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1 Introduction

Experimental and field research in behavioral economics has shown that consumers have
a ‘bias for the present’ in the sense that a consumer’s current self action does not agree
with the action taken by the future self and her preferences are time inconsistent. Unsur-
prisingly, understanding the implications of this ‘lack of self-control’ in choices for public
policy has been the focus of the academic literature. One of the old results in this lit-
erature! is that as consumers choose a consumption plan for present and future periods,
given their intertemporal budget constraint, their marginal rate of substitution between
consumptions in two given future periods depends on the period at which it is computed.
Since there is a bias for the present they will be saving less for future consumption, a
decision they would like to change when that future comes. On an aggregate level, this
lack of savings translates into insufficient investment and accumulation, measured against
a benchmark where agents are not biased for the present, which may call for government
intervention to correct the inefficiency.

Krusell et al. (2002), in an important contribution, analyze an economy within which
consumers discount the future in a ‘quasi-hyperbolic’ way when choosing how much to
save.? Since they cannot commit to future actions (though they would like to) they can
be viewed as they are playing a game with their future selves, with whom they disagree
about how much to save. Consumers are, however, rational about their ‘internal friction’
anticipating the savings decisions of future selves, and taking into account how their own
current saving, by raising future income, affects future saving. The social planner and
consumers share the same time inconsistent preferences with quasi-hyperbolic discounting.
Within this set up Krusell et al. (2002) show that not only a benevolent social planner does
not deliver the same consumption allocation as does a laissez-faire world but it delivers
strictly lower welfare. The intuition behind this relies on the idea underlying that the
social planner sees through the impact of savings on the rate of return thereby choosing
to save less than private individuals would under laissez-faire. As more savings and so
more capital accumulation is preferable from an unbiased perspective, the decentralized
allocation brings the economy closer to the full commitment outcome. The implication of
this is that intervention from the social planner (who makes the same biased intertemporal
choices) will imply more immediate consumption and therefore less welfare relative to
the competitive case. This is a powerful result pointing towards the undesirability of
government intervention showing that welfare improvements are not warranted.

1See Strotz (1955), Phelps and Pollak (1968) for early contributions and Frederick et al. (2002) for an
insightful survey of the issues.

2As will be seen shortly below this is equivalent to shifting uniformly all future utilities (that is, from
the date the decision is taken) by a factor j.



The preceding discussion naturally raises the issue of whether the conclusion drawn
regarding the undesirability of government intervention still holds in the presence of mar-
ket imperfections. There are of course many market imperfections one could conceiv-
ably think of but to keep things tractable® the focus will be on externalities arising as
a byproduct of output affecting consumer utility. The aim of the paper is to explore
two ultimately interrelated questions: a) How does the bias for the present interact with
a negative output-induced externality?, and b) are there circumstances in which gov-
ernment intervention is welfare enhancing? This is, clearly, an important (and general)
perspective capturing concerns that relate directly to the role of government in correcting
inefficiencies. To address these issues use is made of the model of Krusell et al. (2002),
appropriately modified for the issues at hand.

More specifically, the framework introduces a negative externality which arises as
a by-product of economic output and characterizes the recursive competitive equilibrium
among the sequence of selves of private consumers without any government intervention.
Since in this framework, the externality emanates from production and ultimately from
investment, the bias for the present, by reducing savings, mitigates the damage brought
about by the externality. Thus, in response to question a) above, the model shows that a
bias for the present and a production externality cause the outcome to deviate in different
directions from the allocation in an ideal world without bias and market imperfection. The
competitive equilibrium is contrasted with the equilibrium in a game among a sequence
of planner’s selves who control saving and investment, distinguishing between a planner
who shares the individuals’ biased preferences and planner who chooses policies so as to
maximize a utility function with geometric discounting. Looking for mnemonic labels we
conveniently call the former ‘biased’ and the latter ‘unbiased’ planner. It is shown that
in the presence of externality the biased planner saves even less than she would under
no externality. The reason for this is intuitive: The planner internalizes the negative
externality and, therefore, has an additional reason to reduce savings further, an incentive
which aggravates the effect of controlling the interest rate mentioned above.

The conclusion derived relies on a view for the role of government different from
the one which is prevalent in public policy approaches to behavioral failures which views
the role of the government as correcting the bias of the individuals.® This is a valuable

3And to stay within the topical issue of output-induced environmental externalities. Examples of
environmental externalities abound: air pollution and congestion to name two. One can think of instances
where the externality is on the production possibilities of the economy, affecting, for example, productivity.
The precise form of the externality is however not the focus here.

4As in Krusell et al. (2002).

SResearch has examined which government interventions can induce individuals to behave as if they
were unbiased. See for example Gruber and Készegi (2004); O’Donoghue and Rabin (2003, 2006); Thaler
and Sunstein (2003); Aronsson and Thunstrom (2008).



normative benchmark, since, as Gruber and Koszegi (2001, p. 1287) observe, individuals
would choose this policy if they could postpone implementation to the next period, and
could bind future decision makers. From a positive point of view, however, it is unclear
whether a real-world government acts in this way. The political actors will be chosen
from the set of citizens, or will be responsible to them, so that, in a democratic society,
the government will likely represent individuals’ current preferences. Moreover, in real-
istic political settings the current government cannot easily bind successors, and hence
policies must be optimal in every period. The approach therefore taken here contrasts
the prevalent view of government with a second one, where the government is assumed to
share the biased preferences of individuals, applies the same discounting as the citizens it
serves, and cannot bind future governments.

In line with the two views of government outlined in the preceding paragraph, the
analysis distinguishes between ‘unbiased’ welfare, where equilibrium utilities are evalu-
ated with geometric discounting, and ‘biased’ welfare, where utilities are evaluated in the
same way as the current self would evaluate them, including quasi-hyperbolic discounting.
According to the first criterion, the bias for the present is considered a failure and there-
fore should not count when outcomes are judged normatively. According to the second
criterion, outcomes should be judged according to the preferences which determine the
agents’ actions. It should be emphasized that while use is made, for convenience, of the
labels unbiased and biased for these criteria, the analysis does not take a normative stand
on which one is to be preferred.® Instead, it analyzes the welfare consequences for both
criteria following government intervention.

