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Redistributive Income Taxation with Directed
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Jonas Loebbing!
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This paper studies the implications of (endogenously) directed technical change
for the design of non-linear labor income taxes in a Mirrleesian economy aug-
mented to include endogenous technology development and adoption choices by
tirms. First, I identify conditions under which any progressive tax reform induces
technical change that compresses the pre-tax wage distribution. The key intuition
is that progressive tax reforms tend to increase labor supply of less skilled relative
to more skilled workers, which induces firms to develop and use technologies that
are more complementary to the less skilled. Second, I provide conditions under
which the endogenous response of technology raises the welfare gains from pro-
gressive tax reforms. Third, I show that directed technical change effects make the
optimal tax scheme more progressive, raising marginal tax rates at the right tail
of the income distribution and lowering them (potentially below zero) at the left
tail. For reasonable calibrations, the directed technical change effects of actual tax
reforms on wage inequality appear to be small, but the impact of directed techni-
cal change on optimal taxes is considerable. Optimal marginal tax rates increase
monotonically over the bulk of the income distribution instead of being U-shaped
(as in most of the previous literature) and marginal tax rates on incomes below the
median are reduced substantially.

JEL: H21, H23, H24, ]J31, O33 Keywords: Optimal Taxation, Directed Technical
Change, Endogenous Technical Change, Wage Inequality.

1. Introduction

Technical change is widely considered an important determinant of changes in the wage struc-

ture of an economy and hence of first-order importance for the design of redistributive tax
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schemes. Existing work analyzes how redistributive taxes respond optimally to exogenous
changes in production technology that affect the wage distribution (e.g. Ales, Kurnaz and
Sleet, 2015). But technologies are developed and adopted by firms pursuing economic objec-
tives (cf. Acemoglu, 1998, 2007), so they should respond to perturbations of the economy such
as tax reforms. In particular, previous work on directed technical change has theoretically
proposed and empirically substantiated that the supply of skills in an economy is an impor-
tant determinant of the extent to which technology favors skilled workers and thereby raises
wage inequality (e.g Acemoglu, 1998; Morrow and Trefler, 2017; Carneiro, Liu and Salvanes,
2019). At the same time a large literature on redistributive taxation shows that (non-linear)
labor income taxes distort the supply of labor at different levels of skill in a quantitatively
significant way (cf. Chetty, 2012; Saez, Slemrod and Giertz, 2012). Changes in labor income
taxes should thus be expected to induce changes in technology, which in turn affect pre-tax
wage inequality. Taking into account these technology responses in the analysis of tax policy
seems an important task for taxation theory.

This paper therefore analyzes the design of non-linear labor income taxes when technology
is determined endogenously through the profit-maximizing decisions of firms. For that pur-
pose, I develop a general but tractable model of the economy that features both endogenous
labor supply of a continuum of differentially skilled workers and endogenous technology
development and adoption choices of firms.

In the model, technical change is driven by technology firms’” decisions in which type of
technology to invest. Some types are more complementary to high-skilled workers, some
are more complementary to low-skilled workers. Technology firms” investment decisions
depend on final good firms” demand for intermediate goods that embody the different types
of technologies. This intermediate good demand in turn crucially depends on the structure
of labor supply firms face on the labor market. If there is a relatively large supply of low-
skilled workers, firms demand technologies that are relatively complementary to the low-
skilled; if the supply of high-skilled workers is relatively large, firms demand more skill-
biased technologies.

Income taxes interact with directed technical change via the structure of labor supply. For
example, raising marginal tax rates for high incomes and reducing them for low incomes
discourages labor supply of high-skilled and encourages labor supply of low-skilled workers.
This shifts firms” demand towards less skill-biased technologies, to which technology firms
respond by shifting investment towards such technologies. Intuitively, progressive tax reforms
should therefore induce technical change in favor of less skilled workers.

I examine this intuition formally and investigate its implications for the welfare effects of tax
reforms and the design of optimal taxes. To this end, I first show that the model’s equilibrium
has a parsimonious reduced form, which makes the tax analysis tractable. Importantly, the
reduced form equations determining wages and technology are well studied by the theory
of directed technical change (e.g. Acemoglu, 2007; Loebbing, 2018). Moreover, Acemoglu
(2007) shows that they apply to a large set of directed technical change models studied in
the literature. This makes my tax analysis, which is based exclusively on the reduced form,

generic within the theory of directed technical change.



Turning to the analysis of income taxes, I first study the effects of tax reforms on the di-
rection of technical change. In line with the intuition developed above, I find that, under
certain conditions, progressive tax reforms induce technical change that compresses the wage
distribution.

In the next step I analyze how the welfare effects of tax reforms are affected by the pres-
ence of directed technical change.! Somewhat surprisingly given the preceding result, I find
that directed technical change does not unambiguously raise the welfare gains from a given
progressive reform. This is because the positive redistributive effect of the induced techni-
cal change may be counteracted by an adverse effect on tax revenue if the induced technical
change shifts wage income from workers with high to workers with low marginal tax rates.
This resembles the finding of Sachs, Tsyvinski and Werquin (2019) that accounting for substi-
tution effects between workers — as first analyzed by Stiglitz (1982) in optimal taxation — does
not necessarily lower the welfare gains from progressive reforms because of the associated
revenue effects.

Yet, I show that once one considers the scope for welfare improvements by means of pro-
gressive reforms instead of the welfare effects of a given reform, the results align with the
preceding findings and the intuition given above. In particular, I find that the set of tax sched-
ules that can be improved in terms of welfare by means of progressive reforms increases when
taking into account directed technical change. In this sense, accounting for directed technical
change makes progressive tax reforms more attractive.

Next I characterize optimal tax rates when accounting for directed technical change. I find
that directed technical change renders the optimal tax more progressive in the sense that it
raises the optimal marginal tax rates in the upper tail and lowers them in the lower tail of
the income distribution. The optimal marginal tax rates in the lower tail may even become
negative. Intuitively, the optimal tax capitalizes on the redistributive effect of the technical
change induced by a more progressive tax system.

The results are based on a comparison between the true optimal tax rates and those perceived
as optimal by an exogenous technology planner who believes, mistakenly within the model,
that technology is fixed at its level observed under some arbitrary initial tax. Conceptually, the
exogenous technology planner’s perspective is a strict generalization over the self-confirming
policy equilibrium by Rothschild and Scheuer (2013). The two coincide when the initial tax
is set to its self-confirming policy equilibrium value. Comparing the true optimal tax with
the preferred tax of the exogenous technology planner thus includes a comparison with the
self-confirming policy equilibrium.

Finally, I quantify the previous results using estimates of directed technical change effects from
the empirical literature. I first consider a hypothetical tax reform that reverses the regressive
reforms of the US income tax system during the last 50 years and restores tax progressivity
to its 1970 level. I find that, even with an optimistic calibration of directed technical change

T use a general Bergson-Samuelson welfare function and impose a mild condition ensuring that the welfare
function values equity across workers.

2The logic behind this result transfers to the analysis of tax reforms in the presence of substitution effects between
workers. It can thereby bridge the gap between the seemingly disparate findings for the impact of substitution
effects on the welfare assessment of tax reforms and on the shape of optimal taxes in Sachs et al. (2019); see
Section 2.



effects, the impact of this hypothetical reform on wage inequality is small compared to the
actual change in US wage inequality observed since 1970. These limited effects are due to the
empirically small effects of tax reforms on labor supply. The result suggests that the regressive
reforms since 1970 in conjunction with directed technical change are not a likely driver of the
observed increase in US wage inequality.

The impact of directed technical change on optimal taxes, however, is quantitatively signifi-
cant.?> With an optimistic calibration of directed technical change effects, the U-shape of opti-
mal marginal tax rates familiar from the existing literature (Diamond, 1998) vanishes. Instead,
optimal marginal tax rates rise almost monotonically with income. The ensuing adjustment
of optimal marginal tax rates is particularly pronounced for incomes below the current US
median income: for workers who currently earn about half of the median, optimal marginal
tax rates decrease by between 5 and 15 percentage points.

The structure of the paper is as follows. Section 3 presents the model and introduces notation.
Section 4 states important results from the theory of directed technical change, which provide
the basis for the analysis in the present paper. Section 5 contains the analysis of tax reforms.
Section 5.1 considers the effects of tax reforms on directed technical change and Section 5.2
considers the impact of directed technical change on the welfare effects of tax reforms. Section
6 analyzes optimal taxes, Section 7 quantifies the results from the preceding sections, and
Section 8 concludes.

2. Related Literature

The paper connects the literatures on the optimal design of non-linear labor income taxes
and on (endogenously) directed technical change. It is the first to incorporate endogenous
technology responses into an analysis of non-linear labor income taxation and the first to
rigorously explore normative implications of the theory of directed technical change.

Starting from the literature on optimal taxation, the paper is related to Stiglitz (1982) and
Sachs et al. (2019). These papers analyze the implications of (within-technology) substitution
effects between workers for the design of non-linear labor income taxes. They find that ac-
counting for these effects reduces optimal marginal tax rates at the top and increases them at
the bottom of the income distribution. I extend their analysis to incorporate directed techni-
cal change effects, which are qualitatively very different from within-technology substitution
effects. Consequently, I find that accounting for directed technical change has the opposite
effects on optimal marginal tax rates, increasing them at the top and lowering them at the
bottom of the income distribution. Interestingly, in one of my calibrations directed techni-
cal change and within-technology substitution effects offset each other almost exactly, which
reduces the analysis approximately to the case with exogenous wages. For an optimistic cal-
ibration of directed technical change effects, however, these effects dominate and make the

optimal tax more progressive than in the case with exogenous wages.

3The fact that labor supply responses to tax reforms are empirically small does not imply that directed technical
change is irrelevant for optimal taxes because all the forces that restrain the optimal tax from achieving first
best are transmitted via labor supply. So, relative to the other forces that shape the optimal tax, the relevance
of directed technical change is not diminished by small labor supply elasticities.



Even though within-technology substitution effects make the optimal tax more regressive,
Sachs et al. (2019) find that the impact on the welfare effect of a given progressive tax reform
is ambiguous. This result is mirrored by my finding that directed technical change effects
do not necessarily raise the welfare gains from progressive tax reforms. I show, however,
that once one considers the set of initial taxes that can be improved by a progressive reform,
the effect of directed technical change is unambiguous: it expands this set and hence makes
progressive tax reforms more powerful as a tool to improve welfare. When inverted, this
result transfers to the analysis of within-technology substitution effects: they unambiguously
reduce the set of initial taxes that can be improved by a progressive tax reform. Thereby, my
results help to bridge the gap between the somewhat disparate findings regarding the impact
of substitution effects on tax reforms and optimal taxes in Sachs et al. (2019).

Compared to Ales et al. (2015) and Jacobs and Thuemmel (2018b) (see also Jacobs and Thuem-
mel 2018a), who analyze how exogenous technical change affects the optimal tax schedule, I
treat technical change as endogenous such that it responds to changes in the tax system.

The paper is also related to recent studies of the optimal direct taxation of specific technolo-
gies, such as industrial robots (Guerreiro, Rebelo and Teles, 2018; Thuemmel, 2018; Costinot
and Werning, 2018).* In contrast to these studies, I show that technology can be affected in-
directly through the income tax system without resorting to direct taxes on technology. This
is an important insight because (optimally) taxing specific technologies is challenging in prac-
tice. First, it requires an exact definition of the embodiment of a given technology that allows
to enforce a tax. Second, precise information about the technology’s impact on the wage dis-
tribution is needed to decide whether and how it should be taxed. While this information
in principle exists for industrial robots (Graetz and Michaels, 2018; Acemoglu and Restrepo,
2019; Dauth, Findeisen, Suedekum and Woessner, 2017), I am not aware of any other concrete
technology for which the required information is currently available. Robots, however, only
had a very limited impact on wage inequality so far. Consequently, the welfare gains from the
optimal robot tax found by Guerreiro et al. (2018) and Thuemmel (2018) are small.

Using income tax reforms to exploit directed technical change effects, in contrast, has the
potential to affect technology much more broadly. In principle, any technology that is used
and developed by firms responding to profit incentives should be affected (indirectly) by the
income tax.

Finally, from a methodological point of view, some of my tax reform results apply the tech-
niques developed in Sachs et al. (2019) for the analysis of tax incidence in general equilibrium
environments where the wage distribution is endogenous.

Starting from the theory of directed technical change, I build on the seminal ideas of Acemoglu
(1998) and Kiley (1999) and explore their normative implications, in particular for the design
of redistributive labor income taxes. In doing so, I use the theoretical advances by Acemoglu
(2007) and Loebbing (2018) as a building block in my analysis. Specifically, their results lend

structure to the relationship between labor supply and production technology, which I exploit

4See also Naito (1999) for the general theoretical argument for distorting production efficiency to reduce pre-tax
wage inequality when the income tax cannot condition on worker types; and Slavik and Yazici (2014) for an
analysis of the differential taxation of structure and equipment capital based on their differential impact on
relative wages.



to analyze the relationship between taxes and technology.

I use empirical work on directed technical change to quantify my results in Section 7. In
particular, I use estimates from Lewis (2011), Dustmann and Glitz (2015), Morrow and Trefler
(2017), and Carneiro et al. (2019) to calibrate the strength of directed technical change effects
in my model. The empirical literature on directed technical change is discussed in more detail
in Section 7.

3. Setup

The model is a general equilibrium model with endogenous production technology embodied
in intermediate inputs. The intermediate inputs are supplied under monopolistic competition
as for example in Romer (1990). The monopolistically competitive suppliers can improve the
quality of their intermediate goods by investing R&D resources. Crucially, the model features
multiple types of technology-embodying intermediate inputs, which differ in their comple-
mentarity relationships with different types of labor. Hence, the wage distribution is affected
differentially by improvements in the quality of different types of intermediates. Changes in
the distribution of R&D resources over intermediate good types induced by exogenous shocks
(such as tax reforms) constitute endogenous technical change.5

The tax analysis will build on a parsimonious subset of the model’s equilibrium conditions.
While the model itself imposes several specific assumptions, the conditions used for the tax
analysis are much more general: they can be obtained from a variety of different models of
endogenously directed technical change, as shown in Acemoglu (2007).°

3.1. Model

The model features heterogeneous workers, perfectly competitive final good firms, monopo-

listically competitive technology firms, and a government that levies taxes.

Workers There is a continuum of workers with different types 6 € ® = [9,0] C R. Types are
distributed according to the density function & : 8 — hy, with cumulative distribution function
H.

Workers’ utilities depend on consumption cy and labor supply Iy according to
Ug = Cop — U(l@) ’

where v represents disutility from labor. Linearity in consumption implies that there are no
income effects on labor supply.
Workers’ pre-tax incomes are yg = wglp and income taxes are given by the tax function T :

Yo — T(yp). The retention function corresponding to tax T is denoted Rr. Hence, workers’

5The model is set up in static terms but it is straightforward to construct a dynamic model with a balanced
growth path that, once detrended, is equivalent to the static model’s equilibrium. The tax analysis in the static
model is thus equivalent to a tax analysis on the balanced growth path of a corresponding dynamic model,
where the brackets of the tax function grow with total output.

6See Acemoglu (2007) and Loebbing (2018) for complementary lists of models that all give rise to the relevant
subset of equilibrium conditions derived below.



budget constraints are
cg = Rr(wplp) + S, (1)

where S is a lump-sum transfer used to neutralize the government’s budget.
Workers choose their labor supply to maximize utility, taking wages as given. The first-order

condition is”

’0/(19) = R/T(ZUQZQ)ZUQ . (2)

Firms There is a continuum of mass one of identical final good firms indexed by i. They
produce a final consumption good (the numéraire) according to the C? production function
G(L;, Q;). The first input L; = {Lip}pce@ collects the amounts of all different types of labor
used by firm i. The second input Q; = {Qi,j}j 12}
is an aggregate of a continuum of technology-embodying intermediate goods:®

collects the variables Q; ;, each of which

1
Qij= /0 ij,k‘??fj,kdk-

The variables g;;; denote the amount of intermediate good (j, k) used by firm i, while the
parameter & € (0,1) governs the substitutability of intermediates with the same j-index. The
variables ¢; ; give the quality of the corresponding intermediate goods and they represent the
endogenous part of production technology in the model. Their determination is described in
detail below.

With this structure of final good production, we can write the output of firm i as G(L;, ¢, q;)
where ¢ = {¢;} (R)efia,.yxo and i = {g9ijx} R (12T} <0, collect qualities and quan-
tities of all different intermediates. I assume that the function G is linear homogeneous and
concave in the rival inputs (L, q), satisfying the standard microeconomic replication argument
(e.g. Romer, 1994). Since in addition all final good firms are price takers, the final good sector
admits a representative firm, so I drop the index i in what follows.

Final good firms’ profit maximization leads to the following demand for labor:
Wy = DL(;G(L/(P/‘]) .

The operator D, denotes Gateaux differentiation with respect to L in direction of the Dirac
measure at 6, which I define rigorously in Section 3.2. Labor market clearing requires that the
aggregate labor demand Ly equals the sum of individual workers’ labor supply,

Lg = l@he for allf .

Demand for intermediate good g; is given by

«19G(L,Q
Pjk = ‘X‘P]}kq]',k 13(Qj) , 3)

where p; is the price of the intermediate good.

7 Assumptions that guarantee the existence of the derivatives used in the following are imposed in Section 3.3.
8The case with a continuum of different intermediate good types j, j € [0, ]], can be treated analogously.



The technology-embodying intermediate goods are produced under monopolistic competition
by technology firms. Each good (j, k) is produced by a single technology firm, which I label by
the index (j, k) of its output. Technology firm (j, k) produces its output at constant marginal
cost 77; from final good and receives an ad valorem sales subsidy of ¢ (see the description of
the government for details). It sets the post-subsidy price p; to maximize profits

(A +&)pix —1j) 9k

subject to the demand from final good firms (equation (3)). Since the demand from final good
firms is isoelastic, the profit-maximizing price is given by a constant markup over marginal
cost net of the subsidy:

1j

Pik= T+ o)a (4)

Technology firms can invest R&D resources to improve the quality of their output. In partic-
ular, a quality level of ¢; costs C;(¢;x) units of R&D resources, where the cost function C;
is smooth, convex, and strictly increasing for every j. Firm (j, k)’s profits as a function of its

quality level ¢; are

3G(L,Q) )
ik (Pix) = max {webj,kéQ,Q)q —nq—p Cj(¢j,k)} ,
j

where p” denotes the (competitive) market price of R&D resources. Via an envelope argument,
the first-order condition for the choice of quality is given by

IG(L, Q) , _ ,4Ci(¢jx)

aQ] qj,k =Pp d(,bj,k ’

where g; is assumed to take its profit-maximizing value implied by equation (4). One can
verify that the optimal g, grows at the rate 1/(1 — &) in ¢;x, such that the left-hand side of
equation (3.1) grows at rate a/(1 —a) in ¢;x. I assume henceforth that dC;/d¢;, grows at
a rate greater than a/(1 — a) in ¢;x, which ensures that the first-order condition identifies
the unique profit maximum. Since profits are symmetric across all firms (j, k) with the same
j-index, uniqueness of the profit maximum implies that the choices of all firms with index j
are the same and we can drop the k-index henceforth.

The supply of R&D resources is exogenous and given by C. Their price adjusts to guarantee

market clearing,

Cj(gbj) =C.

/
j=1
The assumption of a fixed amount of R&D resources allows to focus on the effects of labor
income taxes on the direction instead of the speed of technical change. For an analysis of
capital and labor income taxes when the speed, but not the direction, of technical change is

endogenous, see Jagadeesan (2019).”

9Endogenizing the total amount of R&D investment in the present framework would lead to increasing returns
in aggregate production. This would add a constant to all wage elasticities and hence slightly alter the ex-
pressions for the effects of tax reforms in Section 5. The main insights regarding the effects of tax reforms on



Government The government levies different types of taxes/subsidies. First, it subsidizes the
sale of technology-embodying intermediate goods by the ad valorem subsidy ¢ to counteract
the inefficiency created by the market power of technology firms. I assume that § = (1 —«)/a,
such that post-subsidy prices of intermediate goods equal marginal costs, p; = #;.!% This
implies that absent any other taxes, the equilibrium allocation will be efficient. Hence, income
taxes are used for redistributive purposes only and do not contain any Pigouvian elements,
which would deviate the focus away from the central points of the paper. Importantly, the
government is restricted to impose a uniform subsidy across all technology types j. This
precludes policies aimed at changing the relative utilization of different technologies to reduce
pre-tax wage inequality, as analyzed, for example, in Thuemmel (2018) and Guerreiro et al.
(2018).11

Second, the government taxes the profits of technology firms and of the owners of R&D re-
sources. As is standard in the literature on labor income taxation, I assume that these taxes
are confiscatory to avoid a role for the distribution of firm ownership without a meaningful

theory of wealth formation in the model.'?

Alternatively, I could assume that firm owner-
ship and the ownership of R&D resources are uniformly distributed across workers without
changing any of the results.

Third, the government taxes income according to the tax function T. Reforms of T and its
optimal shape are the central objects of the paper.

Taken together, taxes and subsidies generate the following government revenue,

_J J
S() = [ Tohodd +p'C+ Y m— Y ipyay
j=1 j=1

which is redistributed lump-sum across workers.

Equilibrium An equilibrium of the model, given a tax function T, is a collection of quantities
and prices such that all firms maximize profits, workers maximize utility, and all markets
clear.

Despite the detailed micro structure of the model, the equilibrium variables of interest for the
tax analysis can be characterized by a parsimonious set of equations. I call this set of equations
a reduced form, as many endogenous variables that are related to the specific micro structure
of the model are eliminated from it using appropriate equilibrium conditions. To derive the
reduced form, note first that aggregate production at labor input / and a given set of quality

relative wages, however, would remain unchanged. The same holds for the optimal tax analysis. Only if the
government’s ability to tax the profits associated with R&D investment were restricted and the distribution of
these profits were not uniform, results would change substantially. In that case, the government would distort
R&D investment downwards for redistributive reasons. To counteract the ensuing inefficiency, marginal tax
rates on labor income would be optimally reduced (Jagadeesan, 2019).

10This level of subsidies would also be chosen as part of the optimal tax policy if it were included in the optimal
tax analysis of Section 6.

11See Section 2 on the relationship of my approach to Thuemmel (2018) and Guerreiro et al. (2018).

12Note that confiscatory profit taxes are part of the optimal tax policy whenever ownership shares of firms increase
and marginal welfare weights decrease in workers” income levels at the optimum.



levels ¢ can be written as (because intermediate goods prices equal marginal costs):

]
F(L,¢) = max {G({hele}ee@),CIJ,q) -y ’7;’%} : )
=

Note that I used labor market clearing (equation (3.1)) to replace the aggregate labor input L
by the individual labor input / to save on notation in the following. Via an envelope argument,
the labor demand equation (3.1) then implies that in equilibrium, wages are given by

wo(l, ¢) = hleDzeF(W) , (6)

where the adjustment factor 1/hy is necessitated by the switch from aggregate to individual
labor inputs in the aggregate production function.

The condition for profit-maximizing quality choices of technology firms (equation (3.1)) co-
incides with the first-order condition for a maximum of aggregate production with respect
to quality ¢ (simply called technology, henceforth) when ¢ is restricted to the set of feasible
technologies @ = {qb € lR{r | 2]1-21 Ci(¢j) < é}. Thus,

¢*(1) = argmax F(l,¢) (7)
ped
is an equilibrium technology. In the following I focus on equilibria in which technology
satisfies equation (7). Existence of other equilibria can be ruled out by imposing assumptions
that guarantee strict quasiconcavity of F in ¢ under the constraint ¢ € ®.'3
Finally, we can simplify the expression for the government’s budget surplus. To this end, note
that marginal cost pricing of intermediate goods implies that technology firms’ profits are

equal to the total amount of subsidies minus the cost for R&D resources:

/

_ B
=Y ((1+8)pi—mn)a—pC=) Cpyi—pC.
j=1 j=1 =1

-

It follows that the revenue from corporate taxes and the expenses on technology good subsi-
dies offset each other exactly in equation (3.1), such that government revenue reduces to

S() = [ T(vo)hodo. ®)

We can now define a reduced form equilibrium for a given income tax T as a collection of labor

inputs /, a technology ¢, government revenue S, consumption levels c, and wages w, such that

BBIn particular, if the constrained function

F(Lg-y)=F(L, g1, ¢1(9-)), whered | = {$pi}ic(12,..-1y and Gy () = C;'! (C - Cj(‘Pj)) ,
=1

is strictly quasiconcave in ¢_j, the first-order conditions for a maximum of F in ¢_ are necessary and sufficient
and there is a unique value ¢* ;(I) that satisfies them. Equivalently, there is a unique value ¢*(I) satisfying the
first-order conditions of the program (7), which are identical to the equilibrium condition (3.1), and this unique
value indeed solves the program.

10



workers’ first-order conditions (2), their budget constraints (1), the wage equation (6), the
technology condition (7), and the equation for government revenue (8) are satisfied. These
reduced form equations provide the starting point for the tax analysis in the next sections.

