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Abstract: Let Xi,...,X, be ii.d. sample in RP with zero mean and
the covariance matrix X* . The classic principal component analysis esti-
mates the projector P} onto the direct sum of some eigenspaces of X*
by its empirical counterpart P 7. Recent papers [20, 23] investigate the
asymptotic distribution of the Frobenius distance between the projectors
\Ps— P ||2. The problem arises when one tries to build a confidence set
for the true projector effectively. We consider the problem from Bayesian
perspective and derive an approximation for the posterior distribution of
the Frobenius distance between projectors. The derived theorems hold true

for non-Gaussian data: the only assumption that we impose is the con-
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centration of the sample covariance Sina vicinity of X* . The obtained

results are applied to construction of sharp confidence sets for the true pro-
jector. Numerical simulations illustrate good performance of the proposed

procedure even on non-Gaussian data in quite challenging regime.
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1. Introduction

Suppose the data X" = (X1,...,X,,) are independent identically distributed

zero-mean random vectors in IR? . Denote by X™ its covariance matrix:
% def T
> =E (X iX; ) .

Usually one estimates the true unknown covariance by the sample covariance

matrix, given by

S def 1 - T
» < EZXJXJ-.

=1

Quantifying the quality of approximation of X* by 3 is one of the most
classical problems in statistics. Surprisingly, there is a number of deep and
strong results in this area appeared quite recently. The progress is mainly due
to Bernstein type results on the spectral norm ||§ — 3*||s in the random
matrix theory, see, for instance, [19, 24, 25, 27, 1]. It appears that the quality

1/2

of approximation is of order n~ while the dimensionality p only enters
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logarithmically in the error bound. This allows to apply the results even in the
cases on very high data dimension.

Functionals of covariance matrix also arise in applications frequently. For in-
stance, eigenvalues are well-studied in different regimes, see [22, 9, 16] and many
more references therein. The Frobenius norm and other [, -norms of covariance
matrix are of great interest in financial applications; see, e.g. [10].

Much less is known about the quality of estimation of a spectral projector
which is a nonlinear functional of the covariance matrix. Suppose we fix some
set J of eigenspaces of X* and consider direct sum of these eigenspaces and
the associated true projector P7; . Its empirical counterpart is given by p 7
computed from the sample covariance 3. These objects are closely related to
the Principal Component Analysis (PCA), probably the most famous dimension
reduction method. Nowadays PCA-based methods are actively used in deep
networking architecture [14] and finance [11], along with other applications.
Over the past decade huge progress was achieved in theoretical guarantees for
sparse PCA in high dimensions, see [15, 5, 3, 6, 12].

The random quantity of our interest is the squared Frobenius distance be-
tween the true projector and the sample one ||13J — P%||3. Even though this is
a complex non-linear object, recent technique from [18] allows to approximate
(Py — P7;) by a linear functional of (3 — ¥*) with root-n accuracy. Several
results about the distribution of this random variable are available for the case
when the observations are Gaussian: Xi,..., X, S N(0,X™). The normal

approximation of n||P, — P*||2 was shown in [20] with a tight bound on

nl| P, = Pl B (n P — P;[3)
sup (P —
reR Var'/2 (n|| P, - P;[3)

<z 7@(‘%) )

where &(z) is the standard normal distribution function. However, the dis-
tribution of nHIAJT — P} depends on the unknown covariance matrix which
makes difficult to use this result for constructing the confidence sets for the true
projector P7 . A bootstrap approach can be used to overcome this difficulty;
see [23]. The bootstrap validity result is based on the approximation of the dis-
tribution of n||13T — P7||3 by the distribution of a Gaussian quadratic form

€)% . Namely, for the Gaussian data, Theorem 4.3 of [23] provides the following
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statement:

sup [B(nllP. — P < )~ B(l¢]* < )| <. (1.1)
where £ is a zero mean Gaussian vector with a specific covariance structure and
{ is an explicit error term. The similar approximation is obtained in the boot-
strap world, this reduces the original problem to the question about Gaussian
comparison and Gaussian anti-concentration for large balls.

This paper suggests to look at this problem from Bayesian point of view. The
standard approach for a nonparametric analysis of the posterior distribution is
based on the prominent Bernstein — von Mises (BvM) phenomenon. BvM result
states some pivotal (Gaussian) behavior of the posterior. The paper [8] devel-
oped a general framework for functional BvM theorem, while [28] used similar
ideas to demonstrate asymptotic normality of approximately linear functionals
of covariance and precision matrices. In particular, it can be used to justify the
use of Bayesian credible sets as frequentist confidence sets for the target param-
eter; see [21, 26, 13, 17, 4, 7] among others. In this work, we aim to address a
similar question specifically for spectral projectors of the covariance matrix. It
appears that the general BvM technique can be significantly improved and re-
fined for the problem at hand. The use of the classical conjugated Wishart prior
helps to establish precise finite sample results for the posterior credible sets un-
der mild and general assumptions of the data distribution. The key observation
here is that, similarly to the bootstrap approach of [23], the credible level sets
for the posterior are nearly elliptic, and the corresponding posterior probabil-
ity can be approximated by a special chi-squared-type distribution. This allows
to apply the recent “large ball” results on Gaussian comparison and Gaussian
anti-concentration from [23]. Moreover, in the contrary to the latter paper [23],
we do not require Gaussian distribution of the data. We also provide explicit
bounds on the approximation error in terms of p, n and X . Finally, we justify
the use of the Bayesian credible level sets as frequentist confidence sets.

The main contributions of this paper are as follows.

e We establish novel results on the coverage properties of posterior credible
sets for a complicated non-linear problem of recovering the eigenspace of
the sample covariance matrix. The results apply under mild conditions on

the data distribution. In particular, we do not require Gaussianity of the
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observations.

e We offer a new procedure for building sharp elliptic confidence sets for
the true projector based on Bayesian simulation from the Inverse Wishart
prior. The procedure is fully data-driven and numerically efficient, its com-
plexity is proportional to the squared dimension and independent of sam-
ple size. Numerical simulations confirm good performance of the proposed
method for artificial data: both Gaussian and non-Gaussian (not even

sub-Gaussian).

The rest of the paper is structured as follows. Some notations are intro-
duced in Section 2.1. Section 2.2 discusses the model. Bayesian framework and
the main result of the paper about the posterior credible sets are described
in Section 2.3. The use of such sets as frequentist confidence sets is discussed
in Section 2.4. Some numerical results on simulated data are demonstrated in
Section 3. Section 4 contains the proofs of the main theorems. Some auxiliary
results from the literature and the rest of the proofs are collected in Appendix A

and Appendix B, respectively.

