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The Desirability Index as an Instrument for MultivariatePro
ess ControlHeike TrautmannDepartment of Statisti
s, University of Dortmunde-mail: weber�statistik.uni-dortmund.deJuly 2004Abstra
t:The Desirability Index (DI) is a method for multi
riteria optimization in industrial qua-lity 
ontrol. By design of experiment methods and transferring the multivariate into aunivariate optimization problem settings of in
uen
e fa
tors are sele
ted that lead to apro
ess with simultaneously optimized quality measures. In this paper a new �eld ofappli
ation for the DI is introdu
ed | the �eld of pro
ess 
ontrol. When a pro
ess wasdesigned with the obje
tive of rea
hing the optimal value of the DI, the DI therefore is themost appropriate measure to monitor this optimality over time. Based on the distributionof the DI 
ontrol 
harts for individual measurements are presented and advantages 
om-pared to the traditional approa
hes are pointed out, espe
ially 
aused by an innovativepro
edure for the interpretation of out-of-
ontrol signals.
1 Introdu
tionThe Desirability Index (DI), whi
h was introdu
ed by [HAR65℄ and extended primarilyby [DER80℄, by now has gained wide a

eptan
e in pra
ti
e in the 
ourse of multi
ri-teria optimization in industrial quality management (e.g. [BAS02℄, [CAR01℄, [KOR02℄,[PAR02℄). Harrington's desirability fun
tions (DF) are based on exponential-type trans-formations of the quality measures 
onsidered onto a unitless s
ale between 0 and 1. TheDI then 
ombines the latter via the geometri
 mean or e.g. by taking the minimum of theDFs ([KIM00℄). By optimizing the DI using fun
tional relationships between the qualitymeasures and the pro
ess in
uen
ing fa
tors resulting from design of experiment methods,optimal levels of the in
uen
e fa
tors are sele
ted, whi
h optimize all quality measures



2 DISTRIBUTION OF THE DESIRABILITY INDEX 2simultaneously.On
e the quality of an industrial pro
ess has been initially optimized the ongoing pro
essquality is of strong interest in order to dete
t undesired pro
ess 
hanges. For this purposeso far separate univariate or multivariate 
ontrol 
harts are used. A straightforward andmore appropriate approa
h for quality 
ontrol in this 
ase though is the utilization ofthe DI not only for pro
ess optimization but also for quality 
ontrol purposes. Whenthe pro
ess was designed with the obje
tive of rea
hing optimality regarding the DI, itis obviously the most appropriate measure to 
ontrol its stability over time. In [WEB03℄resp. [TRA04℄ the statisti
al distribution for di�erent types of the DI was made available,whi
h provide the basis for designing spe
i�
 
ontrol 
harts for the DI. A review of thesedistributions is given in Chapter 2. Chapter 3 introdu
es 
ontrol 
harts for individualmeasurements of the DI, and in Chapter 4 an innovative pro
edure for the interpretationof out-of-
ontrol-signals in DI 
ontrol 
harts is presented. Afterwards a summary and anoutlook on further resear
h �elds 
ompletes the results in Chapter 5.2 Distribution of the Desirability IndexIn [WEB03℄ the distributions of two types of DIs, namely the geometri
 mean and theminimum of the DFs based on Harrington's one-sided or two-sided DFs are derived. Whenusing the geometri
 mean an approximative approa
h arises as the most suitable one forthe one-sided 
ase, whereas for the two-sided 
ase the distribution of the DI is madeavailable for two quality measures Yi (i=1,2) with ni = 1 wheredi(Y 0i ) = e�jY 0i jni ; i = 1; : : : ; k; 0 < ni <1 with (1)Y 0i = 2Yi � (USLi + LSLi)USLi � LSLi ; i = 1; : : : ; k; (2)LSL=USL : Lower / Upper Spe
i�
ation Limit; and in the one-sided 
asedi(Y 0i ) = e�e�Y 0i ; i = 1; : : : ; k with (3)Y 0i = b0i + b1iYi: (4)As 
ontrol 
harts for the DI are based on its distribution fun
tion as a review only theseare presented in the following.