3.2. Notation

The tax analysis uses functional derivatives and various elasticities. To simplify the exposition
I define a specific notation for several frequently used expressions.

Derivatives For derivatives in finite-dimensional spaces I use standard notation. For pertur-
bations of the tax function T and labor input ! I will frequently use the following functional
derivatives.

Let x : (T,z) — x(T,z) be a function of the tax T and, potentially, further variables z. Then,

dx(T + ut,z)

u=0

denotes the directional derivative of x with respect to T in direction of the tax reform 7.
Similarly, let x : (I,z) — x(I,z) be a function of labor input / and, potentially, further variables
z. 1 formalize the derivative of x with respect to labor supply of a given type 6, I, as'*

Dy,x(l,z) = EL‘})% W

7

u=0

where [y : 0+ [ A, 1 a real-valued function on the type space. For interior types 6 € (0,0)
it is given by

ford <6 —A

- A forf € [0 — A, 0]

Clbzo
)
+
g

Inog = . B
Ao 0=6+8  for @ € 0,0 + A
0 for >0+A;
for the highest type 6 by
7 _ 0 ford <6 —A
MO 2N forfe [ A,0);

and for the lowest type 8 by

2(0—6+A 5
L,m 208 forf e [0,0+ A
- 0 for >0+A.

Intuitively, the derivative is obtained by perturbing the labor supply function in a continuous
way in a neighborhood of type 6 and letting this neighborhood converge to . Appendix A.1

14The derivative of a function with respect to aggregate labor supply Lg is defined analogously.
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demonstrates that the thus defined derivative works in a natural way by showing in detail
that

0 <
DLQ/ Z{Jng do = Wo Ve .
)

This also proves the labor demand equation (3.1).

The tax analysis below often distinguishes between the direct effect of changes in T or I on
an outcome x and the indirect effect mediated through the response of technology ¢*. In
particular, suppose x : (T, ¢) — x(T,$) depends (directly) on taxes T and technology ¢. The
direct effect of a tax reform in direction 7, holding technology fixed, is then given by D.x(T, ¢)
as defined above. For the indirect effect of the tax reform via technology (the induced technical
change effect, henceforth) I introduce the following notation:

dx(T,p*(T
Dy (T, ¢7(T)) = ‘Pd(y””) g
y:

Here, ¢*(T) denotes the equilibrium technology at tax function T. The total effect of the
reform on x is then obtained as the sum of the direct and the induced technical change effect.
Writing x*(T) = x(T, ¢*(T)), we get

D" (T) = Dex(T,¢"(T)) + Dyex(T, ¢ (T))

Analogously, if x : (I, ¢) — x(I, ¢) is a function of labor input I and technology ¢, the induced
technical change effect of a labor input change in direction [y is

7

Dy, = lim L dx(l,¢"(I + plao)
’ 0
u=0

A— X dy

where ¢* (1) is given by equation (7).

Wage Elasticities The response of wages to labor input changes plays a central role in the
tax analysis. Consider wages as given by (6), that is, for each type 6 the wage wy is a function
of labor inputs I and technology ¢.

The first set of wage elasticities is concerned with the direct effect of labor inputs on wages,
holding technology constant. I call these elasticities the within-technology substitution elas-
ticities (sometimes just substitution elasticities, for brevity), as they describe the changes in
marginal productivities induced by factor substitution within a given technology. The own-

wage substitution elasticity, that is, the elasticity of wg with respect to Iy, is defined as
l dwg (1 + ulag,
0 iy Fwe(l+ plae, 9)

=—1
68 Wy A—0 du

u=0

Alternatively, we could write the wage wy as a function of ¢, [, and type 6’s labor input Iy
separately, as typically a type’s labor input affects its own wage in a way distinct from the
labor input function I (see for example the CES case in Section 3.4). Then, the own-wage

12



substitution elasticity is simply

lg 8w9(19, l, (P)

Yo,6 = wig ol

The cross-wage substitution elasticity, that is, the elasticity of wy with respect to a different
type’s labor input I (with § # 0), is given by

l~
Yoq = wiengwe(l@) ,

with the derivative Dy, as defined above.
The second set of wage elasticities captures the induced technical change effects of changes
in labor inputs on wages. These elasticities are called the technical change elasticities in the

following. The own-wage technical change elasticity is defined as

00 = L fim @00 9"+ plnp))
’ Wy A—0 du

u=0

Again, the CES case in Section 3.4 clarifies why this is a natural definition of the own-wage
technical change elasticity and how it can be expressed in terms of conventional partial deriva-
tives.

The cross-wage technical change elasticity measures how wage wy is affected by a change in
another type’s labor supply [; via induced technical change. Formally, it is given by

l~
Lo = w—"eD¢,,§w9(l, ¢ (1)),

where the derivative Dy, ;. has been defined above.

Rate of Progressivity The rate of progressivity of a tax schedule T is defined as minus the
elasticity of the marginal retention rate R’ with respect to income,

_R7(y)y
R7(y) -

It measures the progression of marginal tax rates as income increases. If the income tax is

Pr(y) =

linear such that marginal tax rates are constant, Pr(y) is zero. If the income tax is progressive
(regressive) in the sense that marginal tax rates increase (decrease) with income, the rate of

progressivity is positive (negative).

Labor Supply Elasticities As is usual in the literature, I also define some standard concepts
of labor supply elasticities to express the effects of tax reforms compactly. The first is the
hypothetical elasticity of labor supply with respect to the marginal retention rate that would

obtain if the retention function were linear:

'(lp)

eg(l) := o Uo)ls
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Consider now the labor supply of an arbitrary worker type 0, given by workers’ first-order
condition (2), as a function of T and wy. The true elasticity of labor supply with respect
to the marginal retention rate must take into account potential non linearities of the retention
function, which cause the worker’s marginal retention rate to change as labor supply changes.
This elasticity is given by

R%(Z{J(;le)

i D:1p(T, wy) ,
0

eN(T, L, w) ==
where the auxiliary tax reform T is chosen such that, as the scaling factor u of the reform goes

to zero, it raises the marginal retention rate by one infinitesimal unit:

Vy: T(y) = -y, andthus: (y—(T(y)+pt(y)) =1-T'(y)+p.

Inserting this into workers’ first-order condition and differentiating with respect to u (at = 0)
then gives exactly the local response of individual labor supply to a one unit increase in the
marginal retention rate. This leads to the following expression for the elasticity of labor supply
with respect to the marginal retention rate (see Appendix A.2 for details):

eo(1)

R _
€ (T, 1,w) = T+ oo () Pr(walg) 9)

For a locally linear tax function, that is, for Pr(wyly) = 0, the elasticity coincides with the
hypothetical elasticity e, defined above.
Finally, define the elasticity of labor supply with respect to the wage as

v _ Wo 9lg(T, wp)
ef (T, 1, w) = L ows

It is a standard result that this elasticity can be written as (see Appendix A.2 for details)

(1 — Pr(wely))eg (1)

(10)

3.3. Global Assumptions

Using the notation for derivatives and elasticities just defined, I now impose a few assump-
tions that are maintained throughout the paper. They mainly justify the use of derivatives to
characterize equilibrium. Further assumptions, which are only relevant for certain parts of
the analysis, are imposed at the start of the sections in which they are needed.

I impose the assumptions directly on the parameters of the reduced form equations. They can
of course be mapped into assumptions on the fundamentals of the specific model presented
above. I decide to impose them on the reduced form because this seems more transparent
and, as argued before, the reduced form is far more general than the model itself.

Assumption 1. The parameters of the reduced form equations (1), (2), (6), (7), and (8) satisfy the
following.

1. The derivative D, F exists and is strictly positive for all 6.
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2. The wage elasticities vy, 5 and pg 5 exist for all 6, 0.

3. The density h is C! and strictly positive for all 0.

4. The maximizer argmaXx.g, F (1, ¢) exists and is unique for all 1.

5. The disutility of labor v is C* with v' > 0 and v" > 0 everywhere.

6. Whenever an exogenous tax T is considered, it is C? and satisfies T' < 1 everywhere.

The first two points say that the aggregate production function F is twice differentiable under
the differentiation operator D;,. Together with the third point (especially & > 0 everywhere),
they ensure that wages and wage elasticities are always well defined. The fourth point implies
that the equilibrium technology ¢*(I) is unique for any equilibrium labor input . This allows
me to write results in terms of equilibrium values instead of sets of equilibrium values. The
latter would complicate the notation without adding interesting substance. Finally, the differ-
entiability assumptions on v and T ensure that the labor supply elasticity e, and the rate of

progressivity of the tax schedule are well defined.

3.4. Special Cases

Parts of the results of the tax analysis require further structural assumptions on production
functions, utility functions, or the tax function. I introduce these special cases here and refer

to them in the tax analysis whenever needed.

CES Production An important special case of the model is obtained when the aggregate
production function F features a constant elasticity of substitution (CES) between worker
types while the research cost functions are isoelastic. I refer to this configuration of the model
as the CES case.
The CES case is obtained via the following assumptions on the fundamentals of the model
presented above.

[l

) 1 It 71
/ (keL;“ / cﬁg,kqgkdk) dé)]
| Poxds,

The function & is an exogenous component of technology and assumed to be continuously dif-
ferentiable; & > 0 measures the elasticity of substitution between differentially skilled workers
in the production of an individual final good firm; and & determines the convexity of the re-

search cost function. The endogenous component of technology is ¢.'>

15Note that here the set of technology types is equated with the set of worker types, such that technology and
research costs are now indexed by 6. This reflects the assumption that for every worker type 0 there exists
a type of technology, embodied in the intermediate goods gy, that raises the efficiency of labor of type 6
in the production process. Moreover, the set of technology types is a continuum here, in contrast to the
finite set {1,2,...,J} in the general model above. As mentioned in footnote 8, the case with a continuum of
technology types can be treated analogously to the finite case presented above and is therefore omitted from
the presentation of the general model.
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Appendix A.3 shows that under these assumptions aggregate production indeed takes the

CES form. In particular, the aggregate production function F becomes

0
o—1

0 o1
F(l,¢) = [/9 (kopolohg) = d9] , (11)

where x and ¢ are functions of the parameters &, 77 (the unit cost of intermediate goods), «, and
0. Appendix A.3 provides the precise relationships between fundamentals and the parameters
of F. These relationships show that continuous differentiability of & translates into continuous
differentiability of x, while the restriction & > 0 implies o > «. The new technology variable ¢
is a bijection of the original technology ¢, ¢p = qB;/ ("% for all §. These substitutions are done
purely for notational convenience. The new technology ¢ satisfies the reduced form equation

(7) with the set of feasible technologies ® given by (see Appendix A.3)

@:{¢;9»—>¢96R+\/:¢gdegc}, (12)

where § := (1 — «)d.
Moreover, following the reduced form equation (6), wages in the CES case are (see Appendix
A3)

wo(l,¢) = (ko) 7 (lohs) * F(L,9)" . (13)
Finally and crucially, the wage elasticities defined in Section 3.2 take a particularly simple
form in the CES case (see again Appendix A.3 for the derivations). The own-wage substitution
elasticity is given by

1
Yoo =—— = yCES (14)

and the cross-wage substitution elasticity becomes

1 léZUgh

=1}

The own-wage technical change elasticity is
(c—1)?
Lo = -2 to = p°F*, (16)
and the cross-wage technical change elasticity is given by
(U — 1)2 léwéhé (17)

Pos = " -2+ o E(l,9)

Isoelastic Disutility of Labor When the disutility of labor is isoelastic, workers” utility func-
tions take the form

Ug = Cp —
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In this case, the hypothetical labor supply elasticity ey(!) is constant across 6 and I:

eg(l) =e forallé,l.

Constant-Rate-of-Progressivity Taxes A constant-rate-of-progressivity (CRP) tax function
takes the form (e.g. Feldstein, 1969; Heathcote, Storesletten and Violante, 2017)

T(y)=y—Ay 7.
For any CRP tax schedule T the rate of progressivity Pr is constant across income levels:
Pr(y) =P forally.

This special case, when combined with isoelastic disutility of labor, ensures that the labor
supply elasticities €X and €Y are constant in 6.

The combination of isoelastic disutility of labor and CRP tax schedules plays an important
role in simplifying and clarifying the results of the tax analysis by suppressing heterogeneity

in labor supply responses to changes in marginal tax rates.

4. Directed Technical Change

Income tax reforms affect technical change via differential changes in labor supply across
worker types. An important building block of the tax analysis below is therefore the relation-
ship between the structure of labor supply and technical change. This relationship is studied
by the theory of directed technical change.

To review the central results (for the purpose of the tax analysis below) of this theory, take
labor supply I as exogenous for the moment and consider wages and equilibrium technology
as determined by the reduced form equations (6) and (7) given labor inputs (copied here for
the reader’s convenience):

1
wy(l,9) = 7 -DiF (L ¢)

¢*(1) == argmax F(I, ¢) .
PeD

4.1. Weak Relative Bias

Starting from the previous two equations, a first major results of directed technical change
theory identifies conditions under which any increase in the relative supply of skill in the
economy induces skill-biased technical change.

In particular, let dl be a change in the labor input I. We say that dI is an increase in the
relative supply of skill if it raises the supply of more skilled relative to the supply of less
skilled workers, that is, dlg/ly increases in 6. Similarly, a technology ¢ is skill-biased relative
to another technology ¢ if more skilled workers earn higher wages relative to less skilled
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workers under ¢ than under ¢, that is, wy(I, ¢) /wy (I, ) > we(l, ) /ws(1, ) for all & > 8 and
all I. In this case we write ¢ = ¢.

For any increase in relative skill supply to induce skill-biased technical change, I have shown
in previous work that the following non-parametric restrictions on the aggregate production
function F are sufficient and close to necessary (Loebbing, 2018).

Assumption 2. The aggregate production function F is homogeneous in | and quasisupermodular in
¢.

Homogeneity of F in labor is in fact already implied by the structure of the model presented in
Section 3.1, so it imposes no further restrictions (see Appendix A.4). By quasisupermodularity
I mean the following here. For any I and any two technologies ¢ and ¢, if F(I,¢) < F(l,¢) for
all ¢ < ¢, P, then there must exist a ¢ = ¢, ¢ such that F(I,¢) > F(I,$).1 a

Foritwo technologies that can be ordered according to their skill-bias, the condition is not
restrictive. So, to understand the restrictions involved, suppose that neither ¢ < ¢ nor ¢ = .
For illustration, consider a setting with three different types and let ¢ induce a higher skill
premium at the top (i.e., between the high and the middle skill) while ¢ induces a higher
skill premium at the bottom (i.e., between the middle and the low skill). Moreover, suppose
that moving from any technology ¢ that induces lower skill premia than both ¢ and ¢ to
¢ increases output. Note that such a technical change raises the skill premium at the top.
Quasisupermodularity then says that there must also be a technical change starting from ¢
that raises the skill premium at the top and increases output. In short, if we can raise output
by an increase in the skill premium at the top when starting from low skill premia everywhere,
then we must also be able to raise output by an increase in the skill premium at the top when
the skill premium at the bottom is already elevated.

More generally, this implies that technical changes that increase inequality on different seg-
ments of the wage distribution must not be substitutes: technical change that raises inequality
on some segment must not reduce the profitability of technical change raising inequality on
another segment. The CES case introduced in Section 3.4 is exactly the case where technical
changes affecting different parts of the wage distribution are independent of each other: the
profitability of increasing productivity of some worker type 6 at the cost of reducing produc-
tivity for some other type 8 only depends on productivity and labor input levels of these two
types, but not on the productivity distribution over other types of workers.!”

In the absence of precise empirical evidence about the complementarity relationships between
different forms of technical change, the agnostic view (neither strict complementarity nor strict
substitutability) of the CES function seems a reasonable benchmark. Note also that, while I

16Note that this slightly deviates from the original definition of quasisupermodularity given by Milgrom and
Shannon (1994). For their definition, we would first have to assume that the set (®, >) has a lattice structure,
that is, for any two technologies ¢ and ¢ there exist supremum and infimum in ®. Then, quasisupermodularity
would be defined using infinmum and supremum instead of arbitrary technologies below and above ¢ and
¢. In particular, for any ! and any ¢, ¢, if F(I,¢) < F(l,¢), then F(I,¢) > F(I,), where ¢ and ¢ denote
infimum and supremum of ¢ and ¢. My definition is slightly less restrictive (and sufficiently restrictive for the
present purpose), but more importantly it does not require to introduce the lattice structure of ®, which would
unnecessarily complicate the exposition.

7Hence, the CES production function satisfies quasisupermodularity in ¢. I discuss directed technical change
results for the CES case in more detail below.
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am not aware of empirical tests of quasisupermodularity in the aggregate production process,
the implications of quasisupermodularity presented in Lemma 1 below receive support in the
empirical literature. I discuss this literature in Section 7, when quantifying the results of the
tax analysis.'®

Taking Assumption 2 as given, the following result applies.

Lemma 1. Take any labor input | and let dl be a change in the labor input such that the relative change
dlg/ly increases in 6. Then, the technical change induced by dl raises more skilled workers” wages

relative to less skilled workers” wages, that is,

1 ) 1 )
g Doarwo 19" (D) 2 Doy, 9" (1)) 18
for all 0 > 0, where
. dwy (1, ¢* (1 + pdl
Dyarwe(L, ¢ (1)) = 20! <Pd< )|
z 40

In words, any increase in relative skill supply induces skill-biased technical change.
Proof. See Appendix B. O

The result of Lemma 1 is called weak relative bias of technology in the literature on directed
technical change (Acemoglu, 2007). The intuition behind this result relies on the complemen-
tarity relationships between labor and technology. An increase in the relative supply of high-
skilled over low-skilled workers raises the profitability of technologies that are (relatively)
complementary to high-skilled workers, as these worker types are now more abundant. But
since complementarity is a symmetric relation, technologies that are relatively complemen-
tary to high-skilled workers also raise their relative productivity, which increases skill premia.
Hence, an increase in relative skill supply induces skill-biased technical change.

The relative wage effects of the induced technical change in equation (18) can alternatively be
expressed using the induced technical change wage elasticities defined in Section 3.2. Using
these elasticities, we obtain

1 dlg [0 dly
D Lot (1) = pp o / N e
” 0,a1We (L, ¢*(1)) = po e I + ) P

This expression offers an easy way to verify the statement of Lemma 1 for the CES case. In
particular, consider the difference

dl 0 dly dl; 0 dly
Poo +/ Pop A’ — pg 50 —/ e
lg 0 le: R R

for some types § > . Using equations (16) and (17), which specify the induced technical

18Finally, it is worth to note that quasisupermodularity is indispensable for the weak bias result presented in
Lemma 1. In this sense, it is the minimal restriction required to make progress in the analysis of the implications
of directed technical change for the design of non-linear labor income taxes.

19



change elasticities in the CES case, this difference becomes

pCES <il€ _ ile)) )
0 0

which is clearly positive whenever dly/lg increases in 6. Hence, if dl is an increase in relative

skill supply, the induced technical change raises more skilled workers” wages relative to the

wages of less skilled workers, which is the statement of Lemma 1.

4.2. Strong Relative Bias

The weak bias results only concern the effects of labor supply changes on wages mediated
by induced technical change. These effects are important to identify precisely what is added
by accounting for directed technical change. Yet in general, wages are also affected by factor
substitution within a given technology, that is, by the within-technology substitution effects
described in Section 3.2. These effects typically work against the induced technical change,
reducing skill premia when relative skill supply rises and increasing them otherwise. An
important question is then whether the induced technical change effects are strong enough to
outweigh the effects coming from within-technology factor substitution, or vice versa.

The strong bias results of directed technical change theory provide an answer to this ques-
tion. By definition, there is strong relative bias of technology if the induced technical change
effects dominate the within-technology substitution effects, such that skill premia increase
in relative skill supply. In Loebbing (2018), I show that strong relative bias can occur if the
aggregate production function fails to be quasisconcave. Such failures of quasiconcavity can
be microfounded by models with imperfect competition, external effects between firms, or
endogenous firm entry and inframarginal rents (Acemoglu, 2007; Loebbing, 2018). The model
presented in Section 3.1 features imperfect competition on technology markets. So strong bias
is a possibility.

For the CES case, there is an exact parametric condition for strong bias. In particular, the total
effect of a labor supply change d! on the relative wage between types 0 > 0 is

dly dl;

dl 0 dly
(0o + ’Ye,e)T; + /9 (060 +v6,00) i d0" — (pgg + 7@,@)§ 2

0
- / (Pg e + 79'9/)17 de’
0 o

dl dls
_ ( CEs , .CEsy (dle dlg
=) ( le g ) ‘

Considering again an increase in the relative input of more skilled workers dl, such that

0/

dlg/ly > dlz/ 15, the effect on the relative wage is positive if and only if
pCES + 'YCES > 0. (19)

Hence, if condition (19) is satisfied, induced technical change effects dominate within-technology
substitution effects and the total effect of an increase in relative skill supply on skill premia is

positive.
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5. Tax Reforms

Starting from a given tax T, a tax reform is represented by the change from T to T 4 ut, where
#€Ryand 7:y+— 7(y) € Ris a C? real-valued function. In this notation, y is the scaling
factor of the tax reform while 7 indicates its direction: If 7(y) is positive (negative) at some
income level y, the reform raises (lowers) the tax burden for workers who earn y.

The curvature of 7, relative to the curvature of T, governs the progressivity of the reform.
More precisely, I call a reform progressive if the post-reform tax schedule has a higher rate of
progressivity than the pre-reform schedule everywhere.

Definition 1. Starting from tax T the tax reform (7, i) is progressive if and only if

Pr(y) = Pr(y) Vv,
where T := T + ut denotes the post-reform tax function.
This definition is equivalent to the following characterizations of progressivity.
Lemma 2. Take any tax function T. The following statements are equivalent.
1. The reform (T, u) is progressive according to Definition 1.

2. The post-reform tax T = T + ut can be obtained by taxing post-tax income under the initial tax
in a progressive way, that is, by means of a tax function with increasing marginal tax rates:

RT =7ro RT
for some concave function r.
3. The reform (T, u) satisfies
T(y) T(9) ;
> >7.
Ty ity VY
Proof. See Appendix C. O

The first equivalence provides an intuitive interpretation of progressivity: a reform is progres-
sive if and only if it can be obtained by augmenting the initial tax by an additional tax on
post-tax income that features increasing marginal tax rates. In this sense, a progressive reform
is obtained by taxing the initial post-tax income in a progressive way.

The second equivalence shows that a progressive reform raises the marginal tax rate relative to
the initial marginal retention rate by more for higher incomes. Alternatively, the marginal re-
tention rate for higher incomes is reduced relative to that for lower incomes. This equivalence
will turn out useful in the analysis below.

In the following I focus on the local effects of a reform in the direction of 7, that is, the
effects on economic outcomes of changing T to T 4 ut as 4 — 0. Note that this does not
lead to confusion with the definition of progressivity, because, as indicated by the second
equivalence in Lemma 2, Definition 1 only depends on the direction T of a reform but not
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on the scaling factor u. Moreover, I assume without loss of generality that worker types are
ordered according to their wages under the initial tax schedule, that is, wy < wy if 6 < 6 under
the initial tax.

To describe the effects of tax reforms on economic outcomes formally, I write equilibrium
variables as a function of the tax, that is, the equilibrium value of a variable x (e.g. wages or

labor inputs) under tax T is denoted by x(T)."

5.1. Direction of Induced Technical Change

A key step in the analysis of the effects of tax reforms is to characterize the responses of labor

inputs to a given reform. Let

A 1

lo(T) = EDTZQ(T)
denote the relative change in the labor input of type 6 in response to reform 7. The relative
labor input changes must satisfy the following fixed point equation (see Appendix C.1 for

details).?”

7 T T w 7 w d 2 A
lo(T) = —6(1;1_;?,?](/9()%)) + g (v0,0 + po,0)l0,c(T) + €5 /9 (Yo5+Pop)lg 40 .  (20)

In equilibrium, labor inputs respond directly to the tax reform (the first term in equation
(20)) but they also cause wages to adjust. These wage adjustments in turn feed back to labor
inputs, which is captured by the second and third terms in equation (20). Accounting for
these feedback effects gives rise to the fixed point character of equation (20).

I characterize the solution to the fixed point of equation (20) by an iteration procedure. Within
the iteration steps I disentangle the feedback effects purely transmitted via induced technical
change from those transmitted via within-technology factor substitution. Thereby, I obtain a
decomposition of the total labor input response into a substitution and an induced technical
change component. The slope of the induced technical change component over the type space
can then be signed for the case of a progressive tax reform, using the structure of the induced
technical change effects predicted by the theory of directed technical change.?!

Lemma 3. Fix an initial tax T and suppose that workers” second-order conditions hold strictly under
T such that the labor supply elasticities e§ and €% are well defined (see Appendix A.2). Moreover,

9Note that in some cases this involves an abuse of notation. I write for example wy(1, ¢) in equation (6) to denote
wages as a function of labor inputs and technology; now I use wy (T, $*(T)) to denote wages as a function of
the tax. The latter is meant as a short cut for wy(I(T), $*(I(T))), where [(T) denotes labor inputs under tax T.