2. Problem and main results

This section explains our setup and states the main results.

2.1. Notations

We will use the following notations throughout the paper. The space of real-
valued p x p matrices is denoted by RP*P | while $'] means the set of positive-
semidefinite matrices. We write I, for the identity matrix of size dxd, rank(A)
and Tr(B) stand for the rank of a matrix A and the trace of a square matrix
B. Further, ||Alls stands for the spectral norm of a matrix A, while ||Al
means the nuclear norm. The Frobenius scalar product of two matrices A and
B of the same size is (A, B)s def Tr(AT B), while the Frobenius norm is denoted
by ||All2. When applied to a vector, || - || means just its Euclidean norm. The
effective rank of a square matrix B is defined by r(B) def ﬁg‘iz
a < b means that there exists an absolute constant C', different from line to

line, such that a < Cb, while a < b means that a« <b and b <a. By aVb

. The relation

and a A b we mean maximum and minimum of a¢ and b, respectively. In the
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sequel we will often be considering intersections of events of probability greater
than 1—1/n. Without loss of generality, we will write that probability measure
of such an intersection is 1 — 1/n, since it can be easily achieved by adjusting

constants. Throughout the paper we assume that p < n.

2.2. Setup and problem

Without loss of generality, we can assume that X* € $' is invertible, otherwise
one can easily transform data in such a way that the covariance matrix for
the transformed data will be invertible. Let of > ... > J; be the ordered
eigenvalues of X™ . Suppose that among them there are ¢ distinct eigenvalues
pi > ... > py . Introduce groups of indices Af = {j : uy = O’;} and denote by
m} the multiplicity factor (dimension) |A¥| for all » =1, q. The corresponding
eigenvectors are denoted as ufj,...,u, . We will use the projector on the r-th

eigenspace of dimension m :
* * % 1
P, = g U U
JEAS
and the eigendecomposition
P a q
* ok ok | * * x| _ * Yk
T = E o U U —E Ly g uju; —E wo P
Jj=1 r=1 JEA: r=1

We also introduce the spectral gaps g :

W1 — M3, r=1,

9r = (g — ) A (ur —piy), r€2,0—1,
g1~ g r=q.

Suppose that 3 has p eigenvalues o1 > ... > 7, (distinct with probability
one). The corresponding eigenvectors are denoted as us,...,u,. Suppose that

||2‘ — X*||c < % min g;. Then, as shown in [18], we can identify clusters of
rel,q

the eigenvalues of x corresponding to each eigenvalue of X and therefore
determine A% and m} for all r € 1,q. Then we can define the sample projector
on the r-th eigenspace of dimension m} :

D ~ ~T
P, = E uju;
JEA}
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Under the condition that the spectral gap is sufficiently large, [23] approximated
the distribution of n|P, — P}||2 by the distribution of a Gaussian quadratic
form [|¢]|? with ¢ ~ N(0,I¥) and I'* is a block-matrix of the form

0 ... O
oI5y ... O

T (2.1)
o o .. Iy

with (¢ — 1) diagonal blocks of sizes mim} x mim?:

def  2py by
F* = —L- 8 : I m¥*, S 7é .
T (- ) T

Below we extend these result in two aspects. First, our approach allows to pick
a block of eigenspaces corresponding to an interval J in {1,...,q} from r~
to rT:

J={r",r +1, ..., 7"}
Define also the subset of indices
def *
Iy ={k:keA,reJ},

and introduce the projector onto the direct sum of the eigenspaces associated
with P} for all r € J:

P def Z P = Z uZuZT

reJ kel s

Its empirical counterpart is given by

P;EN P =Y wal.

reJ k€Zy
For instance, when J = {1,...,qe} for some ¢geg < ¢, then f’j is exactly
what is recovered by PCA. Below we focus on n||P; — 7113 rather than

n|P, — Prj3.
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The projector dimension for J is given by m?” = Z’!‘EJ m. . Its spectral gap

can be defined as

:U/:+ - M:++1a ifr= = 1
. odef ) . -
97 = Mpe g = Ky if r =q;
(pio_y =) A (pry —piey,), otherwise.
Define also for J ={r=, r=+1, ..., rT}

= e~ it

To describe the distribution of the projector p 7, introduce the following matrix

I'; of size m%(p —m%) x m%(p—m%):
% def 4. r
I'; = diag (Fj)rej’ (2.2)

r; def diag(FT’S)ng,

predel 2 g e gsd .
(nr—p)?
Tt is easy to notice that when J = {r} then this definition coincides with (2.1).

Second, we relax the assumption on Gaussianity of the data. The only condi-
tion that our main result require from the underlying distribution of the inde-
pendent random vectors X" = (X7,...,X,,) is the concentration of the sample

covariance matrix b around the true covariance X :
12— 2%l < 00l 57l (2.3)

with probability 1—1/n. Clearly, the bound gn from the condition can vary for
different distributions of the data, but it allows to work with much wider classes
of probability measures rather than just Gaussian or sub-Gaussian. While for

the Gaussian case one may take

SnX\/’"(Z*)v \/log(")

several more examples of possible distributions and the corresponding Sn for

them are provided in Appendix A, see Theorem A.1. So, throughout the rest of
the paper we assume that the data satisfy condition (2.3).
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2.3. Bayesian framework and credible level sets

In Bayesian framework one imposes a prior distribution II on the set of consid-
ered covariance matrices X . Even though our data are not necessary Gaussian,

we can consider the Gaussian log-likelihood:
(X)) = —g log det(X) — gﬁ(z—li) - % log (27).

The posterior measure of a set B C $' can be expressed as

_ Jpexp(n(¥)) dIT(X)
Jsr exp (In(%)) dIT(X)"

m(B|X")

As the Gaussian log-likelihood [, (X) does not necessarily correspond to the
true distribution of our data, we call the random measure IT ( . | X ") a pseudo-
posterior. Once a prior is fixed, we can easily sample matrices X from this
pseudo-posterior distribution. Denote eigenvalues of X' as o1 > ... > 0, (as-
sume they are distinct with probability one) and eigenvectors as uq,...,up,.

The corresponding projector onto the r-th eigenspace of dimension m; is

PT = E ukukT.
ke A

and the projector on the direct sum of eigenspaces associated with P, for

reJ is

PJ:ZPTZ Zuku;—

reJ keT 5

In this work we focus on the conjugate prior to the multivariate Gaussian dis-
tribution, that is, the Inverse Wishart distribution ZW,(G,p + b — 1) with
G e ¥ , 0<bSp. Its density is given by

dI1(X)
iz

2 1
p (—p;b log det(X) — 5 Tr(GE_l)>.

