. They got the following result

Theorem 1.2 (Kuczmaszewska [14]). Let {X,,n > 1} be a sequence of NA random
variables and X be a random variable possibly defined on a different space satisfying the
condition

ST P > ) = e P(X] > ) (14)

forallz >0, alln > 1 and some positive constant c. Let ap > 1 and o > 1/2. Moreover,
additionally assume that forp > 1 EX,, =0 for alln > 1. Then the following statements
are equivalent:

(1) E|X|P < oo;

(4d) D07 nP72P (maxi<i<n |Si| > en®) < oo for all e > 0.

Though condition (1.4) is weak in some sense, it remains a strong condition, we even
get the same result for arbitrary random variables with some rough conditions. Gut [9]
introduced the following concept of weakly mean dominated

Definition 1.6 We say that the array {Xng, 1 < k < n,n > 1} is weakly mean
dominated (WMD, in short) by the random variable X if, for some v > 0,

1 n
=Y P Xl > 2) <yP(IX| > a), (15)
.

for all z > 0 and all n.

A. Kuczmaszewska and Z. A.Lagodowski [15] introduced another structure which can also
be used to prove results for non-identically distributed random variables.
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Definition 1.7 Random variables { Xy, k > 1} are weakly mean bounded (WMB, in
short) by random variable X (possibly defined on a different probability space) iff there
exist some constant 1,772 > 0 such that for allz >0 and n > 1

P(X| > z) ZP | Xi| > 2) <7+ P(IX]| > 2). (1.6)

k 1

Obviously, if a sequence { X, k > 1} and a random variable X satisfy WMB condition,
they must satisfy WMD ones. The aim of this paper is to consider the analogous gener-
alization of the Baum-Katz theorem for a sequence of random variables satisfying WMD
or WMB sense and some usual conditions (Marcinkiewicz-Zygmund type inequality and
Rosenthal type inequality). The main results are provided in Section 2. Some lemmas
and the proofs of the main results are presented in Section 3.

As usual, we note that C' will be numerical constants whose value are without impor-
tance, and, in addition, may change between appearances. [(A) is the indicator function
on the set A. Denote X = max(X,0) and X~ = max(—X,0).

2 Main Results

Before presenting our main results, we first give the following assumptions.
Hypothesis. Let {X,,,n > 1} be an arbitrary sequence of random variables satisfying
for every § > 2 and n > 1

n 6 n n 0/2
E < ‘ X;) ) <C ZE|fz(Xz)|0 + <Z E’fZ(Xz)|2> (2.1)

o n n 6/2
(1%?2; Zf’ ; ) < Clog’n ZE|fi(Xi)\9 + <Z E]fi(Xi)|2> . (2.2)
; i=1 i=1

whenever f1, fo, -, f, are all nondecreasing (or non-increasing) functions, Ff;(X;) = 0
and E|fi(X;))|? < oo, for all 1 <i < n.

and

Remark 2.1 A lot of dependent structures, for example such as p*-mizing, -
mizing, NA, ND, END, etc., satisfy (2.1) and (2.2) in Hypothesis.

Theorem 2.1 Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be an arbitrary sequence
of random wariables with EX,, = 0 for alln > 1 if p > 1 and X be a random variable
possibly defined on a different probability space satisfying (1.5) for allx > 0, alln > 1 and
some positive constant . Assume that {X,,n > 1} satisfies the conditions of Hypothesis.
Then E|X|P < oo implies that for all € > 0

Zna”_2P (max |Sk| > en ) < 00, (2.3)
— 1<k<n



and

Zno‘p_2P(supi_a]Si| >¢g) < 00, (2.4)

n=1 i2n

where Sy, = Zle X, 1<k<n.

The next theorem presents the necessary condition for (2.3) under assumption that
random variables {X,,,n > 1} and X satisfy WMB condition (1.6).

Example 2.1 We give an example of (1.6). Suppose that P(Xy = 1—
2—%):1/2f07‘k:1,2,--~, . Then

1™ 1, 0<z <1,
=3 P(IXp|>2) ¢ 1/2, 1<z <2,
gyt 0, z>2

that is, if the mean dominating random variable, X, is such that P(X = 1) = P(X =
2) =1/2, then (1.6) is satisfied.

Theorem 2.2 Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be a sequence of random
variables satisfying (2.1) for 0 = 2 and X be a random wvariable possibly defined on a
different probability space satisfying (1.6) for all x > 0, all n > 1 and some positive
constants v and ;. Then (2.3) implies E|X|P < oc.

