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Abstract

This paper considers estimation and testing of multiple breaks that occur at unknown dates
in multivariate long-memory time series. We propose a likelihood ratio based approach
for estimating breaks in the mean and the covariance of a system of long-memory time
series. The limiting distribution of these estimates as well as consistency of the estimators
is derived. A testing procedure to determine the unknown number of break points is given
based on iterative testing on the regression residuals. A Monte Carlo exercise shows the finite
sample performance of our method. An empirical application to inflation series illustrates

the usefulness of our procedures.
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1 Introduction

The problem of testing for structural changes and estimating break points that occur at un-
known dates has long been discussed in the econometric literature. Most of the literature has
focused on issues about estimating and testing of single structural breaks in a univariate time

series regression framework with weak correlations. A review of this literature can be found for
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instance in Perron (2006).

Bai and Perron (1998) extended this literature by suggesting estimators and tests for multiple
break points that occur at unknown dates in a univariate time series regression. Bai (1997b)
considered estimation of a single break in a multivariate regression set-up and Bai et al. (1998)
provide tests and estimators for common breaks in a multivariate system of short-memory time
series. Qu and Perron (2007) provide a versatile framework for estimating and testing multiple
and not necessarily common breaks that occur at unknown dates in a multivariate short-memory
time series regression framework. They allow for breaks in the mean as well as in the covariance
of the system. The estimators and tests of Qu and Perron (2007) are based on a likelihood ratio
approach.

Testing and estimating structural breaks in long-memory time series is problematic as both
phenomena are observationally equivalent in finite samples and long memory can cause false re-
jections of tests for structural changes. An overview about the literature regarding this problem
gives for instance Sibbertsen (2004). Nevertheless, recently some approaches are published to
test for a single structural break in a univariate long-memory time series model. Among those
are Wang (2008), Shao (2011), Dehling et al. (2013), Iacone et al. (2014), Betken (2016), and
Wenger and Leschinski (2019). A recent overview is provided in Wenger et al. (2019). Estima-
tion of multiple breaks in a univariate set-up allowing also for long-range dependence has been
considered in Lavielle and Moulines (2000) by applying information criteria.

This paper contributes to the literature by considering estimators and tests for multiple struc-
tural breaks that occur at unknown dates in a multivariate long-memory time series regression
framework. To the best of our knowledge this is the first paper providing tests for multiple
breaks under long memory and the first paper considering breaks in a multivariate system of
long-memory time series. We extend the general framework of Qu and Perron (2007) in two
directions. First, we use a likelihood ratio based approach for estimating breaks in the mean and
the covariance of the system. We obtain consistency and the limiting distribution of these esti-
mates under long memory. Second, we provide tests on multiple structural changes generalizing
the testing ideas of Bai and Perron (1998). The tests of Bai and Perron (1998) are based on seg-
mentation of the time series and repeated testing for breaks within these segments. The limiting
distribution strongly depends on the assumption of at most weak correlations as it is derived
as the product of the limiting distributions for each segment. This does not hold true under

long-range dependence as the segments are strongly correlated and the limiting distribution of
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the test proves wrong in this situation. We circumvent this problem by suggesting to repeatedly
test for breaks on the residuals after applying our consistent break point estimator and eliminate
the largest break in each step. It turns out that all of our procedures only depend on the maxi-
mal memory parameter of the multivariate system of long-memory time series. Interestingly, the
limiting distribution of our test is different for the case where all memory parameter are equal
compared to the case where at least two of them are not equal. In order to prove our results we
derive a multivariate generalized Hajek-Rényi-type inequality under long-range dependence.
The validity of this approach in finite samples is shown in a Monte Carlo study, while the ap-
plicability in practice is demonstrated in an empirical example where we examine a system of
inflation series.

The rest of the paper is organized as follows. In Section 2 we provide the model and our assump-
tions. Section 3 contains the estimators for the break points and Section 4 provides the testing
procedure. Section 5 contains of the Monte Carlo study and Section 6 illustrates the empirical

example before Section 7 concludes. All proofs are gathered in the appendix.

2 The Model and Assumptions

In this paper we consider issues regarding the detection of structural changes in a multivariate
regression model allowing for long-memory errors. An n dimensional system of time series wu; is
said to exhibit multivariate long-range dependence or long memory with D = (d, ... ,dn), and
—1/2 <d; < 1/2 fori=1,...,n if its spectral density behaves local to the origin as

fA) ~ A(D)GA(D), (1)
where A(D) = diag(Ai(dy), ..., An(dy)) and Ap(dp) = A\~ T Nd/2 for k= 1,...,n. G is
a real, positive definite, finite and symmetric matrix and the asterix A* denotes the complex
conjugate of the matrix A. Further, the imaginary number is denoted by ¢ and dj. is the memory
parameter of series k. Furthermore, define d = max{di,...,d,}. The assumption on G is
standard in defining multivariate long memory and excludes fractional cointegration as it stands.
However, for our estimators and tests proposed later it is of no relevance whether or not the
series are fractionally cointegrated. We therefore stick to the standard assumption keeping in
mind that relaxing the assumptions on G would not effect our procedures.
For the regression model consider a system of n time series each of length 7'. We denote by m the

total number of structural changes in the system. The break dates in the system are denoted by
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the m vector T = (T4, ...,T),) and for the ease of calculation we use Ty = 1 and 1,41 =T. We
use the convention that a subscript j indexes a regime (j = 1,...,m + 1), a subscript ¢ indexes
a temporal observation (t = 1,...,T) and a subscript i indexes the equation (i = 1,...,n). The
number of regressors is named ¢ and z; is the set which includes the regressors at a point in time
t from all equations z; = (214, ..., 2q). Consider the model

ye = (I @ 2)SB; + ue, (2)
where u; is the error process to be specified more precisely below with mean 0 and covariance
matrix ¥; for Tj_1 +1 <t <T; (j = 1,...,m+1). The matrix S is a selection matrix with
entries 0 and 1. It is of dimension ng x p with full column rank. In regime j the parameters to
be estimated are given by the p vector 8; and the matrix ;. Restrictions on the parameters

should be allowed by our model so we introduce r restrictions given by

9(B, vee(X)) = 0,
where 8 = (81,...,8,41), ¥ = (1,...,Emy1) and g(-) is an r-dimensional vector. This setting
is even capable of expressing cross-equations restrictions across regimes.
We rewrite Equation (2) in order to lighten the notation by introducing the p x n matrix x; that

is defined by z} = (I ® z;)S. This gives

ye = x1Bj + e (3)
for ;1 +1 <t <T; (j=1,...,m+1). Furthermore, we rewrite Equation (3) using matrix
notation. To this end let Y = (y},...,y7)" be the nT vector of dependent variables, U =
(u},...,u7)" the error vector and let the nT x p matrix of regressors be X = (x1,...,z7)".
Now form the block partition X of the matrix X: For a given partition of the sample using the
breaks (11, ...,Ty,) we define X as the nT x p(m + 1) matrix X = diag(X1,..., X;nt1), where
Xi(j=1,...,m+1) is the n(Tj — Tj—1) x p subset of X that corresponds to observations in
regime j. Similarly we define the subvector U; of U. Using these symbols we can express the
regression system (3) as Y = X3 + U. In the following the true values of the parameters are
denoted with a 0 superscript, e.g. the data generating process is given by Y = X°8° 4+ U. Here,
the term XY is the diagonal partition of X using the partition of true break dates (17, ...,T9).
We impose the following set of assumptions. Note that the assumptions are similar to those of
Qu and Perron (2007) with the difference that we allow the errors u; to be long-range dependent.
However, we assume that the memory is only introduced through the errors u; and thus that the

regressors x; are mostly short-range dependent such that the process xyu; is of the same order of



integration as uy. This is a simplyfying assumption which is not necessary. Technically it would
be possible to allow also for long-memory regressors with an order of integration smaller or equal
than one as long as they are independent of the errors. However, this would complicate the proof
of our property five below and furthermore lead to identification problems in practice as the
order of integration of the observation would be determined by the maximum of the integration
order of the regressors and errors. As the proof of our property five in the case of integrated
regressors rely on a correct differencing of the regressors our procedure may become infeasible in
practice.

T |+l

. -1
ASSUMPTION 1. For each j =1,...,m+1and l; <T) — T} ,,[; Zt:T;LlH

a.s.
zery = QY as

l; — oo, with Q? being a nonrandom positive definite matrix not necessarily the same for all j.

ASSUMPTION 2. There exists an [y > 0 such that for all [ > [y, the minimum eigenvalues of
T+ T9 )
! ZjJ:TQ—s-l zyx} and of [71 > o, wewy are bounded away from zero (j =1,...,m).
J J

AssuMPTION 3. The matrix Zi:k xpxy is invertible for [ — k > ko for some 0 < kg < oo.

ASSUMPTION 4. It holds that
oo
Ut = A(L)&t = ZAjEt_j,
§=0
where the innovations e; = (g¢1, . . ., €t,) are n-dimensional martingale differences with respect to

the o-field §; generated by €5, s < t. Hence F(g|F¢—1) = 0 and it is assumed that E(etsg\gt_l) =

I, a.s. Additionally for some § > 0 we assume the moment condition sup; £ |z—:t7k|2+5 < oo for

k=1,...,n. For the coefficients A; we assume that asymptotically
jdlfl jdnfl
A; ~ dia Yy I, as j — 0o,
S <r<d1> r<dn>> ’

where II is an n x n matrix independent of D = (dy,...,d,).

ASSUMPTION 5. Assumption 4 holds with u; replaced by zyus or upuy — E? for T]Q_1 <t< T]Q

G=1,....,m+1).

AssSUMPTION 6. The magnitudes of the shifts satisfy ﬁ%jﬂ — ﬁ%j = v7d; and Z?+1,T — E?,T =
vr®;, where (0;,®;) # 0 and independent of T'. Moreover, vp is either a positive number
independent of T or a sequence of positive numbers that satisfy vy — 0 and T2~ %y /(log T')? —

Q.

ASSUMPTION 7. We have (8%,%°) € © with © = {(3,%) : |8 < c1, Mnin(Z) > €2, Amax(X) <
c3} for some ¢ < 00,0 < 2 < 3 < 00 and Apin and A\pax denote the smallest resp. largest

eigenvalue.



ASSUMPTION 8. We have 0 < \) < --- < A0 <1 with T? = [TAY].

Our assumptions include the standard FIVARMA model as well as long-memory panel models
and regression models with exogenous regressors and long-memory errors. However, unit root
regressors are ruled out by Assumption 1 although in general regressors may be trending. More-
over, the regressors can have different distributions in different regimes. This is necessary because
a change in a dynamic model leads to changes in the moments of the regressors. Assumption
2 rules out the case of local collinearity which makes the breaks identifiable. Assumption 3 is
a standard invertibility assumption. Assumption 4 to 5 state that we consider a long-memory
regression framework and that the order of integration is solely determined by the errors w;.
We additionally assume bounded moments of order 2 4+ ¢ for some § > 0 for us, xsus and utu;
to obtain strongly consistent estimates of the parameters and a well-behaved likelihood. As-
sumption 6 ensures that the breaks are asymptotically non-negligible. Using a fixed vy captures
large breaks whereas a shrinking vy gives small and intermediate breaks in finite samples. The
latter ensures an asymptotic theory for the break dates estimators which does not depend on
the actual distribution of the regressors and errors. It should be noted that we assume the break
size to depend on the memory of the errors. The higher the persistence of the errors is the larger
the break need to be in order to be detected. Assumption 7 makes sure that the errors have
a non-degenerate covariance matrix and a finite conditional mean and Assumption 8 ensures
distinct breaks. It should be mentioned that no other assumptions on the breaks are needed.
This includes that the breaks do not need to be contemporaneously in each series. So we allow

each series to have breaks at different times or not to break at all.