Some nice properties of the Inverse Wishart prior distribution allow us to obtain
the following result which we will use for uncertainty quantification statements

in the next section instead of the Bernstein—von Mises Theorem.
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Theorem 2.1. Assume that the distribution of the data X" = (X1,...,X,)
fulfills the sample covariance concentration property (2.3). Consider the prior
II(X) given by the Inverse Wishart distribution IW,(G,p+b—1). Let & ~
N(0,I"%) with I'% defined by (2.2). Then with probability 1 — +

sup |11 (nl| Py~ Pyl < | X") ~ (el < )| 59,

where

o def 01+ 02+ 03 —i—l. (2.4)

M(Tp)he () "

The terms {1 through {3 can be described as

5\ V/ms I Z2 .
%x{wmm+m<ﬁ+f)'ﬂ\wzm +1Gll2
97 97
><Tr():‘*) log(n) +p
95 no
[ 2% oo (mi | 27|12, A Tx =2 N
97 n
05 = 2| 2 oo Te(Z*) [log(n)
95 n

with 8, from (2.3).

Remark 2.1. The bound (2.4) can be made more transparent if we fix X* and
focus on the dependence on p,n,gn only (freezing the eigenvalues, the spectral

gaps and multiplicities of the eigenvalues):

3 log® ~
o= B vy Ogn(”) V pon,
or, in the Gaussian case,
o= Py log®(n)
= - ——
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2.4. Gaussian approxrimation and frequentist uncertainty

quantification for spectral projectors

For the Gaussian data, Theorem 4.3 of [23] provides the explicit error bound
(1.1) with the error term ¢ of the following form:

sup [Pl P, — P13 < )~ P2 < )| < T,

z€R
5o _V/miTe(I7) log(n)  [log(p)
0= VAT (L) W n +\/ n )
mk Tr3(X2%) log®(n) . (25)
ML) A2 ()

The next theorem extends this result to include the case of a generalized spectral

cluster and of non-Gaussian data.

Theorem 2.2. Assume the distribution of the data X" = (Xy,...,X,) fulfills
the sample covariance concentration property (2.3). Suppose additionally that
the projections P X; and (I,—P’%)X; are independent and the sizth moment
of rescaled random wvector 2*71/2Xj is bounded: IEHZ‘*A/ZXJ-HG < C. Let

£~ N(0,I%) with I} defined by (2.2) . Then

sup B (| Py — P53 <) (€] < )| £,
TE

where
— gt P4 A
P , (2.6)
Vi () (T
— de ; 5\ o4 53
A Y pmy <1+{> (1+{> i”4 Vv |‘7l§" .
7 97/ 97 97

Remark 2.2. The condition on independence of P X; and (I, — P7)X;
may seem rather restrictive, however it has a natural interpretation: while we
are interested in the “signal” P, X; , the orthogonal part (I, — P%)X; can be
considered as “noise”, and it is not too restrictive to assume that the “noise” is
independent from the “signal”. It also worth mentioning that this condition was

not required in our main result above about the behavior of the posterior.
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The proof of this result is presented in Appendix B. The obtained bound is
worse than (2.5) because we cannot utilize Gaussianity of the data anymore,
and the result makes use of Gaussian approximation technique from [2]. How-
ever, recent developments in Gaussian approximation for a probability of a ball
indicate that the bound (2.6) can be significantly improved.

Comparison of the results of Theorem 2.1 and Theorem 2.2 reveals that the
posterior distribution of n|P; — P||2 given the data perfectly mimics the
distribution of n||P; — P |3, and, therefore, can be applied to building of
elliptic confidence sets for the true projector. Specifically, for any significance

level o € (0; 1) (or confidence level 1 — ) we can estimate the true quantile
Yo © ing {7 >0:P (nH]ADj - P53 > 'y) < a}

by the following counterpart which can be numerically assessed using Bayesian
credible sets:

o def

e inf{7>O:H(n||Pj—133\\§>’y|X")§a}.

Then, the main results presented above imply the following corollary.

Corollary 2.3. Assume that all conditions of Theorem 2.1 and Theorem 2.2
are fulfilled. Then

sup ’a—]P’ (nHIADJ - P53 > 72)‘ <O+ 90,
a€e(0; 1)

where ¢, O are defined by (2.4), (2.6), respectively.

3. Numerical experiments

This section shows by mean of artificial data that the proposed Bayesian ap-
proach works quite well even for large data dimension and limited sample size.
We also want to track how the quality depends on the sample size n and the
dimension p. The organization of the experiments is the following. Let us fix
some true covariance matrix X* of size pxp. Without loss of generality we con-
sider only diagonal X™ in all our experiments, so X is defined by the distinct
eigenvalues p and the multiplicities m}: . We also specify the desired subspace

that we want to investigate by fixing J . After that, for different sample sizes
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n we repeat the following two-step procedure. The first step is to determine
the quantiles of n| Py — P ||3. For that we generate 3000 samples X", com-
pute the corresponding p 7 and then just take a— quantiles of the obtained
realizations n||Pj — P% |3 for o from 0.001 to 0.999 with step 0.001. The
second step is to estimate the quantiles of the pseudo-posterior distribution of
n|| Py — 133||§ . We generate 50 samples X™ and for each realization we gen-
erate 3000 pseudo-posterior covariance matrices X from the Inverse Wishart
distribution with G = I, b = 1. Then we compute the corresponding P ; and
take the a— quantiles of n|Py; — Pz||2 just as in the first step. So, for each
a we get 50 quantile estimates o and take median of them. For the quantiles
from the first and the second step we build the QQ-plot. Also we present a table
with coverage probabilities P(n| P — P% |3 <~2) and interquartile ranges for
1—«a from {0.99,0.95,0.90,0.85,0.80,0.75} .

Let us look at the examples of conducted simulations. In the first experiment

we work with Gaussian data. The parameters of the experiment are as follows:

e p=100.
e my =1 forall »r=1,100.
uy =26, p3 =16, p3 = 10, py = 6, pf = 3.5 and the rest of the

eigenvalues 4, ..., uiy are from the uniform distribution on [0.7; 1.3].

J = {1}, so we investigate one-dimensional principal subspace given by
Py

The QQ-plots are depicted on Figure 1 and the coverage probabilities are pre-
sented in Table 1.