As a consequence of Theorem 2.1 and Theorem 2.2 by Lemma 3.2 and Lemma 3.3 we
get the following result.

Corollary 2.1 Suppose ap > 1, a > 1/2. Let {X,,,n > 1} be a sequence of END,

o -mizing, o~ -mixing or p-mizing random variables and X be a random variable possibly
defined on a different probability space satisfying (1.6) for all x > 0, alln > 1 and some
positive constants v and vo. Moreover, we assume EX, = 0 for alln > 1 if p > 1
and Y >, wé(n) < 00 in case of w-mixing sequence. Then the following statments are
equivalent:

(1) E|X|P < oo;

(i) D07, n®P2P (maxi<i<n |Si| > en®) < oo for all e > 0.

Remark 2.2 Since END and o~ - mizing random variables include NA random vari-
ables, our result also holds for NA case.

3 Some Lemmas and Proofs
To prove the main results of the paper, we need the following important lemmas.

Lemma 3.1 (cf.Liu [18]) Let {X,,n > 1} be a sequence of END random variables.
For eachn > 1, if f1, fo, -+, fn are all nondecreasing ( or nonincreasing ) functions, then
random variables fi1(X1), f2(X2), -+, fu(X,) are also END.



Lemma 3.2 (c¢f.Wang et al.[31]) Let p > 2 and {X,,,n > 1} be a sequence of END
random variables with EX,, = 0 and E|X,|? < oo for each n > 1. Then there ezists a
positive constant C,, depending only on p such that

P n n p/2
<G, | Y EIXi+ (Z E|Xi|2> . foralln>1
i=1 i=1

and

max
1<5<n

Lemma 3.3 (cf.Utev and Peligrad[29], Wang and Lu[34], Wang et al.[30]) Let
p > 2 and {X,,n > 1} be a sequence of o*-mizing, o~ -miring or p-mizing random
variables with EX,, = 0 and E|X,|"’ < oo for each n > 1. Moreover, if X,, n > 1 are

p-mizing we assume that > -, goé(n) < 00. Then there exists a positive constant C,
depending only on p such that

ZX

n p/2
) Cy(logn)? ZE]X P+ (Z E|XZ-|2> , forallm>1.
i=1

J

>

i=1

p n n p/2
) <, ZE[XZ-P’ + (Z E\Xf) , foralln>1. (3.1
i=1

i=1

F | max
1<j<n

Lemma 3.4 (cf.Gut [9]) Let {X,,,n > 1} be a sequence of random variables sat-
1sfying a weak dominating condition with mean dominating random variable X, i.e. for
some ¢ > 0

1 n
- > P(Xi| > z) < cP(IX| > x).
Let r > 0 and for some A > 0

Xi=XI(X| < A), X]'=XI(X] > 4),
X7 = XI(1X:| < A) — AI(X; < —A) + AI(X; > A),

and

X' = XI(|X]| < A), X'=XI(|X|>A),
X* = XI(|X| < A) — AI(X < —A) + AI(X > A).

Then

(i) if E|X|" < oo, then £ 3" | E|X;|" < CE|X|";

(i) +3 1 E|X{|" < C(E|X'|"+ A"P(|X]| > A)) for any A > 0;
(i) =30 E|X]|" < CE|X"|" for any A > 0;

() =30 E|X;|" < CE|X*|" for any A > 0.



Now, we present the proofs of the main results step by step.
Proof of Theorem 2.1. We first take

1
0<p <p, a_p<q<1

such that
ap—p)>alp—plg>1, and p—p >1ifp>1.
For all 1 <i < n,n > 1, denote that

Xr%) = —nI(X; < —n™) + X;I(| X;| < n%) + nI(X; > n*);

X&) = (X; = n) (X, > n®);
X® = (X, +n®)I(X; < —n9).

Then, for every 1 <i<n,n>1
Xo=X0+x2 - xP® and x>0, XV >o0.

nt

Thus,
inap_QP (1211?<Xn |Sk| > en >
o0 k o0
< ;no‘p_QP (1211%}{71 ;Xg) > 8no‘/3> + ;no‘p_QP (1211?;1
o0 k
+;nap2p (1?% ;)d | > 6n°‘/3>
< k ) o "o )
- nzln P=2p (121%};” ;X(l) > en /3) +nzln r=2p (;Xfu. > en /3)
+§:nap2P <Zn:X( ) > 5na/3>

=1

k
X

> 5na/3)

A

= [1 -+ IQ + [3. (m Sa}/')