20All elasticities in this section are evaluated at the equilibrium under the initial tax T. I do not write this
dependence explicitly to save on notation.

2IThe expression for labor input responses in Lemma 3 differs from that provided by Sachs et al. (2019) even
when ignoring induced technical change effects and the ensuing decomposition of the total effect (i.e., when
setting pp 5 = 0 for all §, 0). 1 discuss the relationship between Lemma 3 and the results of Sachs et al. (2019) in
Appendix C.4. In short, my approach has the advantage that, after decomposing the total effect, it allows me
to derive analytical insights into the structure of the induced technical change component.
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suppose that under T,

7 0 . 9 0 ~
sup [(€§'000)°] + / (€§'0g,5)* B d6 +2\/ / / (e¥pe el )" dBd0 <1
@ 0 Jo 0 Jo

7.8 3 7 8 i
sup (200 + | | (eg’gg,g)Zdedeu\/ /0 /9 (€200€8,5)" dBd0 <1,

PcO® v Je

where g5 = Yy 5+ Pg 5.2
Then, the effect of tax reform T on the labor input of type 0 can be written as

for all 6 € ©, where

Y(T) = ¥ Coplys ) (T) + € gge “U(T)dd ¥n>0.

The total effect on labor inputs can be decomposed as follows,

[ee]

(1) =~ it s + B TEQUT) + 3 SELNT),

—TEq.(T) =:SEp,.(T)

where (omitting the argument T)

fEé,l"L)’ :ef,“pg,g(—eg)w +eg /6 Pe,é( R)l_;,?(()%)) df

TEE)T) =€p PeeTE§T -1-63’/ p99TE( Vag vn>1

S~Eé2 :egj%/e(_eR) ( + € / Yo,(— % 0

SEY) =€ vao(TES: )+SE§T ))+p995E9T b

9 ~ — ~ — o~ J— ~
tev /9 [79,9(7”15};; Y SESY) 4 pgeSEYS 1)} 40 Yn>1.

(21)

(22)

(23)

(24)

If €% is constant in 0 (e.g. because the disutility of labor is isoelastic and T is CRP), then TEq, is

decreasing in 0 if €X' (yo(T)) /(1 — T'(yo(T))) increases in 6.
Hence, if €} is also constant in 0, TEg ; decreases in 0 for any progressive reform T.

Proof. See Appendix C.1.

O]

22Conditions (21) and (22) ensure that the series in equations (23) and (24) converge. They are sufficient but
generally not necessary for convergence. If the conditions are not satisfied, the equilibrium may be unstable in
the sense that an increase in some types’ labor inputs may trigger a wage adjustment that is more than sufficient
to justify the initial increase in labor inputs. I check that the conditions are satisfied in the quantitative analysis.
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Equation (23) expresses the labor input change induced by reform T as the sum over successive
rounds of general equilibrium adjustments, capturing feedback loops from labor supply to
wages and back to labor supply. The first summand / éOT) (T) is the direct effect of the reform on
labor supply, holding wages constant. The direct adjustment of labor supply in turn changes
wages, which then feeds back into labor supply. This first-round feedback effect is captured

by lAé’lT) (T). The labor supply change | (1 (T) then induces another adjustment of wages, which

0,t

again affects labor supply, and so on.”

Equation (24) decomposes the total labor input change into three components. The first is
the direct effect of reform 7, holding wages constant. The second term isolates the part
of the general equilibrium feedback in which the effect of labor supply on wages is purely
transmitted via induced technical change. The third term collects the remaining parts of the
feedback, containing within-technology substitution effects from labor supply on wages.
With constant labor supply elasticities across workers, the induced technical change compo-
nent TEg +(T) is decreasing in 6 for any progressive tax reform; that is, the induced technical
change component reduces the labor supply of more relative to less skilled workers. This
follows from the weak bias result of directed technical change theory. Intuitively, with con-
stant labor supply elasticities, the direct effect of a progressive tax reform on labor supply
reduces relative skill supply. By weak bias, this induces technical change reducing skill pre-
mia (equalizing technical change, henceforth). Again under constant labor supply elasticities,
such equalizing technical change feeds back into a further reduction in relative skill supply,
which in turn induces further equalizing technical change. Summing over the thus induced
rounds of reductions in relative skill supply eventually gives rise to the term TEg -(T), which
must then also reduce relative skill supply (i.e., decrease in 0).

I now use Lemma 3 to study the effects of tax reforms on technical change. In particular, I
consider the relative changes in wages that are caused by the technical change induced by a
reform 7. Using the derivative Dy introduced in Section 3.2, these relative wage changes are
given by

Z;D(p,fwe(T, 6" (T)) .

They can be expressed in terms of induced technical change elasticities and labor input re-
sponses as follows.

1 - o -
—-Dyea(T, 4" (T)) = poalo(T) + [ pogla(T) 0. 25)

Inserting expression (24) from Lemma 3 into equation (25) yields an expression for the induced
technical change effects of reform 7, consisting of three terms with intuitive interpretations.
The slope of two of these terms can be signed using the structure of induced technical change
effects imposed by weak bias.

23Mathematically, the series representation in equation (23) is the von Neumann series expansion of the solution to
the fixed point equation (20). In particular, the fixed point equation can be written abstractly as (I — X); = Z,
where I denotes the identity function, X is a linear operator on the space of real-valued functions on ©, and
Z is the direct effect of T on labor supply. Inverting I — X yields [r = (I — X)~'Z. By von Neumann series
expansion, this is equivalent to Iy = Yoo X"Z.
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Proposition 1. Fix an initial tax T, suppose that workers” second-order conditions hold strictly un-
der T such that the labor supply elasticities €§ and €% are well defined (see Appendix A.2), and let
conditions (21) and (22) be satisfied.

Then, the relative effect of the technical change induced by tax reform T on wages can be written as

1

wieDd”Twe(Tf‘P*(T)):Pe,e(—eR)1 T’ ye /909 eB Mdé

:=DEg(T)

. 0 . N
+ 066 TEq(T) + /9 005TEq (T) B

=TEp(T)

) 5 )
+ 066SEq(T) + /9 04,35 (T) d8, (26)

::SE9,T(T)

for all 0 € ©, where TEq(T) and SEg (T) are defined in Lemma 3.

If €] is constant in 0 (e.g. because the disutility of labor is isoelastic and T is CRP), then DEg(T)
and TEg - (T) are decreasing in 0 if eXt'(yo(T))/ (1 — T'(yo(T))) increases in 6.

Hence, if €X is also constant in 6, DEg (T) and TEg .(T) decrease in 0 for any progressive reform .

Proof. See Appendix C.2. O

The terms in equation (26) derive directly from Lemma 3. The first line of equation (26) is
the technical change effect on wages induced by the direct component of the labor supply
response to the tax reform 7. It decreases in 0 for any progressive reform because, by Lemma
3, the direct effect of a progressive reform reduces relative skill supply; and by weak bias, a
reduction in relative skill supply induces equalizing technical change.

The term TEy - (T) captures the technical change effect induced by the component TEg .(T) of
the labor supply response to 7. Recall from Lemma 3 that this component decreases in 6 for
any progressive reform. Hence, by weak bias, it induces equalizing technical change. The term
TEg.(T) must therefore decrease in 6. Intuitively, it captures the successive rounds of general
equilibrium feedback from induced technical change to labor supply and back to technical
change. The direct response of labor supply to a progressive reform 7 induces equalizing
technical change (see above). This equalizing technical change further reduces relative skill
supply, which then again induces equalizing technical change, and so on. We thus obtain a
sum of equalizing technical changes, which must be equalizing itself (i.e., decreasing in 6).
Finally, the slope of the term SEy .(T) cannot be signed without further restrictions. The rea-
son is that this term includes within-technology substitution effects. To sign within-technology
substitution effects, however, we have imposed too little structure on the aggregate production
function F so far.

Since we cannot sign the slope of the term SEy-(T), we can also not sign the total induced
technical change effect of a progressive tax reform on relative wages. To do so, additional
restrictions are needed. The most radical approach is to restrict the aggregate production
function F to be linear in [ for any technology ¢. Then, there are no within-technology sub-
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stitution effects. The only remaining are the direct effect and the feedback effects via induced

technical change, both of which compress the wage distribution.

Corollary 1. Fix an initial tax T, suppose that workers” second-order conditions hold strictly under T
such that the labor supply elasticities €X and €% are well defined (see Appendix A.2), and let condition
(21) be satisfied. In addition, suppose that aggregate production F is linear in I such that 7y 5 = 0 for
all 6,0. Then, SEq(T) = 0.

Moreover, if €V and €} are constant across types (e.g. because the disutility of labor is isoelastic and T
is CRP), any progressive tax reform induces technical change that reduces all skill premia.

Proof. If yy5 = 0 for all 6, 0, conditions (21) and (22) are identical, so the conditions of Propo-
sition 1 are satisfied. The definition of SEg ; then immediately implies SEj ; = 0. The last part

of Corollary 1 also follows directly from Proposition 1. O

A similarly clear pattern emerges when we assume that aggregate production takes the CES
form introduced in Section 3.4. In that case the wage elasticities 7,5 and py4 are indepen-
dent of 6. If in addition the labor supply elasticity €f’ is the same for all types, the general
equilibrium feedback from wages to labor supply is the same for all workers (see Lemma 6 in
Appendix C.1). Hence, the effect of reform T on relative labor supply is fully determined by
its direct effect holding wages fixed. As a consequence, the direction of the technical change
induced by 7 is also fully determined by the direct effect of T on labor supply. Given constant
labor supply elasticities and a progressive tax reform, this direct effect reduces relative skill
supply, which in turn directs technical change to be equalizing.

Corollary 2. Fix an initial tax T and suppose that workers” second-order conditions hold strictly under
T such that the labor supply elasticities €X and €% are well defined (see Appendix A.2). Moreover,
assume that F and ® are CES as introduced in Section 3.4 and the elasticity €f is constant in 0, that
is, €f = €Y forall 0 € ©. Then the relative wage effect of the technical change induced by tax reform
T satisfies

T'(yo(T))

1 * €
oy oo (1,7 (1)) = 0 (=) = s

forall § € ©, where

eX = o
0 1 — (7CES 4 pCES)ew

Hence, any reform T with ext’ (yo(T)) /(1 — T'(yo(T))) increasing in 6 induces technical change that
reduces all skill premia.

If in addition €X is constant across types (e.g. because the disutility of labor is isoelastic and T is CRP),
any progressive tax reform induces technical change that reduces all skill premia.

Proof. See Appendix C.2.24 O

24Note at this point that Corollary 2 does not include Corollary 1. If F is linear in ! it necessarily takes the CES
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By Corollary 2, we have a set of conditions under which the intuition developed in the intro-
duction is true and indeed any progressive tax reform induces equalizing technical change.
This provides the starting point for the analysis of welfare implications of tax reforms and

optimal taxes in the next sections.

5.2. Welfare Implications

Given that under certain conditions progressive tax reforms induce equalizing technical change
it is natural to suspect that taking into account the induced technical change effect of tax re-
forms should raise the expected welfare gains from progressive reforms. This conjecture is
examined in the following.

Welfare is measured by a Bergson-Samuelson welfare function V : {ug}oco — V ({1o}oco)
that is strictly increasing in all arguments. The marginal welfare weight of an individual

worker of type 6 is obtained as

8o ({ue}oco) = hleDugV({ue}ee(a) ,

where the derivative D,,, is defined analogously to the definition of Dj, in Section 3.2.

I assume that V is constructed in a way that the average welfare weight is normalized to one
everywhere and impose that g is continuous in 8 whenever u is continuous. In addition and
more substantially, I assume that the welfare function values equity across workers in the

following sense.

Assumption 3. For any utility profile {ug}oce such that ug increases in 60, the marginal welfare
weights gg ({ug}eco) decrease in 6.

The assumption ensures that redistributing consumption from workers with high utility to
workers with low utility improves welfare.?

To analyze the welfare effects of a tax reform 7, write welfare as a function of the tax system:

W(T) :==V ({ue(co(T),16(T)) }oco) -

Given the welfare function W(T), the welfare effect of a tax reform can now be decomposed

as follows.

Proposition 2. Fix an initial tax T and suppose that workers’ second-order conditions hold strictly
under T such that the labor supply elasticities €X and €% are well defined (see Appendix A.2). Then,

form. But the CES case as introduced in Section 3.4 additionally restricts research cost functions to be isoelastic
such that the constraint ¢ € ® can be represented by a CES function (see equation (12)). This restriction is not
required for Corollary 1.

25Note that, since preferences are identical across workers, the interpersonal comparison of utilities inherent in
Assumption 3 is not problematic.
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the welfare effect of a tax reform T can be written as

DW(T) = /(1= go) Moo+ [ T'(yn(T)a(T) () 1~ D)o

‘=ME(T) ‘—BE.(T)

[ 3001 = T W) + T/ (00(T)) 1+ €§)] 9o (T) s DT, ¢* ()i d0

:=TEW(T)

[ 301 = T'0a() + T/ (0a(T)) (1 + )] 9o(T) = Deo(T,¢* (D)o

:=SEW(T)

Proof. See Appendix C.5. O

Proposition 2 shows that a tax reform has four distinct effects on welfare. The mechanical
effect ME,(T) captures the effect from changing taxes and redistributing revenue in the ab-
sence of any behavioral responses. The behavioral effect BE(T) captures the effect of the
direct response of labor supply, holding wages constant. Both effects are well known in the
literature.

The third term TEY(T) represents the welfare implications of the technical change induced
by the tax reform. The first part,

0 1
1—T (yo(T T)——=Dgywe(T,¢*(T))hpdb,
8600 = T'(5o(T)))yo(T) s Dy (T, 4 (T)
captures the direct effect of the technology-induced wage changes on workers” utility: from
the change in pre-tax income, only the share 1 — T’(yy(T)) translates directly into a change of
utility as the remaining share is taxed away. The second part,

0
[T T (1 +€)0(T) - Doewn(T,¢* (1)
is the welfare effect of the lump-sum redistribution of the revenue gain or loss induced by the
wage adjustments to technical change. Here, the pre-tax income change is scaled by 1 + ¢y,
as the wage change induces a labor supply adjustment of €¥.2°

Importantly, even if the induced technical change reduces the skill premium (e.g., because
T is progressive and the conditions of Corollary 2 are satisfied), we cannot sign the induced
technical change effects on welfare unambiguously. This is because, when for example starting
from a progressive tax T, the reduction in high-skilled workers” wages passes through to
the government budget to a larger extent than the simultaneous rise in low-skilled workers’
wages, as marginal tax rates are higher for the high-skilled. Hence, directed technical change
may reduce tax revenue following a progressive reform, which affects welfare negatively via

reduced lump-sum transfers. This negative welfare effect potentially outweighs the positive

26The labor supply adjustment does not enter the first part of TEY (T) because it does not affect workers’ utility
by the envelope theorem.
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effect coming from the reduction in pre-tax wage inequality through the induced technical
change.?”
The final term in Proposition 2, SEY(T) captures the welfare effect of the within-technology
substitution effects on wages caused by the tax reform. Its structure is analogous to that of
TEW(T). Given that even the induced technical change component TEY(T) has an ambigu-
ous effect on welfare, it is not surprising that also the substitution component SEV(T) can
generally not be signed.
Importantly, however, Proposition 2 can be combined with equations (26) and (51) for the
relative wage effects of tax reforms from Propositions 1 and 6 (in Appendix C.3). This yields
a formula for the welfare effects of tax reforms in terms of empirically observable quantities
and welfare weights. I use this combination of expressions to quantify the welfare effects of
tax reforms and the contribution of directed technical change in Section 7.
The implications of Proposition 2 may be somewhat unexpected in light of the previous sec-
tion’s result. After all, if a progressive reform induces equalizing technical change and the
welfare function values equity, directed technical change effects should make progressive re-
forms in some way more attractive. To see precisely in which way this is indeed true, we must
slightly adjust the question posed by Proposition 2.
Concretely, instead of asking how directed technical change alters the welfare effects of a given
progressive tax reform, we now study how accounting for directed technical change affects
the set of initial taxes under which welfare can be improved by some progressive reform. In
particular, let

T :={T | T is CRP, 37 progressive s.t. D-W(T) > 0}

denote the set of CRP tax schedules that can be improved in a welfare sense by a progressive
tax reform. The restriction to CRP taxes is imposed to invoke Corollary 2. Specifically, com-
bining the CRP restriction with isoelastic disutility of labor and the CES production structure
from Section 3.4 ensures, according to Corollary 2, that any progressive tax reform induces
equalizing technical change.

Note at this point that CRP tax schedules provide good approximations to the actual income
tax in the US at several points in time over the last five decades, including the current US tax
system (Heathcote et al., 2017). Hence, the restriction to initial taxes that take the CRP form
seems without much loss for application to empirical tax schedules.

As a benchmark for comparison that does not include directed technical change effects, let
DYW(T) = DTW(T)\pglé:w@,g (28)

denote the welfare effect of a reform T when counterfactually setting all technical change
elasticities to zero (or, put differently, when holding technology fixed). Then, we can define

T¢ :={T| T is CRP, 37 progressive s.t. DFW(T) > 0}

as the set of CRP schedules that one would perceive to be improvable by progressive reforms

27This is similar to the observation by Sachs et al. (2019) that within-technology substitution effects may increase
the revenue gains from progressive tax reforms if the initial tax schedule is already progressive.
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if one were to ignore directed technical change.
Comparing the two thus defined sets I find that accounting for directed technical change
expands the set of tax schedules under which welfare can be improved by a progressive

reform.

Proposition 3. Suppose F and ® are CES as introduced in Section 3.4 and the disutility of labor is
isoelastic. Then,

TEXQT/

that is, the set of initial tax schedules that can be improved by a progressive reform becomes larger when
accounting for directed technical change effects.

Proof. See Appendix C.5. O

This result proposes a way in which directed technical change effects make progressive re-
forms more attractive. Specifically, accounting for directed technical change increases the
scope for welfare improvements by progressive tax reforms. It aligns neatly with Corollary 2,
whereby progressive reforms induce equalizing technical change, and with the corresponding
intuition developed in the introduction.

The idea behind Proposition 3 relies on the mechanism design approach to income taxation.
Consider a progressive tax reform that a tax planner who neglects directed technical change
effects (the exogenous technology planner, henceforth) expects to raise welfare. For any such
reform, a planner who correctly anticipates directed technical change effects (the endogenous
technology planner, she, henceforth) can find another progressive reform that exactly repli-
cates the labor allocation expected by the exogenous technology planner (he) following his
reform. But since progressive tax reforms induce equalizing technical change, the endoge-
nous technology planner anticipates a more equal wage distribution after her reform than
the exogenous technology planner expects to find after his reform. Via incentive compat-
ibility constraints, a more equal wage distribution allows to distribute consumption more
equally as well. Hence, while the two planners expect the same labor allocation to materi-
alize, the endogenous technology planner anticipates a more equal consumption distribution
than the exogenous technology planner. Since this reasoning holds for any progressive re-
form of the exogenous technology planner, the endogenous technology planner can find a
welfare-improving progressive reform whenever the exogenous technology planner can find
one. Hence, the endogenous technology planner perceives the scope for welfare improvements

through progressive tax reforms to be greater.

6. Optimal Taxes

The results from the tax reform analysis suggest that directed technical change effects should
render the optimal tax scheme more progressive. I examine this conjecture in the following.

For the characterization of optimal tax rates it is convenient to denote the average welfare
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weight across all types above a given type 0 as

% ! ! hgd
80~—1_He/9gé§ 0.

Moreover, for a function x : (6,z) — x4(z) (e.g., wages or labor inputs) that depends on 6 and
potentially further variables z, I denote the derivative of x with respect to 6 by

dxp(z
¥)(z) = o)
and the corresponding semi-elasticity by
o (z) o Yo(2)
Ro(z) = (@)

Finally, without loss of generality, let worker types be ordered according to their wages under
the optimum tax schedule, that is, under the optimal tax wy < wy if 6 < 6.

To derive optimal tax rates, I follow the mechanism design approach to optimal taxation.?8
For that, write welfare as a function of consumption and labor allocations instead of utility

levels:
W(c,1) ==V ({ug(co, lp) }oco }) -

The goal is to find the consumption-labor allocation that maximizes welfare W(c,!) subject
to the aggregate resource constraint and to incentive compatibility constraints across worker
types. The optimal tax schedule is then obtained as the tax that implements the welfare-
maximizing allocation.

The aggregate resource constraint is given by

/: cohg d6 = F(1,¢*(1)) . 29)

Incentive compatibility requires

<15
Ug :rpax{c(;—v(u)”)} Vo .
6cO We

[ restrict attention to instances of the model where the labor input under the optimal tax is C?
almost everywhere and continuous in 6. Moreover, I assume that this property of labor inputs

extends to wages as follows.

Assumption 4. Aggregate production F satisfies the following. If | is C' almost everywhere and
continuous in 6, then Dy, F(1,$) is C almost everywhere and continuous in 6 for all ¢ € .

Under this restriction and with the wage function wy increasing in 6 at the optimum, the

28The alternative approach would be to use the formulas for the welfare effects of tax reforms from Section 5.2
and impose that these effects are zero for all reforms at the optimum. The two approaches yield the same
results, but the mechanism design approach is faster here.
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incentive compatibility constraint is equivalent to the following conditions:

¢ = v/ (1) (whly + well)—

— for almost every 6, (30)
We

yp >0 for almost every 6 . (31)

As is usual in the literature, I drop the monotonicity requirement (31) and study the relaxed
problem of maximizing welfare subject to (29) and (30).%

From the incentive compatibility and resource constraints, consumption levels can be derived
as a function of labor inputs. I substitute this function into the welfare function W and
take first-order conditions with respect to labor inputs. Using workers’ first-order condition
to reintroduce marginal tax rates into the problem then yields the following expression for
optimal marginal tax rates.

Proposition 4. Suppose the labor input | under the optimal tax is C' in 6 almost everywhere. Then,
at almost every type 6, optimal marginal tax rates satisfy the following conditions.

T"(yo)

——~ = PE;+TE; + SE;,
=Ty 0T

where

1\ 1-Ny .
PE; = <1—|—) 79(1—(?9)

€p Ny Wo
o1 01 -T'(ys) 1—Hy . ddy(l,¢* (I + plae))
TEG - ilg})g 0 1— T/(ye) howe (1 —89)y9 7 . do
],l:
. .1 1-T(y;)1—H, _ o dwg(l+ ulag, ¢*(1)) <
Fo =T A o 1—T'(ye) hewe (1 =8&)vs dp 0 .
‘u:

all variables are evaluated at equilibrium under the optimal tax T, and N and m denote the cumulative
distribution and the density function of wages at the optimum.

Moreover, if I} exists on some left (right) neighborhood of 6 () and lim sup, 51, < oo (liminfg_,g I >
—o0) under the optimal tax,*" then

TEy <0 and TEgEO.

Proof. See Appendix D.1. O

Proposition 4 provides an expression that decomposes the optimal tax rates into three terms.
The first term PEj is the standard expression that would be obtained in a setting with exoge-

nous wages. It is zero at the bottom and the top income level, reflecting the well-known result

2In all quantitative simulations of optimal taxes, I verify that the monotonicity condition (31) holds at the opti-
mum.

30This assumption guarantees that the distribution of labor inputs is well behaved at the top and at the bottom,
in the sense that its density is continuous and strictly positive on some neighborhood of the top or the bottom
type, respectively. This in turn allows to evaluate the effects of the labor input perturbations [ Ap and Ipp on
relative labor inputs and invoke the directed technical change results of Section 4.
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that the optimal marginal tax rate is zero for the highest and the lowest income earner when
wages are exogenous.

The second term, TEj, captures the impact of directed technical change effects on the optimal
tax. It is negative at the bottom and positive at the top income. The intuition behind these
signs is closely related to the intuition for the positive influence of directed technical change
effects on the scope for welfare improvements through progressive tax reforms described in
Section 5.2. By reducing marginal tax rates at the bottom and increasing them at the top, the
optimal tax schedule stimulates the relative labor supply of less skilled workers, thus inducing
firms to operate technologies with a higher relative productivity for low-skilled workers. This
raises low-skilled workers” wages relative to those of high-skilled workers. In the mechanism
design problem, the ensuing compression in the pre-tax wage distribution slackens high-
skilled workers” incentive compatibility constraints and widens the scope for redistribution.
The third term, SEj;, comes from within-technology substitution effects. Without further re-
striction, there is too little structure imposed on the aggregate production function F to sign
the impact of within-technology substitution effects on optimal marginal tax rates at any point
of the income distribution.