The results show that government intervention improves welfare according to both
criteria if and only if the externality is sufficiently strong or the bias for the present is
weak. When the externality is very important, the competitive equilibrium (laissez-faire)
leads to over-saving relative to the welfare maximizing choice, and hence the downward
bias on savings exerted by the planner is beneficial. Conversely, when bias for the present’
is very pronounced, the planner’s savings rate is far too low, whereas the market will save
a little less, or only somewhat more, than what would be efficient. Moreover, we find
that the range of parameters where government intervention is beneficial is larger when
one uses the biased than when one uses the unbiased criterion. This is a consequence of
the larger weight the unbiased criterion gives to future payoffs, which argues for larger
savings. Hence, the unbiased criterion evaluates the low savings outcome produced by the

biased planner even worse than the biased criterion. Altogether, in response to question b)

6In the behavioral economics literature, the first view appears to be more popular. See, for example,
Thaler and Sunstein (2003, p. 173) who emphasize that revealed preferences do not always equate with
welfare. See also O’Donoghue and Rabin (2006, footnote 12, p. 1829). In contrast, Krusell et al. (2002)
and Karp (2005) focus on the second welfare criterion.



above, these results show, on the one hand, that one cannot expect a government which,
realistically, shares the biased objective of current citizens and cannot commit future
policy makers, will implement measures which correct for the bias. On the other hand,
we see that, in contrast to the finding by Krusell et al. (2002), even when government is
biased in this sense, there is room for welfare improving intervention if a market failure,
like a negative externality, is present.

Brief literature review There is a significant literature that addresses the impli-
cation of the bias for present, dating back to the contributions of Strotz (1955) and Phelps
and Pollak (1968), who first formalized quasi-hyperbolic discounting and its implications
for economic outcomes. A general mathematical analysis of the infinite-horizon decision
problem of a quasi-hyperbolically discounting consumer is presented by Harris and Laib-
son (2001). Further theoretical contributions include, among others, Azfar (1999), who
relates declining discount rates to uncertainty, Herings and Rohde (2006), who extend
the concept of general competitive equilibrium to economies where agents have time-
inconsistent preferences, and Salanié and Treich (2006), who emphasize the distinction
between additional discounting and self-control problems. Particular attention has been
paid to savings decisions by present-biased consumers, which are also in the center of
the present paper. Laibson (1998) shows that several features of observed savings behav-
ior, such as the absence of precautionary saving, asset specific marginal propensities to
consume, and accumulation in illiquid assets can be explained by the quasi-hyperbolic
discounting model. Similarly, Angeletos et al. (2001) simulate behavior under geometric
and quasi-hyperbolical discounting and conclude that the latter matches data better than
the former. Diamond and Koészegi (2003) consider the incentives for earlier selves to af-
fect retirement decisions through changes in savings, Benartzi and Thaler (2007) discuss
heuristics in savings decisions for retirement, and Gustman and Steinmeier (2012) ana-
lyze how structural elements of pension systems affect savings and retirement decisions
of individuals with quasi-hyperbolic preferences.

For policy, instruments which aim at overcoming under-saving compared to the unbi-
ased benchmark are of significant interest. In this line of research, Laibson (1997) analyzes
the purchase of an illiquid asset as a commitment device, and Thaler and Benartzi (2004)
report evidence on a program which offers employees the opportunity to commit future
pay rises to a retirement savings plan. Malin (2008) shows that a savings floor does not
necessarily increase welfare when general equilibrium effects on the interest rate are taken
into account, and Andersen and Bhattacharya (2011) show that a pay-as-you-go pension
system is only optimal if quasi-hyperbolic discounting is sufficiently strong. Integrat-
ing savings decisions by consumers with quasi-hyperbolic preferences into a model with
internationally mobile capital, Aronsson and Sjogren (2014) show that optimal policies
to correct for the bias for the present differ between large open, small open, and closed



economies. Finally, Karp (2005) has analyzed quasi-hyperbolic preferences in relation to
environmental issues. In his model, flow emissions which contribute to a stock of pol-
lutant are controlled by a sequence of quasi-hyperbolically discounting regulators. Karp
(2005) shows that for additively separable preferences, a planner with commitment power
chooses a trajectory of emissions which eventually leads to a lower stock of pollutant.
Moreover, in almost all equilibria, reducing the long run stock of pollutant would improve
welfare.

The present paper adds to this literature by combining quasi-hyperbolic discounting
and an output-induced externality in a unified model. Moreover, unlike most of the
literature, we model a government which pursues the preferences of current individuals
showing that government intervention can be useful in such a context if market failure is
important.

The structure of the paper is as follows. Section 2 sets out the model, and Section
3 analyzes the competitive equilibrium and the planner’s choice. In Section 4, we derive
welfare maximizing savings rates, compare these to the allocation implemented under
laissez-faire and by the planner, and evaluate whether the planner’s intervention improves
welfare. Section 5 summarizes and concludes. Proofs and longer derivations are relegated
to the Appendix.

2 The model

The model is familiar from Krusell et al. (2002) appropriately modified to deal with the
issue at hand. There is an infinitely lived consumer who derives utility from consumption,
denoted by C, and suffers disutility from a non-tradeable negative externality, denoted by
D, at different dates. Time begins at 0, is discrete and infinite and there is no uncertainty.

Utility per period u;, t = 0,1, 2, ..., is additively separable between consumption and
externality and given by

us = log(C) — vlog(Dy),

where v, with 0 < v < 1, measures the extent of damage created by the externality.
Preferences are time-additive and take the form

Us =t, + B (dus + 6%uz + 6%uz + ...)
U1 =u; + ,B (J’Uz + 52U3 + ) (1)
Uy =uz + 8 ((SU;; + )

where 4, 0 < § < 1, is a standard discount factor, and 0 < 8 < 1, as noted earlier,
represents additional discounting between the period of decision making and later periods.



If B < 1 there is a bias towards immediate consumption, and discounting is ‘quasi-
hyperbolic’.” It is clear that with 8 < 1 preferences are time inconsistent: at date ¢ — 1,
the trade-off between dates ¢t and ¢ + 1 is perceived differently than at date t. The point
here being that the consumer’s self at time ¢ and her self n periods after disagree on the
value of consumption in period ¢ + n relative to consumption at date t +n+1. For =1
the model reduces to geometric discounting and so the standard inter-temporal choice
model where there is no bias for the present. It will be further assumed that there is no
technology consumers can use to commit to future consumption levels.