2 DISTRIBUTION OF THE DESIRABILITY INDEX 3Theorem 1 (DI Geometri
 Mean) Given k independent quality measuresYi � N (�i; �2i ) (i = 1; : : : ; k) with DFs di (1) resp. (3), the DI de�ned asD := (Qki=1 di)1=k has the following distribution fun
tion:FD(D) � 1� � � log(k) + log(�log(D))� ���� � with �� and ��2as de�ned in [SCH82℄resp. [WEB03℄, and in the two-sided 
ase for k = 2 and ni = 1 (i = 1; 2)FD(D) = Z D0 fD(D)d(D) withfD(D) = p22Dp�( ~�22 + ~�12) ��exp��(�2log(D)� ~�1 � ~�2)22( ~�22 + ~�12) ��erf  ((�2log(D)) ~�22 � ~�1 ~�22 + ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D)� ~�1 + ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�22 � ~�1 ~�22 � ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D) + ~�1 � ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�22 + ~�1 ~�22 + ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D) + ~�1 + ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�22 + ~�1 ~�22 � ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D)� ~�1 � ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�12 + ~�1 ~�22 � ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D)� ~�1 + ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�12 + ~�1 ~�22 + ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D) + ~�1 � ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�12 � ~�1 ~�22 � ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !
+exp��(�2log(D) + ~�1 + ~�2)22( ~�22 + ~�12) � erf  ((�2log(D)) ~�12 � ~�1 ~�22 + ~�2 ~�12)~�2 ~�1p2p ~�22 + ~�12 !! ;~�i = 2USLi � LSLi � �i � USLi + LSLiUSLi � LSLi and ~�2i = ( 2USLi � LSLi )2 � �2i ;erf(x) = 2 � �(p2x)� 1 (Gaussian Error Fun
tion);�(x) := Distribution fun
tion of N (0; 1):Sin
e 1965 modi�
ations of Harrington's approa
h have been introdu
ed, one type 
on-
erned with altered desirability fun
tions (see [DER80℄ as the most important one), theother one aiming at di�erent DIs e.g. the minimum of the DFs ([KIM00℄):



3 CONTROL CHARTS FOR THE DI 4Theorem 2 (DI Minimum DFs) Given k independent quality measures Yi � N (�i; �2i )(i = 1; : : : ; k) with DFs di (1) resp. (3), the DI D de�ned as D := mini=1;:::;k di has thefollowing distribution fun
tion:FD(D) = 1� kYi=1 � �(log(�log(D))� ~�i)~�i � (One-sided DFs) with~�i = �(b0i + b1i � �i) and ~�2i = (b1i)2 � �2i ;FD(D) = 1� kYi=1 ��1 + � �((�log(D))1=ni � ~�i)~�i �+ � �((�log(D))1=ni + ~�i)~�i ��(Two-sided DFs) with ~�i and ~�2i as de�ned in Theorem 1.3 Control Charts for the DIIn prin
iple the sele
tion pro
ess of a 
ontrol 
hart for the DI follows the same pro
edureas for any univariate quality measure apart from some spe
ial 
hallenging 
hara
teristi
s.Almost all well-known univariate 
ontrol 
harts were designed for normally distributedquality measures, whi
h 
annot be assumed for the DI. So either a nonparametri
 