Later when we introduce our testing procedure in order to derive the limiting distribution of
the test under the null hypothesis of no structural change, we impose the following additional

assumptions.

ASSUMPTION 9. We have 7! ngl] z) B sQ, uniformly in s € [0,1], for Q being some

positive definite matrix.

AssuMPTION 10. The errors {u;} form an array of long-range dependent processes as defined
in Assumption 4 and, additionally, F(uzu}) = X0 for all t and T—/2-P EEEE Ty = OV2Wp(s),
where ® = plim;_, . T 1 X'(I,®%°) X and Wp(s) is a vector of independent fractional Brownian
motions of type I. Also, with 7 = (91, ...,7m) = (2°)"/2u;, we have T—1/2-D 21[281} (g —

I,) = &p(s), where €p(s) is an n x n matrix of fractional Brownian motion processes with
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Q = Var(vec(ép(1))). Also assume that E[minyns]) = 0 for all k, 1, h and for every ¢.

Assumption 9 rules out trending regressors and requires that the second moment matrix of the
regressors converges in probability to the same limiting matrix throughout the sample. This
entails we do not allow for a change in the distribution of the regressors without a change in
the coefficients of the regressors. In addition, Assumption 10 requires the error process to be
stable throughout the sample so that a functional central limit theorem applies to the product
of regressors and errors. For a detailed discussion of fractional Brownian motions of type I and

type II c¢f. Marinucci and Robinson (1999)

3 Estimation of the Break Dates and Model Parameters

We estimate the break dates and the number of breaks by restricted Quasi-Maximum Likelihood
conditional on a given partition of the sample 7 = (T1,...,T,,). Our tests for the number of
breaks is then based on the likelihood ratio statistic. Assuming Gaussian serially uncorrelated

errors the quasi-likelihood function is given by
m+1 T}

o785 =1 1] s 859,

Jj=1t=T;_1+1

where
1 1 ’ /' ~—1 ’
f(yelze; By, %5) = @2, i P —glye — 2Bl B g — 2Bl ) -

The quasi-likelihood ratio statistic is given by

1
Hm+ Ht T 1+1 fyelze; By, )

. .
Hm+ 1= TO 1f(yt’33t75?729)

We aim now to estimate the values of (71, ...,T,, 5,%) under the restriction g(8,vec(X)) = 0.

LRT(T 57 )

This is done by maximizing the objective function

RLR7(T. %) = LRr(T. 5.5) + X g(8, vec()). (4)
We need one further assumption about the minimal regime length.
AsSSUMPTION 11. The maximization of the objective function (4) is taken over all partitions
T=(T1,....,Tn) = (TA,...,TAy) for some € > 0 in the set

AE = {()\1,...,)\m)2 ‘)\j+1 —)\j| Z E,)\l Ze’;‘,)\m S 1 —8}. (5)

This assumption is standard in the structural breaks literature and says that some percentage

of the data needs to be skipped at the beginning and the end of the observation period before
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the maximization of the likelihood and thus that potential breaks can not happen in a possible
small environment of the first and the last observation. Other than in Qu and Perron (2007) this
assumption is essential for our procedure to work as property 2 in the appendix and therefore
the consistency of the breakpoint estimators proves wrong otherwise. Qu and Perron (2007)
prove these property and consistency of the estimator when maximizing over the whole sample
by means of the standard law of iterated logarithm. As this does no longer hold under long
memory and needs to be replaced by a law of iterated logarithm for fractional Brownian motions
the arguments used to prove property 2 do no longer hold and the property does not apply.
However, these arguments are needed for the endpoints only and therefore assuming assumption

11 circumvents this problem.

We can now establish the rate of convergence of these estimators under long-range dependencies.

Lemma 1. Under Assumptions 1 to 8 and 11 we have for j = 1,...,m, Tlf?du%(j“j - T]Q) =

Op(1) and for j=1,...,m+1, TY*=4(B; — 89) = Op(1) and TY/*~4(5; — £9) = Op(1).

The proof of this and all following results can be found in the appendix. These results are
similar as those in Bai (1997b), Bai and Perron (1998), Bai (2000), and Qu and Perron (2007),
but account for the long-range dependencies in the error terms. Also in our case the rate for the
break dates is fast enough not to effect the estimation of the model parameter asymptotically.

Therefore, we have the following result that we state without proof.

Lemma 2. Under the Assumptions of Lemma 1, the limiting distribution of T1/2_d(3 — BY) s

the same as that for known break dates.

These results are necessary to our tests on the number of potential break points later. However,
it allows us also to derive results regarding the limiting distribution of the restricted likelihood
under long memory. We can now split the restricted likelihood in one part only containing
the break dates and the true parameter values so that restrictions to these values do not affect
the estimation of the break dates. The other part involves the true values of the break dates
and model parameters and the restrictions such that the limiting distribution of the model
parameters is affected by these restrictions but not by the estimation of the break dates. With
these comments in mind it is obvious that Theorem 1 of Qu and Perron (2007) still holds under
our set of assumptions, where the aforementioned split of the maximization problem in a term
concerning the estimate of the break dates and a term that does not involve the break date

estimates is made mathematically precise.



Moreover we would be able to show that Theorem 2 of Qu and Perron (2007) still holds under
long-range dependence. This result concerns the limiting distribution of the break dates. The
drawback of this result is that the the limiting distribution of the break dates depends on the
true error distribution. This is a standard problem in the structural breaks literature and is
usually accounted for by assuming shrinking breaks with an increasing sample size. However, to

do so trending regressors need to be ruled out.

ASSUMPTION 12. Let ATO = T]Q — T]Q_l. For j = 1,...,m, as AT]Q — 00, uniformly in
AT /
s € 10,1], (AT]Q) Zt7T10+8 ']xt:vt iRt sQ? with Q? being a nonrandom positive definite

matrix not necessarily the same for all j.

With this assumption we obtain the following limiting distribution for the break dates.

Theorem 1. Let n; = (i1, -+, M) = (E?)_l/zut fort € [Tjof1 + 1,T]Q] and assume that
E[ngenan) = 0 for all k,1,h and for every t. Under Assumptions 1 to 8 and 11 and 12 with
vy — 0 such that TY?~ %y /(logT)? — oo as T — oo and with = denoting weak convergence

under the Skorohod topology, we have, for j =1,...,m

Jul
A2 . 5+ Wia(u), foru<0
O R E R (6)
1,j ul Aoy

I
SN +FfjW a(u), foru >0,
where

1 :
25 tr(A%’j +4 QLj(Sj),
1 :

Az =5 tr(A3; + 0 Q2,8;),

Arg =(ENVA(E) ) ey (=)

Agj =29, V2B o2y, )2
1 : , 1/2
FlJ = (4 VGC(ALJ) Q%j VeC(ALj + (5]-1_[17]'(5]')

1 , , 1/2
FQ,j = (4 VeC(AQJ) Qg’j VeC(AQJ' + 6jH2,j5j>

0
T;

Q1,5 :PﬁmT—wo(TgQ - Tgo—l)_l Z (29+1) 1371:
t:T]§’71+1

0
T3

Q2 =plimr_, oo (TP —T)) ™" D @(5) ey,



and

0
J
My = fim Var§ (7 =T7)77 | > a(®0)7 () e
t:TJ{lH
[ T
IIp,; = Hm Var (T =T 2| > (BN EH) e ¢
t:T]Q—i—l

with W q4(s) a fractional Wiener process defined on the real line and

T0
J
Q?J :jlgr;OVar vec (TjO — TJ(']_l)_l/2 Z (meny — In) )
=T
[ T
Q%j :Th_r)réo Var | vec (TJQH - T]Q)_l/2 Z (e — In)
t:TJQ+1

4 Testing for Multiple Breaks in Multivariate Time Series

In this section we first introduce two likelihood ratio based tests for multiple breaks in a multi-
variate system of long-memory time series. The first procedure tests the null of no break against
the alternative of a prespecified number of breaks whereas the second tests against the alterna-
tive of an unknown number of breaks given an upper bound. Iterative application of the second
procedure is one of the main ingredients of our proposed procedure to identify multiple breaks
in a long-memory framework.

Our tests allow only a subset of the coefficients of the regressors 3 or of the covariance matrix
of the errors 3; to change per regime j, where 1 < j < m. We acknowledge this dependence on
the specification in our test statistic by introducing the numbers py, npg and ny,. Considering

the system specification
yt:xgtﬁa—i-xgtﬁbj—kut for T, 1 +1 <t <T; Gj=1,....,m+1),
pp describes the total number of coefficients allowed to change across regimes, i.e. [(y; is a pp
dimensional vector. Moreover for the covariance matrix of the errors
¥, = E(uuy) T, 1 +1<t<T; j=1,....,m+1),
we allow nyg diagonal entries of ¥; and ny, entries in the upper triangle of 3; to change across
regimes. To simplify notation we also need the full row rank matrix H of dimension (npq +

2npo) X n?. This is chosen such that H vec(X) is the nyg + 2np, dimensional vector of the entries

allowed to change. Thus, it contains both upper and lower triangle covariance entries.
First, we introduce a likelihood ratio test of no break versus the alternative hypothesis of precisely

- 10 -



m breaks under long memory;, i.e.

Ho: K =0 Vs Hi: K =m.
We denote the log-likelihood value by log ﬁT(Tl, ..., T). Then the test is the maximal value of
the likelihood ratio over all admissible partitions in the set A, defined by Assumption 11, that
is,

1 R -
757 Sup LR (m, py, npd, Mo, €) sup 2 [log Lp(Ty,...,Ty) —log Lt

T T am)eA.
2 A A N ~
= 7T2d [log LT(Tl, cee ,Tm) - log LT], (7)

where the log-likelihood log Ly is obtained by estimating 8 and ¥ under the null hypothesis
of no break. The list of estimated break points (T Tyevns Tm) contains the QMLE obtained by
considering only those partitions in A.. As we assume a minimal length ¢ for each segment this

parameter will affect the limiting distribution of the test.

Theorem 2. Under Assumptions 1-11 with the sup LRy (m, py, N, Mo, €) test constructed for

an alternative hypothesis Hy in the class of models described in this Section,
1 m .
T2d SUP LRy (m, py, Nod; Mbo, €) = SUp Z LR;(\, d,pp,ny)
(At Am)eAs S
with
NWE (Nig1) — N W ()]
LR\ d, po, i) — AW o, (Nj1) = Ajsa Wi, ()]
(A1 = Aj)AjAj41

(A Weanr Njs1) = Ajra W e (\)) HQH'

L1

2
X (A Wenr (Njr1) = Njra Wir (A1) /(Ag1 = X)) A A1),

where A = (A1, ..., Am) and Apmi1 = 1. The vectors W, (-) and Wczn;;(') are of dimension py

resp. ny = (Npqg + 2np) writing d = (di, ..., dq) with g € {py,n}} and nj = rank(H). They are

defined as

WJ<) Z'fd‘ = MaX(<i<n d;,
WB,n() = (Wjj()) . , W;J() — d J 1<i<

7j=1,..n
0 else,

where Wy is univariate fractional Brownian motion of type I with memory parameter d.