Following Krusell et al. (2002) the consumer rationally understands that her prefer-
ences will change as time goes by. The current decision is therefore made taking this into
account. The implication of this is that decision-making is modelled as a dynamic game,
with the agent’s current and future selves as players. The focus is on (first-order) Markov
equilibria and so at any moment in time no histories are assumed to matter beyond what
is summarised in the current stock of wealth held by the agent.®

Production is Cobb-Douglas with full depreciation of capital. The resource con-
straint simply states that consumption and savings (investment) in a given period must
equal output in that period and so

C+k = Ak*, (2)

where k' denotes investment which, due to full depreciation, equals next period’s capital
stock, k denotes current capital stock, a, with 0 < a < 1, is the income share of capital,
and A > 0 represents the exogenous stock of knowledge.

To capture the externality in a simple way, it is assumed that one unit of output
generates on unit of emissions and thus®

D = Ak~.

"If B > 1 then there is a bias towards future consumption. This is a case which is not analysed.

8The analysis rules out trigger-strategy equilibria of the type studied in Laibson (1994) and Bernheim
et al. (1999). Moreover, Markov equilibria in games among a sequence of quasi-hyperbolically discount-
ing selves are typically not unique (see for example Krusell and Smith, Jr., 2003; Karp, 2005; Vieille
and Weibull, 2009). The parametric formulation of preferences allows for a closed form solution which
eliminates this multiplicity. See Krusell et al. (2002, p. 48).

9That is, we model a flow externality. One interpretation is that this is an externality caused by
pollution damage (with the stock being completely dissipated at the end of each period). Since the focus
is on the inter-temporal trade-off between current and future consumption, which may be biased by quasi-
hyperbolic discounting, and how this is affected by negative externalities generated by investment and
production, the analysis abstracts from abatement technologies or the choice between industries which
differ in the amount of externality created.



Markets are perfectly competitive which implies

r =aAk* !, 3)
w=(1-—a)Ak®, (4)

where r is the price of capital and w is the wage rate.
The next section analyzes the competitive equilibrium and the policy chosen by the

planner.

3 Recursive equilibrium

3.1 Competitive equilibrium

In the competitive equilibrium the consumer makes his or her decision taking as given
the prices as functions of the aggregate capital stock, k that is, r (k) and w (k), the
law of motion for the aggregate capital stock k=G (E), and the decision rule of her
future selves, g(k, k). She also takes as given the level of the externality. The recursive
equilibrium requires then two state variables for the consumer; one for the consumer’s own
saving decision, k, and one for the economy’s savings k, which determine prices according
to (3) and (4).

In any given time period, the current self chooses investment %', taking prices para-

metrically, so as to solve the problem
V, (k,F) = max {log(r (B) k +w () — k') — ylog(AR") + ﬂéV(k’,E’)} .5

This defines the optimal choice rule of the current self given by k¥’ = §(k, k), which in
an equilibrium of the game among the subsequent selves must coincide with expected
behavior, that is, §(k, k) = g(k, k) for all (k,k). The continuation value function satisfies

V (k,k) = log (r (k) k + w (k) — g(k, k)) —vlog (AF!) + 6V (g(k,ﬁ),ﬁ’) . (6)
The laissez-faire solution to the model is given by

Definition 1 (See Krusell et al., 2002, Definition 1, p. 51.) A recursive competitive
equilibrium consists of a decision rule g (k,E), a value function V (k, E), pricing functions
T (E) and w (a, and a law of motion for the aggregate capital stock ¥ =G (E) such that:

1. GivenV (k,a, g (k,E) solves the mazimization problem (5);

2. Given g (k,k), V (k,k) satisfies (6);



3. Firms are price takers and mazimize profits, implying that r (E) and w (E) satisfy
(3) and (4);

4. The law of motion for the aggregate capital stock resulting from the current self’s

decision is consistent with the law of motion of the aggregate capital stock, that is,
¢ (5F) = G (R).

Equipped with the above definition, the following proposition characterizes the
laissez-faire equilibrium in the presence of the externality and quasi-hyperbolic discount-

ing.
Proposition 1 The recursive competitive equilibrium is given by
1. V (k,k) = a + blogk + clog (k + ¢k), where

. 1 b a-1 o ¢_(1—a)[1—6(1—,3)]
T (1-6) " (1-éa)(1-6) 1-da’ 7 a(l - 6) ’

(k_) 1-8(1— ﬁ)"'(—)
G (k) =g(kk) =1 6(1 B)

Proof. The proof of the proposition is relegated to Appendix A.I. "

Proposition 1 reconfirms the result by Krusell et al. (2002): This will be the case if
«+ = 0. Close inspection of item 1 in Proposition 1 reveals that presence of the externality
reduces utility, by the term (ya) / (1 — da) > 0 in the coefficient b. The savings rate is a
constant share of aggregate income A% and given by

B Béa
T1-61-58)"

St

(7)

Interestingly, it is unaffected by the presence of the externality (and so it is independent
of 7).

3.2 The planner’s problem

The analysis now turns to the planner’s problem. As discussed in the introductory section,
the model distinguishes between two ‘types’ of planner, both of which act in the interest
of the representative consumer but differ in what they consider the appropriate objective
for the consumer. The first type of planner disregards the bias for the present, in the sense
that 8 = 1 in (1) whereas the second type considers the preferences of the current self,
where [ enters (1) with the same value which governs the consumer’s choice. For looking

for convenient labelling of the two types, and without prejudice regarding the respective

8



normative merits of the two planners’ objectives, the first type of planner will be called
unbiased and the second one biased.

The analysis now proceeds with the characterization of the biased planner’s choices
turning to the unbiased shortly after.

Biased planner: The biased planner cannot commit, similar to the consumer,
to future actions and anticipates the choices by future planners. Unlike the consumer,
however, the planner does not take parametrically prices in choosing aggregate capital k&
and also takes the externality into account. So in any given time period, the current self
(of the planner) chooses investment &’ so as to solve the following problem

Vip(k) = max {log (Ak* — k') + B3V (K} , (8)
which defines the planner’s optimal choice rule ¥’ = h(k), and the value function satisfies
Vo(k) = log (Ak* — h(k)) — vlog (Ak®) + 6V (h(E)) . 9)

Here, h(k) denotes the anticipated investment rule of future planners, which in an equi-
librium must coincide with the current planner’s choice, A(k) = h(k).