ontrol
hart (see [CHA01℄ for a review) has to be 
hosen or the desired 
ontrol 
hart type mustbe derived for the distributions of the DI given in Theorem 1 and 2. Furthermore the
on
erning 
hoi
e is 
onstri
ted to 
ertain types of 
ontrol 
harts:In general 
ontrol 
harts 
an be 
lassi�ed regarding the purpose of either monitoring thepro
ess expe
tation or the pro
ess variability where also 
omposite 
ontrol 
harts existthat simultaneously keep 
ontrol of both parameters. With respe
t to the DI there is thespe
ial situation that 
hanges in the distribution of a quality measure Yi apart from veryrestri
ted 
ases lead to shifts of the expe
tation as well as the varian
e of the DI due tothe nonlinear transformations of the quality measures in (1) and (3). This is an obviousfa
t be
ause of the restri
ted domain of the DI. Assuming the expe
tation of the DI 
omes
lose to the interval borders a de
rease of the varian
e must be the 
onsequen
e in orderto ensure that the values of the DI keep up with the domain restri
tion. This impliesthe ne
essity of simultaneously observing both pro
ess expe
tation and varian
e, andtherefore either 
omposite 
ontrol 
harts or a 
ontrol 
hart for individual measurementshas to be 
hosen.The latter will be the re
ommended one for most 
ases as the DI itself fun
tions as an"average quality value" at ea
h parti
ular point of time. An additional timewise averagingoften results in interpretation problems espe
ially regarding the analysis of out-of-
ontrol



3 CONTROL CHARTS FOR THE DI 5signals. In general 
ontrol 
harts for single measurements are suggested in the presen
eof long time spans between samples and in situations of high variability of the DI so thatea
h realization of the DI has to be monitored separately. Based on the distribution ofthe DI a 
ontrol 
hart for single measurements of the DI is de�ned as follows:De�nition 3 (Single-Measurements Control Chart) Given a pro
ess 
hara
terizedby k quality measures, whi
h have been 
ombined by a DI D, and known distributionfun
tions FD(D), the 
ontrol (LCL, UCL)- and warning limits (LWL, UWL) of the single-measurements 
ontrol 
hart are:LCL=UCL = Q0:005=Q0:995; LWL=UWL = Q0:025=Q0:975 withQ� := � � 100%-quantile of FD(D) and 
enterline Q0:5:Assuming that the values of the quality measures emanate from equidistant samples takenfrom the ongoing pro
ess this grouping 
an be retained by using a 
ontrol 
hart whi
h isbased on the extreme values of ea
h sample| the extreme value 
ontrol 
hart (analogouslyto [WEI99℄, p. 301).De�nition 4 (Extreme Value Control Chart) Given a pro
ess 
hara
terized by k qua-lity measures from samples of size g, whi
h have been 
ombined by a DI D, and knowndistribution fun
tions FD(D), the 
ontrol (LCL, UCL)- and warning limits (LWL, UWL)of the extreme value 
ontrol 
hart are:LCL=UCL = Q(1� gp0:99)=2; LWL=UWL = Q(1� gp0:95)=2 withQ� := � � 100%-quantile of FD(D) and 
enterline Q0:5 resp. E(D).The values of the quality measures are plotted one upon another at ea
h point in time asample is taken. The pro
ess therefore is deemed to be in 
ontrol if all values of the 
urrentsample plot within the 
ontrol limits, so that the de
ision is based on the extreme valuesof ea
h sample. Despite of the advantage of the retained sample grouping this approa
hhowever leads to wider 
ontrol limits than the single-measurements 
ontrol 
hart. Whi
h
ontrol 
hart type is re
ommended for use has to be de
ided individually on the basis ofthe 
onsidered pro
ess 
hara
teristi
s.In 
omparison to existing 
ontrol 
harts the introdu
ed 
ontrol 
harts prove to be superiorwhen applied to the DI. A simulation study (30000 runs) was 
arried out to assess theperforman
e of the single-measurements 
ontrol 
hart (SMCC) in 
ontrast to the Shewart-Single-Measurements- (SHCC)([WAD02℄) and the Fen
e Control Chart (FCC) based on



