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Abstract

A central limit theorem for the weighted integrated squared error of kernel type estimators
of the first two derivatives of a nonparametric regression function is proved by using results
for martingale differences and U-statistics. The results focus on the setting of the Nadaraya-
Watson estimator but can also be transfered to local polynomial estimates.

Key words: central limit theorem, integrated squared error, kernel estimates, local polynomial
estimate, Nadaraya-Watson estimate, nonparametric regression

1 Introduction

The asymptotic distribution of integrated squared errors has been analysed for several kinds of kernel
estimators. For example Bickel and Rosenblatt (1973) consider the integrated squared error of a
Rosenblatt-Parzen estimator for the density of an i.i.d. sample X7, ..., X,, while Hall (1984a) studies
the weighted integrated squared error of multivariate kernel density estimates. The methods used
in those settings can generally be transfered to kernel estimators of regression functions. Konakov
(1978) analyses the asymptotic distribution of a weighted integrated squared error for a regression
estimate of the type

[t = mia) P oyuia)ds,

where m is the Nadaraya-Watson estimate and f denotes the kernel density estimate. This is in
fact the integrated squared error of the numerator of the Nadaraya-Watson estimate. Some central



limit theorems for integrated squared errors of multivariate kernel regression estimates of the type
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as well as
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are given in Hall (1984b) where v,(z) is a random weight function and w(z) is deterministic.
Further consideration of the limiting distribution of the integrated squared error for a random
design is given in Nadaraya (1989). The case of a fixed design is mentioned in Ioannides (1992) and
generally follows the structure of Hall (1984b). Recently Liero (1992) developes asymptotic theory
for the weighted integrated squared errors of regression estimates with data-dependent bandwidths.
In the present paper the asymptotic normality of the weighted integrated squared error of kernel
estimates of derivatives of regression functions is shown which has not been considered yet. This
result has for example an application in testing strict monotonicity of a regression function in a
nonparametric regression model (see Birke and Dette, 2006).

2 Central limit theorem for the integrated squared error

Let A be an interval (also A = IR is possible) and assume that Xi,..., X, are i.i.d. on the set
A% = {r € R|inf,ecq |z — a| < 6}, 6 > 0 with density f. The regression model is given by

where m and f are four and three times continuously differentiable on A, respectively and o is
bounded on A°. The random variables €;, i = 1,...,n are i.i.d. and independent of the sample
Xq,..., X, and have finite moments of order four, especially

[ o) f@)e < oc 1)
AS

with py(x) = E[(Y; — m(X;))*X;]. Further assume that K is a kernel of order 2 with compact
support, say [—\, A\] which is two times continuously differentiable and K (+\) = K’'(+)\) = 0. This
for example holds for the biweight kernel K (z) = 15/16 (1 — 2%)*I;_; 1j(x). A common estimator of
the k-th derivative of the regression function is given by

ak

5 (B) () —
m(x) = =—m(x
() = opin(a)
where | n .
m(l‘) — Ezile( h L>Y;
B R ()
nh =1 h
denotes the Nadaraya-Watson estimate on the set A with a two times continuously differentiable

kernel K of second order and a bandwidth h.
It is shown in the following that the expression

T® = /A(m(k”) (z) — m®(2))2w(z)dx




is asymptotically normal for any bounded, continuous and positive weight function w. This state-
ment is easier to see if the following representation is used. With

A~

Su(0) = [ O KO (F ) (0= mlx) + 9 )] /)

r
1=

the difference m®*) () — m®*)(z) is for k = 0, 1,2 a linear combination of S;(x), j =0,...,k,

k
m® (z) —m®(z) = Zakyl(:c)sl T
1=0

and the integrated squared error is given by

with factors

apr(z) =1, k=0,1,2,
aro(x) = —f'(x)/f (),
a1 (x) = —2f'(x)/f(x),
aro(x) = —(f'(x)/f(2)* + f(2)/f(x)

which converge in probability. In a first step the asymptotic normality of

/Aw(x)S,%(x)dx

can be shown which is stated in the following theorem.

Theorem 1 If the conditions stated above are satisfied and the bandwidth fulfills h — 0, nh3/?*F —
oo and nh?*5 = O(1) for n — oo we have for k =0

(n*2h71a170+n*1h4a 1/2 /SQ B[l] Br[Lz}O) N(O 1)
and for k =1,2
nh2 20, 12 / Si(x v — Bl - B2) 2N (,1)

with

B = e [ [ B[R9 (5o )t



BY, = 1 [ (BIW @) (@) *u(a)da

Qi = 2(/Aa / /K(’“ x+y)dm)2dy)

Qg0 = 4/Aa w?(z) f~H(z)dx

o) = ([ o ) () (@) + 2m0 () 0
SRR E——

]:
The below-mentioned corollary follows from Theorem 1.