Note that the limiting distribution depends on the number of series having the maximal memory
parameter. Only the series in the test statistic with the maximal memory parameter in the vector

of memory parameters D = (dy,...,d,) contribute asymptotically to the limiting distribution.

The second test statistic tests the null hypothesis of no break against the alternative of m breaks,

11 -



1 <m < M for some upper bound M, i.e.

HQ:K:0 Vs H: 1<K <M.
Bai and Perron (1998) suggest to use a so-called double maximum test. The test statistic is
given by

UDmax LR (m, py, Nd; Mo, €) =  Jnax, sup LRy (m, py, Nbd, Mo, €)- (8)

The asymptotic distribution for this test statistic can be obtained in the setting of Theorem 2.

We have

m
UDmax LRy (m, pp, Npd, Mbo, €) =  max sup ZLR]-()\, d, pp,nj).
L<mSM (A1, Am)EA. =

Critical values for different values of d and m are given in Tables 4 to 6 in the appendix.

For our iterative procedure below it is also essential to mention that the UDmax test enjoys
pitman efficiency. This follows directly by noting that the tests are likelihood ratio type tests
and applying the usual Taylor expansion argument to derive consistency of likelihood ratio tests
also delivers the result in our set-up.

Now we are in the position to introduce an iterative method that can be used to determine the
unknown number of breaks in a multivariate system of long-memory time series. It is inspired
by applying the UDmaxz LR7 test in (8) repeatedly. Therefore, the method requires fixing an
upper bound on the number of breaks M in advance. It is a residual based iterative procedure,

so that we shorten it as REBIT. It proceeds as follows:

1) Set m = 0.

(1)

(2) Estimate m breaks in the original system of time series y; and save the residuals.

(3) Conduct the UDmax LRy test with Hy: I =0 vs. Hy: 1 <1< M — m on the residuals.

(4a) If the test rejects and m < (M — 1): set m = m + 1 and reiterate from (2).

(4b) If the test cannot reject: the detected number of breaks is m. Furthermore, if m = M — 1:
the number of breaks is greater or equal than the previously chosen upper bound M.

The method ends if the applied test cannot reject (or the user chosen upper bound is reached).

Therefore, in a situation with an unknown number of breaks the iterative method suggests m

breaks where m is the number returned by the method.

It should be mentioned that the sup LRz is not applicable in the suggested procedure since a

true break number k such that k£ # 0 and k # m is neither covered by the null nor by the

alternative hypothesis.
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Note that the estimation of the break dates in step (2) is always performed on the original
time series. That is the residuals are always estimated from a global optimization. Hence,
the estimated break dates from different iterations do not depend on each other. Therefore,
our procedure avoids the usually problematic situation of using residuals of residuals. From
Lemma 1 we thus obtain consistency of our break point estimates in each step. The break point
estimates in underspecified models are consistent as has been shown by Bai (1997a) and Bai and
Perron (1998) for breaks in the mean. By similar methods one could therefore show that our

procedure estimates some true break points if the number of true break points is underspecified.

Note that we do not estimate any break in step (2) if m = 0 (first iteration), so "saving the

residuals" refers to using the original time series in the following steps.

Whereas the estimation in step (2) is done on the original system of time series, the testing in

step (3) is conducted on the residuals.

This iterative procedure avoids splitting up the sample as suggested in for example Bai (1997b)
which is not possible under long memory and allows us to use the limiting results in Theorem 1
and 2 which are derived under long-range dependencies. The following Theorem states that our

procedure has a hit rate of (1 — «)% where « is the level of the break point test in Theorem 2.

Theorem 3. Let a be the significance level of the break point test in Theorem 2. Under As-

sumptions 1-11 the REBIT procedure has a hit rate of (1 — «a)%.

The hit rate can be made converging to one by choosing the critical value of the break point test
to be sample size dependent «/T. However, this is not further considered here as the sample

size is given fixed in practice.
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5 Simulation results

We conduct two Monte Carlo simulation studies to examine the finite sample properties of the
break point estimator and our proposed REBIT procedure. We consider a bivariate model of
fractionally integrated white noise processes

X1 = A%y,

Xot = A% uy,
with long-memory parameters chosen as D = (d;, d2) = {(0,0), (0.2,0), (0.2,0.2), (0.4, 0), (0.2,0.4),
(0.39,0.4), (0.4,0.4)}. To estimate D, we apply the multivariate local Whittle estimator by Shi-
motsu (2007) using a bandwidth of |T2/3]. To test the procedure the nominal significance level
is @ = 5%, we choose € = 0.05, and M = 1,000 replications.
We choose m = 0,1, 2,3 breaks which are uniformly allocated to the two series such that the
distance between the breaks across both series is the same. Whether the breaks are positive or

negative is randomly chosen. We make the break size dependent on the memory parameter as

follows
B=nrT412, (9)
where [ is the break size, d = max(d;,dz), and & is a finite constant.

In Tables 1 and 2 we report the bias resp. the MSE of the estimator if the number of breaks
m is known. We observe that increasing k, i.e. the break size, or o, i.e. the correlation in the

bivariate system, decreases bias and MSE.
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Breaks 1 2 3

dy dy o/ Kk ||3 6 3 6 3 6

0 0 0 0.000696 10 | 0.000 741 50| 0.106 608 00 | 0.063 163 25 | 0.085 305 86 | 0.054 599 75
.5 0.00017570|0.00281120 | 0.09984033|0.05071758|0.081 558 18 | 0.048 461 56

20 0 0.001 07860 | 0.000 04050 | 0.001 394 58| 0.00012347|0.011 31272 | 0.000 257 08
5 0.000791 60| 0.00003820 | 0.00111413|0.00022942|0.003 724 34 | 0.000082 71

4 0 0 0.00001930 | 0.000011 60| 0.000 04940 | 0.000 00547 | 0.000 042 55 | 0.000 01097
.5 0.000007 30 | 0.000003 80| 0.000024 57 | 0.000 009 88 | 0.000 007 14 | 0.000 008 01

2 .20 0.000551 00| 0.000004 80 |0.00237749|0.00034437|0.01161207 | 0.000 376 60
5 0.000586 10 | 0.000 026 60 | 0.001 655 75 | 0.000 11598 | 0.003 805 34 | 0.000 133 23

4 .20 0.00001340 | 0.000 00090 | 0.000 034 23 | 0.000 006 97 | 0.000 019 87 | 0.000 009 67
.5 0.00001740|0.000003 10| 0.000011 36 | 0.000 003 32| 0.000 029 16 | 0.000 008 34

Table 1: Bias of the suggested estimator.

Breaks 1 2 3

dy dy o/ Kk ||3 6 3 6 3 6

0 0 0 0.086 84757 |0.044 528 43 | 0.123 64593 | 0.082614 74 | 0.130 690 19 | 0.087 243 98
.5 0.08087734|0.03197587|0.11534319|0.069 15092 | 0.122 001 24 | 0.079 260 33

20 0 0.002929 25| 0.000091 31 {0.01396503 | 0.000204 09 |0.032 434 71 | 0.000 346 61
5 0.001 28793 |0.000049 59 | 0.00581766|0.000108 77| 0.017 118 46 | 0.000 174 99

4 0 0 0.000005 02 | 0.000 00026 | 0.000010 77 | 0.000 000 51 | 0.000 016 25 | 0.000 000 77
.5 0.00000291 | 0.000 000 12| 0.000 005 51 | 0.000 000 25 | 0.000 008 58 | 0.000 000 37

2 20 0.003 393 87| 0.000094 32| 0.013 845 58 | 0.000 206 51 | 0.031 960 04 | 0.000 373 27
5 0.001 33191 |0.000049 85| 0.005 36097 | 0.000 108 77| 0.016 500 71 | 0.000 181 54

4 .20 0.000004 87 | 0.000 00024 | 0.000011 32 | 0.000 000 51 | 0.000 016 52 | 0.000 000 79
.5 0.00000291 | 0.000 000 12| 0.000 005 77 | 0.000 000 26 | 0.000 009 38 | 0.000 000 37

Table 2: MSE of the suggested estimator.

The asymptotic critical values we use are simulated for different combinations of D = (d;,ds)

by approximating the stochastic integrals by partial sums and can be found in Table 4 to 6 in

our online appendix. They are based on 10,000 Monte Carlo replications with 1,000 increments

per path of the fractional Brownian motion. We obtain the corresponding critical value for an

estimated value that is between two simulated d-values by linear interpolation between these two

values.

In Figure 1 we report the hit ratio, i.e. how often our procedure detects the true number of

breaks, dependent on k£ with 7' = 1,000. The case of m = 0 is implicitly given for x = 0.

First, we observe that in all cases we obtain a hit ratio smaller than 5% (our nominal significance
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level) when x = 0, i.e. we have no breaks in the series. For all combinations of D = (di,ds)
we observe that the hit ration increases as the break size increases. Additionally, we see in all

graphs that the more breaks we have the larger their size needs to be to obtain a higher hit ratio.
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Figure 1: Hit ratio of our REBIT procedure for different values of d; and ds where the true
number of breaks is m. The parameter xk on the x-axis is related to the break size, which
increases as k increases. The value on the y-axis provides the hit ratio of our test, i.e. whether
the true number of breaks is detected. T = 1,000, the memory parameter is estimated by
multivariate local Whittle estimation, the series have correlation parameter p.
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6 Empirical Application

Inflation is one of the key variables in macroeconomics since it is assumed to determine un-
employment and national output. Over the past years numerous empirical studies found that
inflation rates possess significant autocorrelations at large lags and a pole at the periodogram
at Fourier frequencies local to zero (Hassler and Wolters (1995) or Kumar and Okimoto (2007)

among others). This can be seen as an indication that inflation rates follow a pure long-memory
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Figure 2: Monthly inflation rates of France and Germany from 1970 to 2019. The dotted red
vertical lines refer to the mean shifts our procedure detected. The bold red horizontal lines refer
to the estimated means in each partition.

process, but similar time series features can also be generated by short-memory processes that
are contaminated with breaks, which is referred to as spurious long memory (see for example
Diebold and Inoue (2001), Granger and Hyung (2004), Mikosch and Starica (2004)).