To prove (2.3), it suffices to show that I < oo, k =1,2,3.
For I, we first prove that

n~% max n — 0o. (3.2)

1<k<n

Z EX(| —

We will do it in three cases.
Case I. Let a < 1. Then ap > 1 implies p > 1 and, according to the assumption,



EX,=0,n>1. It follows from Lemma 3.4 that

k
n~ % max ZEXS;)
i=1

1<k<n |4

k
n~% max Z [EX,I(1X;] < n%) +n*P(]X;| > n®)]

1<k<n
i=1

k
= n % max Z [EXl[(’XZ| > naq) + no‘qP(\Xi] > no‘q)]

1<k<n |4
=1

IN

< 207 ) E[X|I(1X;| > n®) < 20! E|IX|I(]X] > n®™)
=1
< Onpl—@. naq(lf(pfp’))E|X’pfp’ < Op~leae—p)-ll=ell=0) _y o 5 5 0.

n
e

Case II. Let a > 1 and p > 1. We have
- 1)
_ 1 —a ) ‘ ag oq ' g
nomax Z_;EXn <n -E—l [B1X]1(1X;] < n®) +n*1P(|X;| > n?)]

< Cn' Y [BIX|I(|X] € n®) + nP(|X]| > n*")] < Cn'™™ =0, n — oo.

n

Case III. Let a > 1 and p < 1. We have
k
—a (1) < o . | < ned aq . aq
n” max E;Exm <n E[E\Xm(pq < n®) 4+ nP(|X;] > n°)]

Cn' = [EIX[I(|X| < n®) +n*"P(|X] > n)]
Cn'= - o= g x P < Cplede=r)=t=el=0) 0 p — oo,

IA A

By (3.2), to prove I; < 0o, we prove only that

0o k
* A ap—2 (1) _ (1)
2 Zl noP=2p (1@% > <Xm Ex( )

=1

> Eno‘/6> < 00. (3.3)

From Hypothesis, for eachn > 1, {Xflli) —EX,S), 1 <i < n} remain satisfy the inequalities
in Hypothesis. By ag(p —p') > 1 and 0 < g < 1, we have for p <2

1 o/ 1 o _/_1
a—ﬁ—aq(l—p2p)>a—§—a(1—p p):()c(p P) > 0.

By taking

1

—(p—yp —1 —1
> maxd2.p. 2 (p p)qjap : ap L
l—¢ a-5 a-3-aq(l-2)



Chebyshev’s inequality and Hypothesis we get

k

3 (X(l-) _ EX(D)

1<k<n |4
=1

I < C’Zno‘p*Q*O‘TE (max )

i +C i npop—2-ar log" n (i FE ‘XE)
n=1 =1

n=1

2) T/2

< C i n°P=27°T Jog" n i E ‘Xflp
n=1 i=1

A

= I+ I, (in Sa}’)

Again by Hypothesis

Iy < CY n72Tlog"n Y [E|X;[TI(|X;| < n°) +n" P(1X;] > n®)]

n=1 i=1
< C Z R0 |og™ - naq(T*(pfp’))E‘Xpr’
n=1

[e.@]
—a(1—q)(r—p=a=p")) _
< CZn a(1-a)( =) "log™n < oo,
n=1
and

0o n T/2
Ity <CY n" " log"n {Z [EIX,PT(1X] < n®) + n*P(|X;| > n®9)] } .

Now, we prove [, < 0o in two cases: p > 2 and 0 <p < 2.
Let p > 2.

I < Ci ap—2—art T T/2 N\ T/2 s 7(0[,%)(7.7?1—11)71 .
12> n log"n-n (EX) SC’Zn 1 log” n < oo,

n=1 n=1

For 0 < p < 2 we have

= : /2 N2
Ii; < CZn"‘p_Q_‘” log™ n - (naqm_(p_p)) n> (E|X|p_p>

n=1

S . oy
< CZnap_Q_T[a_i_a‘I(l_%)] log" n < oo.
n=1

This ends the proof of I} < oo. Next for [, < oo and each 1 <7 <n,n>1, let
Y = (X, — n®)I(n® < X; < n® + n®) + nI(X; > n® + n®),

Then V%) > 0 and

Xr(j) = Yg) + (X; = n™ —n)I(X; > n +n®).