Corollary 1 Assume that the conditions of Theorem 1 are fulfilled and that h = O(n='/%). Then
there is for 0 <[ < k

1
nh%“ﬂ/ S2(x)w(x)dx = Op(h2F-D=1/2),
0

As a consequence of Theorem 1 and Corollary 1 the asymptotic normality of T*) is obtained from

(2).

Theorem 2 Under the above conditions, if the bandwidth fulfills h — 0, nh — oo and nh®?t% — oo
for n — oo, there is for k =0

(n*h a0 +n’1h4042,o)’1/2< / ((z) — m(z))?w(z)dz — B} - B[z]) N, 1)
A
and for k> 1 if h = O(n‘1/5)

nh2k+1/2a1—7]1€/2(/(m(k) (z) — m® (2))2w(z)dz — B[l] ) N(0,1)
A

If the variance function o2 is not only continuous and bounded but once continuously differentiable

BS],C has the representation

B = e | / (S y)dy<f(af))‘2w(m)drc

_ k:2
- h2k+1/0 x d:z:/K)

2/ (&) f(&y) +o (5y)f/(£y)
i [ e (F)? wl)dedy

_ (k)2 1
nth“/O f(x)m’ﬁ(x)dx/lK (y)dy+0<nh2k+1/2)'

nth




Corollary 2 Under the assumptions of Theorem 2 if 02 is once continuously differentiable and
k€ {1,2} we have

nh2k+1/2a;;/2(/s,§( Ju(e)de - BYLL) 5 N(0,1)
A

where

- 1 o?(z)w(x) ! 2
Bl = / de [ K®(y)d
n,k nh2k+1 N f(x) Z . (y) Y

The Nadaraya-Watson estimator m can also be replaced by other differentiable estimators of the
regression function, for example local polynomial estimates. A local polynomial estimate has the

representation
N K* (

with K* denoting the corresponding equlvalent kernel (see Fan and Gijbels, 1997). Then an analo-
gous assertion as in Theorem 1 holds for the local polynomial estimate, where K has to be replaced
by its equivalent kernel K*.

) “(1+ op(1))
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Appendix: Proofs

During this section let Ex[Z] and Vary(Z) denote the expectation and variance conditioned on the
sample X1,..., X, of the random variable Z, respectively.

Proof of Theorem 1

The proof of this theorem is adapted to the proof of Hall (1984b), who considered central limit
theorems for the integrated squared error of regression estimators. In a first step an analogous result
to Theorem 1 with a stochastic instead of a deterministic weight function is proved. Therefore
assume, that A, is the o-algebra generated by the sample X;,...,X,. Let v, be a stochastic
function which is measurable with respect to A, ¢ such that it converges in probability to a bounded,
nonnegative and deterministic function v. The statistic

Tk — / S2(2) 2 () v ()

has the decomposition )
T7(Lk) =T + 2L + 21,3+ Ly

with
L = s Z(Y (X)) [ KO (TS (oo 3)
Lo = g S04 = mX)T; = i) [ KO () KO (P et @)
ho = g 20 = m(50) [ KO (5530w 5)

Iy = / (6% (@))Pva(2)dz (6)

and the following theorem holds.

Theorem 3 Under the assumptions of Theorem 1, if v, is a stochastic weight function which
converges in probability to v, there is for k=0

/ Sg(:v)fz(x)vn(x)dm = Ex[ln] + Lns + (n’zhflaw + h4n’1a2,0)1/2Zn
A
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and for k =1 and 2
/ S,g(a:)ﬁ(x)vn(x)dx = Ex[ln] + Lns + (n_2h_1_4ka1,k)1/2Zn
A

with an asymptotically standard normal random variable Z,, and with constants oy, and as o defined
mn Theorem 1.

The proof of this theorem is the major part of this paragraph. Theorem 1 then follows in the
broadest sense from Theorem 3 by chosing v, (z) = w(z)/ f(z).

Proof of Theorem 3. For & = 0 the assertion of Theorem 3 is the same as of Theorem 1 in Hall
(1984b) for p = 0. Therefore the proof is only stated for k = 1,2 and is organized in three parts by
handling the expressions I,1, I,,» and I,3 seperately.
(i) It follows by similar arguments as in the proof of Theorem 1 in Hall (1984b), if (K ®)? instead
of K2 is used, that

n B Bx (L — Ex[Lu])?] = Op(nh?)

and therefore )
Ex[(In1 — Ex[In1])?] = Op <W>
Applying the markov inequality we get

An
P <|In1 — Ex[lu]] > REYCYRTaEY

Xl,...,X)g

which results in )
Inl = EX[Inl] + op (W) .