Standard estimation procedures of the long-memory parameter are biased upwards in the pres-
ence of breaks. The other way around standard testing procedures for shifts detect too many
breaks in a long-memory time series. The literature is therefore unclear about the nature of
the underlying process of inflation time series. On the one hand Hassler and Wolters (1995)
and Baum et al. (1999) argue, for example, that an ARFIMA model can describe inflation rates

well. Bos et al. (1999) and Morana (2002) on the other hand find evidence of structural breaks
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in international inflation rates and Gadea et al. (2004) shows that the memory of the series
is reduced when structural changes are allowed. Many recent contributions favor a mixture of
long-memory models and structural breaks (Kumar and Okimoto (2007), among others).
However, whether the series follow a pure long-memory process, a short-memory process with
breaks or a mixture of long memory and breaks is of major importance for policy makers: if in-
flation rates are persistent, monetary policy actions need more time to unfold their effect, which
is more expensive.
Our testing procedure allows to detect the true number of breaks for multivariate time series
that are allowed to possess long memory. Therefore, it can be used to examine the properties of
the underlying process of inflation rates. We use monthly CPI data (P;) from January 1970 until
May 2019 of Germany and France available from the OECD! to calculate inflation rates (m;) as
m = 100(logP; — logP;—1).
As a result we have 592 observations that are further seasonally adjusted. Figure 2 illustrates
the bivariate time series along with the detected break points and partitions. Table 3 provides
further results of our testing procedure and regarding the persistence of the raw and the demeaned
inflation series.
The left hand side of Panel A of Table 3 shows results regarding the persistence of the inflation
series. In line with earlier empirical results (see, for example, Hassler and Wolters (1995) or Bos
et al. (1999)) the multivariate local Whittle estimator (GSE) by Shimotsu (2007) estimates high
values of d for the raw data such that both series seem to be highly persistent. However, there is
evidence that the long-memory time series are contaminated by breaks, which lead to an upward
bias of the memory parameter estimates of the GSE (Mikosch and Starica (2004)). First, the
multivariate test against spurious long memory (MLWS) by Sibbertsen et al. (2018) rejects the
null hypothesis of pure long-memory processes at a 1% significance level. Second, applying the
(univariate) trimmed log-periodogram estimator (tGPH) by McCloskey and Perron (2013) on
both inflation series, we observe that the memory decreases. Therefore, we apply our procedure
that can consistently detect and estimate multiple shifts in the bivariate system of inflation series.
The results can be seen in Panel B of Table 3. We observe that the first structural break our
procedure detects was in May 1973, which is a few month before the first oil crisis. We further see
that the mean in the second partition of the inflation series of France increases heavily while the

mean in the series of Germany decreases. The second structural break is detected in November

"http://data.oecd.org/price/inflation-cpi.htm
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Panel A: persistence

raw series demeaned series

dasg MLWS  digpg | dgsg MLWS

France 0.567 9 51 0.231 | 0.234 1 997%
Germany | 0.375 0.230 | 0.250

Panel B: breaks

‘ # breaks breakdates
REBIT | 2 05/73, 11/84

Table 3: Panel A presents results regarding the persistence of the system. On the left hand
side of the table the memory of the raw inflation series is estimated applying on the one hand
the multivariate local Whittle estimator (GSE) by Shimotsu (2007) with a bandwidth of m =
| 7%/3| and on the other hand the trimmed log-periodogram estimator (tGPH) by McCloskey and
Perron (2013), which is robust against shifts, with m = | 78] and the constant that determines
the trimming of € = 0.05. Furthermore, the test statistic of the multivariate test against spurious
long memory (MLWS) by Sibbertsen et al. (2018) is given with m = [T%3] and trimming
parameter € = 0.02. Here, *** denotes significance at 1%, ** significance at 5% and * significance
at 10%.

On the right hand side of the table the GSE estimates of the memory as well as the result of the
MLWS test are given for the demeaned time series. The demeaning was executed with regard to
the break dates detected by our REBIT procedure.

Panel B presents the number of breaks and corresponding break dates detected by our REBIT
procedure.

1984 which could be connected to the 1980s oil glut. We observe that the mean of both inflation
series strongly decrease in the third partition of the series.

The other two procedures we consider are the SEQ(I + 1]1) test of Qu and Perron (2007) and the
F(l 4+ 1]1) test of Bai and Perron (1998). The F(I + 1|I) test detects 12 breaks in the inflation
series, the SEQ(! + 1|I) test more than 19. Some of the detected break dates are similar to the
ones found by the REBIT test, but the other two tests find more breaks especially at the end
of the sample. This can be reasoned by the fact that both procedures are not robust under
long memory. The robust tGPH estimator by McCloskey and Perron (2013) indicates that there
is still memory left apart from the upward bias in standard long-memory estimation methods
induced by breaks.

To further investigate whether the REBIT procedure detects the relevant breaks, we examine the
demeaned inflation series (demeaning is executed with the two breaks our procedure detected).
The results of the GSE estimator and MLWS test can be seen on the right hand side of Panel A
of Table 3. The estimated memory by the GSE strongly decreases to a value around 0.24 which is

similar to the tGPH estimate of the raw series. Furthermore, evidence of spurious long memory
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also lessens since the MLWS test is just significant at the 10% significance level. Therefore, we

conclude that our procedure detects all relevant breaks of the bivariate inflation system.

7 Conclusions

This paper contains to the best of our knowledge the first procedure for testing for multiple
breaks in a long-memory time series framework. We embed our procedure into a multivariate
system of long-memory time series allowing for breaks in the mean as well as in the covariance
matrix. The breaks are allowed to appear contemporaneously or at different times. Our assump-
tions on the breaks are fairly general basically just assuming that the size of the breaks depends
of the memory of the underlying time series.

The procedure consists of iterative testing testing for m structural breaks with m increasing
in each step. It therefore avoids splitting the sample in segments as in Bai (1998) and others
which is not possible under long memory. Our test and break point estimator in each step is
Likelihood-ratio based. The consistency and limiting distribution of both procedures are derived.
Interestingly, the limiting distribution of the test depends on the one hand only on the maximum
of all memory parameters but on the other hand on the number of series having this maximum
memory.

A Monte Carlo study demonstrates the finite sample properties of our procedure and an appli-

cation to inflation rates is usefulness in practice.
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Appendix

A Proofs

This section contains the proofs of Lemma 1 and Theorem 1 and 2. In order to prove these
results we need a generalized Hajek-Rényi inequality, a strong law of large numbers (SLLN)
and a functional central limit theorem (FCLT) that hold under our stated assumptions and in
particular under long memory. We collect them in separate Lemmas in Section A.1. Afterwards
we show in Section A.2 that under our set of Assumptions 10 properties of the quasi-likelihood are
satisfied that have been considered in Bai et al. (1998), Bai (2000) and Qu and Perron (2007). The
proofs can be found in an online appendix. We prove consistency of the break point estimators,
i.e. Lemma 1. In Section A.4 we proof the limiting distribution of our test statistic, i.e. Theorem

2.

A.1 Proof Generalised Hajek-Rényi Inequality, SLLN, FCLT

Lemma A.1 (Generalised Hajek-Rényi Inequality). Let (&)i>1 be a sequence of mean zero R-
valued random vectors. Define Fj, as an increasing o-field generated by (&;)i>k. Suppose (& )i>1
satisfies Assumption 4 with x;u; replaced by &;. Then there exists an L < oo such that, for every
d >0 and m > 0, P(Supg>y, k*1|]Zf:1 & > 0) < (L)5?m2@71), where d = dmayx is the largest

memory parameter of the elements of the vector €.

Proof. In the following we write for the partial sums M;.; = {:i &. We start by noting
1 = 1
- . < - . . .
P (gag M > 5) < pE_OP <2p<;?i3§+1m [ M| > 5> (A1)

To simplify notation we write S;.; = maxy—; ;1/k|Mi.x||. We need the following auxilliary

result:
A(d)C(g) oy~ (1)
) < f4—7 7 —
P <1§1]3<Xn1/k”M1.k” > 5) <4 " tEZI 2 ) (A.2)
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Suppose (A.2) holds. Then we can write

1 1 )
—|| M. <P(——||My. g
P(, max Mkl > 0) <P( liMim] > 5) (A.3)
)
+ P(29m+1rr<ll?§29+lm k ” 212044 | > 2)
A()C(e) A()C(e) - (1)}
€ 2d—2 € 2
A e B ()
t=2Pm+1
A(d)C(e _
§852)(2pm)2d 1.
Using equation (A.1) we have
1 S 2a-1 _ L 241
i (glzagg 21 Ml > 6) < g A1) ,;0 (2Pm)* ™t < Sm (A.4)

where L < oo is a constant.

We prove equation (A.2) by the Markov inequality. To simplify notation we write S;.; =

maxy—;..; 1/k||Mi.k||. Specifically, we set out to prove

B (8%,) < CRAD Y 5. (A5)

If equation (A.5) holds, our auxiliary result (A.2) is proven by the Markov inequality. The claim
in (A.5) is proved by induction on n. For n = 1 the inequality is obvious for A(d) = 1 because
of the following inequality: Kechagias and Pipiras (2015) proved that for the partial sums M;.;

there exists C'(e) < oo such that, for all 4, 7,
B (IMi]?) < Cle)]j —i+ 1P+, (A.6)

For the induction step we set m = [§] + 1. Then, we note that

1 1 2 1 2\ /2
— . < — . — . . .
a3 (M| < li.m+<(k max )+ (x4l ) (A7)

1,...,m— 1k‘ s

Applying the Minkowski inequality to the above inequality yields

B (53)" < (BMun )2+ (B(STo) + B(Shi10)) (A3)
m—1 n 1/2
g% (C(e)m2d+1)1/2 + <A(d)C(s) <(m —1)2 ) %2 +(n—m)* Y ;))
) 1/2 . ,,j:l 1 . t:1772+1
< <C(5) 2‘12152) + (A(d)C(s) (g) ( 1 rha thz))
t= t= t=m+

o\ A(d)\ 2
< (C(a)n2d2ﬂ> (1 + ( 53 ) ) 7
t=1

where we used equation (A.6) and the induction hypothesis in the second line and the fact that

1 <371, 1/t? in the third line. Now we choose A(d) such that
A(d)l/z

1+ od

< AdYV? = Al > <1 - 21d> - > 1. (A.9)
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The induction step is proven and thus this concludes the proof of inequality (A.5). O

To state the following Lemma we repeat the notion of multivariate fractional Brownian motion
(cf. Marinucci and Robinson (2000), Davidson and Jong (2000), Chung (2002)). We denote by
Wp(t) = Wy, (t),...,Wq,(t))" an n-dimensional fractional Brownian motion with n different
memory parameters D = (dy,...,dy)". Each Wy, (t) is a one-dimensional fractional Brownian

motion defined by

W, (t) = 1“(di1+1) (/Ot(t - S)didWéi)(s) + /0 <(t —s)di — (_s)di> dWéi)(3)> , (A.10)

— 00

where Wo(i) (t) is the ith element of an n-dimensional Brownian motion with the covariance matrix

Q.