It can be straightforwardly shown that:
Proposition 2 The solution to the planner’s problem is given by
1. V,(k) = a + blog k, where b = 4=0

1-éa ?

2. h(k) = 22200 __ g

= T-8af1-A0-7)]
Proof. The proof parallels the proof of Proposition 1 and is therefore omitted. =
Proposition 2 shows that the biased planner also invests a constant share of income
given by
da(l —
1-dafl - B(1—1)]

which, perhaps not surprisingly since this planner internalizes the impact of her decision
on the level of the externality, depends on 7 (and so the extent of the externality). As
expected the planner, even in the absence of an externality and though she has the same
preferences as the consumer, chooses a different savings rate than the consumer since she
takes into account the impact on the price of capital.

In Proposition 2, the planner directly controls investment. The question then that
arises is whether the government can induce private agents to save and invest according to
(10) by the appropriate choice of tax instruments. The answer to this is in the affirmative.



Keeping the structure the same, but allowing the planner to have access to proportionate

taxes on income 7, and investment 7, it can be shown'® that:

Proposition 3 The optimal time consistent tax rates are given by

. 5(1-0)(1= ) +1[1 =61 - (1 ~ o)

N e R TC) B -
. aBR(l—a)(1— ) + yaBall — 51 ~ A(1 -~ ) )
¥ =0 - B - )~ 6all - AL- 7]

These taz rates implement the savings rate sy, from (10).

Proof. See Appendix A.Il. "

Proposition 3 emphasizes that two instruments are needed for the planner to achieve
the level of savings in (10): A combination of an investment tax and a (negative) income
tax. What the investment tax does is to correct for the inefficiency in the level of savings
(through the return to savings), whereas the (negative) income tax makes sure that the
budget is satisfied.

When v = 0, and there is no externality, Proposition 4 of Krusell et al. (2002)
emerges. Denoting the optimal investment tax rate in the absence of externalities 772, it
is the case that

(1 — ba)
Ti— T, = >0,
L (== -1 -a))
and thus in the presence of an externality the government chooses a higher investment
tax rate. Since (11) is increasing in v, one deduces that, for any admissible « and §:

Corollary 1 For any 0 < 8 < 1, the investment tax rate 7; increases in the extent of the
externality .

The government taxes investment for two reasons: because of the reduction in the
marginal product of capital (as in Krusell et al., 2002) and the additional pollution caused
tomorrow by an extra dollar of savings today. These two effects point towards the same
direction, so that the resulting tax rate is higher than in the special cases S =1ory =0
where only one of the effects is present. In the benchmark case of geometric discounting,
when B = 1, the first effect disappears, and consequently, 77 = 0: Since there is no time
inconsistency there is no reason to distort savings decisions. As can be seen from (11),

when 8 = 1, the resulting tax rate is

Ti=v/(1—7)>0.

10The details of this, being tedious, are relegated to the Appendix.
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This is the Pigouvian tax rate which internalizes the pollution externality in a standard
model without hyperbolic discounting.

Unbiased planner: The unbiased planner pursues the long run preferences of
agents. This comes down to analyzing the planner’s optimization problem (8) and (9)
with 3 set equal to one. In this case, following from (10),

_da(l—9)

Sup = T—ba (13)

We turn now to the welfare analysis of competitive equilibrium and planners’ choices.

4 Welfare

4.1 Biased and unbiased welfare

We distinguish two welfare criteria. First, we consider welfare according to the preferences
which determine agents’ actions. That is, we use the preferences of the current self, which
incorporate quasi-hyperbolic discounting, as welfare criterion. Second, we consider welfare
according to the long-run preferences of individuals, that is, future utilities are discounted
geometrically. Paralleling the labeling of the two types of planners, and again without
taking a normative position, we label the former criterion as biased welfare, and the latter
as unbiased welfare.

The core decision agents or planners have to take in our model is how much to invest.
We therefore define both welfare criteria as functions of the current capital stock k and
the savings rate s, which is applied in each period. The capital stock evolves according
to k' = sAk®. Making use of this and (2), the continuation value function (see (6) and
(9)) becomes

V*(k;s) =log ((1 — s)Ak*) — ylog (Ak*) + 6V (sAk%;s) , (14)

which upon iterating forward!! gives the unbiased welfare as a function of the savings rate

Ve (ks s) = %5 log(1 - ) + iag)?—) 5 log:s (15)
a(l —9) 1—v
T s Rt T g B

1 This derivation is contained in Appendix A.III.

11



The agent’s objective in the current period is (see (5) and (8))
V> (k; s) =log ((1 — s)Ak*) — vlog (AK*) + BV (sAk®;s) , (16)

and so using (15) in (16) the biased welfare is given by
1-6(1-8) Béa(1 —7)
1-4 (1-46a)(1-9)
- —éa(l — ] -4
Lot 7)[11_ 6:(1 B vogk + (1 =) (1 4 ﬂ(lli w;;((ll - 5))]) log A.

The optimal savings rate according to the biased welfare criterion solves the problem

Vo (k;s) = log(1 - s) +

log s

max, V*(k; s), with first order condition being

OVy(kis) _ 1-68(1-5) Poa(l-v) _,
ds (1-6)(1-3s) (1-6ba)(1-20d)s )

It is straightforward to verify that 8°V}/ds?* < 0 and so V (k;s) is strictly concave
in s and the first order condition is sufficient for a global maximum with the welfare-

maximizing savings rate, denoted by s;, given by

* ,36(1(1 - ’Y)

= . 17
% = T s~ 6(1- B)] + Boa(l —) o
In the same way, solving max, V*(k; s) yields the savings rate
* aa(l - 7)
SuT dory (18)

which maximizes unbiased welfare.