For the CES case, Lemma 9 in Appendix D.2 provides specific versions of the terms SE;
and TE,. There, TE; is strictly positive at the top and strictly negative at the bottom. The
substitution term has the opposite signs. It is strictly negative at the top and strictly positive
at the bottom. This recovers the results from Stiglitz (1982), who shows, in a model with only
two types of workers, that within-technology substitution effects raise optimal marginal tax
rates at the bottom and lower them at the top.

Appendix D.2 also shows that the combined impact of directed technical change and within-
technology substitution effects depends on condition (19) for strong bias. If there is strong
bias, the technical change term TE; dominates the substitution term SEj, leading to a positive
marginal tax rate at the top and a negative marginal tax at the bottom. Inversely, if there is
no strong bias, the optimal marginal tax rate is positive at the bottom and negative at the top,
following the logic of Stiglitz (1982).

It is well known in the literature that results for optimal marginal tax rates at the highest
income level are very local. They do not extend approximately to incomes even slightly below
the top. To derive analytical insights into the structure of optimal tax rates over more relevant
ranges of the income distribution, it is useful to consider the CES case in more detail.

Using the CES versions of TE; and SE; from Appendix D.2, the conditions for optimal

marginal tax rates simplify as follows.

Proposition 5. Suppose the conditions of Proposition 4 are satisfied and F and ® take the CES form
introduced in Section 3.4. Then, at almost every type 0, optimal marginal tax rates satisfy the following
conditions.

T'(ye) _ < 1) 1—Bg . CES(1 CES(1 _
1— T/(ye) 1 + ep bﬁgﬁG (1 g@) + Y (1 gf)) +P (1 86) ’ (32)

where all variables are evaluated at equilibrium under the optimal tax T, the function B : 6 — By is
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given by

1 CES+ CES CES+ CES
Bo=wy " Py T Ve,

while B and b are the cumulative distribution and the density function of p.
Proof. See Appendix D.2. O

Proposition 5 provides a Diamond (1998) style expression for optimal marginal tax rates,
taking into account the endogeneity of wages through directed technical change and within-
technology substitution effects.

Remarkably, when welfare weights are exogenous and the disutility of labor is isoelastic (such
that ey is exogenous), equation (32) offers a closed-form solution for optimal marginal tax
rates. Hence, once the model is calibrated appropriately, optimal marginal tax rates can be
simulated directly from equation (32). I do so in the quantitative assessment of optimal taxes
with directed technical change in Section 7.

From an analytical point of view, the fact that equation (32) has closed form (under certain
conditions) means that it can be used to precisely identify the role of directed technical change
in shaping the optimal tax schedule. For that, I use again the concepts of endogenous and ex-
ogenous technology planners introduced in Section 5.2. The endogenous technology planner
fully understands how the economy works and computes optimal taxes according to equation
(32). The exogenous technology planner knows about all fundamentals of the model but mis-
takenly believes that technology is exogenous. In particular, he observes the economy under
a given tax T and believes that technology remains fixed at its current state ¢*(T), indepen-
dently of the tax schedule.! Lemma 10 in Appendix D.3 shows that the tax TZ perceived as

optimal by the exogenous technology planner satisfies the following condition:

T () ( 1\ 1-5B;
— L= 1+) ——(1— %) + (1 —g0) , (33)
1— T%xl(ye) eq bﬁeﬁg ( g@) Y ( 89)

where the function B : 6 — B, is given by
— 14.~CES  ~CES % ey 1+ CES
Bo=ry' " g (¢*(T) " V0,

while B and b are the cumulative distribution and the density function of 8.3
Comparing the exogenous technology planner’s tax rates (33) with those of the endogenous

technology planner in equation (32), there are two differences. First, the endogenous technol-

31Formally, the exogenous technology planner bases his computation of optimal taxes on the reduced form equa-
tions (2), (1), (6), and (8), but replaces the equilibrium technology equation (7) by the “wrong” equation

¢"(1) = ¢ (I(T)) = argmax F(I(T), ¢) V1.
Pped

32Note that in the present environment the concept of an exogenous technology planner strictly generalizes the
self-confirming policy equilibrium of Rothschild and Scheuer (2013). Specifically, when setting T to the tax
in the self-confirming policy equilibrium, the exogenous technology planner’s preferred tax T is exactly the
self-confirming policy equilibrium tax. Hence, comparing the exogenous and endogenous technology planners’
preferred taxes for arbitrary initial taxes T strictly includes the comparison between the true optimal tax and
the self-confirming policy equilibrium tax.
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ogy planner takes into account the directed technical change adjustment

CES(q _

P o) -

This term is increasing in 6 (as welfare weights are decreasing in 6 at the optimum) and in
this sense necessitates a progressive adjustment of the tax schedule. The intuition for this
adjustment is the same as for the top and bottom tax rate adjustments in the general case:
lowering marginal tax rates at the bottom and raising them at the top induces technical change
that compresses the wage distribution and hence improves equity.

The second difference is that the endogenous technology planner uses the hazard ratio of 8
whereas the exogenous technology planner uses that of B. The function B can be interpreted
as the degree of exogenous inequality in the model: if labor supply was identical across all
workers, wages would be proportional to B. The function B instead is the exogenous tech-
nology planner’s wrong inference about the degree of exogenous inequality. The exogenous
technology planner believes that, if all labor types” supply was identical, wages would be
proportional to B instead of B.

It can be shown that (see Appendix D.4)

1-B 1—B;
Po o P gy (34)
bﬁeﬁf) bﬁgﬁe

if the tax schedule T, under which the exogenous technology planner observes the economy,
has a rate of progressivity smaller than one. I assume this to be the case henceforth.*® The
second adjustment therefore reduces marginal tax rates everywhere.

Intuitively, the exogenous technology planner overestimates the degree of exogenous inequal-
ity in the economy, because he mistakenly believes that the skill bias of the equilibrium tech-
nology under T is exogenous. Since more exogenous inequality calls for higher marginal tax
rates to increase the redistributive lump-sum payment to all workers, the exogenous technol-
ogy planner chooses elevated marginal tax rates everywhere.3*

To summarize, both directed technical change adjustments reduce marginal tax rates in the
lower part of the income distribution, whereas they work in opposite directions in the upper
part. I next consider the lower and upper tail of the income distribution and show that the
directed technical change adjustments can be signed unambiguously in both tails.

6.1. Optimal Taxes in the Lower Tail

For low income levels both directed technical change adjustments reduce marginal tax rates,
so we directly arrive at the following conclusion.

B¢ Pr(y) > 1, the labor supply elasticity with respect to the wage, €f, becomes negative, which produces
some counterintuitive results. Assuming that Pr(y) < 1 everywhere is reasonable, as empirical tax schedules
typically have rates of progressivity far below one.

34 An intuition for the positive impact of exogenous inequality on marginal tax rates is that a higher degree of
exogenous inequality implies that the pre-tax income distribution will respond less strongly to rising tax rates,
such that redistribution can be achieved at a lower efficiency loss. See Proposition 7 in Appendix D.2 and the
subsequent discussion for details.
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Corollary 3. Suppose the conditions of Proposition 4 are satisfied, agqregate production (F,®) is
CES, welfare weights are exogenous, continuous and strictly decreasing in 0, and the tax T satisfies
Pr(y) < 1 forally. Let T denote the optimal tax schedule as characterized by Proposition 5 and =
the tax schedule perceived as optimal by the exogenous technology planner as given by equation (33).
Then, we have

T'(yo(T)) < T (val(TE)) 0 <

for some 6, > 0.
Moreover, if y*ES + pCES > 0,
T (yo(T)) <0 VO <6,

for some 0, > 6.
Proof. See Appendix D.4. O

Corollary 3 establishes that accounting for directed technical change unambiguously lowers
marginal tax rates for a non-degenerate interval of types at the lower end of the income
distribution. If there is strong bias, that is, if yCES + pCES > 0, directed technical change
effects even call for negative marginal tax rates in the lower tail of the income distribution.
The idea behind this result is that stimulating the supply of low-skilled workers by negative
marginal tax rates induces technical change that, under strong bias, is strong enough to raise
low-skilled workers” wages above their initial level despite them being in greater supply. This
provides utility gains for the low-skilled and improves equity.

6.2. Optimal Taxes in the Upper Tail

For high incomes the directed technical change adjustments work in opposite directions. Yet,
when assuming realistically that the upper tail of the income distribution resembles the tail of
a Pareto distribution, the ambiguity resolves.

In particular, suppose that we observe the economy at a tax T with a constant marginal
top tax rate. Suppose in addition that under this tax the inverse hazard rate of the income
distribution is proportional to y at high incomes, and hence (1 — M,,)/(my,yq) converges to
a constant when 0 approaches 6 (as is the case for a Pareto distribution). One can then trace
this property back to properties of the distribution of the exogenous inequality measure 8 that
gives rise to the observed income distribution. Specifically, it turns out that (1 — Bg,)/ (bg,Bs)
must also converge to a constant for high types. Moreover, this constant can be recovered
from the tail parameter of the observed income distribution. Using the optimal marginal tax
rates from Proposition 5 then yields a parametric expression for the optimal marginal tax rate
in the upper tail of the income distribution.

Corollary 4. Let the conditions of Proposition 4 be satisfied and F and ® take the CES form introduced
in Section 3.4. Suppose at a tax T, with T’(y) = TP for all y > § and some threshold §j, the income

distribution satisfies
1-M 1
lim ——2 = =

6—0 My,Yp a
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for some a > 1. Moreover, let the disutility of labor be isoelastic with eg = e for all 0, and welfare

weights satisfy
lim gy = g
0—0
at the optimal tax.
Then, the optimal tax T satisfies
. T'(ye) 1-g a—1 cs : a—1 cps
= 1—¢fory 4 — = — ofory
I )~ e T A=) (35)
Proof. See Appendix D.4. O

Complementing Corollary 4, Corollary 6 in Appendix D.4 shows that under the same condi-
tions the exogenous technology planner’s preferred tax satisfies

T#'(ve) 1-g'r a-—1
1i T _ 8 CES(1 _ otop)
lim " y0) o T (=g

This expression is smaller than the endogenous technology planner’s preferred rate (35).
Hence, taking into account directed technical change when designing optimal taxes leads to
unambiguously higher marginal tax rates in the upper (Pareto) tail of the income distribution.

7. Quantitative Analysis

To assess the quantitative relevance of directed technical change effects, I calibrate the CES
version of the model to estimates from the empirical literature on directed technical change. I
use the calibration to simulate the effects of tax reforms and to compute optimal taxes for the
endogenous and the exogenous technology planner.

7.1. Calibration

The calibration proceeds as follows. First, I set the wage elasticity parameters 7“E° and p“F°

(equivalently, ¢ and §), the labor supply elasticity e (assuming isoelastic disutility of labor),
and the initial tax function T (approximating the US income tax system in 2005) on the basis of
existing empirical estimates. In the second step, I infer the exogenous technology parameter
x from the US income distribution in 2005.

Within-Technology Substitution Effects The within-technology substitution elasticity “F°
and the induced technical change elasticity p“t5 govern the response of relative wages to
changes in relative labor inputs. Induced technical change effects are likely to arise with
considerable delay, implying that to measure p“t°, one has to track relative wages over a
long period of time after an exogenous change in labor inputs occurred. Within-technology
substitution, in contrast, does not require firms to change their production technology, so
its effects are likely to occur over a much shorter period of time. The timing of the effects

CES

therefore provides an opportunity to identify 7y“£° and p“tS separately.
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The empirical literature that aims to identify an elasticity of substitution between differentially
skilled worker groups without explicit reference to directed technical change has typically
focused on comparably short time periods of about one year or slightly more. I take these
estimates to set 7ES.

Besides the timing of the effects, an important property in which many empirical studies
differ is the definition of the skill groups between which an elasticity of substitution is es-
timated. Many studies focus on college graduates versus those without a college degree.
Others, however, consider high school graduates versus high school dropouts. Dustmann,
Frattini and Preston (2013) stand out in that they estimate substitution elasticities between
workers located at 20 different points in the wage distribution. They test for heterogeneity in
these elasticities but find no evidence for it. In light of this result, the CES assumption, which
imposes a single elasticity of substitution between any two disjoint groups of workers, seems
an acceptable simplification. It implies that all estimates, irrespective of the definition of skill
groups, are equally relevant for the calibration of y“E.

Acemoglu (2002) summarizes the consensus of the literature at that time as ¢ being somewhere
between 1.4 and 2, which implies that 7CES falls between —0.5 and —0.7. The results of
Carneiro et al. (2019) imply a short-run elasticity, measured within two years after the skill
supply shock, of —0.5 (for a detailed description of Carneiro et al. 2019 see below). This value
falls within the consensus range observed by Acemoglu (2002). Moreover, Carneiro et al.
(2019) is the only study that estimates wage responses at different points in time. Thereby,

CES CES

it provides estimates of ¢~*° and p~"° obtained consistently within a single framework. For

these reasons I set 7“E5 = —0.5, the estimate implied by Carneiro et al. (2019).

Directed Technical Change Effects A few studies measure the response of wages to skill
supply shocks over substantially longer periods of time (about 10 years or more). Most of
them explicitly reference directed technical change and provide evidence for technology ad-
justments being an important driver of the long-run wage responses. Since this applies only
to a handful of papers, I give a brief overview over each of them in Appendix E.1.

Table 1 shows the results of these papers. The short-run estimates are —0.55 and —0.53,
which (further) motivates my choice of 7. Estimates over a period of about 10 years are
consistently close to zero, ranging from —0.1 to 0. Finally, the estimate from Carneiro et al.
(2019) for an adjustment period of 17 years shows an effect of 0.5. These long-run effects are
total effects, in the sense that they include both within-technology and between-technology

(directed technical change) substitution. Hence, they map into the sum of y¢E° CES,

and p
Based on Table 1, I will consider two cases. The first case, derived from the 10 year estimates,
sets 7Y°ES 4 pCES to —0.1, which, given the set value for 7“ES, implies p*E° = 0.4. In this
case, within-technology substitution and directed technical change effects are of similar mag-
nitudes and almost cancel each other out (given that they work in opposite directions). Hence,
accounting for directed technical change reduces the analysis approximately to the case with
exogenous wages studied extensively in the literature on optimal taxation. In the second case,
based on the 17 year estimate of Carneiro et al. (2019), I set YCES + oCES to 0.5, such that

p“ES = 1. In this case, directed technical change dominates within-technology substitution,
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Study Skill Groups Time Horizon Geographical Level =~ Cross-wage Effect
Carneiro et al. College vs. non- 2 years Norwegian munici- —0.55
(2019) college palities
Carneiro et al. College vs. non- 11 years Norwegian munici- 0
(2019) college palities
Carneiro et al. College vs. non- 17 years Norwegian munici- 0.5
(2019) college palities
Lewis (2011) High school 10 years US metro areas —0.14
vs. high-school
dropout
Dustmann and Postsecondary 10 years German local la- —0.09
Glitz (2015) vocational degree bor markets (aggre-
or apprenticeship gates of German
versus no postsec- counties)
ondary education
Morrow and Trefler Some tertiary ver- Short (see descrip- 38 countries —0.53
(2017) sus no tertiary edu- tion in Appendix
cation E.1)
Morrow and Trefler Some tertiary ver- Long (see descrip- 38 countries —0.11

(2017)

sus no tertiary edu-

tion in Appendix

cation E.1)

Table 1. The table shows estimates of the effect of relative skill supply changes on relative wages
from a set of empirical studies. A brief outline of each study with an explanation of how the
numbers in the last column are derived from the respective study’s results is provided in Appendix
E.l

that is, there is strong bias (see Section 4). I therefore call this the strong bias case.
The conservative case is supported by all four studies in Table 1. Moreover, there are at least
two further papers that, for different reasons, do not provide estimates that could be used

CES and p“ES, but nevertheless support the view of the conservative case that the

to infer 7y
long-run wage effects of skill supply shocks are close to zero. First, Blundell, Green and Jin
(2018) document that a large and sudden increase in the share of individuals holding a college
degree in the 1990s in the UK left the wage premium associated with college education basi-
cally unchanged. They provide empirical results suggesting that firms responded to the hike
in the relative supply of college graduates by adopting production forms that granted higher
degrees of autonomy and responsibility to their workers, which likely benefited highly qual-
ified workers” productivity. They argue that these endogenous technology adjustments offset
the negative within-technology substitution effect on the college premium. Second, Clemens,
Lewis and Postel (2018) study the effect of the exclusion of half a million Mexican farm work-
ers (braceros) from the US in 1965 on domestic farm workers” wages and find no evidence
for differential wage changes following the event in states heavily exposed to the bracero ex-
clusion relative to less exposed states. They provide striking evidence for rapid adoption of
labor-replacing technologies on farms in heavily exposed states after the exclusion.

The strong bias case is supported directly only by Carneiro et al. (2019). Nevertheless, I believe
that the case for strong bias is stronger than it might appear from this. The studies in Table 1

analyze the differential evolution of wages between often quite narrowly defined geographical
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areas, which were hit by plausibly exogenous skill supply shocks differentially. By construc-
tion, such estimates miss all directed technical change effects that manifest themselves on a
higher geographical level. Since the relevant markets for innovative technologies are plausibly
much larger than most of the geographical units listed in Table 1, the estimates are likely to
capture mostly the effects of investments into adopting already existing technologies, rather
than the effects of re-directed inventive activity.>> The model developed in Section 3.1 implies
that endogenous adoption and innovation work in the same direction, cumulating in the total
directed technical change effect that is represented by p“F°. Hence, the estimates of Table 1

CES and therefore underestimate it.36-37

likely miss part of p
Finally, it is important to note at this point that there are at least two empirical studies that
are in more or less open contradiction to the predictions of directed technical change theory.
First, Blum (2010) finds that in a panel of countries, increases in the relative supply of skilled
workers reduce their relative wages by more in the long-run than in the short-run. Second,
Ciccone and Peri (2005) report long-run estimates for the elasticity of substitution between
college graduates and non-college workers of about 1.5, which maps into a total wage elasticity
YCES + pCES of —0.7. With yCES = —0.5, this implies a negative p“£°, inconsistent with theory.
These results should serve as a word of caution regarding the simulation results below. Yet,
I do not respect them directly in the simulations. After all, calibrating a model to empirical
results that contradict the qualitative predictions of the model makes no sense.

Labor Supply Elasticity Iassume an isoelastic disutility of labor as introduced in Section 3.4.
This necessitates calibration of the hypothetical labor supply elasticity along the linearized
budget set represented by the parameter e. I choose e such that the elasticity of taxable income
with respect to changes in the marginal retention rate implied by the model matches empirical
estimates of this elasticity. Starting from e, the elasticity of taxable income has to account
for potential non-linearities in the tax scheme and for the equilibrium response of wages to
changes in the aggregate labor supply of workers of a given type. The first adjustment is
accommodated by the elasticity X, as explained in Section 3.2. The second adjustment leads
to the following expression for the model-implied elasticity of taxable income (see Appendix
C.4 for a more detailed explanation of this elasticity):

R
€, _ e
1— (yCES 4 pCES)e 14 ePr(yg) — (v°FS + pCES) (1 — Pr(ye))e

35Gee, for example, Dechezlepretre, Hemous, Olsen and Zanella (2019) and San (2019) for patent-based evidence
that inventions respond to the structure of labor supply.

36 Another piece of evidence in favor of strong bias is provided by Fadinger and Mayr (2014). They show that
in a cross section of countries, relative skill supply measures are negatively correlated with relative unem-
ployment rates of more versus less skilled workers and with relative emigration rates of skilled workers. In a
directed technical change model with frictional labor markets and endogenous migration, they show that both
correlations can be interpreted as signs of strong relative bias of technology.

37 A potential source of upwards bias in directed technical change effects obtained by comparing small geograph-
ical units are Rybczynski effects: a rise in relative skill supply in one region increases the region’s exports of
skill-intensive goods, which raises skilled workers” wages. This wage increase may be mistakenly attributed
to directed technical change. All the studies listed in Table 1, however, provide different forms of evidence
suggesting that adjustments in the output mix of their observation units are not driving their results. See the
respective papers for details.
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The wage response to a change in a type’s labor supply is again likely to differ between
the short and the long run. The above expression incorporates the long-run response, as
evidenced by its use of y*ES 4 pCES. Most reliable estimates of the elasticity of taxable in-
come, however, measure income responses over rather short periods of time (Saez et al., 2012).
Hence, a more appropriate theoretical counterpart of these estimates is given by the expression

~R e
&y == ,
© 7 T4 ePr(ys) — v°FS (1 — Pr(ye))e

which only includes the wage effects of within-technology factor substitution. I use this ex-
pression to calibrate e given estimates of £}. In doing so, I set Pr to 0, as empirical tax systems
are piece-wise linear.

Following Saez et al. (2012), who review the extensive literature on the elasticity of taxable
income, I choose a value of 0.25 for ég. This maps into a value for e of 0.27. In the simulations
of tax reforms effects on wages, I will also experiment with a larger labor supply elasticity
located more towards the upper bound of empirical estimates. For that, I use the taxable
income elasticity of 0.57 from Gruber and Saez (2002), which Diamond and Saez (2011) call a
conservative upper bound. The implied value for e is 0.64.

Initial Tax System I set the initial tax system, denoted by T, as an approximation to the
US income tax in 2005. I follow Heathcote et al. (2017), who show that a constant-rate-of-
progressivity schedule as introduced in Section 3.4 provides a good approximation. Heathcote
et al. (2017) estimate the parameters of such a tax function on 2000 to 2005 income and tax data
for the US and obtain values of p = 0.181 and A = 5.568. I use these values in all simulations.

Exogenous Technology With the parameters 7CES, pCES, e, and T calibrated, the exogenous
technology parameter « is identified by the income distribution under the initial tax system
T. I approximate the income distribution by smoothly combining a lognormal distribution for
incomes below $200k and a Pareto distribution with tail parameter 1.5 above $200k (Diamond
and Saez, 2011). Moreover, I assume that the type distribution & is standard uniform on [0, 5] =
[0,1]. In the CES case, this assumption is insubstantial, because the cross-wage elasticity
between any two distinct types of workers is independent of the types’ locations in the type
space. Given an estimate of the income distribution, it is straightforward to compute the
function x from workers’ first-order condition (2) and the wage equation (13). The procedure

is described in more detail in Appendix E.2.

Welfare Function Finally, I use a welfare function of the type

01
V({u}oco) :/9 ﬁué*rhng,

where the relative inequality aversion parameter r allows to vary the strength of the preference
for equity inherent in the welfare function in a flexible way (Atkinson, 1970).
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7.2. Simulation

Given the calibrated CES version of the model, I simulate the effect of tax reforms on wages
and welfare and compute optimal taxes on the basis of the analytical results of Sections 5 and
6.

Tax Reforms To assess the results on the effects of tax reforms quantitatively, I study a
hypothetical tax reform that reverses the cumulative impact on tax progressivity of US income
tax reforms from 1970 to 2005. As documented by Piketty and Saez (2007), the US income tax
system underwent a series of regressive reforms in this period. Heathcote et al. (2017) estimate
the decline in tax progressivity between 1970 and 2005 to be 0.034 when measured by the
progressivity parameter of a constant-rate-of-progressivity tax schedule. Taking as a starting
value the progressivity estimate of p = 0.181, I hence ask what are the effects of raising the
progressivity of a constant-rate-of-progressivity tax from 0.181 (its 2005 US value) to 0.215 (its
1970 US value).38

In the case of strong bias (0“F° + CES > 0), such a progressive reform will reduce wage in-
equality. A particular focus of the analysis will thus be whether taking back the regressive
tax reforms of the past decades would result in a meaningful reduction in US wage inequality
when accepting the strong bias calibration described above. Reversely, the results are infor-
mative about whether regressive tax reforms could have played a role, via directed technical
change effects, in the rise of US wage inequality observed over the period under consideration.
I compute the wage effects of the described reform using the expressions provided by Corol-
laries 2 and 5. For the exogenous technology planner, who ignores directed technical change,
the effects are given by equation (53) in Corollary 5. For the two cases with directed technical
change effects, total wage effects are given by the sum of (the right-hand-sides of) equations
(27) and (53).

The results are displayed in the left panel of Figure 1. In the conservative case, the reform
has almost no effect on wages. This was expected, because directed technical change and
within-technology substitution effects approximately cancel each other out in this case. The
exogenous technology planner predicts moderate wage decreases for low-skilled workers and
even smaller gains for the high-skilled. Even in the strong bias case, wage effects are modest.
Wages for low-skilled workers rise by less than 2% while wages for high-skilled workers fall
by less than 1%. At the tails of the wage distribution, the effects become somewhat stronger,
but only few workers are affected by these more substantial changes.