Lemma A.2 (FCLT, SLLN). Let (&)i>1 be a sequence of mean zero Re-valued random vectors

that satisfy Assumption 4. Then

(a) (FOLT)
[17]

diag(7~1/2~ 4 77y N g = QWp(r), (A.11)
t=1

where Wp(r) is an n vector of independent fractional Wiener processes and = denotes
weak convergence under the Skorohod topology;

(b) (SLLN)

k
k1 Zfl 2250 as k — oo; (A.12)
1=1

Proof.  a) Under our Assumptions Theorem 1 of Chung (2002) holds and gives this result.

b) Under our Assumptions Corollary 3 of Wu (2007) applies and gives this result. O]
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A.2 10 Properties of the Quasi-Likelihood Ratio

This section contains 10 properties of the quasi-likelihood ratio and parameter estimates. We

need them in subsequent proofs. In this subsection we write
k
] f(yt|xt7 EES) 67 E)

L(1,k;8,%) = <= : (A.13)

tl:ll f(elze, ..., Bo, Xo)

where 3° and X0 describe the true values of the coefficients. In the following we denote by B(k)

and i](k) estimates obtained from maximizing £(1, k; 8,%). Then the following properties hold:

Property 1. For each 6 € (0,1]

sup ﬁ(l,k,é(k),i(k)) = Op<1), (A.14)
T6<k<T
sup ([|Bw) — Boll + 1E @y — Soll) = Op(T47172). (A.15)

TS<k<T

The following property is modified compared to property 2 of Qu and Perron (2007). Instead
of considering the supremum of the likelihoood over 1 < k < T we consider here the supremum

over 6T < k < T for some 6 € (0, 1).

Property 2. For some ¢ € (0,1), each € > 0, there exists a B > 0 such that

Pr ( sup T_Bﬁ(l,k;ﬁ(k),i](k)) > 1) <e (A.16)
ST<k<T

for all large T.

Property 3. Let S = {(3,%): || — 8% > T~/**4log T or ||© — X0|| > T-Y/?*410g T}. For

any § € (0,1),D >0 and £ > 0 the following statement holds when T is large:

Pr(sup sup TPL(LKkB,Y)>1]|<e. (A.17)
k>6T (8,5)€Sr

Property 4. Not needed.

The following property is different from Qu and Perron (2007) in that we do not assume that the
limit of (hrd2)/T exists. Instead as pointed out by Bai (2000) we assume the sufficient condition

that liminfr_,e (hpd%)/T > h > 0.

Property 5. Let hy and dp be positive sequences such that hp is nondecreasing, dp — oo and
hmlnfT—>oo(thf2F)/T > h > 0. Define @3 = {(532) ||/8|| < pla)\min(z) > p2a)‘max(z) < p3}:
where p1,ps and p3 are arbitrary constants that satisfy p1 < 00, 0 < pa < p3 < o0o. Define

Sr={(B,%): |8 - B > T~Y*logT or ||© — X0 > T-Y2*41ogT}. Then, for any ¢ > 0,
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there exists an A > 0, such that

Pr| sup sup L(LEBE)>e]|<e (A.18)
k>Aht (3,5)€STNO;3

when T is large.

Property 6. With vp satisfying Assumption 6, for each B and ¥ such that || — Bol| < Muvp

and |2 — Xo|| < Mvp, with M < 0o, we have

L(1,k; B+ T—1/2Hd) x4 7-1/24d5)
iy su — 0,(1). A.19
1§k§T1/IQ)—d»U;1 A,g L(1,k;38,%) p( ) ( )

Property 7. Under the conditions of Property 6, we have

L(1,k; B+ T—1/2+d)\ 5 4 T—1/2+d%)
sup  suplog =op(1). A.20
1<k<Muvg? AE L(1,k;3,%) p(1) ( )

Property 8. We have
ﬁ(l, k; Bo + T71/2+d5* + T71+2d)\, Yo + T—1/2+dy* + T71+2dE)
sup sup log T o
TS<k<T B* X% \,2 L(1,k; By + T—1/2+dgx 3o 4 T—1/2+dyx)

= Op(l),
(A.21)

where the supremum with respect to 5%, X%, A\, 2 is taken over an arbitrary compact set.

Property 9. Let Ty = [aT] for some a € (0,1] and let To = [T*/?~%, '], where vy satisfies
Assumption 6. Consider
ye =247 + X9, (t=1,...,T1), (A.22)
ye =289 + L9, (t=Ti+1,...,Th +T), (A.23)
where || — B < Mur and |29 — XY < Mur for some M < oco. Let k = Ty + Ty be the size
of the pooled sample and let (Bn,fln) be the associated estimates. Then B, — By = O/p(Tdfl/Q)
and 3, — X9 = 0,(T41/?).

Property 10. Not needed.
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A.3 Proof of Lemma 1

Proof. We show the consistency in two steps: First we prove an auxiliary result on the conver-
gence rate of the break point estimates. Second we use results from Bai (2000) to justify the
statement.

Let N := [T%_dyfl]. Let Aj = {(k1,.... km) € Ac: |k‘¢—k‘?| > N,i=1,...,m}, where A is given
in Assumption 11. Because LRT(1%1, ,l%m) > LRy(KY, ..., k9) > LRp(KY, ..., KO, B9, 20) = 1, to

show (ki ..., km) ¢ Aj, it suffices in a first step to show

P( sup  LRp(ki,...,km) >¢) <e. (A.24)
(kl,...,k‘m)EAj

We extend the definition of LRy to every subset {li,...,l.} of {1,2,...,7 — 1} such that
LRr(ly,...,l;) = LRr(lqy,-- -, 1)) where 0 < I3y < .-+ < [y are the ordered versions of
lay, - - ly. Forevery (ki,...,kn) € Aj,

LRp(ky, ... km) < LRp(ky, o ko KS oK) K — N 4+ NUES kD). (A.25)
Denote the likelihood ratio of the segment [k, ] by
l

[T flyelze; B,%)

D(k,1,5,5) = =" (A.26)
IT fQyelwe; B°,50°)
t=k+1
and its optimal value
D(k,l) =sup D(k,l,3,%). (A.27)
B,%

The likelihood ratio of the entire sample can be written as

LRyp(ki,...,km) = D(0,k1) - D(k1,ka) -+ - D(kp,T). (A.28)
The right hand side of (A.25) can be written as the product of at most (2m-+2) terms expressible
as D(I,k) as in (A.28). There are at most (2m + 2) terms because k; may coincide with & for
some i and [. One of these (2m + 2) terms is D(k? — N, k:;-] + N) and all the rest can be written
as D(I, k) with [I,k] C [k{ + 1;k0,,] for some i. By Property 1 and 2, log D(l,k) = O,(logT)
uniformly in [,k such that kY +1 <1 < k < k?,; with |l — k| > Tv. That is, D(k,1) = O,(T?)
for some B > 0. Thus,

LRy (ky,... kp) < Op(TP™DB) D9 — N, K + N). (A.29)
We now show that D(k:?—N, k;-)—}—N) is small. Introduce the reparameterization. LR}.(k,1, 3,X) =

D(k,1, 8%+ (1 —k)~1/23,%0 4+ (1 — k)~1/2%) assuming that (5%, %) is the true parameter of the
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segment [k, 1]. We note that

D(*? — N,k + N) = sup[D(k? — N,k%; 8,%) - D(k2, k) + N; 5, 5)]

3,5 >y 7777
— Sﬁug[LRT(k — N, kY NY2(3 — BY), NY2(z - ) (A.30)

X (LRp (kg kS + Ny NY2(8 = 540), NYV2(S = 39,)
This follows from the definition of LR} and the fact that (6?, Z?) is the true parameter for the
segment [k'o N, kO] and (BY

1 E?’H) is the true parameter for the segment [k‘? +1, k‘? + NJ.

From max{||xz — z||, ||y — z||} > ||z — y||/2 for all (z,vy, 2z), we have for all 8 and X
max{ Y215 — 8O, NV — 8%, 1} > NV2)82 — 52, [/2 (A31)
max{N2|[5 - SO, NY2|S - 52, [} = N2 - 50, /2. (A.32)
By Assumption 6, we either have N1/2||BQ — BQ+1\|/2 > log N or N1/2||29 - Eg+1\|/2 > log N.

This follows from if || ﬁ? | > vrC for some C > 0, then

j+1

NY2|189 = 89,1 11/2 = (T2 2urC = O(TY?ur)2 > log T > log N. (A.33)

Now suppose that N1/2||B§.’ ]+1||/2 > log N. Then we have either (i) N'/?||3 — 5?” > log N
or (i) N'/2|8 — 5§)+1 | > log N. For case (i) we can apply Property 3 to the first term inside the

brackets of (A.30) to obtain

LR(k] = N,k NY2(8 = B9), NY2(S = 5)) = O (N ™) (A.34)
for every A > 0. Moreover, by Property 2 the second term inside the bracket of (A.30) is bounded
by Op(logT). Similarly, for case (ii), we can apply Property 3 to show that the second term of

(A.30) is Op(N~4) and the first term is bounded by O,(logT). So for each case, we have

D(k9 — N,k? + N) =log T O,(N~*) (A.35)
for an arbitrary A < 0. It is further N=4 < T=4/2 since N > T'/2 for all large T. Thus from
(A.29), LRr(k1,...,km) < Op(T(QmH)B_%A) logT 2 0 for a large A. This proves (A.24).

Now by Proposition 2 of Bai (2000) we can deduce that l%j - k:? = Op(V2) for j = 1,...,m
using the preliminary convergence order given by Equation (A.24). The convergence rate for the
estimated regression coefficients §; and covariances 3; follows as in Bai (1997b) and Bai and

Perron (1998) due to the fast convergence of the estimated break points. O
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A.4 Proof of Theorem 1

Proof. Without loss of generality, consider the j-th break date and start with the case where
the candidate estimate is before the true break date. We obtain an expansion for lrjl-([s Jv?]) as
defined in Theorem 1. Note that s is implicitly defined by s = vA(T; — 1)) = rvz. We deal with

each term separately.

For the first term, we have as in Qu and Perron (2007)

1 _
52w (E) =) u (A.36)
t:TjDJr[s/z/%]
1 g
1 _1
=5t (EDFEL )N e Y el - D)
t:TJ(-)—&-[s/V%}
r _
—§VT tT‘((E?Jrl) 1(I>j>.
For the second term we have

—f&gm%—bgm+ﬂ) fTwa@ﬁﬂl)+£ﬁw4@42H04F) (A.37)

The sum of the first two terms is

T
1 ! _ _ T
5 >l ()7 = (5™ ue — S (log S5~ logl =) (A.38)
TP +[s/vF]
1 i
—str(ED3E ) RSN e > (e — 1))
TO+[s/v2]
.
+1ﬁ¢4@(gﬂ)])=1+u
Now
_ 1 1
T 1) S 2t ((59)5 (59,0) 70, (59) 61.4,(5)) (A.39)

+ 2tr([20) 7 e,?)

1 S
= 5tr(Al,j&,d,j(5)) + ZtT(A%j)v
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where &) 4; is a nonstandard Brownian motion process with var vec({LdJ(s))] = Q%j. For the

third term we have
TJQ
1

_ p 1
3 Z (B8] = B4 1) (35 ,0) " 2 (B — BYy1) = 5% 5 Quj ;. (A.40)
t=T2+[s/v2]
J

Note that x; belongs to regime j, but it is scaled by the covariance matrix of regime j+ 1 because

the estimate of the break occurs before the true break date. For the fourth term,

T0
J
_ _ d 1
—T 2N () = B ) T (B0 ) e S 6] (T )2 Cray(s) (A.41)
t:TJQ-‘r[S/V%]
with
T]Q
. _1 _ 1
My = Var{(@ - 10) 73 > w0 (i} (A.42)

t:T]Q—i— [s/v2)]

Combining these results, we have, for s < 0

1
T 24 ([%]) LI ’82’ [5”(‘4%,]‘) +0] Qu 5]} (A.43)

vr

1
+ 5 vee(Ar)" vee(€,a; () + 0] (71,)7 1 (s).
1

Now, vec(A; ;)T vec(&1.4.5(s)) 4 (vec(ALj)TQ?’jvec(Al,j))51/17517]-(3), where V} 4;(s) is a stan-
dard fractional Brownian motion.
Similarly, 6J<T(H1’j)%§17d7j(s) 4 ((5]T Iy 5j)%U17d7j(s) and Uy g ;(s) is a standard fractional Brow-

nian motion. Under the stated conditions, Vi 4(s) and Uy 4 ;(s) are independent. Then,

1 1
<W€C(A1,j)TQ(1),jU€C(A1,j)/4) Via(s) + (5JT(7T1,j)5j> “Upay(s) (A.44)

1
i (veC(Alyj)TQ%erC(Al’j)/4 + (5]11(’%17]')5]') 2 W17j7d(8) (A.45)
=T1; Wi ja(s), (A.46)

where Wy(s) is a unit fractional Brownian motion.