3 CONTROL CHARTS FOR THE DI 6the theoreti
al distribution of the DI by a 
omputation of their In- and Out-Of-ControlAverage Run Lengths (ARLs). A FCC ([WEI99℄, p. 303 f.) is based on the theoreti
al orempiri
al distribution of the quality measure at hand and shows analogies to the 
on
eptof boxplots. When interpreting a boxplot all points that plot outside its outer fen
es aredenoted as outliers, i.e. lie in an abnormal distan
e from the other values 
onsidered.Utilizing this 
on
ept the 
ontrol limits of the FCC are 
omputed asLCL=UCL = Q0:25 � 1:5 � (Q0:75 �Q0:25) or LCL=UCL = q0:25 � 1:5 � (q0:75 � q0:25);(5)Q�=q� = � � 100%�Quantile of theoreti
al / empiri
al distributionof the quality measure. (6)In ea
h 
ase two quality measures were sele
ted and 
ombined either by the geometri
mean or the minimum of the DFs as a DI using one- and two-sided DFs. Table 1 showsexemplary simulation results, i.e. 
ontrol limits and In-Control-ARLs, to fa
ilitate thedis
ussion of problems that 
an o

ur when applying the SHCC and FCC. Figures 1a)-d)ea
h use one of the parameter settings of the simulation to visualize and 
ompare theOut-Of-Control behaviour of the ARLs. For that purpose the 
ontrol limits of the SHCCand the FCC were adjusted so that the resulting In-Control-ARL-values at least roughlyequal the 
orresponding values of the SMCC. For Figures 1a)-d) the following parametersettings were used (Yi � N (�i; �2i )):Two-Sided DFs ((LSL; USL; n)[�; �℄):Fig. 2a) : d1 : (3; 7; 1)[5; 0:3℄; d2 : (2; 9; 1)[3; 0:8℄; D := ( kYi=1 di)1=k; (7)Fig. 2
) : d1 : (4; 6; 1:5)[4; 0:2℄; d2 : (3; 7; 1)[5; 0:5℄; D := mini=1;:::;k di: (8)One-Sided DFs (DFs spe
i�ed by (Y; d)):Fig. 2b) : d1 : (3; 0:2); d2 : (6; 0:6); [�; �℄ : [6:41; 0:2℄; [�0:98; 0:53℄;D := ( kYi=1 di)1=k; (9)Fig. 2d) : d1 : (7; 0:4); d2 : (10; 0:9) resp. d1 : (3; 0:2); d2 : (6; 0:6);[�; �℄ : [9; 1℄; [6:1; 0:5℄; D := mini=1;:::;k di: (10)The x-axis indi
ates a shift in the expe
tation of the DI, whi
h is estimated using thearithmeti
 mean �D of the DI resulting from all simulation runs, where the index (a; b)



3 CONTROL CHARTS FOR THE DI 7SMCC SHCC FCC SMCC SHCC FCCControl Limits n (3,7,1) [4,1℄ (3,7,1)[5,0.3℄Parameter of DFs (3,7,1) [6,4℄ (2,9,1)[3,0.8℄LCL 0.03913 -0.2349 -0.2514 0.4772 0.4167 0.4431UCL 0.9215 1.01704 1.0138 0.8982 0.9133 0.8802In-Control-ARL 101.42 1 1 99.89 299.07 110.18Table 1: Simulated In-Control-ARLs for di�erent parameter settings (LSL,USL,n)[�i,�i℄ withYi � N (�i; �2i ) based on two-sided DFs using the geometri
 mean as DI.re
e
ts the kind of shift in the distribution of the two underlying quality measures Y1 andY2. Assuming that Yi � N (�i; �2i ) the index (a,b) is interpreted as(a; b) : Y1 � N (�1 + a � �1; �21); Y2 � N (�2 + b � �2; �22): (11)The ARL-values are only 
onne
ted for illustration purposes to fa
ilitate the 
omparisonof the di�erent 
ontrol 
harts.When analyzing the simulation results the most important observations 
ome out asfollows:� The usage of the SHCC and FCC may lead to 
ontrol limits outside the domainof the DI as shown in the �rst example in Table 1. Despite on the one hand theIn-Control-ARL value is very high or even equals1 this is also true for the Out-Of-Control-ARL, whi
h does not result in an appropriate 
ontrol 
hart for the DI. Thesesituations 
an o