To put the results into perspective, I compute the predicted change in the ratio between the
90th and the 10th percentile of the wage distribution. In the conservative case, this amounts to
—0.2%, whereas in the strong bias case the ratio changes by about —1% percent. These changes
can be compared to the actually observed changes in the US wage distribution between 1970
and 2005. The data presented in Acemoglu and Autor (2011) suggest that the 90-10-percentile

ratio of wages rose by about 30% percent between 1970 and 2005. Compared to this increase

3] choose the post-reform value for the parameter A (the second parameter of a constant-rate-of-progressivity
tax function) such that, in the conservative case described above (pCEs = 0.4), the reform leaves tax revenue
unchanged.
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Figure 1. The figure displays the total wage changes in log points induced by the progressive tax
reform described in the text. In the left panel, the labor supply elasticity takes its standard value
of e = 0.27. The right panel shows wage changes for a high value of ¢ = 0.64. Wage changes are
given for workers at each percentile in the (pre- and post-reform) wage distribution. In each panel,
the three plots show the wage changes predicted in the strong bias case (o0 = 1), in the conservative
case (p = 0.4), and by the exogenous technology planner (o = 0).

in inequality, the effects of the tax reforms that took place between 1970 and 2005 on the US
wage distribution seem rather small even in the strong bias case.

A likely explanation for this result is that the labor supply responses to tax reforms found in
the empirical literature, reflected in the elasticity parameter e, are typically small. Since the
entire directed technical change effect of tax reforms is transmitted via labor supply responses,
the directed technical change effects tend to be small as well.?

To assess how sensitive the results are to the choice of the labor supply elasticity, the right
panel of Figure 1 plots wage changes when e is set to 0.64. As argued in the previous section,
this value falls into the high range of estimates from the empirical literature on taxable income
elasticities. Expectedly, the results do not change remarkably for the conservative case. For
the strong bias case, the predicted wage growth for low-wage earners approximately doubles
from below 2% to almost 4%. Again computing the effect on the 90-10-percentile ratio yields
a value of —2.7%. Still, this is orders of magnitude below the total changes observed in the
US wage distribution over the past 50 years.

Finally, Figure 2 computes the percentage change in welfare induced by the tax reform for
different values of the relative inequality aversion parameter r (based on Proposition 2). As
observed analytically, the influence of directed technical change effects on the welfare assess-
ment of a given progressive reform is ambiguous. The figure shows that for lower degrees
of inequality aversion, directed technical change raises the welfare gains from the progres-

sive reform. Here, the reduction in wage inequality induced by directed technical change

3Note that the (intensive margin) labor supply response predicted by the model is calibrated to match the entire
empirically estimated response of taxable income. Hence, the omission of the extensive margin of labor sup-
ply in the model does not counterfactually reduce the model-generated response of aggregate labor supply.
Including an extensive margin response into the model is thus unlikely to change the results of the tax reform
simulations in a quantitatively significant way.
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Figure 2. The figure displays welfare changes in log points induced by the progressive tax reform
described in the text. Welfare changes are given for different values of the relative inequality
aversion parameter r. The three graphs show the welfare changes predicted in the strong bias case
(o = 1), the conservative case (p = 0.4), and by the exogenous technology planner (o = 0).

outweighs the loss in tax revenue, which translates into a reduction in the lump-sum pay-
ment to all workers. For high values of inequality aversion, for which the welfare function
approaches a Rawlsian objective, the negative revenue effect from directed technical change
becomes dominant, reducing the welfare gains from the reform. Interestingly, for very high
levels of inequality aversion, accounting for directed technical change even switches the sign
of the welfare effect. When ignoring directed technical change, the reform appears to raise
welfare; taking into account directed technical change effects makes the reform undesirable.

Notwithstanding these results, Proposition 3 implies that even for such very high values of
inequality aversion, there must be a different progressive reform that raises welfare when

accounting for directed technical change.

Optimal Taxes Turing to optimal taxes, I consider two cases. First, I set the relative in-
equality aversion parameter to 1, which corresponds to a welfare function that is logarithmic
in individual utilities. Second, I set the parameter to 50, approximating a Rawlsian welfare
function. I then compute optimal taxes for the endogenous and the exogenous technology
planners from Proposition 5 (endogenous technology planner) and Lemma 10 (exogenous
technology planner). For the endogenous technology planner, I again distinguish between
the conservative and the strong bias case regarding the strength of directed technical change
effects.

The resulting optimal marginal tax rates are displayed in Figure 3. As predicted by theory,
directed technical change effects reduce optimal marginal tax rates in the lower part of the
income distribution and increase them in the upper part.

For a low equity concern (the left panel), the point where directed technical change effects
reverse their sign is close to the US average income, between $60k and $70k. The effect on
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Figure 3. The figure displays optimal marginal tax rates for worker types, where worker types are
identified by their income under the current tax system. In the left panel, the relative inequality
aversion parameter is v = 1. In the right panel, r = 50. In each panel, the three graphs show
optimal marginal taxes as computed by the endogenous technology planner in the case of strong
bias (o0 = 1), in the conservative case (0 = 0.4), and as computed by the exogenous technology
planner. The vertical line in the left panel indicates the US median income in 2005 of about $52k.

optimal top tax rates is small. While the exogenous technology planner prefers an asymptotic
top tax rate of marginally below 70%, the preferred rate in the conservative directed technical
change case is marginally above 70%. In the strong bias case, it amounts to 72.5%. More
significant are the changes in marginal tax rates between $200k and $400k and below the
median income (indicated by the vertical line in the left panel). For the range between $200k
and $400k, the strong bias case points towards an upwards adjustment of marginal tax rates
of more than 5 percentage points relative to the exogenous technology planner. For below
median incomes, the difference is even stronger. Optimal marginal tax rates in the strong bias
case decline quickly below the median income, reaching a low of slightly above 40% for low
incomes. The exogenous technology planner’s tax rates and, to a lesser extent, taxes in the
conservative case increase when moving below the median income, reaching about 65% for
low incomes in the case of the exogenous technology planner.

The striking difference in the evolution of marginal tax rates below the median is driven by the
desire to stimulate labor supply of below-median income earners in the strong bias case. With
strong bias, stimulating these workers’ labor supply induces technological developments in
favor of low-income workers that outweigh the substitution effects at fixed technology. Hence,
decreasing marginal tax rates for below-median earners provides a way to complement the
redistribution of income via the tax system by redistribution of pre-tax incomes.

Remarkably, optimal marginal tax rates in the strong bias case do no longer follow the familiar
U-shape (Diamond, 1998). Ignoring their volatile behavior at the very bottom of the income
distribution, marginal taxes increase monotonically in income.

Towards the very bottom of the income distribution, marginal tax rates approach 100% for
the exogenous technology planner and in the conservative case. In the strong bias case, they
first shoot up to almost 70% and then decline to a value below zero (compare Corollary 3).
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This somewhat erratic behavior is driven by extreme values of the inverse hazard ratio of the
exogenous technology parameter x, which in turn are inherited from extreme behavior of the
inverse hazard ratio of the income distribution at the bottom of the income distribution under
current taxes. This is likely due to the fact that a lognormal distribution does not approximate
the very low end of the empirical income distribution very well. The quantitative results for
tax rates at the very bottom should therefore not be overrated.

Turning to the right panel of the figure, the striking result for marginal tax rates below the
median income in the strong bias case disappears. With a close-to-Rawlsian welfare function,
most incomes below the median are not relevant from a social perspective, except for their
contribution to tax revenue. Hence, the incentive to redistribute pre-tax income from high
earners to those between the very bottom and the median disappears. Marginal taxes on
income earners between $100k and $400k are, however, still much higher when accounting
for directed technical change. The negative marginal tax rates at the bottom of the income
distribution predicted by Corollary 3 for the strong bias case are concentrated that close to
zero that they are not discernible in the figure. So, when welfare weights are shifted from
low income earners to very low income earners, the U-shape of optimal marginal tax rates is
restored even with strong bias. The only substantial remaining difference to the exogenous

technology case is the upwards adjustment of marginal tax rates on high incomes.

8. Conclusion

I investigate the implications of directed technical change for the design of non-linear labor
income taxes. First, I develop a model with directed technical change and endogenous labor
supply, in which the structure of labor supply determines the direction of technical change.
Tax reforms affect the direction of technical change by altering the structure of labor supply.
I derive conditions under which any progressive income tax reform induces technical change
that compresses the wage distribution. Relatedly, using a welfare measure that values equity
across workers, I show that accounting for directed technical change unambiguously increases
the set of tax schedules that can be improved in terms of welfare by means of progressive tax
reforms. Finally, when directed technical change is taken into account — as opposed to treating
technology as exogenous — optimal marginal tax rates are higher in the upper tail and lower
in the lower tail of the income distribution. Optimal marginal tax rates in the lower tail may
even become negative.

I quantify the results based on estimates from the empirical literature on directed technical
change. Even with relatively strong directed technical change effects, the impact of progressive
tax reforms on wage inequality is modest. The reason are empirically small responses of
labor supply to marginal tax rates. The impact of directed technical change effects on optimal
marginal tax rates, however, is substantial. With estimates for the strength of directed technical
change effects in the upper range of the empirical results, optimal marginal tax rates are no
longer U-shaped but increase almost monotonically in income. Optimal marginal tax rates
for workers who earn about half of the 2005 US median income are reduced by more than 10

percentage points relative to the benchmark where technology is treated as exogenous.
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A. Proofs and Additional Results for the Setup

Here I provide proofs, derivations, and some additional results omitted from the main text
for Section 3. I start by deriving the labor demand equation (3.1) in detail to demonstrate that

the functional derivative D;, works as expected.
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A.1l. Derivation of the labor demand equation (3.1)

Final good firm profits are given by

. 0 I
G(L, ¢,q) — /9 woLodd — Y /0 P dk.
0 j=1

Taking the derivative D;, as defined in Section 3.2 and equating it with zero yields:

~ 0 ~
DLQG(L,(P,Q) = DLS/() ZUngdG
The remaining task is to show that

0 ~
DLQ / ng(; df = wWep.
0

I derive this equality for interior types 6 € (6,0) in detail to demonstrate the working of the
functional derivative Dy,. The derivations for the highest and lowest types 6 and 6 proceed
analogously and are therefore omitted.

By definition:

0 -1 (94 . »
D, | wglgdd = lim —+ o a0 (Lg+ 1Lrpa) o a0
Moreover, by definition of L AB:
" e (Lo + nLpgp) dé—/9 dw~<L~+ W) dé
edyeeP‘Aeeyzo ~ Jooadu'o gTH A o
0+A 9_é+A 5
/ dw€~<Lg+‘u - >y_0d9
Hence:

(0 G—0+A o 0D G A
de_/giAngdM/e wg——df.

[y (L + L)
— W3 ~+ ~
o dy g\Lbg T HLpagg o

Then, by L'Hoéspital’s rule:

tim = [ Ly (Ly 4 uL 40 = tim - [ wpdd+tim = [ wpad
Alinoggﬁwé(fr# £66) =AM oA J,_ e +Alg})ﬁ/9 wg av .

u=0
Applying L'Hbspital’s rule again, we obtain:
0 d

iig(‘) Al ﬁwé (Lg+#Lpg5)

40 = Tim Y02 4 im YA _ g
A0 2 A0 2

u=0

where the last equality requires continuity of w in 6, which I assume is given in equilibrium.
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A.2. Labor Supply Elasticities

Next I derive expressions (9) and (10) for the labor supply elasticities with respect to the
marginal retention rate and the wage. The starting point is workers’ first-order condition (2):

' (lg(T, wp)) = Ry (welg(T, wp))we.

Taking the derivative Dz on both sides of the equation yields:

d
v,/<l9(T/w9)>D’?le(T,Z{J9> =Wy —

o (1 — T,(ZUQZQ(T, ZUQ)) + ]1) — T”(ZUglg(T, ZUQ))ZU%D{-ZQ(T, ZU9>

u=0

and hence:
Wy

UH(ZQ(T, ZUQ)) + T"(ZUQZQ(T, ZUQ))ZU%

D’FZG(T/ w@) =

By definition of €X we obtain

wy (1=T" (wyly(T,wy)))
eR — 0" (l(T,wp))1o (T,wp)
0 14+ T" (wolg (T,we) )woly (T, we) (1—T'(wele(T,we)))wp *
1—T"(wglg(T,wg)) 0" (l(T,wp))lg(T,wp)

Again using the first-order condition to replace (1 — T'(wl))w by v'(I), we obtain equation (9).
For equation (10) differentiate the first-order condition with respect to wy on both sides,

dle(T,w
#Wdﬂww)e&we):l—rmm41w@)
ZBZQ(T, ZU@)

— T”(ZUglg(T,ZUQ))ZUG aw9 — T”(ZUQ,ZQ(T,ZUQ))ZUQZQ(T,ZUQ),

and rearrange it to obtain

Ao(T,we) _ 1~ T'(wyle(T,wp)) — T" (wele(T, wp))

dwe 0" (I(T, wg)) + T" (welg(T, we) )w?

Then, use the definition of € to get

(1 _ T"(wyls(T, we))wale(TﬂUe)) (1T (wglo(T,wg)))we
w 1- T/(Zl)glg TZ{J@) Z)N(lg(T,‘wg))lg(T,ZUg)
(

( )
1+ T" (welg (T,we))wely (T, we) (1—T'(wele(T,wp)))we
1T (wgls(T,wg)) 0" (lo(T,wp) 1o (T,wp)

€9:

Replacing (1 — T'(wl))w by v'(1) yields equation (10).
Note at this point that the second-order condition of workers’” utility maximization requires

U”(l@) + T/(ZUglg)wg >0.

If this is satisfied strictly, we can use workers’ first-order condition to rearrange the inequality

as follows.
T" (welg)wely v'(lp)

1— T'(welg) 0" (lg)ly

Pr(wglg)eg(lg) > —1.
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This ensures that the denominators of the expressions for €y’ and eg are strictly positive and
the expressions themselves are well defined.
A.3. CES Production Function

Here I derive the expressions for the aggregate production function, the set of feasible tech-
nologies, wages, and wage elasticities for the special case of a CES production function for
final goods introduced in Section 3.4.

Aggregate Production To derive the aggregate production function F(I, ¢) as given by equa-
tion (11), start from its definition:

F(l,¢) = max {G({hele}ee@@,{%}ee@) - /99 166 d9} :

{q0}oco

The first-order conditions for the maximization with respect to q are:

g1 ar—a—0

G (Ke%hé_alg_“) Tagy T =m0,

which can be rearranged to yield an explicit expression for the maximizer:

9o = <:9> i (;zgqsgh},—“l;—“) NN G V. (36)

Denoting this maximizer by g* and inserting it into G yields

a(0—1) _ -1

- 5y 0 o a+o—ad L v 1 l—arla 7“_&;_1“5_ - oc(a 1)
G({help}oco, P, 97) = /9 <179) <K9<P9hg lg ) G who—e)o 46 ,
which can be solved for G:
a+0—ad O
7 (1-a)7 g-1 (T—a)o 71
. S ~L a+o—ad O
G({help}oco, §,q7) = ats /9 (’79 “’39”479”}1919) de : (37)

This provides an expression for gross aggregate production. Using the maximizer g* from
equation (36) again, the part of gross output that goes into the production of intermediate
goods becomes

-1

/ 170[70 d@ / ﬂ“iuﬂiaa&#»ﬂ i (Kgdighéilxléia) a+o—ad G:H»ﬁli—aﬁ d@

— yrow G /6< ST gTa, l)tm 7 (38)
= My o Py "hole

=aG. (39)
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Combining equations (37) and (38), we obtain net aggregate production F as follows:

(1—a)G({halp}oco, P, q%)

F(l,¢)

Defining

net aggregate production becomes
5 o1 o—1
F(l, 47) = /6 (Kg(]bglghg) 7 40 ,

which is equation (11) from the main text.

Set of Feasible Technologies From the R&D resource constraint and the R&D cost function,
the set of feasible technologies ¢ follows as

0 - _
{4329#—>4~)9€1R+|/ 4~) dGSC} .
0
Using the substitution
oL
¢y = 4)(;% Vo,

the set of feasible ¢ becomes

g _
= {4):9#—>4)9€1R+|/ ¢gd9gc} ,
0
where 6 := (1 — a)J, as given in the main text.

Wages 1 derive expression (13) for interior types 6 € (6,0). For the boundary types 6 and 0
the derivations proceed analogously and yield the same result.

Consider first the derivative

1 dF(1+ plpp, ¢)

D) = fim g

u=0
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Using the definition of } A this derivative becomes

dF(l =+ ]/lTA,Q, (P)
dp

u=0

1 0 -1 _
= FO0F | [ oghe) 7

—A

g —

S

0
A

Taking limits and applying L'Hospital’s rule yields:

.1 1 10—04+A 2 1 o1 1
NIVA Sy o Reilte) Iy T 0 = 5 (ogahe) 7 Iy
and b 3
1o 1 10-0+A 1 1 1
E—%Z/g (Kopghy) © 1y *——x——d0 = 5 (xoohe) * Iy *,

where I used continuity of , i, ¢, and I in 6. The former two are continuous by assumption;
¢ is continuous in equilibrium if / is continuous, as evident from equation (41) below; and
continuity of [ is presumed in all equilibria under consideration.

Finally, combine the two previous expressions to obtain

-1

Dy, F(l,¢) = (kopohe) 1y

S
Sh=

E(L,¢)

and therewith

-1

wo(l, ) = (ko) ™ (loho) = F(I, )¢ .

[

Wage Elasticities Again I focus on the derivations for interior types. Given expression (13),

the own-wage substitution elasticity is simply the elasticity of wg with respect to g:

1
Yo,0 = o

The cross-wage substitution elasticity 7y, 5 is

I5 -1

Sl

a _1
Yoo = afg Dy, (kepg) © (lghg)  F(L, ¢)
15 -1 _11 1
= wig(wi)e) 7 (lghg) @ ;F(MP)” Lwghg

_ LTwy(l,@)hgly
o F(L¢)

For the technical change elasticities, consider first the determination of equilibrium technology
described by equation (7). First-order conditions for the maximization problem in equation
(7) are

6931 = (xohale) ™' 45 F(L @)} v, (40)
where A is the Lagrange multiplier for the R&D resource constraint. The conditions equate the
marginal R&D cost of raising ¢y, converted into units of final good via A, with the marginal

gain in production. The latter is given by the derivative Dy, F, which is computed analogously
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to D;, F above.

Solving the first-order conditions for ¢y yields

95 = (GA) T (xphglg) 11 F(1,¢)F071 VO, (41)

Then, we can use the R&D resource constraint

g _
/ pi0do =C
[

to solve for the Lagrange multiplier:

(6—1)o+1
o

g (e-1)2
A=—iC = [ 6 (xghglg) T-T7 d9] F(l, )¢ .

Q=

Plugging this into equation (41), we obtain the following expression for the equilibrium tech-
nology ¢*:

(c—1)8
(Kg]’lglg) (0-1)o+1 dQ] . (42)

=

0

1 o—
4)5‘ =C? (thglg)m [/
6

We can now use equation (42) to derive the technical change elasticities. The own-wage

technical change elasticity is simply derived from equations (13) and (42) as

_ 5 9w o 305
w0}y ¢ Olg
-1 oc-1
o (6-Do+1°

0,6

For the cross-wage technical change elasticity, start from its definition:

Q=

I; -1 _1
005 = —=Dyy, (ke (1)) © (lohe) ™7 F(L,¢*(1))

We

—1 15 I5 o1 1 1
= T Dy i)+ 12 (i)' o) Dy 9" ()

The second term of the sum in the second row is zero by the envelope theorem. So, we obtain

oc—1 lg .
Pos =~ a;sz,lé%(l) :

Analogously to the computation of the derivative D;,F(I, ¢) above, we can compute Dy, ;. ¢; (1)
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using equation (42):

=

oc—1

_ o1 0 r—1)s -
DlP/lg(P;(l) = mc (K9h016> - 1”1 [/6’ (thglg) 0 1‘7“ d@]

<>.\>—n

(c—1)8

-1
(15
(rghgly) ©-De+1 dg] (ichgly) O wﬂl 1

Thereby,
o1 o—-1  ¢;()
Pos =~ (6—-1)c+1 C

(43)

To derive the expression from the main text, note that we can rewrite the first-order condition
(40) as
5@ A = wehgledy ™,
which implies
1
o’ = 5 Wololo - (44)

We now integrate this over 8 and use Euler’s homogeneous function theorem to obtain

C= A(SF

Using this to eliminate A in equation (44), we obtain

ZUQI’lglg

o’ F

Finally, combining this with equation (43) yields

o _0’—1 oc—1 w(;(l,(l))hgl(;
Poo =~ (6-Do+1 E(,9) °

which is the expression given in the main text.

A.4. Linear Homogeneity of Aggregate Production

In the main text I assume that final good firms’ production function G is linear homogeneous
in the rival inputs | and q. Here I show that the aggregate production function F and its

equilibrium version F* (defined below) inherit this property.
Lemma 4. The aggregate production function F defined in (5) is linear homogeneous in .

Proof. Aggregate production F(I,¢) for some labor input / and some technology ¢ is defined
as

. J
max {G({hele}ee@, $.9)— Y W/;} :
j=1
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Let g* (1, ¢) denote a solution to this maximization problem.

Consider now the labor input Al for some A > 0 and the intermediate input Ag*(/,¢). Since
G is linear homogeneous in [ and g, the first-order conditions of the maximization problem
are satisfied at Al, Ag*(l,¢), and ¢. Since G is concave in I and g, first-order conditions are
sufficient for a maximum, and Ag*(,¢) is a maximizer of G at Al and ¢. So, using linear

homogeneity of G again,
F(AL¢) = ({)‘hOZG}Be&(P Aq (L, $)) 277])“7] (L¢)
]

AG({hglg}oco, ¢, q* (L, P)) 2771‘1] (L, ¢)

=F(,¢).
O
Consider next the equilibrium aggregate production function
F*(1) = F(L¢" (1)) - (45)

Lemma 5. The equilibrium aggregate production function F* defined in (45) is linear homogeneous in
L

Proof. By the reduced form equation for equilibrium technology ¢* (1), the equilibrium aggre-
gate production function satisfies

F (l) = gleagl-”(l ,P) .

Then, by linear homogeneity of F in [ (see Lemma 4):

F*(Al) = r&ax F(A,¢)

= F
%16%( AF(L, ¢)

— AmaxF(l,
gleag(clﬂ

= AF(I)

for any A > 0. O

B. Proofs for Directed Technical Change

Lemma 1 is a local version of Theorem 5 in Loebbing (2018). Yet it is not strictly covered by
the theorem, because, as described in the main text and footnote 16, I use a slightly unusual
definition of quasisupermodularity, which allows me to dispense with the lattice structure of
®. So, I provide a proof for Lemma 1 here. The proof follows closely the proof of Theorem 5
in Loebbing (2018).
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Proof of Lemma 1. Take any two labor inputs / and [ such that [ has greater relative skill supply,
that is, Ip/ fg > lp/l5. Since F is linear homogeneous in labor (Lemma 4), wages are indepen-
dent of the scale of the labor input. So, for the purpose of Lemma 1, we can always scale [ up
or down such that F(I,¢*(I)) = F(I,¢*(I)). In words, we scale [ such that it is contained in
the (exogenous technology) isoquant of F through (I, ¢*(1)).

Moreover, by definition of the equilibrium technology ¢*, we have F(I,¢*(1)) >
¢ < ¢*(1),¢*(I). Quasisupermodularity then implies that there is a ¢ = ¢*(I), p*
F(I,¢) > F(1,¢*(I)).

Now assume, to derive a contradiction, that ¢*(I) # ¢*(

F(l,¢) for all
(I) such that

(I). Then, ¢ # ¢*(I) and, by uniqueness
of argmax,cq, F(I,¢) (Assumption 1), we must have F(I,¢*(I)) > F(I, ).
Putting the previous results together, we obtain

F(l,$) > F(L,¢*(I)) = F(L,¢*(I)) > F(L ¢) (46)

for some ¢ = ¢*(1),¢*(I) and ¢ = 9*(I), ¢*(I). In words, increasing relative skill supply by
moving from [ to [ leaves output unchanged at ¢*(I) but reduces output at ¢. Intuitively, this
is incompatible with ¢ being more skill-complementary than ¢*(), which is what we show
formally in the following.

To that end, consider a monotonic and differentiable path I(t) from I to I such that [(0) = /,
(1) = I and F(I(7),¢*(I)) = F(I,¢*(I)) for all T € [0,1]. Here I mean by monotonicity that
each entry ly(7) is monotonic in 7. Applying the mean value theorem, the inequalities in (46)
imply that there is a 7 € (0,1) such that

§ ~
/9 Dy, F(I(7),) ””;(TT) 6 < 0. 47)

Moreover, let 8 denote a skill level such that Iy < Iy for all @ < § and Iy > Iy for all @ > 6. Such
a skill level exists because [ has greater relative skill supply than /. Noting that

/D,H (%), T))dld(;)dezo,

we can now extend inequality (47) to

[ <D19F<l(f)r¢) - DlDl@( El() i ﬁ;))ngP(lﬁ),cp (l”))) R

By definition of & and monotonicity of I(t), we know that dly(%)/dt is positive for all § > §
and negative for all § < §. Moreover, since ¢ = ¢*(I), the difference

is also positive for § > 8 and negative for 6 < f. This implies that the right-hand side of (48)
must be (weakly) positive, a contradiction.