Hence with Ay ; = tr(Aij)/2 + 5? Q1,; 6j, we have

- s\ d sl
1201 ([V%]) S DAL+ Ty Wials) (A.47)
The proof for s > 0 is similar:
- s\ d sl
-2 ([V%]) S g+ oy Wajals) (A.48)
with AQJ‘ = tT(A%,j)/z + (5JT QQJ‘ 5j and
1
T27j = [’UeC(AQJ')TQ%]-U'QC(AQJ)/ZL + 5;-11(7@73')(5]' 2 . (A.49)
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By definition it is lrjl-(()) = 0. Given that s = VA4(Tj — T]Q), the argmax yields the scaled estimate
y%(T] — T]Q). The result follows because we can take the argmax over the compact set Cyy
and with Lemma 1, this is equivalent to taking the argmax in an unrestricted set because with

probability arbitrarily close to 1, the estimates will be contained in C)y

Hence,

|S|A . .

R —SA L+ Ty W'dS,SSO,

T2, —T]Q) d argmaz 3 A1j g Wial(s) (A.50)
Ay + Ta Wyals),s > 0,

where W 4(s) = W1 ;4(s) for s <0 and Wj4(s) = Wa ja(s) for s > 0. Multiplying by ALj/Tﬁj

and applying a change of variable with u = (A%’j / le,j)s, we obtain Theorem 1. O
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A.5 Proof of Theorem 2

Proof of Theorem 2. We introduce some notation first. Let
T.
~ 1 < - - - -
X1 = D (e — oiBa — 44 Bo1) (Ut — TosBa — 4y B s) (A.51)
Jt=1

be the estimated covariance matrix using the full sample estimate of 5, obtained under the null

hypothesis of no change and using the estimate of 5, based on data up to the last date of regime

j, defined as
T; T;
Brg = O awSysan) ™ e e — wlyBa). (A.52)
t=1 t=1
Additionally,
1 e
Xj = D W= Ba — iy Bog) (v — Ty B — 4 Bry)’ (A.53)
A |

is the estimate of the covariance matrix of the errors under the alternative hypothesis using the
full sample estimate of 5, and using the estimate of 3, based on data from regime j only, that

is,

T T
Brj = ( Z CCth;lx;at)_l Z th;l(yt - x;tﬁa)' (A.54)
t=T,_1+1 t=T,_1+1

Consider the log-likelihood of a given partition of the sample

2 . 2 ~ T ~ T -

1 & - - .
= 7od > (Tyralog 31 11| — Tylog S 4] — (T — Ty) log [E541])
j=1

1 m .

. FJ

_‘ T2d E : T
j=1

Using a second-order Taylor series expansion of each term gives

tog [S141] =log 5] + tr((20) ™! (B1 511 — 2)) (4.56)
— S () Brgn — ) Sy - )
+0p(T_l>v
tog [S151 =log 5] + (=) (S — =) (A57)

()7 (B — 200 (B - 20) 4 0,(T),
log [$541] =log [57] + r((£°) (8541 — 2%) (A58)

() Bn — )50 1~ 50) + 0p(T7).
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Applying this to the terms F%,
Fy. ::Flj,T + F2j,T
= t2(Tj1 (B°) T Erger — 20) = T(EY) (S - X)) (A.59)
— (Tj1 = T () (B4 — 2%)
(T lE) By - SO (A.60)
~TIE) (1 = 2P = (T = THIE) 1 (Eja = E0)P).
First we consider Flij and write the regression in matrix form. Under the null hypothesis, we

have

Y = XoBa + X8y +U (A.61)

with E(UU’) = It ® X°. If only data up to the last date of regime j are included, we have
Y1, = Xa1,58a + Xp1,5801,5 + Ur;- (A.62)

We now define Yd- == (IT ® 21_7;/2)}/1’]', Wl,j = (IT & ii}/2)Xal,ja Zl,j == (IT ® i;;/Q)Xb17j and

Ug g =(Ir® E 1/ 2)U17j. Then, omitting the subscript when the full sample is used, we have
Ba = W' MzW]' W' MzYY, (A.63)
B = (23 i215)" IZIJ(YIJ W1,5a), (A.64)

where My = I — Z(Z'Z)~'Z'. The regression equation using only regime (j + 1) is

Vi1 = Xajr18a + X 1841 + Ujpr. (A.65)
Define YJ+1 = (Ur® Zj+{ VY1, Wi = (Ir ® Zj+{ ) Xaj+1, Zit1 = (Ir ® ZA]];I{?)Xb,jH,
U]H (It ® E]Jr{ VUj+1, Z = diag(Z1, ..., Zm+1). Then, omitting the subscript when the full

sample is used, we have
Ba = [W MW ' W' MY, (A.66)
Brjir = (Zj11Zi11)  Zjy (Vi — WigaBa). (A.67)
Note that the choice of the estimate of the covariance matrix in Equations (A.63) to (A.67)

will have no effect provided a consistent one is used. As Qu and Perron (2007) (supplement, p.

25 — 26) we can show for the first component of Ff o (or with obvious changes for the second
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component) that
Ty tr((X°) 7' 8541)
- A%W{7j+1MZ1,j+1W17j+1AT - Uld,/j+1PZLj+1Uii,j+1
—2(Mz, ;W11 A7) U 1 + ULy (Ir @ (5°) 7 UL + 0p(1),
where Ap = [W/MzW|='W'MzU?. For the third component of Flj’T it can be shown that
(Tj1 = Ty) tr((Z°) ' %541) (A.68)
—Ap W My Wi Ar = U8 Py Uy
—2(My,, Wi Ar)' Ul + Ul (Ir © (5°)7HUj11 + 0p(1),
where Ap = [W'MzW]~'W’'M,U?. Following the same arguments as in Bai and Perron (1998,
p.75), we have plimy_, . TY/2Ap = plimy_, . T'/? A Hence, all terms that involve A and Ap
eventually cancel and
Flj,T = Uld,leZLled,j + U;l',f‘lpzj'.‘.lU]C'l-i‘l - Uld,/jHPZl,jHUld,jJrl + OP(1>' (A.69)
Now, T_dZLled’j = Q;/2W5,pb()\i) and 771 ZtTél zp (30) 1oy, —P \Qp where WE,pb()‘i) is
a pp vector of zeros and independent fractional Wiener processes defined on [0, 1] as given in
Theorem 2 and where @y is the appropriate submatrix of @ that corresponds to the elements of

xp:. Hence,

T2UL Py UL = W ) W, ()] A1 (A.70)

Using similar arguments

T2 UL Py, UL = (W, (N W A1/ (A.71)
and
T2 UL, Py U, (A.72)

= (Whp, (Njr1) = Wh 5, (A)) (Wh L, (Nj1) = Wi, () /(N1 = Ag).

These results imply that the first component in (A.59) has the limit
NWh p, (Aj+1) = Aia W, () MWD, (A1) = At W, (A5))

Fl =
LT (Njr1 = MDA

(A.73)
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Consider now the limit of Zm, Fg o when changes in ¥° are allowed. We have

Ztr j+1((E) S = 1)) (A.74)

~Ti((E) '8 — D = (T~ TH(EY) 'S0 = D2
Let (8971 j41—D)F ("F" for full sample) be the matrix whose entries are those of ((£°) 1% ;11—

I) for the corresponding entries of ¥.° that are not allowed to vary across regimes; the remaining

entries are filled with zeros. Then

ik T
e g
()" S - Lf?z yit = 234B) (et = 24eB) — Li, (A.75)

where 0¥ is the (4, k) element of (X°)~! and I 1, is the (i, k) element of I. Also let ((X°)~'% ;41—
I)S ("S" for relevant segments) be the matrix whose entries are those of ((X°)71%; ;41 — I) for
the corresponding entries of X0 that are allowed to vary across regimes, the remaining entries

being filled with zeros. Then
ik Lit1

(Z0) '8 541 — I)SLk = ;j“ tz;(yz‘t — 2},B) (et — Ty B) — ik (A.76)

Note that the entries for ((£)7'% ;41 — I)¥ are the same for all segments. Define similarly

()71 81y =D (E)71 815 = DT, ((E) ' Ej41 — DT and (X°)7'8j41 — I)®. Then

()" S = 1) = ()" Sijr = D+ (E) 81 = D, (A.77)

()81, = 1) = ()T = DT + ((E°) 7181 - D)%, (A.78)

(E) '8 = D) = (E) 'S = D+ () 7' = D, (A.79)
and, in view of (A.60),

iFQJT == i 1 (E) S = DS((E) T S - D° (A.80)
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Now, because 3 — 80 = O,(T~'/>*9), we have

T: ~ -
71;% ()78 0 — D¥((ZY) 8y jy1 — D) (A.81)
s S
T J+1 ]+1
Tt
N 52(/\j+1)55n()\j+1)s
Aj+1
T: ~ -
T%d((zo)_lﬁl,j — D)%) '8y, - 1) (A.82)

S S
(T1/2 dz Ly, — I]) (T1/2 dz L) — I]) + 0p(1)

_ 0060

Aj
and
(Tj+1 —Tj)
j+T2d =N EJ+1 (OO0 E]H ® (A.83)
s
T 7-1/2-d f 0 / ]
= (80 gl — 1
T =15 =T;+1
s
Tjta
) | T2 N0 g — IT |+ 0p(1)
t=Tj+1
:(SE,n()‘j-H) gDn( )) (gDn( J+1)_§B,n(>‘j))s
Aj+1 = Aj

where £7,(-) is an n X n matrix whose elements are

€p()ij, if di = dj = maxi<p<p di,

() = - (A.84)
0, else,

and where {p is (nonstandard) fractional Brownian motions defined on [0, 1] such that Var(vec({p(1))) =
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Q (which follows from Theorem 4.8.2 of Giraitis et al. (2012) p.109). Hence,
S 1 (65aN1)°6h,,(N1)® €5, (N)Eh . (N)®
Z Fsp=—-tr -
= ’ 2 )\j+1 )\j

(A.85)

(D nNjs1) = &5 A5 (€h (A1) — 5}5,71()\3'))5>
+
Aj+1 = Aj
1 [Vec(ﬁE,n(AjH)S)/Vec(fan()\jﬂ)s)