4.2 Comparing savings rates

The next result shows how the savings rates chosen by the planners, sy, and s,,, and

achieved under laissez-faire, s;, compare to the welfare maximizing savings rates s; and

*

sy,

Proposition 4 For all discount factors and capital shares 0 < 6,a < 1, externality

parameters 0 < vy < 1, and short-run discount factors 0 < g < 1:

(i) The savings rate chosen by the biased planner is at most as large as the savings rate
which mazimizes the biased consumer’s welfare, which in turn is at most as large

as the savings rate which mazimizes unbiased welfare, which equals the savings rate
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chosen by the unbiased planner: sy, < s; < s;, = Syp. The inequalities are strict if
and only if B < 1.

(i) (a) The savings rate chosen by the biased planner is at most as large as the laissez-
faire savings rate: sy, < s;. The inequality is strict if and only if B < 1 or
v > 0.

(b) If y—da > 0, then the laissez-faire savings rate exceeds the savings rate which
mazimizes the biased consumer’s welfare: s; > s;; if v — da < 0, then the
laissez-faire savings rate is lower than (is equal to, exceeds) the savings rate
which mazimizes the biased consumer’s welfare, s, § sy, if and only if

(da —v)(1 - 9)

(c) The laissez-faire savings rate is lower than (is equal to, exceeds) the savings
rate which mazimizes unbiased welfare, s, § sy, if and only if

B S Au) = g e

ST S[i-r-a) (20)

Proof. See Appendix A.IV.

To understand Proposition 4, it is useful to consider first two special cases. When
individuals discount geometrically, 8 = 1, the model reduces to a standard intertemporal
equilibrium model where economic activity causes a negative externality. In this case,
according to claim (i), the planners’ choices and the two welfare maximizing savings rates
coincide, Sy, = Spp = S5, = ;.

As can be seen from claim (ii) (a), even when there is no bias towards current
consumption the planner’s savings rate is lower than in the laissez-faire equilibrium if
there is an externality. By saving less, the planner reduces next period’s capital stock and,
hence, output, which in turn reduces next period’s externality. Since, for v > 0, we have
Bo(v) < 1 and B,(7) < 1, claims (ii) (b) and (c) confirm that this reduction corresponds
to a correction of over-saving relative to the welfare maximizing choice, whether one uses
the unbiased or biased welfare measure.

In the case v = 0 without externality, the model reduces to the one analyzed by
Krusell et al. (2002). When there is quasi-hyperbolic discounting, 8 < 1, from claim
(i), maximizing the current self’s welfare requires a lower savings rate than maximizing
unbiased welfare, since the biased criterion gives less weight to the future. The biased
planner’s choice is still lower, since she cannot commit future planners and, hence, can

only implement a savings rate which reflects quasi-hyperbolic discounting in every period.
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Moreover, we see from claim (ii) (a) that the planner’s savings rate is lower than the
savings rate in competitive equilibrium, sy, < s;, even without externality. As explained
in the introduction, this result stems from the fact that the planner considers the impact
of additional savings on the marginal product of capital and, therefore, has less incentive
to save. In claims (ii) (b) and (c), we have 3;(0) = $,(0) = 1. This shows that if there is
no externality, the competitive equilibrium necessarily leads to under-saving compared to
the welfare maximum. Under-saving is even more severe when the laissez-faire outcome is
measured against the unbiased welfare function, which gives future utilities more weight.

We briefly discuss the two opposite extreme cases. If v — 1, then s; — 0, s}, — 0,
and sy, — 0 but s; > 0. The externality is so dominant that there should not be any
savings, and hence hyperbolic discounting does not matter for welfare or the planner.
Consequently, savings under laissez-faire, where the externality is ignored, is necessarily
excessive.

If 3 — 0, then s; — 0, 53, — 0, and s; — 0, but s}, > 0. Here, for the individual and
the biased planner, the future has no weight and hence they do not save, in accordance
with the biased welfare criterion. In contrast, in the unbiased welfare criterion the future
is only discounted geometrically and hence savings should be positive. Thus, in this case,
the externality does not matter, and planner and market under-save because of quasi-
hyperbolic discounting.

The general case, B < 1 and v > 0, shows how present-bias and externality to-
gether shape savings realized under the various institutions considered. Claim (i) is not
affected if an externality is introduced into the model where quasi-hyperbolic discount-
ing is present. Planners and welfare criteria internalize the externality essentially in the
same way, implying that the order of savings rates does not change. The biased planner
saves less than what would be required by both welfare criteria and, hence, induces lower
externalities than the welfare maximizing savings rates.!?

Turning now to the comparison between the competitive equilibrium and the choice
of the biased planner in claim (ii) (a), one notices—following from (10)—that 9s,/dy =
—6Ba(1—éda)/[1—da(l—B(1—7))°> < 0 and so sy, is decreasing in . Therefore,
the presence of the externality reduces the planner’s savings rate further. The planner’s
present-bias, combined with his or her power to control the interest rate, and his or her

desire to internalize the negative externality, point in the same direction, that is, towards

12At first sight, this result contrasts with (Karp, 2005, Proposition 2, p. 272) who shows that under
additive separable preferences, the game of quasi-hyperbolically discounting regulators ultimately leads
to a higher stock of pollutant than the commitment outcome. To understand this difference, observe that
in Karp (2005), the planner trades off current benefits of emissions to future damages of the accumulated
stock of pollutant. In our model, the trade-off is between current consumption and future income, which
entails an externality as a by-product. Commitment in both cases raises the items which generate future
utility, which is clean environment in Karp (2005), and income in our model.
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a lower savings rate than realized under laissez-faire.

Claim (ii) (b) compares the laissez-faire outcome with the savings rate which max-
imizes the biased individual’s welfare. It shows that a marginal reduction in the savings
rate is welfare improving if and only if the externality is sufficiently strong, that is, if
v > ad, or the present-bias is moderate, that is, in (19), 8 > ﬁb('y) holds. Conversely,
if the externality is weak or if quasi-hyperbolic discounting is strong, the competitive
equilibrium leads to under-saving compared to the welfare maximum. For moderate ex-
ternalities and short-run discount factors, the laissez-faire savings rate is close to or, by
coincidence, even equal to the welfare maximizing one. This arises because the reduction
in savings required by time consistency is actually welcome for containing the externality.