ur in the presen
e of high varian
es or skewed distributions of theDI as the SHCC a
ts on the assumption of a symmetri
 distribution | namely anormally distributed DI | and the FCC assumes symmetri
 distribution tails belowand above its quartiles.� The e�e
t of shifts in the expe
tation of the quality measures onto the expe
tationas well as the varian
e of the DI be
omes visible as the standard deviation sd(D) isadditionally plotted in Figures 2a)-d).� The ARL behaviour of the SHCC and the FCC gets more and more problemati
with in
reasing skewness of the distribution of the DI (see Figures 1a),
),d)). The
orresponding density fun
tions ([WEB03℄) of the DI 
an be found in Fig. 2, wherealso a normal density with the expe
tation and the varian
e of the DI is added forillustration purposes of the skewness. Shifts of E(D) towards the steeper side of the
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Figure 1: Out-Of-Control-ARLS of SMCC, SHCC, FCC. Parameter Settings are listed in (7)-(10).



4 INTERPRETATION OF OUT-OF-CONTROL SIGNALS 9density fun
tion of the DI result in very high values of the 
orresponding Out-Of-Control-ARL whereas the SMCC does not show this kind of extreme 
hara
teristi
.Only the example in Fig. 1b), where two one-sided DFs were 
ombined by thegeometri
 mean, generates similar ARL shapes for all of the three 
ontrol 
harts asin this 
ase the distribution of the DI 
omes 
lose to a symmetri
 one (see Fig. 2a)).In this spe
i�
 
ase the SHCC and FCC are even able to dete
t a de
rease in theexpe
tation of the DI slightly sooner than the SMCC.Summing up, the advantages of the SMCC in 
omparison to the SHCC and FCC be
omeobvious espe
ially in the presen
e of skewed distributions of the DI.Analogous results 
on
erning skewed distributions of the DI are obtained for the ExtremeValue Control Chart (see De�nition 4) in 
omparison to the Shewart-�x-Control Chart butare not presented in detail here (see [TRA04℄).4 Interpretation of Out-Of-Control SignalsBy using a 
ontrol 
hart for the DI undesired pro
ess 
hanges 
an be dete
ted at pointsin time when values of the DI plot outside the 
ontrol limits, so that 
ountera
tions arerequired in order to get ba
k to an in-
ontrol-situation. In order to de
ide whi
h 
oun-tera
tions to 
arry out at �rst the 
ause of the spe
i�
 out-of-
ontrol-signal has to bedetermined, whi
h in general is a 
hallenging and frequently dis
ussed task in multivari-ate pro
ess 
ontrol.Though for multivariate 
ontrol 
harts approa
hes like prin
ipal 
omponent analysis([WEI99℄, p. 334 �.), dis
riminant analyis ([CHU92℄), spe
ial types of orthogonal de-
ompositions ([MAS95℄), regression �t ([MON01℄, p. 529 �.) or exa
t simultaneous 
on-�den
e intervals for parallel univariate 
ontrol 
harts ([HAY94℄) form means to fa
ilitatethis problem, espe
ially when the T 2-
hart is utilized, still no really satisfying generalapproa
h for this problem exists.
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Figure 2: Densities of the DI and a normal distribution �( �D; ^var(D)) (dotted) related to the examplesin Figure 1a) ((1)) to 1d) ((4)).In 
ase the proposed single-measurements 
ontrol 
hart (SMCC) or the Extreme ValueControl Chart (EVCC) for the DI are used as de�ned in De�nitions 3 and 4 the 
ontrollimits for the DI 
an be transformed into 
ontrol limits for the underlying desirabilityfun
tions as well as the individual quality measures. Assuming the usage of the geometri
mean as DI the 
ontrol limit for a spe
i�
 DF is dependent on the values of the remainingones as the produ
t of the DFs is taken. So low values of one DF may be 
ompensatedfor by a high value of another DF. Therefore the resulting 
ontrol limit does not 
omplywith the usual horizontal line but is determined seperately for ea
h realization of the DI,where only the lower 
ontrol limit of the DI is of primary interest as "too high" values ofa DI in prin
iple do not exist.Theorem 5 (Lower Control Limit for DF) Given a pro
ess 
hara
terized by qualitymeasures Y1; : : : ; Yk and respe
tive DFs d1; : : : ; dk (1) or (3) as well as DI D, for whi
h alower 
ontrol limit LCL was 
al
ulated as des
ribed in theorems 3 and 4, the lower 
ontrollimit of a spe
i�
 DF is determined asLCLdi = LCLkQkj=1j 6=i dj ; i 2 f1; : : : ; kg:This relationship 
an dire
tly be seen from the inequalities kYi=1 di!1=k � LCL, kYi=1 di � LCLk , di � LCLkQkj=1j 6=i dj : (12)