10



Thus,
I —~ @) _ en°
I < n§1n p=2p (;Zl VARIES T)
—i—E n®=2p 5 X;—n*—nMI(X; >nT4+n") > —

1=

o S IO W LTS
n=1 i=1 n=1 i=1
£ Iy + I (in say)

By Lemma 3.4,
I < ina”_Q iP(\XJ >n) < C’inap_lP(\X| > n?)
n=1 i=1 n=1
= Cinap—lip(z“ < X[ < (@i +1)%)
n=1 i=n
= CiP(i“ <|X|<(@E+1)%) Zi:napl
i=1 n=1
< Ciio‘pP(ia <|X|<(i+1)*) <CE|IXP < 0.
i=1
Next we prove only that I5; < co. We first show that
n_aiEYn(f) —0, n— oo.
i=1

If p> 1, then by Lemma 3.4

o
IA

n" Y EYY <n Y EXI(X; > n®)
i=1 i=1
nTCEXT(X > n®) < plme . pea=e-r)) g x|p

IAIA

If 0 <p <1, then by Lemma 3.4

0 < ) EBYY <07 [EXI(|X| < 2n%) + n*P(|X;] > 2n°9)]
=1 =1

Ot~ [EXI(|X| < 2n%) + 2n°P(IX| > 2n%) + n® P(|X| > 2n°9)]
Opl-e [na(l—@—p’)) n na—aq(p—p')}

IAIA

IN

Cn~lea@=P)=1 0 n — oo

11



By (3.5), to prove Iy < oo, it is sufficient to show that

Iy = inap—QP (
n=1

We will prove it in two cases: 0 < p < 2 and p > 2.
For 0 < p < 2, by Chebyshev’s inequality, Hypothesis, Lemma 3.4 and (3.4) we have

2 0o n
<C Z nap—2—2a Z E
n=1 =1

n

Z (Y(-Q) _ EY(-2)>

=1

n

S (v - Bv)

=1

vy

o0
I; < CY n>E
n=1

< CinapZza 2”: [E|X;*1(n* < X; < n®+n®) + n**P(|X;| > n® + n®)]
n=1 =1

< cinw”a iE!XiPI(\Xi] < 2n%) + cinaw i P(IXi| > n®)
n=1 =1 n=1 =1

< C i P17 RIXPI(|X] < 2n) + C f: n*?~ 1 P(|X| > n%)
n=1 n=1

<

C> N EIXPI2( - 1) < X < 2i%) + CE|X|P
n=1 =1

= C) EIXPI2>—1)" < |X|<2i%)) n 72+ CE|X[?
=1

n=t

< C) iE|IXPIQR>-1)* < |X| < 2i%) + CE|X|
=1

< CEIX|]P <.

Let p > 2. By taking

-1 2 —1
/@>max{p,ap T (ap/ ) }
a—35 alp-p)-1
Chebyshev’s inequality and Hypothesis we have

n K

(v - )
K n C i nap72700€ (Zn: E
n=1 i=1

00
[;1 < C Z nap72fomE
n=1

Y(-Q) Y(»2)

2) K/2

0o n
< C Z nap72fom Z E
n=1 i=1

A

= I + I3, (in say)
It is easy to see that

0o n K/2 0o
I3, < CZno‘p’z’““ (Z EXZQ) < CZno‘p’z’o‘“% < 00.
n=1 i=1

n=1
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On the other hand, by Lemma 3.4 and (3.4) we get

*
[211

< CZnap 2" a”z [E|X;|"I(n™ < X; < n®+n%?) +n*"P(|X;| > n® + n*)]

=1

IN

cznw 2= MZ [E|X|"I(|X;| < 2n®) +n®P(|X;] > n%)]

=1

IN

Cznap—l—ali [E|X[FI(|X] < 2n%) +n®P(|X| > n®)]

n=1

IN

CY nr R EIX[FI(|X| < 2n%) + CE|X[P

n=1

= oznap 1= MZE]XM( (i—1)* < |X| < 2i%) + CE|X|P

n=1

= CZE|X|“I( (i —1)* < |X| < 2i%) Znap l-or L OB|X|P
i=1 n=t
< C) nTEX[FI(2( — 1)* < |X| < 2i%) + CE| X[

i=1

< CEIX|P < .