2 Aj+1
vee(€h ,(A)*) vee(h . (N)”)
Aj
x (vee(€h n(Aj+1)?) = vee(€h (\)?))
(vec(€p,,,(Aj1)°) — vee(€p ,(A7)”)
(ANit1 = A)
using the fact that tr(AA) = vec(A)' vec(A) for a symmetric matrix A. Now let H be the matrix

X

that selects the elements of vec(X") that are allowed to change. Then
vec(€p n(Aj+1)°) vee(€h o (Nj41)®) = vee(€h n(Aj1)) H'H vee(€p , (Aj41) (A.86)
d * *
= WD,ng ()‘j-‘rl),HQH/WD,n’b‘()‘j‘i‘l)v

where W}, . is an n; vector of processes as defined in Theorem 2. Hence, we have
%b

i FjT = _ 1 |:WE,TLZ ()‘j+1)/H/QHWl*),nZ ()‘jJrl) _ WE,nz ()‘J)/H/QHWZ*D,n; ()\J) (AS?)
Jj=1 : 2 Aj+1 Aj
(W g A1) = Wh e (M) H'QH (W e (Aji1) = W e (M)

Aj+1 = Aj
=(AWhnr (Nj+1) = AjaWh e () H'QH
X (MWD e (Nj1) = At Wh o= () / (A A1 (Mg — Aj))-
By combining equations (A.73) and (A.87) we have shown the limiting distribution of our test.
O
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A.6 Proof of Theorem 3

Proof. From Theorem 1 we have the consistency of our break point estimates at each iteration.
If we have m? break points in the data the break point test of Theorem 2 rejects in each iteration
m < m with a probability tending to one for T'— oo due to the Pitman efficiency of the test. In

iteration mY the test has a type-I error of o and thus the hit rate of our procedure is (1—a)%. O

B Proof of 10 Properties

This section contains proofs for properties of the quasi-likelihood ratio and parameter estimates.

Property 11. For each § € (0,1]

sup L(lakvﬁ(k)ai(k)) = Op(l))
T§<k<T

sup  ([1Bry — Boll + 1Sk — Zoll) = Op(T413).
T6<k<T

Proof. The strong consistency of (B(k), i](k)) follows using the arguments of Qu and Perron (2007).

Then we can write
k -1y
By = Bo = | DoweBgaat | D wiSgu
t=)1 t=1

and apply the generalized Hajek-Rényi inequality on Ele 2¢(30) tus. Together with the strong
consistency of fJ(k) this gives SUPT&gkgTHB(k) — Boll = Op(T~1/2+d),

Furthermore, we have

A~

k
S0~ B0 = -3 4By — 50D — (B — A0)) — o
t=1

Applying again the generalized Hajek-Rényi inequality gives supps<j<rl| i](k) Y|l = O,(T~1/2+4),

As a direct consequence this yields supps<r<r £(1, k; B(k), i(k)) = 0p(1). O

The following property is modified compared to property 2 of Qu and Perron (2007). Instead
of considering the supremum of the likelihoood over 1 < k < T we consider here the supremum

over 61T < k < T for some ¢ € (0,1).

Property 12. For some 6 € (0,1), each € > 0, there exists a B > 0 such that

Pr ( sup T BL(1,k; B(k), i(k)) > l) <e
OT<k<T

for all large T.
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Proof. This is a direct consequence of property 1. O

Property 13. Let St = {(B8,%): || — 8% > T~/**logT or |X — X0 > T~/**logT}. For

any 6 € (0,1),D > 0 and € > 0 the following statement holds when T is large:

Pr|sup sup TPL(1,KkB,E)>1] <e. (A.88)
k>6T (8,5)ESy

Proof. We proceed in two steps: First we consider the behaviour of the likelihood function over
a compact set and show that the claim is true. Second we argue why this is still true once we

remove the requirement of a compact parameter subset. Define

02 = {(8,2): 18]l < d1, Ain (%) > da, Amax(%) < ds}
where Apin and Apax denote the smallest and largest eigenvalues of ¥ and the finite constants
dy,ds and ds are chosen in such a way that (S, Xo) is an inner point of ©,. As explained we first
show (A.17) with the second supremum taken over Sz N Oy which is compact. We decompose

the segmential log likelihood as log £(1,k; 8,%) = L1 + L2, where

k
£1T——10g|1+‘I’T|_[ Zntl+q]T e — me]

and
_ *! E_l AT Z_l / *
ar = 3wt ()

where 8* = 8 — 30, X" = ¥ — o, = (Z0) tug and ¥ = (X 0)_1/22*(20)_1/2. We note that
only Lo 7 depends on 3*. We split the parameter space St = S U Se 7 with
Sir={(8.%): |5 =S| > T7/**log T, B arbitrary}

and

Sor={(8,%): |8~ Boll > T~ * log T and ||S — So|| < T~/**1og T}.

It has to be shown that

Pr | sup sup TPL(1,k8,8)>1 | <e (S.3)
k>T4§ (ﬁ,E)eSl,Tﬂ@Q
and
Pr | sup sup TD[,(l,k;ﬁ,E >1)| <e. (S.4)
k>T6 (ﬁ,Z)ESZTﬂéz

We start to show (S.3). On S; 1, Lo7 is a quadratic function of £* and has maximum value

k(1 _ 1 _ _
sup Lo = B (k thE lut> (kZ:z:tE 1562) thil lut> .
t=1 t=1 =1

Si,1
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Applying Property 1 gives

i -1
sup sup <; thE_I:L"Q) = O,(1).

k
1 1
sup ||— T ug|| = sup ||+ n @ 24)5" ut
k>15 || K ; k>T6 ||k g
(5@ L)E S (L@
= sup - 2)u
k>Ts 'k put
1 k
< sup ||— n® zt)u S' ylel, )
k>T6 || K 2 JILES I

From the FCLT of Lemma A.2 we have for fixed r > 0

k
lim Pr [ sup z Z(In ® z¢)ug|| > rT41/2 logl/2 T) =0,

T—00 <k2T§ 1
while ||S'(Z7' @ L,)]| = Y (1 4+ X)71Op(1), where \; (i = 1,...,n) are the eigenvalues of

(o)~ 1/25*(20)~ /2. Hence,

n 2
1
sup sup L7 < k (g ) (r2T? 1 og T),

k>T6 517T092 2 1+ )\i

which implies

sup sup Lor <
kZT(SSl,TméQ

N

"1
212
b

where by = T91/210g T with the inequality holding with probability arbitrarily close to 1 for
large T'. For £y r we start by considering the term in brackets. Introduce an orthogonal matrix
U that diagonalizes (I + W)L, Then we have

1<, . . 1 L&

P Zﬁt((l + W) =D = tr <d1ag {14-)\2 - 1} <kUZ77t7ItU )) :

t=1 t=1
Because ||U]| =1 it suffices to investigate

k
]‘ 28
%U ; nenyU” —
Then for any a > 0 by the FCLT of Lemma A.2

k
lim P T _
[Lim Pr (Sup - ZH ety — D)l > abT> 0.

Then arguing as Bai et al. (1998) we may show that
k| 1
sup sup Lir < —— Z <log(1 + i) + < — 1> (1+ sign()\i)abT)>
k=>T6 8, 1O, 2 i=1 L+ Ai

with probability arbitrarily close to 1 for large T', where a is a fixed positive number which can

k
Z (nem}, —

be made arbitrarily small. Combining the preceding two inequalities we can show that

Pr | sup sup Li7+ Lo >—DlogT | <e¢
k>T6 (ﬁ,E)ESLTQ@2
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It is now straightforward to see that using the similar arguments as Bai et al. (1998) one can show
that equation (S.4) holds. Therefore the claim is shown on the compact parameter space ©s.
But as in Qu and Perron (2007) we can conclude that the result is valid also on an unrestricted

parameter space. Therefore the proof is complete. O

Property 14. Not needed.

The following property is different from Qu and Perron (2007) in that we do not assume that the
limit of (hrd2)/T exists. Instead as pointed out by Bai (2000) we assume the sufficient condition

that liminf7 e (hrd2)/T > h > 0.

Property 15. Let hy and dr be positive sequences such that hr is nondecreasing, dr — co and
liminfr_yoo(hrd2)/T > h > 0. Define ©3 = {(3,2): 18] < p1, Amin(X) > P2, Amax(Z) < p3},
where p1,pe and ps3 are arbitrary constants that satisfy p1 < 00, 0 < pa < p3 < oco. Define
St ={(8,%): |8 = B°| > T~Y* logT or |2 — X0 > T-Y2*41og T}. Then, for any ¢ > 0,

there exists an A > 0, such that

Pr| sup sup L(1,k;p,X)>¢e| <e
k>Ahrt (8,2)€STNO3

when T is large.

Proof. As in Property 3 we only need to look at the behaviour of Lot over S1 7N ©3. The rest

of the proof is as in Bai et al. (1998). We need to show
P( sup sup L(1,k;p,X)>¢e)<e

k>Ahr (8,2)€S, 713
or

P( sup sup Li7+ Lop > ) < e.
k>Aht (8,2)€S1,7NO3

Define by := T=2dp. Now all the arguments in the proof of Property 3 still hold. Thus, we

have
ko1 1< S )
sup Lop = §(E ZlmtElut)'(k tzl oY) (E tzl TN ug),
where
k k k
O axla) ' =0 _SUex)r Uo)8) " =(S'(E" e a)s)
t=1 t=1 t=1
From [~! Zi:l Z2y 225 Q., for a given € > 0 we can always find a k; > 0 such that

k
1
P(sup|— 22— Q.| > ¢€) < e.
(sup D et = @l > )

_ 46 -



Define Qa = k! Zf 1 221 — Q5. Then

[

k
% Z 2 2)S) = (S'(Z7'®Q.)98) !
= (557 @Q)S+ 5 (57 @Qa)8) T — (S(57 @ Q)8!
= - A'B(A+B)!
where A = §'(37'®Q,)S and B = 5" (X7'®Qx)S. Because X! has uniformly bounded eigen-

values and k! Zle 2] is positive definite for large k, A~! and B~! have bounded eigenvalues.