4 INTERPRETATION OF OUT-OF-CONTROL SIGNALS 11The interpretation of an out-of-
ontrol-signal in the SMCC or EVCC thus 
an be 
arriedout in the resulting 
ontrol 
hart for a spe
i�
 DF. In 
ase the realizations of the DF do notshow any irregularities like trends, an in
reasing varian
e or extreme values in 
ontrast tothe lower 
ontrol limit, the signal is mainly 
aused by another quality measure. So spe
i�
and suspi
ious DFs 
an be systemati
ally monitored. In most appli
ations it won't bene
essary to set up all (maximal (k � 1)) 
ontrol 
harts for the DF.Analogously 
ontrol limits for the quality measures 
an be derived, where it depends onpersonal preferen
es what kind of 
ontrol 
hart to analyze. Here attention should bepaid to the fa
t that a lower 
ontrol limit only results for one-sided DFs (3) with desiredmaximization of the quality measure Yi, for minimization problems an upper 
ontrol limitis determined. For two-sided DFs (1) one gets a lower 
ontrol limit for realizations on theleft hand side of the target value Ti = (LSLi + USLi)=2 and a

ordingly an upper onefor values on the right hand side.Theorem 6 (Control limits for quality measures) Given a pro
ess 
hara
terized byquality measures Y1; : : : ; Yk and respe
tive DFs d1; : : : ; dk (1) or (3) as well as DI D, forwhi
h a lower 
ontrol limit LCL was 
al
ulated as des
ribed in theorems 3 and 4, the
ontrol limit for a spe
i�
 quality measure is determined as1. One-sided DF:1b1i 24�log0��log0� LCLkQkj=1j 6=i dj1A1A� b0i35 = ( UCLyi for b1i < 0LCLyi for b1i > 0 :As for values LCLkQkj=1j 6=i dj > 1 the outer logarithm is unde�ned, for b1i < 0 the 
ontrol limitUCLyi is set to a 
onstant value above the maximum realization of Yi. For b1i > 0 a
onstant value below the minimum realization of Yi is assigned to LCLyi.2. Two-Sided DF:LCLyi = �12 264(USLi � LSLi) �0��log0� LCLkQkj=1j 6=i dj1A1A1=ni � (USLi + LSLi)375 ; Yi < Ti;UCLyi = 12 264(USLi � LSLi) �0��log0� LCLkQkj=1j 6=i dj1A1A1=ni + (USLi + LSLi)375 ; Yi � Ti:In the one-sided 
ase the proposition results from a distin
tion subje
t to the sign of b1i
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Figure 3: Example: Interpretation of an Out-Of-Control-signal using two-sided DFs (1)using exp [�exp(�(b0i + b1i � yi))℄ � LCLkQkj=1j 6=i dj (13), b1i � yi � �log0��log0� LCLkQkj=1j 6=i dj1A1A� b0i; (14)and for two-sided DFs the distin
tion is 
arried out regarding the sign of(2yi � (USLi + LSLi)), whi
h is equivalent to the sign of (yi � Ti):exp�� ����2yi � (USLi + LSLi)USLi � LSLi ����ni� � LCLkQkj=1j 6=i dj (15), j2yi � (USLi + LSLi)j � (USLi � LSLi) �0��log0� LCLkQkj=1j 6=i dj1A1A1=ni :(16)Fig. 3 shows an exemplary 
ontrol 
hart for the DI resulting from two quality measuresY1 and Y2 with spe
i�ed two-sided DFs as well as a 
ontrol 
hart for the quality measureY1, for whi
h the 
ontrol limit was set up subje
t to Theorem 6. At t = 80 the DI plotsbelow the lower 
ontrol limit of the DI, whi
h is re
e
ted in the 
ontrol 
hart for Y1,as the realization of Y1 does not ex
eed the lower 
ontrol limit represented by grey dots.When interpreting this 
ontrol 
hart it be
omes obvious that Y1 does not show any spe
ialirregularity at t = 80 but the lower 
ontrol limit does by taking an extreme value. So itfollows that the out-of-
ontrol-signal is primarily 
aused by Y2.
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ontrol 
harts for the DI (Minimum DFs) with possible interpretation ofOut-Of-Control-signalsThe situation, in whi
h the minimum of the DFs is applied as a DI, is addressed dif-ferently as in this 
ase there is no possibility for 
ompensating low values of individualquality measures. Fo
ussed is rather the dete
tion of the spe
i�
 quality measure whi
his responsible for the value of the DI in presen
e of an out-of-
ontrol-signal at hand. Forthis purpose a symbol is 
hosen for ea
h individual quality measure, whi
h is used in the
ontrol 
hart of the DI for visualizing from whi
h quality measure the displayed value ofthe DI originates (Fig. 4). The interpretation of an out-of-
ontrol-signal therefore 
andire
tly be 
arried out in the 
ontrol 
hart of the DI and thus is independent of the typeof DF.Observing the left part of Fig. 4 the out-of-
ontrol-signals at points 8 and 9 
an be assignedto Y1. The right part however shows another important advantage of the approa
h pro-posed. Besides the analysis of the out-of-
ontrol-signals also trends or stru
tural 
hangesof the pro
ess be
ome visible. From point 8 on all displayed values of the DI originatefrom Y3 so that its desirability has permanently de
reased.For the EVCC the proposed approa
h for the geometri
 mean as well as the minimum ofthe DFs is also valid, merely the stru
ture of the EVCC is retained when transformingthe LCL of the DI into 
ontrol limits for the DFs and the quality measures.