In the second experiment we check how our method performs on non-Gaussian
data. We generate non-Gaussian data in the following way. Since we consider
only diagonal matrices, we can generate components of the vectors X; inde-
pendently. Except Gaussian distribution, we consider also the following three
options: the uniform distribution on the interval [—a; a], the Laplace distribu-
tion with scaling parameter a and the discrete uniform distribution with three
values {—a,0,a}. In each case the parameter a is chosen in such a way that en-
sures the variance located on the diagonal of the covariance matrix fixed earlier.

So, the parameters of the experiment are as follows:

e p=100.

e mi =3, mj =23, mi=3 and the rest of the multiplicities m},...,mg,;
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F1G 1. QQ-plots of the proposed Bayesian procedure for the first experiment (Gaussian data).

TABLE 1
Coverage probabilities of the proposed Bayesian procedure for the first experiment (Gaussian
data).
Confidence levels (1 — a)
n 0.99 0.95 0.90 0.85 0.80 0.75

200 0.997 0.972 0.935 0.900 0.859 0.815
0.008 0.042 0.066 0.104 0.127 0.147
500 0.992 0.950 0.898 0.856 0.805 0.758
0.023 0.076 0.101 0.123 0.142 0.153
1000 0.992 0.958 0.910 0.859 0.816 0.768
0.012 0.043 0.076 0.080 0.083 0.094
3000 0.991 0.950 0.902 0.854 0.806 0.753
0.009 0.025 0.035 0.039 0.043 0.056
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F1G 2. QQ-plots of the proposed Bayesian procedure for the second experiment (non-Gaussian

data).

TABLE 2
Coverage probabilities of the proposed Bayesian procedure for the second experiment

(non-Gaussian data)

Confidence levels (1 — a)

n 0.99 0.95 0.90 0.85 0.80 0.75
200 0.993 0.972 0.946 0.919 0.886 0.858
0.019 0.071 0.117 0.158 0.185 0.233

500 0.995 0.978 0.952 0.925 0.889 0.852
0.015 0.045 0.087 0.120 0.145 0.175

1000 0.992 0.959 0.909 0.864 0.818 0.774
0.015 0.049 0.080 0.106 0.126 0.141

3000 0.992 0.958 0.914 0.867 0.821 0.776
0.014 0.033 0.055 0.062 0.083 0.082
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are one.
o ui =25, p5=20, py =15, p; =10, pi =75, ui =>5 and the rest of
the eigenvalues p%, ..., u3,, are from the uniform distribution on [0; 3].

e The first nine components were generated according to: uniform, Laplace,
discrete, Gaussian, Laplace, discrete, Laplace, Laplace, uniform distribu-
tions, respectively. The rest of the components are Gaussian.

e 7 ={1,2,3}, so we investigate nine-dimensional subspace given by

1+ P54+ P3.

The QQ-plots are depicted on Figure 2 and the coverage probabilities are pre-
sented in Table 2.

As we can see from the experiment, the performance of the proposed proce-
dure is rather poor when the sample size is of the same order as the dimension.
However, this regime lies beyond the scope of our results. If we have enough
data, the methods demonstrates high quality even in such challenging situa-
tion as recovering a direct sum of three subspaces from non-Gaussian (even not

sub-Gaussian) data.

4. Main proofs

This section collects the proofs of the main results. Some additional technical

statements are postponed to the Appendix.

4.1. Proof of Theorem 2.1

The Inverse Wishart prior ZW,(G,p + b — 1) is conjugate to the multivariate
Gaussian distribution, so our pseudo-posterior I7 (Z’ | X ”) is

IW,(G + n¥ ,n+p+b—1). We will actively use the following well-known
property of the Wishart distribution:

n+p+b—1
>xm LN ww X

j=1

where W; | X" S N(O,(G+nX)™1).
For shortness in this section we will use the notation n, def +p+b—1 and

we assume that b < p. As we will see, this assumption will help us to simplify
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the bounds, while the case b 2 p does not bring any gain. Moreover, define

def 1 n o
P =, G,
P P

and
Z Z;Z] —

where Z; | X" s (0,I,). Then X' | X™ can be represented as

_ n d e _
S XL S (B, 4 1) B

n,p np

We may think that in the posterior world all randomness comes from E, .
Moreover, due to Theorem A.1, (i), there is a random set 7" such that on this
set

log(ny) +p log(n) +p

E < <
1Bl § 4 22020 <[ REEL,

and its posterior measure

n 1
I(rixm) >1-—

Step 1 First, we will need the following lemma.

Lemma 4.1. The following holds on the random set T :

1 Gl
o) + 0, Gl

12 = Bloo S 18 ]lo0y/ £ a

Proof. Since X! ‘ x4 x-1/2 (Enp+1,) >-Y2 e have

n,p np

~

Y3 =3B, +1,) 22 - X%

=32 (Bop+ 1) ' -1, 22+ %,,-%.

Note that

[e )

> (Enp)

s=1

||(En,p + Ip)il - IpHoo =

oo

o]

[ Enpllo
> B pl5 = — 2= < ||E :
71” n»p”oo 1_||En,p||ooN|| TMDHOO

IA
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Hence,
||E - EHOO 5 ||En7p||oo||En7pHoo + ||2n,p - Z‘||<><>~

Finally, the observations that

HGIIOo
[Znplloe < + [ 2],
S HGHOO
[Znp = Xl < 2 8,
n
finish the proof. O

The condition on the significant spectral gap for X* and the bound (2.3) on
the operator norm ||2‘ — X*|| imply a significant spectral gap for the empirical
covariance X . The crucial Lemma A.2 applied with the central projector p 7

in place of P allows to obtain the bound on how close the linear operator

~ 3 def upu, (X — Z)ulu + ] (X - Z)Uku
LJ(Z'f © Z Z k Ol-k_o-l l k

k€L s 1¢T 5
is to Pj 7?\7.