According to claim (ii) (c), the laissez-faire savings rate and the savings rate which
maximizes unbiased welfare compare in a similar way. Also here, the savings rate realized
under competition exceeds (falls short of) the welfare maximizing one if the externality is
strong (weak) and/or present-bias is weak (strong). Relating the critical values for the two
welfare criteria, one finds that, for any v > 0, it holds Bb('y) < ,Bu('y). Thus, as illustrated
in Figure 1,'® the range of parameters which leads to under-saving is larger when welfare
is evaluated with geometric discounting than when welfare is evaluated according to the
current self’s preferences. This reflects the higher weight given to future utilities in the
unbiased welfare criterion, which requires higher savings.

4.3 Government intervention and welfare

To judge whether the biased government’s optimal policy improves welfare, one has to
compare welfare levels. We note first that, if the laissez-faire savings rate is smaller than
the welfare maximizing savings rate, the impact of quasi-hyperbolic discounting and the
lack of commitment depress savings already by more than what is required to internalize
the externality. In this case government intervention, which, according to Proposition 4
(ii)(a), reduces the savings rate further, must necessarily be harmful. Thus, the planner’s
choice can only increase welfare if the competitive market leads to over-saving relative to
the respective welfare criterion, that is, if 8 > B,(v) in Proposition 4(ii)(b) or, respectively,
B > B.(7y) in Proposition 4(ii)(c).

This is not sufficient, however. Only if over-saving is strong enough will it outweigh
the under-saving implied by the biased planner’s choice. To see when this is the case,
we next compare the level of welfare reached by laissez-faire and the biased government
according to both criteria. Naturally, this is daunting analytically given the logs in the
utility functions. Therefore we have taken recourse to numerical simulations.

13pigure 1, and Figure 2 of Subsection 4.3, have been drawn with the same parameter values as the
ones used in Krusell et al. (2002), & = 0.36 and § = 0.95.
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Figure 1: Comparison of Bu and Bb
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Figure 1: Under- and over-saving in competitive equilibrium relative to biased and unbi-
ased welfare, with o = 0.36 and 6 = 0.95. For (,7) above (below) the red line, which
depicts By(7y), the laissez-faire savings rate exceeds (falls short of) the savings rate which
maximizes welfare of the current self V*. For (3,7) above (below) the blue line, which
depicts B,(7), the laissez-faire savings rate exceeds (falls short of) the savings rate which
maximizes unbiased welfare V*.

A typical result is displayed in Figure 2. In the figure, we see that for all 0 <y < 1,
there is a critical 5*(y) such that unbiased welfare is increased (decreased) by government
intervention, that is, V*(k; spp) > (<)V*(k; 81), if B > (<) B*(7). Considering welfare as
experienced by the current self, we find that if -y is above a certain threshold, government
intervention is preferable to the laissez-faire allocation, no matter what S is. For v
below this threshold, there is a function 5} (y) such that government intervention increases
(decreases) welfare, that is, V}(k; sep) > (<)V(k; 81), if B> (<) Bi(7)-

From the figure, one sees that both cutoff lines 8*(y) and 52(vy) are decreasing. This
illustrates that the planner’s intervention becomes more beneficial when the externality
becomes stronger, or when hyperbolic discounting is less pronounced. Moreover, the figure
shows that 8*(y) > B(y). Thus, there is an intermediate range of parameters where
government intervention is beneficial if one applies the current self’s welfare criterion,
but detrimental if one values welfare according to unbiased preferences. The difference

emerges since unbiased welfare gives more weight to the future than the current self’s
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Figure 2: Welfare Comparison
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Figure 2: Government intervention and welfare, with & = 0.36 and § = 0.95. In the darkly
shaded area, delimited above by the line 8(<y), biased and unbiased welfare are reduced
by moving from laissez-faire to the biased planner’s decision. In the unshaded area,
delimited below by the line 3*(v), welfare improves by the planner’s intervention according
to both criteria. In the lightly shaded area, biased welfare increases, but unbiased welfare
decreases when the competitive outcome is replaced by the biased planner’s choice.

preferences, and hence the under-saving induced by the planner is more severe when this
criterion is used.

This result shows, on the one hand, that a government which represents the same bi-
ased preferences as citizens cannot be expected to correct the present-bias and implement
maximal unbiased welfare. This finding contrasts with the view taken in major contri-
butions to behavioral economics such as O’Donoghue and Rabin (2003, 2006), Thaler
and Sunstein (2003), or Gruber and Koszegi (2004) who argue in favor of government
intervention to correct such biases. Quite the contrary, since the biased government has
more powers than individuals in a competitive market, it may, and in our model does, use
such powers to even reinforce the impact of behavioral biases. Hence, if the present-bias
is sufficiently strong, the biased government may induce a welfare loss compared to the
competitive market if welfare is measured by the current self’s preferences, and even more
so when one considers unbiased welfare.

On the other hand, we see that even the biased government’s action can be bene-
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ficial when there is another cause of market failure such as a negative externality. Also
the biased government aims at correcting this failure and therefore improves welfare if
the externality is strong enough, or the bias is weak. This is easier achieved if the wel-
fare criterion allows for quasi-hyperbolic discounting, but even if welfare is measured by
unbiased preferences, government intervention will increase welfare in a non-negligible
subset of parameters. Thus, the negative result of Krusell et al. (2002), where the plan-
ner’s choice is always detrimental to welfare, does not in general extend to a richer model
where in addition to quasi-hyperbolic discounting, a further motive for public intervention
is present.

5 Summary and concluding remarks

This paper has introduced externalities in a framework where consumers have quasi-
hyperbolic preferences and so a bias for present consumption. Within such a framework
the paper identified conditions under which government intervention is welfare enhancing,.
In so doing, it distinguished between a government which is unbiased and a government
which has the same quasi-hyperbolic preferences as consumers, and welfare was measured
both from the biased viewpoint of the current self, and from an unbiased perspective.
The results show that even a biased government will improve welfare according to both
criteria if the externality is sufficiently important or the bias for the present is not too
severe.

This approach suggests two avenues for future research. Firstly, it appears inter-
esting to study the interaction of quasi-hyperbolic preferences and market failures more
generally, in contexts different from output-induced externalities. While in the present
model a bias for the present mitigates the externality, it is an open question how these el-
ements affect each other in other settings. For example, adverse selection in an insurance
market might be more or less pronounced, depending on whether good or bad risks have
the stronger bias for the present. Secondly, a host of public policy issues will likely be
decided differently by a government with quasi-hyperbolic preferences than by a benev-
olent, unbiased planner. For example, a biased government may use its market power
to actually reduce the price of a good which is detrimental to health (like cigarettes),
rather than raise it, as an unbiased planner would do. We hope to have shown that the

conclusions derived are instructive and the issues identified merit further investigation.
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THIS APPENDIX IS FOR THE ATTENTION OF THE REFEREES AND
FOR ONLINE PUBLICATION ONLY.