Because B is uniformly small, —A~!B(A + B)~! is uniformly small for large k. This is

o

k
(ST ok a)8) - (2T 0Q.)s) T
t=1
Now there exists an M > 0 such that sup g yeg, 16, (S'(E71®Q.)S) 7t < M, and we have,

o(1) as k — oo.

for any € > 0, that there exists an A > 0 such that

P( sup sup Z:th D > 2M) <
k>Aht (,B,E)ESI,TF‘I@g

Now,

sup H—Za}tZ} Yu| = sup ||— ZS (I, @ z) 2 Ly |

k>Ahp k>Ahr
k
< sup IIf D L@ z)uw[[|8(E7 @ L) (A.89)
k>Ahy K
From Lemma A.1 we have
1< G _ 20
P(g%y\k;u ® z¢)ug|| > aby) < Thra®or < Aa?h (A.90)

for some C > 0, where the bound can be made arbitrarily small by choosing a large A. For the

second component,
n
1
SETRL)) <nCyy —r A91
1S E @ L)l <n 215y, (A.91)

for some 0 < Cy < 0o, which depends on the matrix S. Now, combining (A.89)-(A.91), we have,

for any € > 0 that there exists an A > 0, such that with probability no less than 1 — ¢,
n

|L | < k» 2b2 QCQM(Z 1 )2 < Z GCL b n ,YQb%
sup sup oT a“brn Cs < >
k> Ahy (8,2)€51 7103 oA LA T 25 TN

with G = 2n3C2M /py. Because a? can be made arbitrarily small by choosing a large A, so can

y?. Hence Property 5 follows. OJ

The next properties are the same as Lemmas 6 — 10 of Bai (2000). Because the proofs are similar,

they are omitted.
Property 16. With vy satisfying Assumption 6, for each B and ¥ such that |5 — Bol| < Muvr
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and |2 — Xo|| < Mvp, with M < 0o, we have

sup sp ﬁ(l, k: B+ T_1/2+d)\,2 + T—1/2+dE) . (1)
1<k<T1/2=dy 1 AE L(1,k;3,%) b

Property 17. Under the conditions of Property 6, we have
| 5(17 k; B 4 T71/2+d)\, Y+ T71/2+dE) (1)
sup  suplog = o0.(1).
1<k<Muz? A L(1,k;8,%) P

Property 18. We have
E(la k; Bo + T71/2+d6* + T71+2d)\, Yo + T—1/2+dy* + T71+2d5)
ub sup _log 1/2+d 1/2+d = op(1),
T6<k<T B* 3% \E L(1,k; Bo + T—H/2+dBx, 3 4 T-1/2+d5x)

where the supremum with respect to B*, X%, A\, = is taken over an arbitrary compact set.

Property 19. Let Ty = [aT] for some a € (0,1] and let Ty = [TV/2~%; ], where vy satisfies
Assumption 6. Consider

ye =207 + S, (t=1,....T),

ye =05 + 91, t=T1+1,....,Th +1T3),
where ||BY — B9 < Mug and |29 — 39| < Mup for some M < co. Let k = Ty + Ty be the size

of the pooled sample and let (Bn,fln) be the associated estimates. Then Bn — 5(1] = Op(Td—1/2)
and 3, — %9 = 0,(T41/2).

Property 20. Not needed.

C Critical values of the UDmax LRy test
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90%
m/d | -0.49 -0.48 -0.46 -0.44 -0.42 -0.4 -0.38 -0.36 -0.34 -0.32 -0.3 -0.28 -0.26
1 8.410 17.846 26.491  34.309  39.193  35.994 39.441 37.912 37.097 36.898  30.827  30.891  28.523
2 24.276  44.007 72370  93.699 101.748 105.425 118.393 95.369  96.470  89.007  76.508  81.029 = 71.999
3 34.579  61.969 104.355 130.856 145.328 146.919 145.735 131.450 135.958 124.616 104.839 108.244 96.204
4 40.347 75998 120.862 150.517 170.464 171.259 169.404 153.776 157.105 143.193 126.115 124.425 110.262
5 46.367 79.971 133.176 164.134 191.383 189.105 182.596 171.821 175.159 157.489 143.972 137.865 120.730
-0.24 -0.22 -0.2 -0.18 -0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0
1 27.775 23931 51.253  21.261 16.834 18119 15.610 13.599  12.198 10.345 10.935  10.199 7.848
2 64.060 57.967 67.182 48.206 40.386  35.945 34.010 29.195  26.547 23.113 21.761 19.792  15.505
3 85.440 78.278 76.534  61.710 53.235  52.144 44940 38.279  33.728  30.242 27.125 25.244  21.152
4 98.523 88.057 92.015 71.680  62.012 58.889  50.653  42.137  38.695  34.269  31.291  28.241  23.645
5 110.394 97.934 92.015 78.337 67.372 62.605 56.043 47.731  41.459  37.547 33.179  31.483  25.394
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26
1 7.846 6.954 6.557 5.856 5.233 4911 4.094 4.095 3.576 3.205 2.787 2.518 2.362
2 14.977 12,956  11.182 9.573 9.155 8.411 6.695 6.517 5.412 5.108 4.225 3.781 3.359
3 19.608 16.915 14.468 12.606  11.838  10.411 8.073 7.720 6.824 6.213 5.161 4.598 4.022
4 21.508 18.819 16.197  14.229  13.254  11.335 8.819 8.696 7.567 6.789 5.572 4.961 4.334
5 22.755 20.164 17.649 15,519  13.629  12.200 9.652 9.381 7.968 6.996 5.940 5.264 4.543
0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.49
1 2.050 1.698 1.556 1.430 1.071 0.894 0.769 0.612 0.433 0.245 0.118 0.059
2 3.045 2.447 2.240 2.008 1.469 1.238 1.026 0.780 0.557 0.326 0.201 0.074
3 3.465 2.851 2.496 2.218 1.657 1.383 1.170 0.911 0.622 0.360 0.218 0.086
4 3.853 3.100 2.727 2.429 1.866 1.510 1.277 0.982 0.659 0.390 0.225 0.092
5 4.089 3.269 2.809 2.576 1.896 1.598 1.350 1.019 0.679 0.393 0.234 0.096

Table 4: Asymptotic critical values for the U Dmax L Ry test, using € = 0.05. These are obtained
from 10,000 Monte Carlo replications with 1,000 increments.
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95%
m/d | -0.49 -0.48 -0.46 -0.44 -0.42 -0.4 -0.38 -0.36 -0.34 -0.32 -0.3 -0.28 -0.26
1 10.126  20.489  31.669  39.739  46.815  43.505 44.244  41.594 43.839 44.949 38.438 35.138  33.807
2 27.227 48129  79.026  99.144 111.514 113.695 125.206 107.440 109.675 102.952 87.820 85.306  78.340
3 36.716  66.400 110.651 138.349 160.067 156.946 160.882 147.343 151.418 139.355 117.222 119.344 104.340
4 43.673  78.056 131.583 162.124 182.726 183.895 186.022 172.254 171.460 157.489 137.487 139.132 120.228
5 47.814  84.137 145.187 174.638 212.650 202.412 202.834 188.747 186.820 172.324 163.417 151.156 130.191
-0.24 -0.22 -0.2 -0.18 -0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0
1 32.781  27.874  51.253  23.557  22.012 19.800 17.962 16.039  14.821  12.274 13.550 12.221 9.251
2 71.130  64.897 67.182  51.598  46.696  41.533  39.718  31.871 29.452  26.338 24.790 21.774 17.878
3 92.669  84.269 76.534 67.133  60.688  54.381  49.486 41.422 36.861 33.659 30.639  27.085  22.343
4 108.611 97.592  92.015 77.021 67.439  62.084 54.301  47.102  42.486  38.406  33.979  30.485 = 24.647
5 118.056 104.760 92.015  84.535 71.714  66.745 60.788  54.403 45939  40.872  36.741  34.249  26.749
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26
1 8.711 8.717 7.536 6.765 6.162 6.046 4.873 4.658 4.065 3.843 3.466 3.451 2.858
2 17.725 15480 13.012  11.595 10.331 9.496 7.880 7.220 6.562 5.863 4.996 4.666 3.884
3 21.508  19.152  16.213  13.972  12.852  11.413 9.127 8.485 7.695 6.671 5.880 5.783 4.421
4 23.171  20.711  17.974 15.002 14.723 12469  10.143 9.385 8.320 7.302 6.427 5.989 4.944
5 25497 22891  19.263 16.671 14.806 13.379  10.782  10.043 8.841 8.001 7.129 6.097 5.196
0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.49
1 2.432 2.088 1.946 1.645 1.548 1.144 0.938 0.868 0.571 0.343 0.198 0.071
2 3.380 2.927 2.520 2.311 1.917 1.453 1.161 0.995 0.685 0.390 0.259 0.088
3 3.990 3.336 2.860 2.731 2.083 1.698 1.344 1.136 0.782 0.434 0.323 0.096
4 4.457 3.701 3.159 2.885 2.179 1.762 1.447 1.175 0.812 0.454 0.338 0.101
5 4.605 3.847 3.330 2.914 2.239 1.844 1.497 1.208 0.829 0.469 0.344 0.104

Table 5: Asymptotic critical values for the U Dmax LRy test, using e = 0.05. These are obtained
from 10,000 Monte Carlo replications with 1,000 increments.
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99%
m/d | -0.49 -0.48 -0.46 -0.44 -0.42 -0.4 -0.38 -0.36 -0.34 -0.32 -0.3 -0.28 -0.26
1 13.242  27.302 41.304 51.161 60.097 58974 56.234  54.063 61.337 62.121  66.550  48.803  45.649
2 31.624  55.570 101.378 114.483 137.152 149.019 133.183 132.250 127.398 150.242 103.128 98.281  100.489
3 44.328  73.390 135962 161.676 193.512 218.208 187.724 182.320 173.746 215.210 127.916 156.701 128.524
4 48.597  82.612  149.202 184.739 214.974 254.592 209.437 215.628 194.856 233.235 163.417 159.445 140.256
5 56.680  94.172 161.373 204.324 240.566 254.592 227.372 233.447 216.968 261.370 185.785 189.944 151.578
-0.24 -0.22 -0.2 -0.18 -0.16 -0.14 -0.12 -0.1 -0.08 -0.06 -0.04 -0.02 0
1 41.889  38.796  51.253  28.561  28.390  26.587  23.533  20.137  19.944  18.043 16.801  15.665  13.096
2 85.590  76.726  67.182  58.089  55.900  53.785  44.964 37.432 34.804 31.151 28722  26.991  21.998
3 108.814 117.656 86.158  81.578  74.409  61.891  55.258  46.322  42.761  40.785  34.559  31.962  27.031
4 130.189 117.656 93.050  92.660  84.612  73.290  66.677  55.068  51.097  44.669  40.851  38.593  31.099
5 144.329 133.404 103.493 97.502 92,949  77.167  75.029  63.593  55.843  52.113  44.947 44.315 33.184
0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26
1 12.715  12.620  10.390 8.238 8.038 8.043 6.287 6.585 5.762 5.210 4.668 4.846 3.750
2 20.337  18.698  15.991  13.043 11.535  10.982 9.198 8.892 7.711 7.418 6.078 5.937 4.783
3 26.003  23.042 20.218 15911 14.540 13.318 10.874  10.415 9.294 8.218 7.079 6.719 5.654
4 29.820  26.954 23.581  18.106  19.267  15.089  12.023  11.551 9.829 8.951 7.758 7.592 6.059
5 31.235  30.150  23.869 19.116  20.125  15.521 12.795 12.379  10.410 9.495 8.092 7.900 6.341
0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.49
1 3.395 3.052 2.556 1.984 2.068 1.895 1.313 1.260 0.763 0.470 0.305 0.104
2 4.300 3.740 3.639 2.851 2.337 2.387 1.551 1.479 0.841 0.535 0.359 0.125
3 4.895 4.482 4.059 3.089 2.671 2.606 1.636 1.609 0.938 0.578 0.391 0.141
4 5.402 4.720 4.269 3.357 2.737 2.634 1.754 1.625 0.962 0.645 0.394 0.151
5 5.619 4.875 4.359 3.471 2.860 2.680 1.786 1.632 0.982 0.662 0.397 0.156

Table 6: Asymptotic critical values for the U Dmax LRy test, using € = 0.05. These are obtained
from 10,000 Monte Carlo replications with 1,000 increments.
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