Lemma 4.2. The following holds on the random set T :

Vil|Ps — Py —Ls(2~Z)|2 < Ao,

Ao [T (14 1| st £ ISR+ IGY/n
n @7 9 7

and 17,97 are empirical versions of 1%, g% .

where

Proof. Tt follows from (A.2) from Lemma A.2 that

5 7 5 12— 3|2,
[Py —Pg—Lg(¥— Xl 14 —
gJ 97
It is easy to see that the rank of EJ(E — 2’) is at most 2m? , and thus the
rank of Py — P; — L;(X — %) is at most 4m?; . Hence, taking into account
the relation between the Frobenius and the spectral norm of a matrix via rank

and (4.1) from Lemma 4.1, we obtain the desired statement. O
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The representation

i x L 2 VR, ,+1,) 5,2

n,p n,p

19

helps to obtain the next result showing that L 7(X— 2‘) can be approximated

~ ~ ~1/2 ~1/2
by S7 =1Lz (—ZJ E, X )
Lemma 4.3. It holds

- - ~1/2 <1/2 ~
LJZ—LJ(—E E,, X >+RJ_SJ+RJ,

where the remainder Ry fulfills on the random set T

<o 1 (1 |+ |G
VilRgle 5 & & - Lot 2l ER £ IC],

B

Proof. Define R, ;, by

def

R,, Y (I,+E,,) ' —-I,+E,,

Its spectral norm can be bounded as

o0
<Y |IBnyp
s=2

oo

Z(_En,p)s

s=2

_ Bl

R < S
|| ’ﬂ,P”OO ~ |oo 1 o HEn,p

| o0

(oo}

So
Y= 2;{3 (En,p + Ip)_l 2:1{[2) = 2’}7,{2 (Ip - Emp + Rn,p) E}L{z
Therefore for X — 3 we have

Y-Y=321,-E,,+R.,)S/*- %

n,p n,p

-X2E, 22+ 22R, , 212+ &, — 3.

n,p n,p n,p
~1/2 ~1/2
From 2'711{5 E,, E}L{E we pass to X / E,,X /2.
~ ~1/2 ~1/2 ~1/2 o1/2 1/2 1/2
¥>-¥=-Y"E., Y +X¥"E,, Y -%2/’E,,xV?

1/2 1/2 3
+En{p Rnap En/,p + 271717 -X

/

~1/2 ~1/2
= -X En’pZ + R, + R> + R3,

SIEn |3
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where we introduce the remainder terms
~1/2 ~1/2
rR ¥ $VE,, 5 _52E, , 52
R, ™ B/ R, T},
R Yy, , -3

They can be bounded in Frobenius norm:

= 1/2 wl/2
oI Z = Zapl 2 (1500l + 121157)

[Rall2 < [[Enp

1R2llz < [1Bnpllool| Znpllz S 1 Enpll2 ] Zn plle:

IGll2 + (np —n) [| 22

Np

[R3ll2 <

Hence, omitting higher order terms, on 7" we have

Sl/2 < 1/2 \/log(n) + p
IRill2 S 1215 (1G] +pIZ)c) 2L,

o log(n) +
IRy < (157,280 FP
n
||R3H2 < HG||2 +p||2H2

n

Now we summarize
Ly(¥-%)=8,4+R;

with

A1/2 A1/2 T o
125/ (@] Eny W] + 0] o G07)

q  def O Ul/
S, < e :
O — 0]

k€Zs I¢T s
R, def Z Z (urt) (R1 + Ro + R3) W] + u] (Ry + Ro + R3) Uk, )
k€T gL, Tk~ 01
Moreover,
~T ~\2
2 T (’U,k (R1+R2+R3)ul)
R =Tr(R/R+) =2 — —
IRy = Tr(RsRF) =2 > > AR

k€T s 1¢T s

2| Ry + R> + R;|3
—~9 )
97
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and the inequality

V2
[Rall, < 5 (1R [l2 + [[Rzll2 + [ Rs]|2)

provides the desired bound. Similarly, we have

1/2 1/2 R
~ V2| E bl . . Tr(XY) [log(n) +
18], < Y2AErele (5~ 5, o] T g(n) P
97 k€T, 1T 97
where the last inequality holds on 7. O

The results of Lemmas 4.2 and 4.3 yield on the random set T
Vil|Ps =Py =872 § Ao+ Ar.
In addition,
nl| Py~ Pyl3 - nllS73]
=n||Py - Py —Sy3+2 <\/5(PJ - P; - Sy), \/77§J>2

n||Py—Pgs—Sz|5+2vVn|Ps—Pgs—Szll2-vn||Szll2-

IN

Thus, taking into account the bound for H§ 7ll2 and neglecting higher order

terms, on 7° we obtain

Py~ Pyl3~ Syl < 4s, (4.2)
where
~  def 1. Vmgll&lls 71X |2,
A, {<log<n>+p><<1 - ) LB ) 4 IG:

" Te(E) [log(n) +p
97 no

Step 2 The norm n||S;||2 can be decomposed as follows:

WSsAR =233 S > G gy @Al Baytid] )" =

k'=11'=1keT; lezj

2n Z z G512 ukEnpul)Q.

k€T zgzj
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Introduce a vector € R™7(P~m7) with components
J p
51/251/2
- /o Yk l ~T ~
fk,l = 2n ———— Up, En,pul;
Ok — 0]

for k€ Z7,l ¢ T7, ordered in some particular way that will become clear later.
Note that n[S7||2 = ||€7]|? . Clearly, for each k < p and j < Ny

e a2y | XU N(0,1).

Then the components can be rewritten as

~1/2 ~1/2 n

- ﬁak/ crl/ VN —

Sl =~ > k4
k l D J=1

for k € Z7,1 ¢ Z7. To understand the covariance structure of E 7, consider one

more pair (k’,1") and investigate the covariance:

~

def ~
F(k7l)1(k/7l/) = COV(fk,l,ﬁk/,z/ X")

n ~1/2 ~1/2 ~1/2 ~1/2
M — O'/ Jl/ ok,/ crl,/

= — e —E(Nk,j M5 Tk 50 M0 5
ny 52 Ok =) ) (et e

X"

2n 3k &l
= — 0k 0Ll =g
np (O'k — O’l)

with 0y, = I(k = k') . Therefore, the covariance matrix of €7 is diagonal:

~ def 2n . ( 20 0y
diag | ———

Fj = — — — ) .
Tp (0r —01)? k€T s, 1¢T

This matrix I'; can be compared with the matrix I'%; defined in (2.2).
Lemma 4.4. It holds

Fs 13, % A @3
with

* *2
e 2 (M IZ AT (2)
def * p *
A = o (1= =l + 212"1)
97
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Proof. As both matrices fg and [ are diagonal, it holds

Iy =15, <2 3 Z

k€L s I¢Ty

akal B O'ZO'Z*
(Cr—01)?  (of —07)?|

Due to the Weyl’s inequality, |6 — o] < | ¥ — X*||o for any k. Then, after

some technical calculations, we get

Iz SOOI i tor 15 (12 2+ 212700))

k€Ls 1¢T s

which provides the desired result. O

Unfortunately, the entries EM of fA 7 are not Gaussian because of the product
Mk,; M,; - This does not allow to apply the Gaussian comparison Lemma A.4.
To get rid of this issue, we condition on p 77 . Namely, in the “posterior”
world random vectors P gZ; and (I,— P 7)Z; are Gaussian and uncorrelated,
therefore, independent, so we can condition on Zg def (.’PJZl, .. .,IAJJan)
to get that S, 7 is conditionally on X", Z; Gaussian random vector with the

covariance matrix
= def - n
Iy = Cov(és | X", Z7).