We have hence shown that ¢*(I) > ¢*(I), that is, the equilibrium technology is more skill-
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biased under [ than under I. So, the increase in relative skill supply induces skill-biased
technical change. The local implication of this global result is Lemma 1. O

C. Proofs and Additional Results for Tax Reforms

In this section I provide proofs and additional results for the tax reform analysis in Section 5.
I start with the proof of Lemma 2, which provides alternative characterizations of progressive
tax reforms as defined by Definition 1.

Proof of Lemma 2. The strategy of the proof is to show that statement 1 implies statement 2,
statement 2 implies statement 3, and statement 3 implies statement 1.

(1 = 2) Take a function r such that R;(y) = r(Rr(y)) for all y. Differentiating both sides with
respect to y yields

r'(Rr(y))Rr(y) = Ry(v) Vv,
and after taking logs and rearranging:
logr'(Rr(y)) = log Ry(y) —log Ry(y) ¥y .
Differentiating again with respect to y and multiplying through by y gives

" (Rr(y))
r"(Rr(y))

where the inequality is Definition 1. The assumption that T'(y) < 1 and T'(y) + u7'(y) < 1

Rr(y)y = —(Pz(y) — Pr(y)) <0 Vy,

for all y (see point 6 of Assumption 1) implies that ¥ (Rr(y)) > 0 and R’ (y) > 0, such that
r""(Rr(y)) < 0 for all y, which is statement 2.
(2 = 3) Statement 2 implies

because r is concave and Rr strictly increasing. Replacing R (y) by R7(y) — ut'(y) and rear-
ranging yields

Ri(y) — p7'(y) _ Ry(9) — pt'(9)

A Yy > 7
R7(y) - RL(¥) i

and hence: ') @)
Ty Ty
> =~ Vy >
Ri(y) = Rp(@) 7

v,
which is statement 3.
(3 = 1) We can transform statement 3 into

Rr(y) —pt'(y) _ Rp(§) — ut'(9)
R - ”mwm o 7

7.
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Taking logs and rearranging yields

log R7(y) — log R%:(§) < log Ry (y) —log R7(7) Yy >7.

Setting 7 = y — d, dividing both sides of the equation by d, and taking the limit as d — 0, we
obtain

and hence

Next I consider the response of labor inputs to a tax reform.

C.1. Labor Input Responses

First, I derive equation (20) by applying the derivative D to labor inputs. In particular, ac-
counting for the general equilibrium contingencies between labor supply and wages, we can
write labor supply as lp(T, wy) and wages as wy(I(T,wyg),¢*(I(T,wy))). Then, using deriva-
tives and elasticities as defined in the main text, it is straightforward to derive equation (20).

Starting from equation (20) I prove Lemma 3.

Proof of Lemma 3. Step 1. It is easy to see that

7 (n) | g
6(9111) =T 91,11' + SEGITT

for all n > 1. Hence, the two expressions (23) and (24) are equal.

Step 2. Suppose for now that all the series in expressions (23) and (24) converge. Then, take

expression (23) and insert it into the fixed point equation (20):

This proves that, conditional upon convergence of the series, expression (23) solves the fixed
point equation (20). Then, by Step 1, expression (24) also solves the fixed point equation

conditional upon convergence.
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Step 3. Regarding convergence, consider expression (23) first. Start from the definition of l}g?

and take the square of both sides of the equation:
2 2 4 2

()" = (eirgae) (1557) " + (e ( || goal d9> + 26§ Gl ey / Coaly b .
By the Cauchy-Schwarz inequality,

i(n) 2 N

(1) < (2o (I55) + () | g [ (1) do

N 0 - 0 /1) 2
+ 2680040 ”eg’\/ /6 ggléde\/ /0 (7"

0 Nn 2 0 w nl n 1
() a0 < [ eizon)” (5 d9+/ = /geedede/
w fn=1) w 7] An-1)\2 5
+2/9 69@9,91(;7; )69 \//9 égléd(?d@\//e (léz )) dae.

Taking the supremum of €jCg ¢ in the first term and applying the Cauchy-Schwarz inequality

and after integrating over 6,

again to the last term yields:

(12 o 0 2 oo [0 ()2 s
/9(1 T) d9§selelg (€9'Co0) / //9 (63]59,9) d9d9/9 (lé,’r ) do

+2\/ / 9./ ’ (ctopeyiz;) dido / ' (1) a.
n-1)

2
The coefficients of f 0 ( o0 ) d0 on the right-hand side of the inequality amount to

9 - 0 ~
sup(€'Go0)” + /9 (1~ €oCo6)* (€5 Co5)> 40 6 + 2\//9 (€§'Co,0)* (1 — €0lo,0)* (€5 Co5)* A0 A0,

0cO

3 /1) 2
which is strictly smaller than one by condition (22). Hence, the term f 99 (lénT 2 ) df is domi-
nated by a geometric sequence converging to zero.

Regarding lAéflT), the Cauchy-Schwarz inequality implies

o 0 - 0 . N2 .
I < €¥oalyy ”+esif\/ / ég,gde\/ () e, (49)

Suppose now, to derive a contradiction, that fénT) is not dominated by any geometric sequence

that converges to zero. Then, for any ¢ € (€}(pp,1) and for any N € IN, there must exist
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Ny > N such that

2
flr 1)> d0 is dominated by a geometric sequence converging to

€5, r\/fe de\/fe E d9|

But with equation (49) this implies, as N — oo,

At the same time, since f; (f(g
zero, we must have

—0 asN — .

—mo | Gonl <c,

a contradiction.

So, l}()? is dominated by a geometric sequence converging to zero and the series )’ ; l}(,i?
indeed exists.

Step 4. For convergence of the series TEg and SEg ., consider TEg ; first. Replacing o bY

Pg 3, the reasoning in step 3 implies that TEg,. converges. Second, note that
SEg= Y I§ — TEqg. .
n=1

Since we have already shown that both series on the right-hand side converge, the same must
hold for S~E9,T.

Step 5. The final step is to prove that, if €¥ is constant in § and e}t (yo(T))/ (1 — T'(yo(T)))
increases in 6, the component TEy . decreases in 0 as well. The proof is by induction.

If €X' (yo(T)) /(1 — T'(yo(T))) increases in 6, then by Lemma 1 we have that the term

~ (1
TEé,r) = eg)PG,G(_eg)lf(p,(;(T

is decreasing in 6.

(n)

Suppose now that T~E9,T decreases in 6. Then, again by Lemma 1,

e 4 [* o TEM 4
Lol Lg+ + 0 Pl LEgr
decreases in 0. If € is constant in 6, the same holds for
o ) [0 ) g
oo TEgr + € ] PoaTEg do .
+1) (n)

But this is equal to ngfT . Hence inductively, TEy,; decreases in 6 for all n > 1. So the sum
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) fE(n) decreases in 6 as well, which yields the desired result. O

0,t

For the special case of CES production introduced in Section 3.4, the labor response to tax
reform T takes a particularly simple form. For later reference, I provide this result in the

following lemma.

Lemma 6. Fix an initial tax T and suppose that workers” second-order conditions hold strictly under
T such that the labor supply elasticities e§ and €% are well defined (see Appendix A.2). Moreover,
assume that F and ® are CES as introduced in Section 3.4 and the elasticity €f is constant in 0, that

is, €y = €“ for all 0 € ©. Then, the effect of tax reform T on labor inputs can be written as

X r T(ye(D))
lo(T) = _egl—T’?W

w 0 € <~
SR e e [ e

where <
R €

€ =1 (7CES 4 pCES)ew °

So, Ig,+(T) decreases in 0 if and only if

increases in 0.

If in addition €X is constant in 6, Io < (T) decreases in 6 if and only if T is progressive.

Proof. The fastest way to prove equation (50) is to check that it satisfies the fixed point equation
(20). In the CES case and with €}’ constant, this equation becomes

fe,T(T) _ —eﬁ%+€w(’yCE5+pCES)f9,T(T) _€w(7cEs+pcgs)/99F(l(z;§,l% :
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Inserting equation (50) yields:

ZG,T(T) -

eR T/(]/f?(T)) +€w<,YCES +pCES)( fR) ( ( ))

PT—T/(ye(T)) T T (ye(T))
ew(,),CES+pCES)(,YCES+pCES)€w /9 wglghs (— ER) ' (yg(T)) 40
F(I(T),¢*(T)) " # 1= T'(y4(T))
w(CES . CESy [0 wéléhé eR T(ye(T)) 5
40 | ey T Ty 1)
walghy w [? wlh _rv T(ye(T)) & .~
Fe(y CES+pCES / = ()94)*( ))( CES+pCES )e | 0 )( 65)1_T/?y9(T))d9d9
e TO(T)  ucrs  crs) walghy R < A7)
== iy € / E(I(T), ¢* (1)) )1—T'<y9<T>>d"
w wglghg — T/(y~(T)) A
@R [ e gy
wy2(CES | cesy2 [0 Walghs &y T (we(T)) T wylshy j
HEPOE + 0P [ Oty b FaeT ey

eglj(mée()%))_e (7CES 4 pCES) / Fw@léhé(_R)T/(V(T))dg,

where the last equality follows from the fact that F is linear homogeneous in / (see Lemma 4)

and Euler’s homogeneous function theorem. So, equation (50) solves the fixed point equation

(20).

The remainder of Lemma 6 then follows from the observation that the second term on the

right-hand side of equation (50) is independent of § and that, in the CES case, €5 is constant

in 0 if eg and eg’ are constant in 6. O

C.2.

Induced Technical Change

Using the labor input responses from Lemma 3, I prove the results from Section 5.1 on the

induced technical change effects of tax reforms.

First, I obtain equation (25) by applying the derivative Dy, . to wages. In particular, accounting

for the general equilibrium contingencies between wages and labor supply, we can write

wages as wy(I(T,wy), $*(I(T,wy))) and labor supply as ly(T, wyg). Then, using derivatives and

elasticities as defined in the main text, it is straightforward to derive equation (25).

Combining equation (25) with Lemma 3, I prove Proposition 1.

Proof of Proposition 1. Equation (26) is obtained immediately by inserting equation (24) from
Lemma 3 into (25).
To sign the slopes of DEyr and TEy., note that by Lemma 1 the induced technical change

effect

po,0lo, (T Jr/Peé~ T)do

decreases in 6 if [y (T) decreases in 6. This immediately implies that DEy . decreases in 6

: R/
if 57

(yo(T))/(1 — T'(yo(T))) increases in 6. Moreover, Lemma 3 says that TEg . decreases
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in 0 if €¥ is constant in 0 and €X' (yo(T))/(1 — T'(yo(T))) increases in 0. So, under these

conditions also TEy  decreases in 6. O

Corollary 2 gives the induced technical change effects of reform 7 for the special case of a CES
production function. I prove Corollary 2 by applying Lemma 6.

Proof of Corollary 2. Since aggregate production F and the equilibrium aggregate production
function F* are linear homogeneous in [ (see Lemmas 4 and 5), the induced technical change

effects of a proportional change in all types’ labor inputs are zero:

. o N
pople(T) + / 0e5ls (T)d0 =0 for all 0
p P00,

if iQ,T(T) is constant in 6. Hence, inserting equation (50) into equation (25), the second term of
equation (50) vanishes. This leaves

Ly (T, g1 = 5 ) D)

6 wslzh _ ' (y;
0% | Fam o T T

which is equation (27).

The second term on the right-hand side of equation (27) is independent of 6. This immedi-
ately implies that the relative wage change is decreasing in 0 if €X' (yo(T))/ (1 — T'(ye(T)))
increases in 0.

Finally, if €} is constant in 6 (in addition to €Y, which is required by Corollary 2 anyway),
€k is constant in 6 as well, and the relative wage change decreases in 6 for any progressive

reform. O

C.3. Substitution Effects of Tax Reforms

Proposition 1 provides a general formula for the induced technical change effects of tax re-
forms on wages. Here, I state the counterpart of this proposition for the within-technology
substitution effects. The formula has exactly the same structure as the one for the induced
technical change effects. The only difference is that here technical change wage elasticities are
replaced by substitution elasticities.*’

Proposition 6. Fix an initial tax T, suppose that workers” second-order conditions hold strictly un-
der T such that the labor supply elasticities €\ and €3 are well defined (see Appendix A.2), and let
conditions (21) and (22) be satisfied.

Then, the relative effect of the within-technology factor substitution induced by tax reform T on wages

“0Note also that in contrast to the induced technical change effects in Proposition 1 we cannot generally sign any
component of the within-technology substitution effects induced by a progressive reform 7. This is because
the endogenous determination of technology (see equation (7)) lends structure to the induced technical change
elasticities which is absent from substitution elasticities.
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can be written as

1 . _ R ' (yg(T)) %
L Dean( (1) =vao-eb); et [ - DTy 1)
+ Y99 TEq(T) +/9 ’Ye,éfEé,r(T) df
. 0 . .
+ 760SEq((T) + /9 Yo 3SE;s.(T) d8, (51)

for all 0 € ®, where TEg(T) and SEg (T) are defined in Lemma 3.

Proof. Analogously to the induced technical change effects in equation (25), the substitution
effects of tax reform T on wages can be written as

| ) : T
wfeDrwe(T,qb (T)) = vo0lo(T) + / Yo,ala(T)do . (52)

Replacing equation (25) by equation (52), the proof proceeds analogously to the proof of
equation (26) in Proposition 1 and is therefore omitted. O

In the CES case, the within-technology substitution effects can be expressed as follows.

Corollary 5. Fix an initial tax T and suppose that workers’ second-order conditions hold strictly under
T such that the labor supply elasticities €} and €3 are well defined (see Appendix A.2). Moreover,
assume that F and ® are CES as introduced in Section 3.4 and the elasticity €y is constant in 0, that
is, €y = €” forall € ©. Then the relative wage effect of the within-technology factor substitution
induced by tax reform T satisfies

DT, 97 (1) = 75 )

0 wslsh; _ry Te(T) 5
"CES/e W%T))(_Gg)l—e— w3
forall & € ©, where

R
el = o .
0 1 — (CES 4 pCES)ew

Proof. Again replacing equation (25) by equation (52), the proof of Corollary 5 is analogous to

the proof of its counterpart for induced technical change effects, Corollary 2. O

Combining equations (26) and (51), or (27) and (53) for the CES case, we obtain expressions
for the total effect of a tax reform on wages. I use these combined equations to assess the
wage effects of tax reforms quantitatively in Section 7.

C.4. Alternative Representation of Labor Input Responses

Here I compare equation (24) for the effects of a tax reform on labor inputs (Lemma 3) with an
alternative expression for these effects obtained by following the iteration approach of Sachs
et al. (2019).
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For that, I first define elasticities of aggregate labor supply of a given type with respect to the
marginal retention rate and the wage. In particular, note that, if all workers of type 6 change
their labor supply jointly, the wage wy will react. The wage response then induces a change
in labor supply in addition to the direct response described by the individual labor supply
elasticities e} and €Y. Starting from the individual labor supply elasticities, we can construct

elasticities that account for this feedback effect as follows:

R
R o €9 (T/ l/ w)
69 (TI l/ w) T 1 _ (,)/9,9 —|— pe/e)egu(T/ l/ w) (54)
and
Y eg)(T/ l/ w)
€p (T/ Z/ w) = (55)

1= (00 +poe)eg (T,Lw) "
Relative to the individual elasticities, the aggregate elasticities are scaled by the feedback
from the wage to labor supply. If the own-wage effect ygp + pgo is negative (positive), the
individual elasticity is scaled down (up), as an increase in labor supply depresses (raises) the
wage, which then counteracts (amplifies) the initial labor supply change.

We can now use the aggregate labor supply elasticities to rearrange equation (20) as follows:

A o T(e(T 0 A
lor = _65% + € /9 (Yo, + 00,9)l5,(T) d0 . (56)

This fixed point equation can be solved by iteratively inserting the right-hand side of the

equation into itself (see the proof below for details).

Lemma 7. Fix an initial tax T, suppose that workers’ second-order conditions hold strictly under T
such that the labor supply elasticities e} and €¥ are well defined (see Appendix A.2), and let (v“ES +
pCES)ew < 1 under T such that the aggregate elasticities €y and €} are well defined. Moreover, suppose

that under T,*!

7 0 ) 9 0 i
/ /e (€% (70g + P0g))2 d0d0 < 1 and / /9 (€% g )2 d0d0 < 1.

Then, the effect of tax reform T on labor supply can be written as

) (T 9 '(ys(T -

41These conditions serve the same purpose as conditions (21) and (22) in Lemma (3).
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where

Po5 = 2 ngg)
n=1
1
Pég) = Pog
0
Pég) =, pétlé Vetppadd Vi >1

and

Yo = Z 7(51,19)
n=1

1
'Yég) = Y04

J 0
—1)— ~
'Yéna) ~ Jo 76(;@ )630(79,9”4'99,@) d9+/9 pgfé €vp5d0 Vn>1.

Proof. Following Sachs et al. (2019), I solve the fixed point equation (56) by iteration. Within
the iteration steps, I separate the induced technical change from the (within-technology) sub-
stitution effects to obtain a decomposition of the total labor input response along the lines of
Lemma 3.

Step 1. The first part of the proof proceeds by induction. We start by substituting equation
(56) into itself:

for = %7 (Ty'?(jg%» vt [ na oop) [“55 . fg?ﬁ%) 2 [ (gt pag)ly(T) dé] a8
/ o Ny ) 7 i
_751 ;y/?;:f()%))—i‘egj Poa( 5)1T§,,y,§;:()%))d9+eg“/e Poi |, p5als . (T)d6 do
—|—€9/ Yo,a( ER)l ;y,f()( ()%))d9+€§“ 9’)/996 /9(799+p99)19T(T)d(§d§

Changing the order of integration in the terms containing fé » and summarizing the last two

terms, we obtain

s g Twe(T) | o ([° ry TWe(T) w00 R
fo,c gl—T/?W‘LG" , Ps,é(‘eg)mdé)—i—eg /9 /9 002 03,0 46T, (T) db

. 6 . R
+ €y /e [ /9 Yos€5 (Vg6 +Pgg) 40 + /9 Po,6€5 Vo df)] lg(T)do.
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(n)
0,0

Using the definitions of p, ; and 'yéng) given in the lemma, this expression can be rewritten as

~ _ — _ T -
By = eglf(T,(;g()%))+e /Gpég( eR)l_(T,((g()%)) 9+<—:9/ oy . (T) d8
+69/ 700 0 %déJFee/g’Yé{er( )db .

This constitutes the base case for induction. As an induction hypothesis, suppose now that
for any N > 1 the following holds:

T( ()) A | =w 0 7 A
/ 2799 &) Wd(”_e@ 0 7éf\9{+1)lé,r(T)d9- (58)

Then, using equation (56) to substitute for Z};/T on the right-hand-side yields

. r TW(M) | W& w, x Tw(D) -
e = el T WD) [ 5n 0 ery TWT)) g
0 = TS T T lyy(1)) T Sy 2 Pos TS Ty (T)
7 - 0 0
_ (N+1), —ry T (ya(T)) 7] (N+1)— )
+€§U/e Poa (_eé)l T’(yg(T)) d9+€gj 0 Lo (%U o péQZéT(T) d0 do
) (s~ 6 (Y5
w m, —ry_ T (ys(T)) j o =w (N+1), —ry T (ya(T)) A
+ € I —€x d9+€ 5 —€5 d@
C ;170,9< T (yy(T)) b Jy Toa STy

Changing again the order of integration in the terms containing l}; - yields

. _ L "(y5(T <
s ==ty + ) e o gy

o "(y 7 0
=w (N+1), =R T(ye(T)) 5 —w (N+1)—w ~n N
w5, ol <‘€é)1_m%<md9+€e/9 | Pog P @6ly(T)d0
)

o N Iy, 7 ,
& gty TWa(T) 5 2w / N1 ory T W(T)) s
e L 75 ee)l—Tf(y;(T»d"“Q o Toi ST Y

0| (0
— N 1 N 1 ~| A A

T RS T(ys(T) - O (N+2); ;
= ety Lo )) w [7(N+2)7
- €g 1 +€ / 2 Peg 9 1— T’(yg(T)) d6+€9 0 P9,§ Ze,r(T) dao
9 N+1 B il
=W (n)_=R T(]/G(T)) ] —w/ (N+2)7 A
+ / (—€5) = 40 + s (T)de .
W ,EW DT T(y(r) D Jy Ton oD

Hence the induction hypothesis (58) holds for any N > 1.
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Step 2. I take the induction hypothesis from step 1 and let N go to infinity:

fe,rz—éRl ( +69/ (n) —ek) gr(z(())de—e 11m/p99
+E§”/ 2799 g (T?( ()%) df + & Alflflo/ 799

The goal is to prove that the infinite series are convergent while the limit expressions contain-
ing [; _ vanish on the right-hand side. Let

(n)

I start with the series )’ ; A,. First, using the definition of p 0d’

the Cauchy-Schwarz inequal-
ity implies

()" = ([ oy oot < [ Gt [ (s

Integrating over 0 yields

6 2
(n) 5 nl
/9(,09’5) < [ p” de// <tpas) * 4046

Then, applying the inequality iteratively n — 2 times, we obtain

/9 <p(n))2dé</€(p A>2dé [/e/e(eﬁupw>2déd9~]nl.
o \"0F ~Jo \7OF o Jo \OTO8

Moreover, again applying the Cauchy-Schwarz inequality, we have

si< [ ) o [ (i) @

and hence,

W/ ) i [ ) o[ (et iy Y o

- 71

|[Au| <

The sequence { A, },en is geometric. Moreover, since

/99 /99 (?é“p@,g)z dodd < 1,
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it converges to zero. Hence, { A, }nen is dominated in absolute value by a geometric sequence
converging to zero. The series ) ;" | A, is therefore convergent.
For convergence of ) ;" | B,, I show that },_;(A, + B,) converges. Convergence of ) ;7 A,

and Y, 1 (A, + B,) then immediately implies convergence of } > ; B,,. By definition we have

Ay + By —/9(')/( )+P( ))( R);?

and

9 ~
Yoy 05 —/ (v "+ Py E (v45+ o) 6.

\-/
v

Convergence of Y_;" (A, + B,) now follows from exactly the same steps as convergence of
Yr—1 Ay, with the only difference that p 5 is replaced by 7,5 + py 5 in every step. Following
these steps, the condition

¢ § =w 2 A
/9 /9 (69 (79,9+Pg,g)> dodd <1

implies that the sequence {A, + By },en is dominated in absolute value by a geometric se-
quence converging to zero, which establishes convergence of Y, (A, + By).

Finally, consider the limits

- (N)7. 5
Z\ljl_rgo pr?,é ly (T)do and hm/ ')/99

We have already shown that

© 0 ~
n(_ory_TWa(T) 5

Ly oid D Ty

converges independently of the specific values of Eg and 7' (y3(T))/ (1 —T'(y5(T))). Thus, by
the same reasoning the series

S R T N
Y |, oo (e a0
n= z

converges. We must therefore have

0
: NF )46 —
1313;/9 oWhs(T)dB = 0.

Analogous reasoning shows that

z\lrlflo/ 799 49 =0.
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So, we have shown that, as N — oo, the induction hypothesis of step 1 becomes
7 _ =R ( é ) A
lor =—€p 07— +€9 / ZPQQ 1—T/( é(T))dQ
—=w Ij (yé ( )) A
), D@@ VT
which proves Lemma 7. O

The difference between the expressions provided by Lemma 3 and those given by Lemma 7 is
that Lemma 7 uses the aggregate labor supply elasticities €5 and €% whereas Lemma 3 uses
individual labor supply elasticities. As can be seen from equations (54) and (55), the aggre-
gate elasticities already contain the own-wage elasticities gy and pyg. This makes it hard to
disentangle induced technical change from within-technology substitution effects on the basis
of Lemma 7. For example, when decomposing the total labor supply effect given by Lemma 7
along the lines of the decomposition provided in equation (24) of Lemma 3, we would end up
with an induced technical change component that still contains within-technology substitution
effects via the aggregate labor supply elasticities. Signing the impact of the induced technical
change component on relative wages would then require much more demanding restrictions.
Specifically, we would have to restrict heterogeneity in own-wage elasticities, which would
require restrictions on the aggregate production F, beyond the restrictions already imposed in
Section 4.

C.5. Welfare Effects
Next, I prove the results on the welfare effects of tax reforms from Section 5.2.