(ii) To show that I, has a contribution to the asymptotic distribution of T the quantities W,;;
and W,;; are defined as

Whi; = /AK(k)(x_Xi>K(k)<m_Xj>vn(x)dx

Wnij = /AK(k)<x_Xi>K(k)<x_Xj)v(x)dx.

From
Yo = (Y = m(X;) > (Vi = m(X,)) Wy
i=1
it follows that n*h***2[,, = 37", Y,; and E[Yy;]A, ;1] = 0 where A, ; denotes the o-algebra gen-
erated by Xi,..., X, and Yy, ..., Y;. This characterizes the sequence {(S,; = 2222 Yojo Ani), 2 <

i <n < oo} as a martingale difference array. It can be shown that the conditional variance

7j—1

fo NP7 D22, (1 + op(1)

=1



converges to aj /4 where the quantity oy is defined in Theorem 1. In addition, the Lindeberg
condition

RS BaVAH|Yal > enh®?1) 50
=2

is fulfilled. This can be shown as in Hall (1984b) by considering that K*) need not be positive
for k > 0 and therefore using |[K®)| in the estimation. Now a central limit theorem for martingale
difference arrays yields that
1
n_lh_3/25nn 2) N(O, Z_LaLk)

and therefore 21,5 has the same asymptotic distribution as n~th=2¢-1/ 204}/,3 Z,, where Z, is an

asymptotically standard normal distributed random variable. Furthermore I, is asymptotically
independent of each sequence of events A, € A, (see Hall, 1984b).

(iii) The third part of the proof for k£ > 0 differs from that in Hall (1984b). While it is shown there
that I,3 contributes to the asymptotic distribution of Tn(o), it is proved in this part that for higher
order derivatives of m the quantity [,3 is asymptotically negligible.

The representation

In3 - Jnl + Jn2 (7>

with
n

Jut = #Z(Yi —m(X;)) /A K(k)(ﬂf _hXi)ﬂyn,k(x)vn(x)dx

1=

n

T = i 0= m(%) [ KO 00)  uale) )i

nhk+l
=1

and v, x(z) = E[g™ ()] simplifies the discussion of I,,3. Define
Yoi = (Vi — m<Xz>>an

with

. — X,
Zm»:/AK(k)<x - Z)yn’k(x)vn(x)dx
and observe that

1 n
=1

Lemma 1 For k > 0 there is .
Z Ym = Op(n1/2h3>.
i=1



Proof. It can be shown, that v, ,(x) = h>yz(2) + o(h?). Substituting this into Z,; yields

Ex [(Zj:Y"Z)j = Zj:Uz(Xi)Zm‘

n - X, 2
= nS oKX, / Kb (I d h
> ) f KO (57 ) w@pe@ydz) + op(nh?)
The expectation of M, is given by

E[M,] = nhZ/A/_A o*(x — hu)) f(z — hu)) KW (u)

A
X /)\ K® (0)y(x + h(v — u))v(z + h(v — u))dvdudz
= o(nh?)

and the variance equals

Var(M,) = nvar<02(Xl)<K(k)(x _hX1)7k(a:)v(a:)dx)2>

< | ([0 (5 )m) r0m)

= nh*C /AS (/_/\ K(k)(:v)d:v>4dy = O(nh*) = o(n*h*).

A

This results in
2
B (30 )] = #BIML] + on(ah®) = op(ut),

and therefore
> Yui = op(n'h?),

which means

1
T nhktl
Similar methods as in Hall (1984b) (in principle using |K*)| instead of K®) see Birke (2007))
provide

Jnl

1
Op(n1/2h3> — 0P<W>. (8)

Jn2 = op <m> 9)

Equations (7), (8) and (9) now yield I,,3 = op(1/nh?**1/2) which completes the proof of Theorem 3.0

We still have to find a representation for Ex[/,1] and I,,4 so that Theorem 1 follows from Theorem
3. This is done in the following part.



Lemma 2 If the assumptions of Theorem 3 are fulfilled and the weight function is given by vp(z) =
w(x)/(f(z))?, then

ol = s 30 B[P0 6 2 i

and

In4 = / (E[g(k) (x)])Q(f(x))i2w(Q}‘)dx —|— 0p(n71h72k*1/2).
A
Proof. The proof uses the following Taylor expansions at several places,

(f@)? = (Bl (@)])7? +Op(1)|f(z) - BIf (@)]] (10)

F@)? = @2 — 2O —EV@D 60y i) - Blf@) (1)
A (Elfa))®
EF@) 7 = (f@) + 0p ()| B )] - f(@). (12)

With (11) the conditional expectation of I,,; can be written as

Ballal = =z 300060 [ KO (S5 B ule)ds
2 ~ w2 (T
s 270 [ K

+0p () Zo ) [ KO G0 - Bl ) s
= B, — 2B, + Bs.