To prove the second thesis of Theorem 2.1 it is enough to show that (2.3) implies (2.4).
For 0 < e <1 and ap > 1 we have

Zno‘p °p (supk S| > 6)

n=1

o 201
=Y e (supk |53 >5) <c§;23 v 0p  sup koIS >

j=1 n=2i—1 k>27-1

j(ap—1) @
< CZQJ P ZP<2ZIP<%€X<2ZIC ]Sk|>6)
Jj=1 1=j
< CY P k%S| > 2iler=1) < ¢y “oiler—lp kS| >
< O3op (koIS ) S22 ORI (e kIS 2
< C) 2ier-lp S| > 207 ) < ¢y “oiler—bp Sy| > e272
<02 K 150> ¢ Z 5 k] > ¢
< ap—2 —2a, « ]
< C’Z;n P(1?3§n|5k|>52 n><oo
This ends the proof of Theorem 2.1. O
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Proof of Theorem 2.2. In order to prove the result, it suffices to show that

> T P(IX] > n®) < oo, (3.6)

n=1

By (2.3), we first note that for 0 <e <1

o0 oo
Znap_QP <max |X;| > n ) < Znap_zP (max | X;| > en )
— 1<i<n p— 1<:i<

= Zna”’QP (max |S; — Si—1] > ana> (So=0)
1<i<n
< QZno‘p ’p (max |S;| > 5na/2) < 00. (3.7)
Therefore,
P(maX]X|>n)—>0, as n — o0o. (3.8)
1<i<n

Moreover, by Lemma ?7 and (1.6)

n

- nP(IX| > n%) <) P(|Xi| > n®)

k=1
- (\Xk| > n?, max | X;| > n) 3P ka; S 0% max | Xi| < n>
k=1 k=1
= P(X,j>no‘, max | X;]| >na) + P(Xk > n®, max | X;| >na>
1<i<k 1<i
k=1 k=1
+P (U {|Xk| > n® , max | X < n® })
k=1
_ + @ ) « «
= P(Xk>n,1rg?<>§c|Xz|>n>+ZP(Xk>n,1r£1?<>2|Xl\>n>
k=1 k=1
+P (max | X5 > n“) ; (3.9)
1<i<n

since the sets {| X| > n ymaxi<i<k | X;| <n®},1 <k <n are disjoint.
By Hypothesis, {X;7,n > 1} still satisfy the inequality in Hypothesis. It follows from
Cauchy-Schwarz inequality and Hypothesis that

ZP<X§>na, max |Xi|>no‘) = ZI(X+>n max |X|>n>
pt 1<i<k

+ « + «
E;I(Xk>n)[(lr£1?<>§])(\>n> Z[(Xk>n)[(1r£1?<)%\X|>n>]

k=1

<Fk
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n

Z{J(X,j>na)—P(X;>na)}I(xga<>;yX|>n )]

k=1

= b

+E

ZP(X;>n“)I<1r£1?<>;|X]>n)

k=1

IN

n 2
E( {1 X,j>na)—P(X,j>na)}> P(lrgaéx|X|>na)
k=1

+P ( aX|X|>n)ZP(X,j>n°‘)
k=1

IA

_ _
S

Cy E{I(X,j>na)—P(X+>nO‘)} P<max |X|>n°‘)

1<i<n
k=1

+P

/\

1<i<n

max | X;| > n® )ZP(X,:'_>TLO[)
k=1

n

Cy P(X,j>n°‘)P<maX \X|>n0‘)+P<max | X;| > n® ) P(X;f>n%)
k

1<i<n 1<i<n
k=1

IA

INA
«L

=1

CoyanP(|X| > n*)P (Eagc | X;| > n“) + 7 P (max | Xi| >n ) -nP (| X| > n%)

A
g;ﬁ

C
"P(X| > no) + 2 2P<max]X|>n)
M1

1<i<n

+72 P (112%};|X1| >n > -nP (| X| > n%),

(3.10)
where we used the following inequality
AL L VR )
472Cy g
Similarly, we can have
ZP (Xk_ > n® max |X;| > na)
— 1<i<k
C
< 22p(x|>ne) + 2 2P(maxp(|>n )
4 T 1<i<n
+v2 P (1r1<13u<x | X5 > na> -nP (| X] > n%),
(3.11)
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Now we see that (3.9), (3.10) and (3.11) lead to

27,
%P(|X| sney) < 222t Np <max 1X;| > na)

" 1<i<n

+2v9nP (ma<x | X > na) P (|X]| > n%)

1<q

By (3.8), for sufficiently large n we have

P (max | X5 > na> < l,
872

1<i<n

and consequently

4(272C
nP(X| > ne) < A2eCet ), (max 1X;| > na) . (3.12)
" 1<i<n
Relations (3.7) and (3.12) give (3.6) and in conclusion we get the desired condition
E|X P < co. This ends the proof of Theorem 2.2. O
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