Proof of Proposition 2. Welfare can be written as

W(T) =V ({Rr (we (T, ¢"(T))le(T,wp)) + S (T, w), w(T,$"(T)), T) — v (le(T,ws)) }pco)
where

S (1(T,0), (T, (1)), T) = [ T (w0o(T, 07 (T)(T, 00) o
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Taking the derivative D yields:

0 0 .
DTW<T) :/9 (—g9h9T<ZU919) —|—g9h9/9 hgT(ZUglg) d@) do

0 J I5 8
T (Al oo~ (—eR 0 (o]~

0
n /9 gohe(1— T (wsly)) oDt (T, ¢*(T)) d
9 g I, )
+/9 gehe/e haT' (wgly) <19D¢,rw@(T/<P*(T)) +w§€f§u;~D¢,rwé(T/¢*(T))) do do
o g (%)
9
+/9 golo(1— T' (walg))lo Drawg (T, " (T)) d6

0 0 I i
+/6 gghe/g hgT/(ZUélg) <Z§DTZU§(T, (P*(T)) + ’(/UgegjwfeNDTZUg(T, (P*(T))> do do .
4 4 0

Using f: hege d0 = 1, we can rearrange this expression to obtain

0 0 T/ (wgl
DTW<T) :/9 (1—g9)T(ZU919)h9 d9—|—/9 T/(ZUQZQ)ZUQZQ(—eg)l ( 6 9) h@ do

— T/(WQZ(;)

+ /99 [86(1 — T'(welp)) + T'(welp) (1 + €§)] loDg,we(T, ¢"(T) ) o dO
4 [ o1~ T/(ule)) + T o) 1+ €§)] ho Dy (T, (T) g 0.

O]

Proof of Proposition 3. Take any initial tax T € 7" and any reform 7 that is progressive and
raises welfare when neglecting induced technical change effects, that is, DS W(T) > 0 (see
equation (28)). The strategy of the proof is to construct another progressive reform t* that
raises welfare when accounting for induced technical change effects, that is, DxW(T) > 0.
Constructing such a reform proves that T € 7 and hence 7 C 7.

I will construct the reform 7" such that it exactly replicates the labor input changes that 7**
would induce if there were no induced technical change effects. To move back and forth
between induced labor input changes and progressive reforms, I use Lemma 6. In particular,
note that Proposition 3 considers reforms of CRP tax schedules when the disutility of labor is
isoelastic. Under these conditions the elasticities €X and €¥ are constant in 6. Lemma 6 then
says that any progressive reform T induces labor input responses ly . that decrease in 6 and,
conversely, any reform that induces labor input changes that decrease in 0 is progressive.
After these preparations, take any T € T°* and a progressive reform 7°* that would raise
welfare if technology remained constant, that is, DS, W(T) > 0. We can write welfare as a

function of consumption and labor inputs only, that is,

W(c, 1) ==V ({ug(ce,lp) }oco}) -

Then, the effect of reform 7°* on welfare, ignoring induced technical change effects, is fully
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determined by the responses of consumption and labor supply to T that we would obtain if
technology were fixed. I analyze these responses in the following.
Step 1. Denote the labor input response to 7** that ignores induced technical change effects
by

D%lg(T) = Dreslg(T) |y, 00,

and similarly the consumption response that ignores induced technical change effects by
Dz 7exCo (T)

I now characterize the consumption response contingent on the labor input response using
incentive compatibility constraints. In particular, at any tax T, consumption and labor alloca-

tions must satisfy

e(T) = o (wé(T 9 (T))lgm> < co(T) —v(lg(T)) forall 6,8 .
Via an envelope argument this implies

co(T) ='(Io(T)) [16(T) + o (T, ¢"(T))lp(T)]  forall 6.

Here, Wy = wj/wy and the notation xj(T) is exclusively used to denote differentiation with
respect to the type index 6. So, Ip(T) is the derivative of Ip(T) with respect to 6 (and at 6),
holding T constant. Integrating over 6, the envelope condition yields:

o(T) = co(T) +/ o(T)) [15(T) + wy(T, ¢*(T))5(T)] 6 for all 0. (59)

The level ¢y is determined via the resource constraint:

[ eo(Thodo = FU(T), 4 1(T)) (60

Using equation (59), the response of consumption to tax reform 7°%, ignoring induced technical

change effects, can be expressed as

Dieo(T) = Dieo(T) + [ o (15(T)) (DE54(1)) [1(T) + (T, " (T))l(T)] 40
+ [0 a(1)) [DEIGT) +25(T, ¢ (1)) DS 5(T)] 0

+/090/(lg(T))lg(T) D%ws(T,¢*(T))d0 . (61)

Note that the last line contains only the constant-technology effect D% w;(T, ¢*(T)) but not
the induced technical change effect Dy xW(T,¢*(T)). The resource constraint (60) implies

0
/ heD%.co(T) df = ;F(l(T~|—yT”‘),¢*(Z(T))) . (62)
0 H u=0

Step 2. Suppose now that we can find a reform 7 that replicates the labor input change
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DEX

¢%1p(T) while accounting for induced technical change effects. That is, take 7" such that

Dzenlg(T) = D%:1g(T) forall 6.

I verity below that such a reform exists. Again using equation (59), the consumption response

to ", also accounting for induced technical change effects, can be expressed as

Deesco(T) = Do) + [ 0" (1(T)) (Deelg(T)) [5(T) + @5(T, " (T))(T)]
+/09 o' (I3(T)) [Deenl}(T) + (T, ¢* (T)) Denly (T) |
+ [ a(T)Ia(T) [Desdy (T, (1)) + Dycity(T, 9" (T))] 48 . ()

Note that here the last line contains the total effect of 7" on the wage growth rate @y, that
is, the sum of the direct and the induced technical change effect. The resource constraint (60)

now implies

0
[ HaDrco(T) @0 = L FQ(T 4 pee), g (T +pe)| (64)
0 ]/l u=0

The principle of taxation says that every incentive compatible and resource feasible consumption-
labor allocation can be implemented by some tax T. By implication, the allocation change
{Dzenlg(T), Dyencg(T) }ye@ can be implemented by some reform #. Hence, a reform 7" as
analyzed above indeed exists.

Step 3. Having characterized the relevant consumption and labor input changes, we can now
compare the welfare effect of reform 7°* while ignoring induced technical change effects with
the welfare effect of reform 7*" while accounting for induced technical change effects. Since
the labor input changes are identical in both scenarios, the only difference in the two welfare

effects stems from the different consumption responses:

0
Do W(T) — DEW(T) = /9 goho (Drenco(T) — Dco(T)) d6 . 65)

From equations (61) and (63), the difference in consumption responses can be expressed as,

for every 0,

0
Drency(T) — Diieco(T) = /9 V' (Ig(T))1g(T) Dy,zent(T, ¢*(T)) d6 . (66)

Here I used that the labor response is the same in both scenarios, such that the constant-

technology effect on the wage growth rate is the same as well, that is,

D2g(T, ¢ (T)) = Drng(T,¢"(T)) .
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Next, consider the induced technology effect on the wage growth rate:

Dyentl(T, 9" (T) =Dpen | 55105 (w(T, 9" (1)
= 2 [Dgres g (w5 (T, ¢ (T))]

d 1 *
“io gy oo T O]

Since T¢* is progressive, the labor response (1/1;)D%l5(T) is decreasing in § by Lemma 6.
Hence, the identical response (1/15)Denl;(T) decreases in 6 as well. Then by Lemma 1,
the induced technical change effect (1/wg)Dy,nwy(T,¢*(T)) must also decrease in §. We

therefore obtain

d 1
0>— |———
=0 [w0y(T,¢*(T))

=Dy cy(T,97(T))

Dy,renwg(T, ¢*(T))

By equation (66), this implies that the consumption difference Drencg(T) — DSco(T) is de-
creasing in 6. Moreover, from equations (62) and (64), we have

/: hgDzency(T) d6 = dipU(T+ ut), ¢* (I(T + ut)))

_ ddyF(l(T + ut), ¢* (1(T)))

0
_ / hoD%%ce(T) d6,
0

u=0

u=0

where the second equality uses an envelope argument. By implication:

0
/ hg (Dence(T) — D<co(T)) d6 .
0
So, inspecting equation (65) reveals that if gy were constant in 8, we would have
DenW(T) — DEZW(T) =0.

But since both gy and Drency(T) — D% co(T) are decreasing in 6, we must have

0
/9 gohg (Drenc(T) — D<co(T)) d6 > 0

and thereby
DesW(T) — DZW(T) > 0.

So,
DeW(T) > 0.

Step 4. Finally, we know that the labor response (1/1g)Drelg(T) decreases in 6. Thus, we can
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again invoke Lemma 6 to obtain that 7 must be progressive. We have thereby shown that
D W(T) > 0

for a progressive reform t**. So, T € 7.
Since the preceding reasoning applies to any T € 7%, we have shown that 7% C 7. O

D. Proofs and Additional Results for Optimal Taxes

This section contains proofs and additional results for the analysis of optimal taxes in Section
6 of the main text. I start by proving Proposition 4 for the general case and then turn to the
more detailed analytical results that can be obtained in the CES case.

D.1. General Case

In the general case, optimal taxes are obtained by maximizing wefare W(c,[) subject to the re-
source constraint (29) and the incentive compatibility constraint (30). The derivation proceeds
along the following steps: first eliminate consumption from the welfare maximization prob-
lem, then derive first-order conditions, use workers’ first-order condition to reintroduce tax
rates into the equations, and finally prove the sign conditions for the term TEj at the bottom
and the top of the type distribution using directed technical change theory.

In the first step, the following lemma shows how to eliminate consumption from the welfare

maximization problem.

Lemma 8. The pair of consumption and labor inputs (c,1) satisfies the resource and incentive com-
patibility constraints (29) and (30) if and only if ¢ = c*(1), where c*(I) = {c;(I) }gce is determined
by

0

¢ (1) :F(l,qb*(l))—/e v(zg)hgdé—/:v/(zg)zé(1—Hg)wgdm/:U’(zg)zgwgdéw(lg) 67)

forall 6.

Proof. (=) I first show that constraints (29) and (30) imply equation (67). For that, write

consumption as
0
C9:C9+/ c;db .
- Je

By the incentive compatibility constraint (30), this implies for all 6:

= CQ+ o U/(lg)'(f)glg dé + U(lg) — Z)(lg) . (68)
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Combining this with the resource constraint (29), we obtain the following expression for cy:

0 0 0
CQ:F(Z,([)*(I))—/G /0 v’(lg)zbglgdéhgd@—/e o(lp)hg dO + v(ly) .

Using integration by parts to solve the double integral yields:

co =F(L¢"(1)) — /: v'(lp)Welg(1 — Hp) d6 — /99 v(lg)he do +v(lp) -

Inserting this back into equation (68), we obtain:

7 8 9 5
co = F(,¢*(1)) — /9 v'(lg)Wglg(1 — Hy) 0 — /9 v(lg)hg do +/9 v'(Ig)Waly d0 +v(lp) ,
which is equation (67) defining the function c* above.

(«=) Differentiating c* with respect to 6 shows immediately that equation (67) implies the
incentive compatibility constraint (30). Similarly, after multiplying c; by hy and integrating

over [0, 0], standard computations show that

[ ety do = F,9° (),

which proves that equation (67) also implies the resource constraint (29). O

Proof of Proposition 4. Lemma 8 provides an equivalent representation of resource and incen-
tive compatibility constraints, which is explicitly solved for c. Hence, instead of maximizing

welfare subject to the two constraints, we can study the unconstrained maximization of

A

W(1) = W(c*(1),1)

with | being the only choice variable. The first part of the proof now uses the first-order
conditions of this unconstrained problem to derive the condition for optimal marginal tax
rates provided in Proposition 4.

Part 1. The first-order conditions are given by

D, W(l) =0 forallf.

0

We hence study the derivative D;, W(!) first. Using the notation for welfare weights introduced
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in the main text, the derivative can be written as

DIQW(Z) = ZUQhQ — U’(l@)h@
— (v"(lg)lg 4+ v'(lg)) (1 — Hy)we + Go(1 — Hp) (0" (Ip)lg + 7' (lp))
1 /9, iy (I + ulpg) ~
~im 5 [l - Hy) = 0 a0
U=
. dw l—f—ylAg) .
+ lim / gohs / g g 0 40 do (69)
I/l:

for almost all 6, where the terms in the first two lines were derived following the procedure

detailed in Sections A.1 and A.3, which uses continuity of I and @ in 6.*> Following the

notation introduced in Section 3.2, the expression dwj(l + ulpng)/ dy’ . denotes the total
‘1/{:

derivative of @ in the direction of Iy, accounting both for the substitution and the induced
technical change effects:
dd];(l + ]/llNArg)

dp

dg(1, o* (1 + plgp))
dy

_ ddg(1+ plng, ¢*(1))
dy

u=0 u=0 u=0

Using integration by parts to solve the double integral in equation (69), the derivative of the

welfare function becomes

DZQW(Z) = ZUQI’IQ — U/(lg)hg — (1 — gg) (Z)//(lg)l(.) + U,(lg)) (1 — Hg)wg

0 dws (1 + ul,
— lim l Z)’(lé)lé(l — Hg) —9( a A,B)

A—0 A Jg du 40

1 dwy (1 + plnp)
+im s ), 85(1— Hy)v'(Ig)lg —————

u=0
= wohy — U/<lg>h9 — (1 — g~9) (7)”(19)19 + Z)/(lg)) (1 — H@)Z?)@

1 i dz?)"i(H—]JA,G)
~ lim £ /0 (1— §5)0' (I)l5(1 — Hy) ————222

lim p a0 . (70)

u=0

We now use workers’ first-order condition (2) to introduce marginal tax rates into the equation.

In particular condition (2) implies

o'(lg)lg = (1= T'(ys)) o (71)

and

U"(ZQ)ZQZ(AJQ + T)/(ZQ)Z{AJQ = <1 + €19> (1 — T’(yg))w’e . (72)

“The wage growth function @ is continuous in @ almost everywhere because ! is C' almost everywhere by
hypothesis of Proposition 4.
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Using equations (2), (71), and (72) in equation (70), we obtain

DLW() = T (vl — (1= T (wa)) (14 - ) (1= g0) (1~ Hou
dws (1 + ul, _
im0 T - g0 -y R g,

A0 A Jg 0
l,[:

Splitting up the total derivative diy (I + 1lag)/ dy‘ . into its substitution and induced tech-
p=

nical change components, this becomes:

D) = T o)k — (1= T'()) (1+ . ) (1= 8)(1 ~ Ho)e

o1 0 y dwa(1 + l~, (1 5
im0 T )1 g5) (1~ ) TR BT g
—0A Jg dn -

N I M UN)) _
_E}JA/ (1= T (y))ys(1 — ) (1 — Hy) i . 0 .

Equating the derivative to zero, dividing by 1 — T’(yy), and rearranging yields:

T'(ye) _ 1Y g sy He
()t

1-— T/(]/e he
1 (P 1—T(y)1—Hy,, . dog(l+pulpg, ¢*(1)) .
N £1—>0 A 0 1-— T’(yg) hgﬂ)g (1 N ge)ye d]i 3=0 d9
1 (91—T(y;)1— H o dwg(L (L + plpp)) 5
_ — &)Yz ’ . 7
EE}) Ao 1—T(yg) hgwy (1= &)¥s du 4o 49 @3

Finally, let n,, and N, denote the density and cumulative distribution functions of the dis-
tribution of wages and use the change-of-variable hy = nwgwg to obtain the condition for

marginal tax rates from Proposition 4:

T’(ye)): <1+1> (1_g~€)1—ng

1—T'(yg My, We
01— T (yg) 1 - dg (1 + plag, ¢*(1)) 5
B ilﬁo A 0 1-— /(yg) ]’l@ﬂ)g (1 B ge)]/e d]/l 4=0 d6
91—T(ys) 1 — Hy . dwg(L¢* (I + plng)) 5
- ilgb AJo 1—T(ye) hewo H(1- gy dp §=0 ”

Part 2. The second part of the proof is to show that TE; < 0 and TE; > 0. We only consider

TE; because the proof for TE; works analogously.

Consider first the derivative dg (I, ¢* (I + ul,5))/du . It measures the local induced tech-
, =

nical change effect of the labor input change [ g (defined in Section 3.2) on relative wages.
For 6 < 6 — A, the labor input change is zero by definition. On (@— A,@] it varies in 6
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according to
1

1 dlyg, 2A 11
lhge 40 20(6—60+A) 6—604+A " A

Hence, given the optimal labor input /, we can find an € > 0 such that for all A < € and for
allf € (0—A,0):

1 dlAg,g > 1 dl@ 43

a6~ lgdo -

ZA,@,G

So, for A < g, the relative labor input change l} A,E,o/ lp increases in 6. Thus, by Lemma 1, we
obtain that

dwg(1, ¢* (14 plyg)) -0
du y0

for all 6 if A < €. Hence, for A < ¢,

01— T'(ys)1—Hy . dg(l,¢*(1+ plpg)) 5

1 — &:)yx ’ deg >0

0 1— T/(ye) heWg ( ge)ye d]/l o [l
and therefore

.1 (P 1-T(yp)1—Hy,, _ . ddg(l,¢*(1+ ulrp)) 5

* _ &)1/~ >
TEG ilirz) A [} 1-— T/(yg) h@ﬂ]g (1 ge)ye dy 0 40 =0
u=
O

D.2. CES Case

To derive expression (32) for optimal tax rates in Proposition 5, I start by specializing the terms
TE; and SE; to the CES case.

Lemma 9. Suppose the conditions of Proposition 4 are satisfied and F and ® take the CES form
introduced in Section 3.4. Then, the terms TE; and SEj take the following form for almost every 0:

. 1\ 1—H .
SE; = (1 — go)7°F° — (1 + > (1 — go)lpy©E° (74)
€g hg
1\ 1-H, .
TE; = (1— gp)pF° — (1 + e9> i (1 — gp)lppCFS . (75)

Proof. 1 focus on the expression for TE}, because the derivation of SE} is analogous with ¢E®

in the place of p©F%.

The central step is to obtain an expression for the derivative of @z in TEj;. From equation (13)

we obtain . , , ,
N c—1, oc—-1., N A
Wy = - Ky + . ¢5 — ; g— Ehé (76)
and from equation (41):
. oc—1 . A A
L P Y (K9+19+h9) ' 77)

#3Here we use that by hypothesis I, exists on some right neighborhood of 6 and lim sup,_,glp < 0.
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Hence, the partial effect of the perturbation } A9 ON Wy is

d@g(l—f-‘uiA@,Q)*(l)) 1 d - =
: =—— —(lg+ulprgp)
d‘u §4=0 4 dl’l u=0
_ 1 ilé""yilA,e,é
R UNT I
I }

Analogously, the induced technical change effect is given by

dg(L, o™ (1 + plgp))
dy

(0._ 1)2 i —

T G-+ du (lg+ 1l pp)

TN
CES A0,0 AB,0
= p Z,, —_ 9’ l,, .
0 0

Using the last expression and the definition of I g, the term TE} becomes

v 1o 1-T'(ys) 1 - Hy 5 CES 2 (3 5
TE; = EL%E /Q,A 1= T'(yo) Toiog (1—gp)wap (1 — 150 —0+ A)) a6
1 948 1-T'(ys) 1 — Hy 5 CES 2 5 5
+E/9 Ty Ty (L 8 <—1—19(9—9+A)> dé .

Applying L'Hospital’s rule yields:

!
TE; — kig(‘) i 11 _T#@;);) 1 hefjoe;/; (1= Go_n)wp_npCES
11Tl H
C2A Jo-a 1—T'(ys) hewe
!
L TS
11Ty 1~ H,
B ﬂ 0 1-— T/(yg) hgﬂ)g

(1~ gg)wgp"I5db

(1— g5 w1540 .

Rearranging and replacing marginal retention rates by workers’ first-order condition (2), we
obtain:

o _ v'(lpral— Hpin o
(1—8o-n) o) T (1—8o+na)
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Next, we apply L'Hospital’s rule a second time and obtain:

Z),/<19) 1-— H9
Z)/(lg) hg

1—Hp, cps 1—Hy
h9 geP hB

TEy = — (1— o) g™ + (1 — go)p " + (1= go)lpp“=° .

Using the definition of the elasticity ey yields:

11— H,
eg g

s B 1—Hp _ 1—-H, A
(1= go)lop™F° + (1 — Go)p“F° + TeggéPCES - Te(l — o) lop“"s .

TE;, = —
Finally, it is straightforward to show that

- - h

Inserting this into the previous expression for TEj;, we obtain:

11-Hy
€p hg

ces 1 —Hp

TEj = — (1= g0)lop" + (1= g0)p " + (g0 — go)p (1= 8)lep™

and after rearranging:

1\ 1—H, .
TE; = (1—go)p“"° — (1 + e@) e (1~ Go)lop“"*

which is the desired expression. O

Besides providing an important step in the derivation of equation (32), Lemma 9 allows to
revisit the sign of TE; at the bottom and the top of the type distribution. In the general case,
Proposition 4 shows that the induced technical change term is weakly positive at the top and

weakly negative at the bottom. For the CES case, Lemma 9 implies*
TE; = (1—8o)p""° >0

and
TE; = (1—gp)p“F* < 0.

Hence, in the CES case the sign restrictions on the induced technical change term hold strictly.
Moreover, Lemma 9 implies the opposite signs for the substitution term at the top and bottom

types:
SE; = (1—g)7™ >0

and
SE; = (1—gg)7"™ <O0.

Hence, at the highest and lowest income levels, induced technical change and within-technology
substitution effects push optimal marginal tax rates in opposing directions. Adding the two

#“This again assumes that lé exists on some left (right) neighborhood of 6 () and limsup,_ 5 lé < o0

(liminfy_,p lé > —oco) under the optimal tax, as in the second part of Proposition 4. Moreover, the strict in-
equalities below require that marginal welfare weights are strictly decreasing at the optimum over parts of
type distribution.
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up yields:
SE; + TE; = (1—go)(v“"* +p"°)

and
SEj+TEj = (1—go) (7" + %) .

The total effect of endogenous wage responses therefore depends on whether condition (19)
for strong relative bias from Section 4 is satisfied: if and only if y*ES + pCES > 0, the adjust-
ment of optimal marginal tax rates for endogeneity of the wage distribution is positive at the
top and negative at the bottom.

Since the partial equilibrium term PEj is zero at the top and bottom types, these insights
directly translate into conclusions about the sign of the optimal marginal tax rate at the top
and the bottom of the income distribution. The optimal marginal tax is positive at the top if
and only if there is strong relative bias of technology, providing a counterpart to the negative
marginal top tax result in Stiglitz (1982). Analogously, the optimal marginal tax is negative at
the bottom if and only if there is strong bias.

With the expressions from Lemma 9, we are now in a position to derive equation (32).

Proof of Proposition 5. We start with equation (73) from the proof of Proposition 4 and replace
SE; and TEj by the expressions from Lemma 9. This yields:

T (ye) 1\N\1-Hp, _
mrn ~ (a) w080 7
%8055 (1= g0) - (1 ) - gl
— <1 + (319) ! ;BHG (1—30) (Zfie — (yCF® +PCES)ZA9> (79)
+y (1~ go) +p (1~ gp) - (80)

The wage growth rate @y can be computed from equations (76) and (77) as
Wy = (1 +,)/CES _|_pCES)1%9 + (,)/CES +pCES)f19 + (,YCES +pCES)i9 )

Using this in the previous expression for marginal tax rates yields

T' (yo) _ 1\ 1—Hy ~ CES CES\ » CES CES\{,
1_T/(y9)—<1+69> o (1—ge)[(1+7 +o )R+ (7 +p )he}

+ (1= go) + (1 — gp) -

Now we use the definition of B,

. 1+'YCES+ CES ,)/CES_,’_ CES
o = 1y g T

to note that
(14 7CES  0OES)R + (7555 + pES) g = By
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and hence

T'(ye) < 1 ) 1—Hy ~ N\ A CES CES
W (14— 1— go)Bo + 75 (1 — go) + p°F5 (1 go) -
=T (y) o) T (L8Pt (1 —g0) + 07 (1 go)

Finally, with the change-of-variable hy = bg, Bj, we obtain equation (32):

T'(ye) _ <1+ 1> 1— Bg,
1—T'(ye) eo) bpyPo

(1—38o) + 75 (1 — go) + p“F°(1 — go) -

O]

Finally, I provide an alternative expression for optimal marginal tax rates in the CES case,
which allows for an interpretation of directed technical change effects via their effect on the
aggregate labor supply elasticity €5 (see Appendix C.4).

Proposition 7. Suppose the conditions of Proposition 4 are satisfied and F and @ take the CES form
introduced in Section 3.4. Additionally, let (y“ES + p“ES)e¥ < 1 at the optimal tax T. Then, the
conditions for optimal marginal tax rates can be written as

Ty _11-M,

= CES(q1 CES(q _
1— T/(y) - Eé{y m]/y (1 g(')y) + Y (1 gey) +P (1 g9y> ’ (81)

where

y egj (T,1,w)
e (T,l,w) = !

% =1 (70,8, + Po,0,)€5, (T, 1, w)
denotes the elasticity of aggregate labor supply of type 0 with respect to the marginal retention rate (see
Appendix C.4); all variables are evaluated at equilibrium under the optimal tax T; M and m denote
the cumulative distribution and the density function of y at the optimum; and 0, denotes the type of
workers who earn income y at the optimum.