It holds similarly to the above

fa def o~ .
F(k,l)v(k/,l’) = COV(Sk,hgk/’l’ X 7Zj)
Np A1/2A1/2,\1/2A1/2
2n G2 5]
K E (k5 Mg mwr g | X Z
n?’ j;1 (Uk_al)(ak/ —oy) (77 3,5 Mk 57 T J)
L A s A
= — Ok,k 0Ll
"p ( Ok _Ul)(Jk/ —gl)

with
1 &
def
5k k’ i _ Zﬁk,ﬂ?k/,j .
Np “—
Lemma 4.5. It holds on a random set of posterior measure 1 — %

log(np + m})

b

max |5k k! — 6k k! S;
k.k'€Ly ’ Ny
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and on this set

* 3/2| v ES *

~ ~ ~ def M Yoo Tr(X) [log(n, +m

|Fy =g, < A= =2 | gll (%) (’; LA
J D

Proof. The first result of the lemma follows easily from usual concentration
inequalities for sub-exponential random variables and union bound for at most
|Z7]? = m*” pairs of k,k'.

To obtain the second inequality we represent fj and fj as

fj = dlag (fg))l¢1 5
T

fg = diag (fg))lgz .
T

Due to this block structure we have

= e (1 (1
Iy~ Tglly = YT = TP
I¢T

Let us fix [ ¢ Z7 and focus on the corresponding block with size m?* x m’ .

It’s easy to observe that for each k, k' € Z5

~ - om  5./°5,%5 ~
I ’ — I ’ = — —< — /: - 5k k! — 61@ k!
e I A | W (O, )

and, therefore,

- ~ 2/ 3|00 ~
F ’ —_ F ’ ‘ < —_— 5 ;7 — 6 7.
o= R CORCED R CORCIDI I 7 kg}gJ kb = O |

Finally, since

(1 =~ « 1 (1 (1
IFY — FOYy < (Jms ITY — POy

* 3/2

S myT, max ‘fu@,w,(kuz')—fw,z),(kzz’) )

kk'€T
the obtained inequalities provide the result of the lemma. O

Putting together (4.3) and (4.4) yields the bound

IT7 = IT5||, S As+ As
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The Gaussian comparison Lemma A.4 can be used to compare the conditional
distribution of ||£;|| given X", P;Z and the unconditional distribution of

€7 : on a random set of posterior measure 1 — +
AA3 + AA4
A7) A2 (1)

<

~

I (nyH? <z

X”,ZJ> —P (¢ < )

sup
z€R
Of course, integrating w.r.t. p 77 ensures similar result when conditioning on
the data X™ only:
A\g + 34 1
M) (L) "

<

~

up \H (1Es1P <=
zeR

X") =P (sl < 2

with probability one.

Step 3  So far we worked in the “posterior world” and our bounds A\Q, A\g, AA4
are random, since they depend on the data X™. Clearly, one can verify that
due to the Weyl’s inequality and the condition (2.3) the empirical objects in
the random bounds can be replaced by the true ones with high probability: the
only payment for this is a multiplicative constant factor, if we assume that ZS\H

is small enough and neglect higher order terms. So, we get

A e I m || 2%, .
Ay S Ay def {(log(n) +p) ( (1 + Z) \/7.77* VIE | + 1G] b x
gj gj
XTr(Z’*) log(n) +p
g:k72 n )
~ o 15l (my 1712 AT (272))
A3§A3d:f * 3 p(5n+£>7
97 n
—~ def m* 3/2”2*”00 T‘I'(E*) log(n)
A4 5 A4 - 7 * 2
97 n

with probability 1 — 1/n in the X" —world.

Now we combine the obtained bounds. For A, defined above and arbitrary
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x € R it holds
11 (n|Py - Pyl <o|X")
<11 (n|8713 < @+ A2 | X")
+11 (nl| Py = Pyll3 —nllSsll3 < —22 | X").

Since n||S7 2| X" L |I€7)2| X", Ay S Ay with probability 1—2 , and taking

(4.2) into account, we deduce
1 (nl|Py ~ Pyl <o X") < I (&2 <ot Ao | X7) + 1T (T°] X7)

with probability 1 — 1. Subtracting P ({7 < z) and taking supremum of
both sides, we get

sup {17 (nl| P~ Py <o X") ~F (Jeg | < o) |

< I(E7P<az+ Ay X") —P 2<a+ A
< sup {11 (J€71” < o+ 22 | X") ~ B (leg* < -+ 42) }

+sup (B (I | < o+ A2) — P (g > < )} + 17 (17| X7).

The first term in the right-hand side is bounded by % + % with
W giret g
Aq

probability 1—21 due to (4.5). The second term does not exceed ——=22—

n MT5)A(T5)

according to the Gaussian anti-concentration Lemma A.3. The last term is at
most % by definition of 7°. Therefore,

Ag+ As + Ay 1

sup {11 (n[|[P7 = Pyl <z | X") ~P(les|* < 2) f < +~

with probability 1 — % . Similarly, one derives

N . Ay + As+ A 1
sup { (|¢712 < @) — I (n|l Py - Psl} <2| X")} § A=t 4=
vek (5N (T)

with probability 1 — £ . The previous two inequalities yield the desired result.

n
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4.2. Proof of Corollary 2.3

Let {7 ~N(0,I'%). Due to Theorem 2.2 we have
sup [B ([P~ P > ) ~P(lés|* > )] $O.
fS

Fix arbitrary significance level o € (0; 1) (or confidence level 1 — ). Recall
that by <. we denote a-quantile of n||P; — P%|5. Let us fix an event ©
such that

sup |11 (nl| Py — Psllp > x| X") = B(leg | > )| £ 0.
(AS

According to Theorem 2.1 its probability is at least 1 — 1/n. Hence, by the
triangle inequality it holds on ©

sup |11 (nHPJ P2 > x|X"> _P(nuﬁj — P> x)( <O =T +0.
z€R
Therefore, taking © = y4—¢ and = = yo4¢’, we get on 6

11 (nll Py — P > oo <,

X") = (@=0)

<9

X") —(a+9")

1 (nllPy = Pgl3 > oo
Thus,

11 (n|Py = Pyl > va-or | X") < (0= 0) + 0 =a,

11 (n|Py = Pyl > varor | X") 2 (a+0) = 0/ =a.
By definition of ~2 the previous two inequalities yield

Yat+o' £ Va < Ya—¢r on 6.