5 SUMMARY AND OUTLOOK 145 Summary and OutlookIn this paper multivariate pro
ess 
ontrol as a new and very promising appli
ation �eldfor the DI is introdu
ed. So far the DI is only used for multi
riteria optimization. Basedon the statisti
al distribution of the DI provided in [WEB03℄, a Single-Measurement- aswell as an Extreme Value Control Chart for two types of DIs, i.e. either the geometri
mean or the minimum of the DFs, is presented. Compared to existing 
ontrol 
harts formultivariate pro
ess 
ontrol purposes many advantages be
ome obvious, e.g. a 
omplexityredu
tion 
ompared to separate univariate 
ontrol 
harts as only one 
ontrol 
hart hasto be monitored over time. This is also true for multivariate 
ontrol 
harts though, forwhi
h however the interpretation of out-of-
ontrol signals is a 
hallenging and problemati
task. For the proposed 
ontrol 
harts an appropriate approa
h for the analysis of out-of-
ontrol situations 
ould be developed. Furthermore in 
omparison to existing univariate
ontrol 
harts as the Shewart-Single-Measurements- or the Fen
e Control Chart the ARLbehaviour of the 
harts proposed shows superiority, espe
ially with regard to very skeweddistributions of the DI, as no symmetri
 or even normal distribution 
an be assumed. Inaddition the restri
ted domain of the DI has to be 
onsidered. Existing 
ontrol 
harts inpresen
e of high varian
es of the DI often 
onsist of 
ontrol limits outside the domain. Amore detailed dis
ussion is 
arried out in [TRA04℄.For future work many perspe
tives exist. On the one hand other types of 
ontrol 
hartsfor the DI 
an be developed, e.g. �X- or S-
harts, but pro
ess expe
tation and pro
essvarian
e have to be monitored simultaneously by using 
omposite 
ontrol 
harts, as theyare not independent for the DI. On the other hand the approa
h presented 
ould beextended with regard to other types of DFs (e.g. [DER80℄), where in the �rst stage thedistribution of the DI has to be derived.A
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