Proof. To derive equation (81), we start from equation (80) and replace [y by €y We:

T (yo) _ 1\ 1—Hy oA CES CES\ .w CES CES
O (1 ) S g (1 (05 4 g0 (1 go) 401 go)

Using m, and M, to denote density and cumulative distribution function of income, a change-

of-variable implies hy = m,,y’ — 6. Using this in the previous expression for marginal tax rates,
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we obtain:
T'(ys) ( 1 > 1-My, 1 < CES , .CES
— =14 — —(1—F9)p (1 — + e¥
1— T’(yg) eq My, Yo ZDG + 19< 89) 0 ( (’Y Y ) 9)
+ ,)/CES(l _ge) +pCES(1 _89)

1\1-M 1
— 1_|_7 Yo _ 1_~ Zf{\) 1_ CES_|_ CES ew
< > My, Yo w9(1+€gz)( 30) 9( (v p~=) 9)

+ 95 (1= go) + B3 (1 — gp)

_ 1\1-M,, 1 - CES , .CES\,.w

+ 9 (1= go) +pF (1 — gp) -

From the expression for ¥ and e in Section 3.2, it is straightforward to show that

TR
eg) 1+€y X’

and hence

T/(]/Q) B 1— (,),CES + pCES)egj 1— Mye

_ 1—s CES(q _ CES(1 _ o) |
1—T'(yp) eg My Yo ( So) +7( go) +p 7 ( 6)

By definition of the aggregate elasticity €5 (see Appendix C.4), this yields equation (81) from
Proposition 5:

T'(ye) _ 11-My,

— 1—4 + CES 1— + CES 1— )
T-T(y) & mygye( Zo) + 7 (1—go) +07 (1 — o)

O]

Equation (81) offers an alternative perspective on the role of directed technical change in the
CES case. It extends the expression in Proposition 3 of Sachs et al. (2019) to account for
directed technical change.

The adjustment term p“F5(1 — ge,) is the same as in equation (32) and does not provide any
new insights. As described in the main text, it calls for a progressive adjustment of marginal
tax rates.

The second place in equation (81) where induced technical change elasticities appear is the
aggregate labor supply elasticity €x. This elasticity measures the response of labor supply of
type 0 to an increase in the marginal retention rate when taking into account the change in
type 6’s wage induced by the labor supply response. The change in type 6’s wage is modified
by directed technical change effects. Specifically, when labor supply of type 6 falls due to an
increase in the marginal tax rate, directed technical change amplifies the fall in labor supply
by reducing the wage of type 0. In this way, directed technical change effects magnify the
labor supply response to marginal tax changes, which leads to a downwards adjustment of
optimal marginal tax rates.

86



D.3. Exogenous Technology Planner

As described in the main text, the exogenous technology planner believes that the economy
works according to all reduced form equations from Section 3.1 with the exception of the
condition for the equilibrium technology (7). Instead of following equation (7), the exogenous
technology planner believes that technology remains fixed at its equilibrium value under a
given tax T, ¢*(I(T)). The idea is that the planner observes the economy under the tax T
when computing optimal taxes and believes technology to be exogenous.

The exogenous technology planner’s optimal tax T then satisfies the conditions provided by
the following Lemma.

Lemma 10. Suppose the conditions of Proposition 4 are satisfied and F and ® take the CES form
introduced in Section 3.4. Suppose equilibrium variables are determined according to the reduced form
equations (2), (1), (6), and (8), plus the (exogenous) technology equation

¢*(1) = ¢"(I(T)) = argmax F(I(T),¢) VI,
ped

where T is a given initial tax function.
Then, at almost every type 6, the exogenous technology planner’s preferred tax T2 satisfies the following

conditions. -
T (y5) ( 1\ 1-B
T I8 1+> _ Pe1_s 1 CES(1 - )
1_ T%"’(ye) eo bﬁgﬁe ( o) ( 36)

where all variables satisfy the equations listed above under the tax TZ'; the function B0 Byis
given by

— — CES

By = 1 (o (M) ve

and B and b are the cumulative distribution and the density function of B.

Proof. 1t can be verified that all steps in the proof of Proposition 4 hold for the case of the
exogenous technology planner when imposing

dg(1, ¢ (1 + ulpp))

dn =0.

u=0

With this constraint, we can derive a counterpart to equation (73) for the exogenous technology

planner:

T (14 ) 1o g0t e - s
0 (14 =) (1— ) ——2db — SEj .
R A TR

Using Lemma 9 to replace SEj;, we obtain:

T'(ye) < 1 ) 1—Hp A
0 — (14 = 1— 39
1-— T/(yg) €9 ]’19 ( ge) o

1\1-H, A
9 [(1 —80) (1 + e) (1 —g@)@}
0 6

1\ 1-H, . .
= <1 + ) “(1 - g) (we — ’yCESlg> + 9 (1 - gp)
€p h@
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From the perspective of the exogenous technology planner, the wage growth rate is now given

by
Wp = (1+7E)Rg + (1 +vE9) G (T) + v Fhg + v E%Ip ,

where ¢;(T) denotes the growth rate of technology that prevails in equilibrium under the
initial tax system T. Using this in the previous expression for the exogenous technology
planner’s optimal tax rates and applying the definition of B yields:

T/(]/9> . 1 1—H9 N
1—T’(y9)_(1+ > s (1—30)By + 71" (1—g0) -

€

With the change of variable hg = EE;B;’ we obtain equation (33),

T"(ve) ( 1 ) 1-Bg 5 CES
=1+ —(1— + 1-— ,
1— T/(]/Q) es bEG,BQ ( gb’) i ( g9)

which completes the proof. O

D.4. Comparison between Endogenous and Exogenous Technology Planner

As discussed in the main text, the optimal tax conditions of the endogenous and the exogenous
technology planner feature two differences. First, the exogenous technology planner neglects

CES(1 — gp). Second, he uses B instead of B to measure the degree of

the progressive term p
exogenous inequality in the economy. Here I show that the exogenous technology planner
thereby overestimates exogenous inequality: the function B progresses at a higher rate in 6
than the function B, such that equation (34) holds.

First, let [ be the equilibrium labor input under the initial tax system T. Then, by construction

the growth rates of B and B must satisfy

— 2

Bo = wo(L,¢* (1)) — (vF° + ")l

and

Moreover, if we assume (as is done in the main text) that the rate of progressivity of the initial
tax schedule T is strictly below one everywhere, then equation (10) implies that €§ > 0 and
hence Iy = ¥ (l,¢* (1)) > 0 for all §. Combining this with the expressions for 3y and ﬁe,
we find that By < ﬁe. Intuitively, since labor supply increases in the skill index under tax
T, technology under this tax must be skill-biased. The exogenous technology planner falsely
believes this skill bias to be exogenous and to persist irrespective of changes in labor supply.
Thereby, he overestimates the degree of exogenous inequality in the economy.

Now use a change-of-variable to obtain

bﬁ9ﬁ9 -
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and hence _
1- Bﬁe < 1- BB@

b/3959 EBBBG '

which proves equation (34) in the main text.

Comparison in the Lower Tail

Proof of Corollary 3. We first show that the two inequalities of Corollary 3 hold at the lowest
type 0. Since gy = 1, equation (32) from Proposition 5 implies

T'(yo(T)) CES (1 _

_ et )) CES(q _
=T/ (ys(1)) " a

go) +p 86)

while equation (33) from Lemma 10 implies

With p“ES > 0 and gy > 1 (because welfare weights are strictly decreasing by hypothesis) the
inequality
T'(yo(T)) < T (ya(T7))

follows.
Moreover, if 7CES + p¢ES > 0, the previous expression for optimal marginal tax rates with

endogenous technology effects produces the second inequality
T'(yo(T)) < 0.

Finally, under the conditions of the corollary, the expressions for optimal marginal tax rates in
equations (32) and (33) are continuous. Thus, the previous inequalities extend to some right

neighborhoods of 8, which completes the proof. O

Comparison in the Upper Tail

Proof of Corollary 4. As described in the main text, we trace the Pareto property of the (upper
tail of the) income distribution under tax T back to the distribution of the exogenous inequality
measure f. Inserting this distribution into the optimal tax formula (32) from Proposition 5 then
yields the desired result.
First, by two changes-of-variable we obtain

1-Bg, 1—Hp, 1—My9@

= — — (82)
bﬁeﬁf’ hg Po My,Yo Yo

where all incomes are assessed at the given tax T. Now we use

Do = W + g = (1+ €Y )y
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to express the growth rate of income as a function of the growth rate of wages under tax, again

assessing all endogenous variables at equilibrium under the given tax T. For 33 we obtain
o= — (4 + 0%y = (1= (175 4 %))

It follows that

& _ 1— (,)/CES +pCES)€g)
e 1+ey

and, with equation (82),

1— Bﬁe _ 1 _Mye 1— (,),CES —I—pCES)egu

bﬁelge B My, Yo 1+€(z90 ' 5

where incomes and the labor supply elasticity €f are assessed under the tax T. In particular,

cw — (1= Pr(ye))es
© 7 1+egPr(ye)

Since the tax T features a constant top tax rate, we have lim, .5 Pr(yp) = 0 and hence

limey =ey=e,
0—0

where the last equality reflects the assumption that the disutility of labor is isoelastic. More-
over, we know by hypothesis that

1-M 1
lim ——¥% = =,
0—0 MyYe a

Combining these limits, we obtain

LBy 1 My 1 (0 4+ 0B 1 (1 4 e

lim = =
08 bg,Po 00 Myl 1+ ey a(l+e)

In words, from the observed Pareto tail of the income distribution under tax T we can infer
that the exogenous inequality measure p must also have a Pareto tail with tail parameter
given by the previous equation. Using this parameter in the optimal tax equation (32) from
Proposition 5, we obtain the following expression for the optimal marginal tax rate in the

upper tail of the income distribution:

- T'(ye) ( 1> 1— (y“ES + pF9)e ¢ CES ¢ CES

lim——2 = (14 = 1— glor 1— glor 1— glop

T () +3 a(i+e) (1=g7)+7r(1=g%)+p"(1—-¢"")
1—gt0p a—1 cgs

a—1
— 1— top CES 1— top
P L A G S0 h e A U S

where ¢'7 is the asymptotic welfare weight defined in the Corollary. O

To precisely identify the role of endogenously directed technical change, I compare the optimal
marginal tax in Corollary 4 to the one computed by the exogenous technology planner. The
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exogenous technology planner again observes the economy under an initial tax T and believes
that technology ¢* remains fixed at its initial level ¢*(T), irrespectively of the tax system. Now,
in analogy to the conditions of Corollary 4, the initial tax T has a constant marginal top tax
rate and the upper tail of the income distribution has a Pareto shape under the initial tax.

Corollary 6. Suppose the conditions of Proposition 4 are satisfied and F and ® take the CES form
introduced in Section 3.4. Suppose equilibrium variables were determined by the reduced form equations
(2), (1), (6), and (8), and by the (exogenous) technology equation

¢*(1) = ¢"(I(T)) = argmax F(I(T), ¢) VI,
Pped

where T is a given initial tax function with T (y) = TP for all y > i and some threshold .
Moreover, assume that under the tax T the income distribution satisfies

1-M
lim —— 1
9%@ mygye a
for some a > 1. Finally, let the disutility of labor be isoelastic with ey = e for all 8, and let welfare

weights satisfy

lim gy = g'"
0—0

at the exogenous technology planner’s preferred tax.
Then, the exogenous technology planner’s preferred tax T satisfies

T (ye) 1—gfr 41
1i T _ 8 CES(1 _ otop) |
9;1% T T%"’(yg) e + P Y ( g )

Proof. The corollary can be derived from Lemma 10 in the same way as Corollary 4 is derived
from Proposition 5. In particular, consider first the implications of the Pareto shape of the
income distribution under tax T for the exogenous inequality measure B. Using changes-of-
variable, we obtain

1_BBG _ 1—Hpx _1_Mye@

by B e T myye 9o

(84)

where all incomes are assessed at the given tax T. The exogenous technology planner’s mea-
sure of exogenous inequality B now evolves over the type space according to

By = wo — vFlp = (1 - ’YCE5€§U) Wy,

while
]29 = Wy —|—i9 = (1 —|—€éu)7f)9 ,

where all endogenous variables are assessed at equilibrium under the given tax T.*> Combin-

#5Note that under the initial tax T the exogenous and the endogenous planner agree about the equilibrium and
in particular about the equilibrium technology. Hence, there is no need to distinguish the equilibrium values
of the endogenous variables under tax T as perceived by the exogenous technology planner and their true
equilibrium values.
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ing the previous expressions, we find that

I CES ~w
Po _ 1—7""¢

e I+ey

and, with equation (84), B

17_ 73@ _ 1- Mye 1- ’)’CESGBU
bpBo | Mo 1+el

, (85)

where incomes and the labor supply elasticity €} are assessed under the tax T. Inserting
this expression into equation (33) for optimal marginal tax rates computed by the exogenous

technology planner and taking limits yields:46
T (ve) 1\ 1—CESe
: T _ - 1— top CES 1— top
o T— T2 (yo) (1) Srg Qs =)
1-g"" a—1 cgs

— _ otop
(=g

E. Additional Explanations and Results for the Quantification

In the following I provide details on the calibration described in Section 7.1 of the main text.
For the calibration I use the CES version of the model and assume isoelastic disutility of labor

(see Section 3.4).

E.1. Calibration of Directed Technical Change Effects

The parameter p“E°, which controls the strength of directed technical change effects, is cali-
brated on the basis of the empirical estimates summarized in Table 1. The long-run estimates
in Table 1 (10 years or more) are equated with the sum of within-technology substitution
and directed technical change elasticities 75 + pCES. The short-run estimate (2 years, from

CES in line with other short-run estimates as discussed

Carneiro et al. (2019)) is equated with v
in the main text.
Here, I give a brief overview over each of the studies used in Table 1 and explain how I obtain

the estimates in the last column of Table 1 from the respective studies.

Carneiro et al. (2019) Carneiro et al. (2019) estimate the responses of relative supply and
relative wages of college versus non-college workers to plausibly exogenous college openings
in Norwegian municipalities in the 1970s, using synthetic control methods. They find that
relative supply in a municipality starts rising shortly after the college opening and follows an
upwards trend throughout the observation period of up to 17 years, compared to the synthetic

control municipality. The relative wage first declines and then reverses its trend, surpassing

46The limit computations are analogous to those in the proof of Corollary 4, so I omit the details here.
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the relative wage in the control municipality slightly more than 10 years after the college
opening (see Figures 4 and 5 in Carneiro et al. 2019).

The numbers in Table 1 are derived from the estimates presented in Carneiro et al. (2019) as
follows. First, measuring relative supply and relative wage changes two years after a college
opening, Carneiro et al. (2019) estimate an elasticity of the relative wage with respect to relative
supply of —0.549, reported in column 1 of their Table 2. This produces the first row of Table
1 in the present paper.

Second, Figures 4 and 5 imply that after 10 years, relative wages in the treated municipalities
and their synthetic controls were equal. Hence, when measured after 10 years, there is a zero
effect of the exogenous relative supply increase in the relative wage, leading to the second
row of Table 1 in the present paper.

Finally, the third row of Table 1 is obtained from the plots presented in Figure 4 in Carneiro
et al. (2019) as follows. The figure shows that after 17 years, the log change in the relative

wage, compared to the synthetic control municipality, is

w7 w°
log (wiz> —log (w‘}l) ~ 0.02.

At the same time, the log change in the share of college workers in the total workforce was

1 L —1 l? ~ 0.04
8\ ) T8\ oy ) T

To map this change into the change in the ratio of college over non-college workers, I rewrite

the log change as follows:

e’ 10
8 <z+z) ~lg (w ) = log(117) — log(1,7) — log(1?) + log(I%,)

—log(IF7 + 137) + log(Ii7) + log (12 + 19,) — log (19, ) -

Carneiro et al. (2019) report that the share of college workers was close to zero in most of the
treated municipalities at the beginning of the observation period and still small at the end of
the period. Hence, I apply the approximations

log(17 + 1,7) — log(17) ~ log(I? + In,) —log(In,) ~ 0

to obtain
17 12 17 17 0 0
10g W - log W ~ log(lc ) - log(lnc) - log(lc) + log(lnc) ~0.04.
C nc C nc

Finally, relating the change in relative supply to the change in relative wages, I obtain

tog (537 ) —os (53 ~ 005
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which is the estimate used in Table 1.

Note that relative supply did not change instantaneously at the beginning of the observation
period but steadily increased throughout (Figure 4 in Carneiro et al. 2019). Hence, part of the
relative supply increase occurred only shortly before the relative wage increase is measured
at year 17 of the observation period. To the extent that technology adjustments to the more
recent part of the rise in relative supply are not yet reflected in the measured increase in
relative wages, the above procedure underestimates the actual long-run effect of an exogenous

relative supply increase on relative wages.

Lewis (2011) Lewis (2011) uses plausibly exogenous variation in immigrant inflows across
US metropolitan areas in the 1980s and 1990s to estimate the relationship between the relative
supply of high-school graduates versus high-school dropouts on their relative wages. He
studies changes over 10 year intervals, thereby capturing a rather long-run elasticity. He also
provides evidence showing that firms’ decisions to adopt a range of automation technologies
in the manufacturing sector respond to the (exogenous component) of changes in relative
supply in the way predicted by theory. This supports the view that the estimated long-run
wage elasticity captures directed technical change effects.

In column 1 of Table VIII, Lewis (2011) reports a wage elasticity estimate of —0.136. This is
the estimate I use in Table 1.

Dustmann and Glitz (2015) Dustmann and Glitz (2015) exploit the arguably exogenous
component of immigration inflows to German regions between 1985 and 1995 to analyze
how regions absorb changes in relative skill supply. They decompose the change in rela-
tive employment levels between skill groups into a component due to between-firm scale
adjustments and within-firm factor intensity adjustments. The latter turns out vastly more
important, suggesting that Rybcinsky type output mix adjustments are small. Moreover, they
find that relative wages hardly respond to relative supply changes. This leaves technology
adjustments biased towards the skill group that becomes more abundant as the main margin
of adjustment.

The authors distinguish between workers without postsecondary education (low-skilled), with
postsecondary vocational or apprenticeship degrees (medium-skilled), and with college edu-
cation (high-skilled). Due to extensive right-censoring of wages in the data, they consider
their results for college workers less reliable and focus mainly on medium- and low-skilled
workers.

For the relative wage of medium- versus low-skilled workers, Dustmann and Glitz (2015)
estimate an elasticity with respect to relative supply of —0.091 (row 2, column 4, Table 2) over
a period of ten years. This estimate uses data for the tradable goods sector (which includes,
but is not limited to, the manufacturing sector). For the non-tradable sector, the authors find
a much smaller wage elasticity. Yet, when they pool all industries, results are close to those
for the tradable goods sector again (see description on page 727, Dustmann and Glitz 2015).
Hence, I use the estimate for the tradable sector in Table 1.

Morrow and Trefler (2017) Morrow and Trefler (2017) start from a detailed neoclassical
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model of international trade building on Eaton and Kortum (2002). They estimate their model
on sectoral factor input and price data for a cross-section of 38 countries in 2006. Country
selection is driven by data availability in the World Input Output Database. Labor is parti-
tioned into skilled and unskilled labor. Skilled workers are those with at least some tertiary
education, unskilled workers are those without.

In the model, the relative wage between skilled and unskilled workers in each country is
determined by the relative labor input and exogenous factor-augmenting productivity. To
separately identify factor-augmenting productivity and the elasticity of substitution between
labor types, Morrow and Trefler (2017) augment their model’s equilibrium conditions by a
directed technical change equation similar to equation (41). Unfortunately, their approach
requires to fix the technology substitution parameter J exogenously. In their directed technical
change equation, they (implicitly) assume 6 = 1. Given a value for J, the directed technical
change equation and the equation for relative wages at given technology identify the elasticity
of substitution o.

In their most elaborate estimation, Morrow and Trefler (2017) find a value for ¢ of 1.89, which
translates into a wage elasticity at exogenous technology (or, short-run wage elasticity) of
—1/1.89 = 0.53. This is the first value from Morrow and Trefler (2017) I use in Table 1.
Combining relative wage and directed technical change equations, the total wage elasticity,
including directed technical change effects, is then obtained as ¢ —2 = —0.11, the second
estimate from Morrow and Trefler (2017) reported in Table 1.

Relative to the other studies listed in Table 1, a major shortcoming of Morrow and Trefler
(2017) is that they do not have a strategy to isolate exogenous variation in factor inputs when
estimating their directed technical change equation. Hence, part of the estimated relationship
between technology and factor inputs may be driven by reverse causality, which leads to an
overestimate of directed technical change effects. On the other hand, the fact that they estimate
their model on cross-sectional data may imply underestimation of directed technical change
effects, because the observed technology levels may not yet have fully adjusted to the most
recent factor input changes.

E.2. Calibration of the Exogenous Technology Parameter

To calibrate the exogenous technology parameter x, an estimate of the income distribution
under the initial tax system T is needed. As explained in the main text, the initial tax system
is set to approximate the US income tax in 2005. Hence, the income distribution under T
should approximate the empirical income distribution of the US in 2005.

As is standard in the literature (e.g. Mankiw, Weinzierl and Yagan, 2009; Diamond and Saez,
2011), I approximate the empirical income distribution by merging a lognormal distribution
(for the bulk of incomes) and a Pareto distribution (for the upper tail). Since the income
distribution enters most of the formulae used in the simulations via its hazard ratio ym, /(1 —

M,), I directly target the empirical hazard ratio in 2005. In particular, I construct the hazard
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Figure 4. The figure shows the hazard ratio of the income distribution under the initial tax T used
to calibrate the exogenous technology parameter x. The construction of the hazard ratio follows
the description in the text. The hazard ratio approximates the empirical hazard ratio of the US
income distribution in 2005, as depicted, for example, in Figure 2 in Diamond and Saez (2011).

ratio as

ymy,  ym 8 | _ o (Y= 200000 ymbareto & (¥~ 200000
1— My o 1— Mlognormul o gnormal 1— Mé’areto o i’
y

where the normal distribution used for smoothing has a mean $200k, reflecting the region in
the income distribution where the transition from lognormal to Pareto occurs. I then choose
the parameters of the lognormal and the Pareto distribution to match key properties of the
empirical hazard ratio in 2005. The Pareto shape parameter is set to 1.5, which is the hazard
ratio of the empirical income distribution for high incomes (see, e.g., Figure 2 in Diamond
and Saez 2011). The lognormal mean and variance and the variance ¢ of the smoothing
function are set to 10.6, 0.85, and 75000, respectively. These values ensure that the average
income matches its empirical counterpart of about $63k and that the resulting hazard ratio
peaks at about $150k, decreases until about $350k, and flattens out afterwards, as depicted in
Figure 4 (see again Figure 2 in Diamond and Saez 2011 for comparison with the empirical US
hazard ratio in 2005).

Given the hazard ratio of incomes, I obtain the cumulative distribution function by solving
the corresponding differential equation. Specifically, when k;, denotes the hazard ratio of the
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income distribution, the cumulative distribution function solves

My kK,
dy y oy

Finally, the density function of incomes is obtained as the numerical derivative of M.

Since the distribution of types on the type space is uniform, the cumulative distribution func-

tion of incomes M returns for each income the type who earns this income under the initial

tax T. Hence, the income function y : 0 — yy is given by the inverse of M.

Given yy, it is straightforward to compute xy from workers’ first-order condition and the con-

dition that wages equal marginal products of labor in aggregate production. First, multiplying

the first-order condition (2) by /s and solving for it yields

I = (R (ye)yo) ™

where I used that the disutility of labor is isoelastic in the quantitative analysis. With the
estimate of T described in the main text, the previous equation allows to compute labor inputs
under T.

For the second step, start from equations (13) and (42), copied here for convenience:

Q=

we(l, ) = (kopo) ™ (lohg) 7 F(I, )7

. =t o | [P (15 i
¢y = C? (Kehele)(o—l)ul /9 (Kehele)(a—wﬂ I [2] .

The total amount of R&D resources C is not identified separately from x, so I normalize it to

satisfy

_ 0 (0-1)
C= / (thglg)(d’l)”“ do .

0
Using this normalization in the above equation for ¢, plugging the equation into the expres-
sion for the wage wy, multiplying by Iy, and solving for xg yields:

1 CES
_ 1+ CES+oCES 41 1 CES CES
Ko = Y [ S

With F = f: ygmy dy by Euler’s theorem, this allows to compute «.

Finally, theioptimal tax formulae in Proposition 5 and Lemma 10 require the inverse hazard
ratio of the exogenous parameters § and B, respectively. In principle, 8 and B could be com-
puted from x and from the equilibrium technology under initial taxes via their definitions.
Then, their pdf and cdf, and finally their hazard ratios could be computed. Here, to avoid
unnecessary rounds of approximations, I choose a more direct way and compute the inverse
hazard ratios of 8 and B directly from the hazard ratio of the income distribution, using equa-
tions (83) and (85). This ensures that the two hazard ratios inherit their shape directly from the
shape of the initial hazard ratio of incomes (which is calibrated to match its empirical counter-
part), without numerical differentiation or integration steps and the associated approximation

errors in between.
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