The variance of By is of order o(1/n*h**1). Therefore a straight forward calculation using (12)
gives for the dominating term B,

By = E[By] + op(n th#71/%)
1 - 2/ — X; B .
= n2h2k+2 Z/AE [02(Xi)K(k) ( - )} (f(2)) Qw(x)dx +op(n 1p,~2k 1/2)_
i=1
To show that the remaining expressions are of smaller order, note that B, can be expressed as

_ K02
By = n3h2kz+3 Z/ . <

s 3h2k+3 Z/ Cn (X, )60 (X, w)wp(2)dr = Lyt + Lng + Ly
i#]

) |l o)

10



with

6(Xia) = ( hXZ) E[K( =]

B[t (5]

Cn(wa) - 0
wn(z) = ( )( [f@)~?

It can easily be seen that the expectations of L,; and L,3 are 0 and that the variances of both
terms are of order o(1/n2h**1). This yields L,; = op(1/nh?*+1/2) for i = 1,3. The expectation of
Lng is

/\

D‘
><

N——

BlL) = ~srrs 2 [ ElG (X506 (X 0)un(a)da

= s [ [ P OES @K@y~ Ry + o )

1 1
O<n2h2k+2> = O(nh2k+1/2>
and its variance is again of order o(1/n?h**1). This gives

1 1
Lo = E[Lna] + op <W> = Op(nh%ﬂ/?)’

and therefore shows that B, is of the order op(1/nh?%1/2). The estimation of

log h~! 1 logh! 1
By = Op<n2h2k+2) - OP<nh2k+1/2 nh3/2 ) - 0P<nh2k+1/2)

is performed by using the uniformly almost sure convergence rate of f . The first assertion of Lemma
2 now follows by combining the estimates of By, By and Bs.

In a second step the stochastic expansion of 1,4 is developed. If the Taylor expansion (10) is used
we get

Ly = / (5 @)*(BLf () *dz + Op(1) / (§(@))*1f (x) = BLf (@)]|de = 1] + L.
A A
]

The variance of I -4 can be divided into
Var(ILy) = Var(Lpi + Lys) < Var(Lp) + Var(Lns)
with
1 B o
Lt = s 3 | €80 a) (ELF)) u(a)ds,
i=1
1 2 -
Liy = s S0 €00 )X, ) (BL () w(e)ds,
i#]
& (Xi,2) = Z'(2, Xi) - B[Z'(, X3)],

11



and the random variable Z(x, X;) is defined as

k—1
- X k , N —X
_ e (P A _ _ k—j (k—3) G (r -4
22, X)) = K ( . )(m(X,) m(z)) ]'E:oh <j>m (2)K ( . )
The variance of L, is of order

Var(Ly1) = m zn:E [(/qu[f](Xh$)(E[f($)])_2w(x)dx)2]

= O = ()

while the variance of L,» can be estimated as
1 A _
Var(L) = (o) [ [ 200 X0 200 XOELF ) Putewo)dndy
1 1
= () = o)
This yields

18 =B + or (g ) = / B[ @)AEF @) uw()dr + op (i)

A careful inspection shows, that

n—1

E[(9®(2))*] = EIG} ()] +

n
with G (z) = Z%(z, X1)/nh®+2 and G (2) = Z(x, X;)/R**+!. This gives uniformly on A

1 1 1
E[GN(2)] = WE[ZQ(%XJ] = O(m) = O<W>’

which means that the first term is asymptotically negligible. The second term is equal to

BIGR(@)] = 1oy EIZ(r X0)] = ey (F9(2) + o)) = O(1?).

Therefore (E[GY(x)])? is not asymptotically negligible under the assumption nh2+5 = O(1) which
gives

18] = w1+ or () = [ @D EF@D Z0@ds +or ().

Now the expectation of f () has still to be replaced by the true density f. This can be done by
using the expansion (12) and results in

1 = [ @) e+ or ().

12



An application of the Cauchy-Schwarz inequality determines the order of Iﬁ,
1/2 R R 1/2
12 < 0p()( [ @@ytar) ([ 15w - wlfpas)
A A

The squared second factor is of order Op(1/nh) because the mean squared error of f(z) is of order
O(1/nh), while the expectation of the squared first one is

1
[ BGO @) e = i 3 [ B2 X020 X) 20 X0 2, X)ds

,5,k,l
= O(#) +O(#> +O(#> + O(R®).
2]

Altogether we have I = op(1/nh*+1/2) which completes the proof of Lemma 2. O

Theorem 1 now follows from Theorem 3 with the weight function v, (z) = w(z)/f?(z) and Lemma 2.
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