Hence,

IN

P (e <Yatror) < P(OF)

S|I= 3

P (Ve > Ya-01) < P(O°)

IN
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Now we can write the following chain of inequalities:
P (nl| Py~ Py} >2)
<P ({nlPs - P71} > var0 U112 < Yaror})
< P(0lBy ~ PYIE > varo) + P2 < aro) Sat O/ 4o
and

P (nllPy — P53 >75) = 1P (nl Py - Pyl < 42)

>1-P ({n”PJ - Pyls < 'Ya—O’} U{va > 7a—<>’}>
> 1-P (nlPg - Pyl < a-0') ~ P92 > 7a—0)

D ® (2 o / 1
= B (nl| Py ~ Pyl > v0-0) ~ B33 > Yamo) Za =0/~ .

Finally, these inequalities imply the following bound
~ 1
o~ B (nllPs — Pyl >22)| < 0+

which concludes the proof.

Appendix A: Auxiliary results

Here we formulate some well-known results that were used throughout the paper.
The following theorem gathers several crucial results on concentration of

sample covariance.

Theorem A.l. Let Xi,...,X, be i.i.d. zero-mean random vectors in RP.

Denote the true covariance matriz as X* < B (X, X,") and the sample covari-

o def

ance as X = %

n
X;X," . Suppose the data are obtained from:
i=1

1=

(i) Gaussian distribution N'(0, X*). In this case, define 6, as

(ii) Sub-Gaussian distribution. In this case, define bn as

-~ /1
Op = Py og(n);
n n
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(iii) a distribution supported in some centered Euclidean ball of radius R. In

this case, define gn as

-~ R log(n)

~
n - ’

[y

(iv) log-concave probability measure. In this case, define gn as

~ _ [log°(n)
= .
np

=]

Then in all the cases above the following concentration result for 3 holds

with the corresponding gn :
12 = X loo < 6nl| X" [l

with probability at least 1 — % .

Proof. (i) See [19], Corollary 2. (ii) This is a well-known simple result presented
in a range of papers and lecture notes. See, e.g. [24], Theorem 4.6. (iii) See [27],

Corollary 5.52. Usually the radius R is taken such that R VTP
VI T Vi

r(X*). (iv) See [1], Theorem 4.1. O

The following lemma is a crucial tool when working with spectral projectors.
Lemma A.2. The following bound holds for all J = {r—,r=+1,...,r"} with
1<r  <rt<gq:

263) 18- 2l

* g:k7

1By — Pl < 4(1+
J

Moreover, the following representation holds:

P;— Py = L;(¥ %" +Rs(X - X%, (A1)
where
< ey def Pi(¥ - ¥")P: + P{(¥ - )P
Lo(B-z) Yy BEEZIR L BB
ey ot = s
and

~ 2
- 2 [* Y -2
IRy (%= 5| < 15 (1+Z ) 2= ) ay)
T97 97
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Proof. Apply Lemma 2 from [18]. O

This lemma shows that P 7 — P can be approximated by the linear operator
Ly(¥—X%).
The next Lemma from [23] provides upper bound for A— band of the squared

norm of a Gaussian element.

Lemma A.3 (Gaussian anti-concentration). Let £ be a Gaussian element in
Hilbert space H with zero mean and covariance operator I'. Then for arbitrary

A >0 and any A > A\

Pz < ||€|> <z + A) < C1 4,

where
—z/(2)) =2
def € —1/2
= — 1— X /A
1 /7)\0\2 31;[3( ]/ )
and A1 > Ao > ... are the eigenvalues of I'. In particular, one has
Pz < |¢? <z +A) < 4
RVINDY
Proof. See [23], Lemma 5.4. O

One more Lemma from [23] describes how close are the distributions of the
norms of two Gaussian elements in terms of their covariance operators. Note

that the bound is dimension free.

Lemma A.4 (Gaussian comparison). Let & and n be Gaussian elements in
Hilbert space H with zero mean and covariance operators X¢ and X, , respec-

tively. The following inequality holds

1 1
sup |P 2> -P 2> g < + Oo,
sup [P(IE]? = ) — (Il 2 )] ( v MM) :

where Aig, Aog are two largest eigenvalues of X¢, Ay, Aoy are two largest eigen-

values of X, and

def -1 -1
Qo = [[Te = Xyl < |12 252 2 — Iloc Tr(Ze).

Proof. See [23], Lemma 5.1 and Corollary 5.2. O
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Appendix B: Auxiliary proofs
B.1. Proof of Theorem 2.2
The proof consists of three steps.
Step 1 Apply the representation (A.1) from Lemma A.2 to f’g - P
P;— Py = Ls(¥ -3 +Rs (2 - X%).
Then, for n||P; — P |3 one has
nl|Ps = Pyl = n||Ls (2 - )3 + n| Ry (2 — =°)|3
+2n(L7 (X — ), R7 (X — X*))s.

Let us estimate how good n||L7(X — X*)||2 approximates n|P; — P%|3:

clearly, we have
n|Py - P35 - n|Ls (2 - 59|
< nl|R7 (X — X3+ 20| L7 (¥ — Z)|2| Ry (¥ — Z) |2
Let us elaborate on the right-hand side. First, since
3 - )P+ Pi(X - X*)P;

= * D * P:(Z
RJ(Z—E):PJ—PJ—ZZ —
ey o —

and Py, Py, Y cq2ses P (¥ — X*)P’ have rank at most m’; , then the
rank of R7(X — X*) is at most 4m’; . Hence, due to the relation between the

Frobenius and the operator norms via rank, we have
Ry (X = 35)|l2 < y/4m7 [|Rg (X = X))l

The bound (A.2) from Lemma A.2 gives

*

2@)|2—2wa
T g '

|R7 (X — )2 < am - 15 <1+
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Now let us bound [|L7 (% — %) :

< o P:(¥ - Z*)P: + P}(¥ - X*)P;
L5 - 5= |3 22 ) ( )

rET ¢ T Ky — Hs o
Pi(¥ - x*)P; (¥ - P
<2} > o =Py
red s¢J R - red s¢T Py — Hs
* P: - *
<2 P ———| I¥~ ="l
= eyt
< ZJ!IIE—E |oo| <917] |¥-x Hoo.
min *— ot *
T'EJ,Sij ILL’I" Ms gj

Then, for |L7 (X — X*)||2 we have

[1Lg (%= 35)|l2 =

J
Putting this all together, we obtain

[Py = P13 = nllLo(E - =)

N\ |12 - |4 AN PR >u
< nm’ (1+‘Z> 7” — I +nm’|J| (1—1—‘*7) 7” — ”OC
97 97 J 97

The concentration condition for the sample covariance (2.3) provides

[Py — P53~ nllLs (8 - 25| S B,

_ 1* I* 4 3
A=nm¥ (1+-L 1422 O, 10 (B.1)
J * * * 4 * 3
97 977 97

with probability 1 — % .