Appendix

A.I Proof of Proposition 1

Proof. The proof of this proposition proceeds by guessing the functional form of the
value function and the law of motion of the aggregate capital and verifying that the
optimal decision rule derived using these guesses satisfies the guessed value function and
law of motion. Consider the guess

V (k,k) = a+ blogk + clog (k + ¢k) (A.1)

for the value function and
G(k) = sAK” (A.2)

for the law of motion of capital, where are a, b, c, ¢, s are constants to be determined.
Maximizing (5), making use of (A.1) for the value function V (K’ ,E’), the first order
condition is given by

1 Béc

rk+w—k k4 ok

which—after replacing 3 by the guessed law of motion G(k), given by (A.2)—can be

solved for the optimal investment rule

K = g(k,F) = [ﬂéc(rk +w) — ¢sAE°‘] . (A.3)

1
1+ Bdc
Substituting (A.3) into (6) and making use of (A.1) and (A.2), one obtains

- 1
V(k,k) = log (1+,86c

+9 [a—i— blog (sAEa) + clog (

[('rk Fw)+ ¢3AE°‘D — ~log (AE")

Béc
1+ Bdc

[(rk +w) + ¢SAEQ])] .
Upon making use of (3) and (4), this gives after simplifying

V (k&) = —(1+ dc) log(1 + B6c) + (1 + bc) log (aAE"‘lk +(1—a)AR" + ¢3AE“)
— ylog Ak” + da + dblog (sAEa> + dclog(Béc) .

Defining B = —(1+4dc) log(1+ Bdc) +da+dclog(Sdc), the value function can be re-written

19



as

V (k,k) = B+ (1+ éc—v)log A + dblog(sA) + (1 + c) log

+ [(1 + dc) (@ — 1) — ya + dba] log k + (1 + éc) log (k + ﬂcf—w -E) .
Now with

a = B+ (1+6c—1v)logA+ dblog(sA)+ (1+dc)loga,
b = (1+6éc)(a—1)—~va+ dba,

c = 1+4éc,
l—a+¢s
$ = —21%
a

the value function displays the functional form of (A.1). Solving for the constants, it is
the case that

1
C= m ; (A4)
- a—1 _a
b= A=A —%a) 1-ta’ (A-5)
6= ;"_‘z . (A.6)

In equilibrium, the individual choice of investment must be consistent with the law
of motion of aggregate capital stock, that is, g(k,k) = G(k). Thus, using k = k and
(A.4)-(A.6) in (A.3) and equating to the guess of the aggregate law of motion (A.2), we
have that

1-6 (56 _(l—a)s)

1-61-B8)\1-6 a-s ’
with the two solutions s = 1 and
B Béa
S_l—é(l—ﬂ)' (A.7)

s = 1 cannot be a feasible solution since it would imply that aggregate investment is equal
to total output, G(k) = Ak*, and so consumption would be zero. Inserting (A.7) in (A.6)

it is the case that
_(-a)i-s1-p)]

¢ a(l —§)

(A.8)

Making use of (A.7) in the guessed law of motion for capital (A.2) shows that G(k) is as
stated in the proposition. Using c, s, and ¢, from (A.4), (A.7), and (A.8), in (A.3), one
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obtains after some manipulations

- Boa —a-1 Bd -
= —A = —-
9k, k) 1-6(1-5) kok 1—6(1—ﬂ)r(k)k’
where the second equality follows upon using (3). .

A.II Optimal tax policy

Suppose that the government wishes to implement its preferred policy having access to
proportionate taxes on income 7, and investment 7;. Since it cannot commit to future
tax policies, the current government chooses current tax rates 7, and 7; and anticipates
equilibrium tax rates 7,(k) and 7;(k) chosen by future governments, which may depend
on the capital stock. Private agents optimize taking these taxes as given, so that the
competitive equilibrium depends on tax rates. The following definition characterizes a
time consistent tax policy equilibrium.

Definition 2 A time consistent tax policy equilibrium consists of three elements.
1. The behavior along the equilibrium path is as follows:

o Tax outcomes are given by T(k) = (1,(k), :(k)).

e Given this tar function, the law of motion for aggregate capital is given by
G(k).

e Given the taz function and the law of motion for aggregate capital, the individ-

ual decision rule is given by g(k, k).

2. The laws of motion after one-period deviations of tax rates 7 = (7,,7;) for the
current period, with future tazes given by the tax outcome functions evaluated at the
capital stocks implied by the current tax rates and the implied capital accumulation,

are given by the following:

° G(E, 7) describes the law of motion for aggregate capital for the one period
deviation.

o j(k,k,7) describes the individual decision for the one period deviation.

3. We have competitive pricing functions r(k) and w(k) given by (3) and (4).

These equilibrium elements must satisfy:
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1. §(k,k,7) solves the consumer’s optimization problem

Vo (k, K, 7) = max {log ((rk +w)(1 — 7)) — K (1 + 7)) — vlog (AK") + BsV (K, G(k, 7“'))} ,
(A.9)

and the continuation value function is given by

V (k, k) =log ((rk + w)(1 — 7(k)) — g(k, k)(1 + :(k))) —7log (AF!)+5V (9(k,k),G(k)) .
(A.10)

2. Consistency between individual and aggregate actions: §(k,k,7) = G(k,7) which
implies that, if ¥ = 7(k), then g(k, k) = G(k).

3. The government optimizes: T(k) = (7,(k),7:(k)) solves

ma.‘.}( ‘/O(E’ E’ 7‘:)7
subject to  — G(k,7)7; = Ak 7. (A.11)

Proof of Proposition 3

We start by solving the individual optimization problem (step a) and finding the compet-
itive equilibrium with taxes. As in the proof of Proposition 1, we proceed by guessing the
functional form of the value function and the law of motion of the aggregate capital and
verifying that the optimal decision rule derived using these guesses satisfies the guessed
value function (step b) and law of motion (step c). We then solve for the government’s
optimal tax rates (step d) and finally show that these tax rates implement the planner’s
preferred savings rate (step e).