8

~ R il I
2y (L (5 = 5 < yf2m 2)7) 1= lee
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Step 2 Following [23], we can choose {uj}%_, as an orthonormal basis in

R? and represent n||L7 (X — X*)||% as

P*E )P+ PH(Y — EP*
ZZ( )P + Py( )

n|| Ly S-3E=n
I1La( )| Py

red s¢J

P PY(Y - X9P* + PY(X — X*)P* ?

red s¢J

P . E Z‘)P:1+P:(E Z‘
=n 2 (”’“T DI E —

meJ s1¢J

2
. Z Z :u“rg - /1‘52

ro€J 52¢J

P: 4+ PL (Y - %) )

P (¥ -~ Z*)P: + P: (¥ - )P
; B, = HE,

" UZT P (¥ -XP;, + P, (X—-X")P;, w ).
Moy = My
As we can see, the only terms that survive in this sum are the terms with

rm=re=re€J,s1=8=s¢J, ke A le A, and due to the symmetry

the factor 2 appears. So, we derive

2
P(X¥ - X"P:
n Y ¥ (w7 )

nl|Ly (¥ - 273

keAy, leAY
reJ s¢.7
E-zyu)
-u Yy (RS
k€AY, leAs s
rej s(;Ej

Now let us define for all k € Z; and [ ¢ Z5
T(E -3y
My — 1

U
S (uj,uf) = V2n =~
This set of quantities can be considered as matrix

{S7(uf,ui)trez, € RM7*P7m7),
1477
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or, we can arrange a vector S; € R™7(P=™7) with components S (uf, uy)

ordered in some particular way. Let us notice that
Ly (X - ZM)|3 = [Ss].

Step 3 Now our goal is to show that Sy is approximately N'(0,I%) using

a version of Berry-Esseen theorem given by [2]. Represent S as
1 n
S, = SU).
J \/’Tl ];

where S() is a random vector with components

$9 ) = 2 (X)) (X))
py = 1
forall k€eZs and [ ¢Z5.

It is straightforward to verify that the covariance matrix of SU) (and hence
of Sy)is I'; from (2.2) under the condition that P> X; and (I, — P%)X;
are independent. Consider an entry of the covariance matrix of S¢) indexed
by (k,l) and (k',l'), where k € ALK € A%, r,r' € J and | € A%l €
AL, s8¢ T

Cov (sU)) wy =E (SU')(u;,u;) : S(j)(uz/,uf,))
K1)

2 [(UZTXJ‘) (up T XG) (g XG) (UfrTXj)}

(ki = 1) (s = 1)
Now, the independence of P, X; and (I, — P’;)X; implies the independence
of (uf,u}) P5X; and (uf,u},)" (I, — P%)X;, which can be rewritten as
independence of (uf' X;,uf, ' X;)T and (uj " X;,u};" X;)T . This means that

the expectation in the expression for the covariance entry can be splitted as

, 2E [(UZTXJ')(U‘Z/TXJ')} - {(UTTXJ)(UT’TXJ)}
Cov (S = .
(k1) (= ) (s — )

(k/,l/) /’(‘7‘ /’(‘s IU/r’ /J/s/

The observation that u} ' X*uf, = p*-T{k = &'} and v} X*u}; = p*-1{l = 1I'}
establishes the fact that Cov(SW)) =1I7%.
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To apply Theorem 1.1 from [2], we need to bound ]E||F}_1/2S(j)||3. First,

let us notice that
T T
ue X5 u X5
VI VIS

Further, introducing the following auxiliary matrices

(157259 (uf, uf) =

.
« def ) Uy

U <€ { b € R™7*?,
7 { 'u;ﬁ}ker

* 1
x def ) U (p—m’)x
\ — e RWPma)XP
7 { 'u:}l¢lg

we have

* 1 2 * 1 2
e X;)? (X))
I 1/2S(]) 2 _ (uk 7 . l J
Iyt = Y 3 e

k€T s I1¢T s Hs
(up " X;)? (uj T X;)? )
=9y RS A I LR UL X VX2
keZ s Fr 1¢Z 7 Hs

Then,
E| 2591 =B (U7X 1VEXS)°)
= E (s =25 X vy B e )
< B (U555 272X 1 vy S 2 X))
Observing that ||Uf72*1/2||00 = HV}Z‘*I/QHOO =1, we deduce
E||IT; 28D < BIZ 2 X)0 < ©
Therefore, Theorem 1.1 from [2] yields

1/4
2 _ 2 <P
ig]gm(HSJH <az)-P¢I* < )| S NS

or, recalling that |S7||2 = n|Ls (X — X")|2,

1/4

bS]

sup [P (nl|Ly (£ - 293 <o) — P(¢]* < 2)|
zeR

d
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Step 4 Next, for A defined by (B.1) from Step 1 we may write for any
reR

P(nlPy - Pyl322) <P (nllLs (¥ - T3 >« - 4)
+P (nllPy - Pyl —nlLs (2 - 23 > 4).
Hence,

sup (B (0| Py — P> x) B (I¢]* > 2)}

< sup (B (L (£ - 2|2 = - B) ~P(J¢]* > = - B)]

+ 32}3@”(\\5”2 >u—A) =P (¢ > )}

+P (nlPy - Pyl3 —nlLs (£ - 2|3 2 3).

The first term in the right-hand side was bounded in Step 3 by %. The

second term is bounded by S — according to the Anti-concentration
VA5 A(T%)

Lemma A.3. The last term is less than 1/n in view of (B.1) from Step 1.

Therefore,

D p* 2 o 2
sup (B (0| Py — P> =) ~ B (I€]* > =)}
1/4 A 1
<Py +=

VI ()

3

Similarly, one can verify that
sup {P (]2 = @) — P (n| Py — P53 > «) |
z€R

1/4 Z 1
A +—.
N ST TR

Putting together the previous two bounds, we derive the final result:
sup [P (nl| Py — P53 = @) ~ P (€] = o)
zeR

1/4 Z 1
it + =
M(T)x(y) "

3

<

£
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