Consider the guess
V(k,k) = a+blogk + clog (k + ¢k) (A.12)

for the value function and G(k) = sAk~ for the law of motion of capital (for suitable
choices of the constants a, b, c, @, s).

(a) Individual optimization. Solving the optimization problem (A.9) and using
the guess (A.12) for the value function V(K E’), we have that

1 + ’7',' _ ,B(SC
(rk+w)(1-7)—KQ1+7%) k+ ok

22



which can be solved for the optimal investment rule for the current self

o 1 (1-%) =
/ = - v _ ok | . 1
k' = g(k,k,7) ¥ Boe Boc(rk + w) 157 ¢k] (A.13)

(b) Value function. For the continuation value function, this decision rule is
evaluated at the equilibrium tax policy rule, ¥ = (k). Substituting (A.13) into (A.10)
and making use of (A.12), one obtains

V(k,%) =log { - +1 o5 [(rk +w)(1 — 7, (R)) + F (1 + Ti(E))] } (A.14)
o - Béc (1 — 7, (&)
—vlog Ak™ + da + dblogk +6clog(1+ﬁ6c [( )( =(R) q)k])

In equilibrium, with taxes following 7(k), the individual choice of investment must equal
next period’s aggregate capital. From (A.13), and with k¥’ = K, k=Fk 7= 7(k), it is the
case that

which upon solving for k yields, making use of (3) and (4), gives

o___ Bic  (1-nR) o
(1+ Béc+¢) (1 + r,(lc))

(A.15)

Substituting (A.15) into (A.14) and using (3) and (4), we obtain

V(kE) = (—%’“)))Ak [ k+(1—a)k+ ¢%ED

o ,B(SC (1—Ty(E)) o
— vlog (Ak )+6a+5blog((1+ﬁac+¢) (1+T,(E))Ak )

Béc —a-1(1—T7,(k)) Béc —
+ 5clog (mAk m I:Olk + (1 - a)k: + ¢mk:|)

(1 — 7, (K)) Béc (1 —7,(K))
log< {1+ foc) A) —7logA+6a+6blog((1+'3(Sc+¢) (1+T,~(E))A)

+ dclog ((1 -ﬂl—(s,g&c) ((i +:y((”:)))) ) + [(e = 1) — ya + dba + 6c(a — 1)] log k
+(1+60)log (a [k Iy G “)O(i ﬁfgg;fé; "’/3‘50%]) . (A.16)
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Denoting

C1og (L= m(k)A Boc (1 — (k)
G ) e G = T

poc (11— (k)
(1+ Bée) (1 + ni(k)) A) ’

+ dclog (
the value function (A.16) can be re-written as

V(k,k) =B + (1 + 6c)(a — 1) + (6b — 7)a] logk
(1 — a)(1 + Béc + @) + ¢pBdc— '

+ (1 +dc)loga + (1 + dc)log [k+ o1+ BocT 6) k
With
a=B+(1+dc)loga,
b=(1+édc)(a—1)+ (6b—7)a,
c=1+dc,
p (1= 0)(1 + Boc+ ¢) + ¢pBdc
B a(l + Béc+ ¢) ’
and solving!4
. a—1 _a
b_(l—da)(l—é) 1—da’ (A.17)
c =1%5, (A.18)
5_(1=a)(1-d01-5) 19)

a(l —9) ’

one verifies that the value function takes the form guessed in (A.12).

(c) Law of motion.  Using (A.17) to (A.19) in (A.15), and observing that
in equilibrium, (A.15) must be consistent with the law of motion of capital, so that
k= G(k) = sAk”, we obtain with (7)

G(k) = sAk" = %su&“ = g(k,%).

14In (A.19), we discard the solution ¢ = —1 since the argument under the last log in (A.12) must be
positive.
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Solving (A.13) and using (A.17) to (A.19) yields the current self’s investment rule

Béa
1-6(1-5)

for the one-period deviation in taxes 7. Equating this to the aggregate law of motion

(Ak (11— )Ak)(1 )

K =gk, k,7) = 57

G(k,7) and using the equilibrium condition k = %, it follows with (7)

i (1-7) a  (1-7)
saop At = arn At

(d) Choice of tax rates. Inserting (A.20) into (A.9), we find, using the equi-
librium condition §(%,k,7) = G(k,7), (A.12), and the pricing functions (3) and (4),

Gk, 7) = - (A.20)

V,(k,%,7) =log ((1 — 7)1 - s,)AE“) — ylog (AE®) + Béa

+ﬂ6blog(((1 y)) AR )+ﬂ6clog(((1 ))(1+¢)s,Ak)

Maximizing this function with respect to the tax rates 7, and 7; is equivalent to maximizing
1+ Bd(b+ c)|log(l — 7)) — Bé(b+ c)log(1 + 7). (A.21)

Using the law of motion of capital (A.20), the government budget constraint (A.11) reads
—(1 — 7y)si7i = Ty(1 + 7;). Solving for the income tax rate, we get

~ SIT;
"I R(l-s) (A.22)

Substituting 7, in (A.21) and simplifying, one obtains
log(1+ %) —[14+B6(b+c)|log (1 +7:(1—s1)) .

Maximizing this with respect to 7; gives the optimal investment tax rate

n=-ltas s,)ﬂlé(b Yo (A.23)

Putting the optimal investment tax rate back into (A.22), we find the optimal income tax
rate

. (1—s)Bé(b+c)—s

W = s)i+ A0+ o) (A.24) -
From (A.17) and (A.18), we have
_a(l-1)
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Upon substitution of b+ ¢, from (A.25), and s;, from (7), in (A.23), one finds the optimal
investment tax rate as in (11). Using the same substitutions in (A.24) and after collecting

terms, the optimal income tax rate is as in (12).
(e) Savings rate. From (A.23) and (A.24) we find

S
(1-s)B6(b+c)’
1
T U=s)1+B0b+ )]

14+7 =

1-7,

With these equations, (7), and (A.25), the savings rate s in (A.20) is

G 1=F _ BS(b+c) _  Bia(l-v)
T TR T+t L1-dafl-B-7)] ¥

as claimed.

A.III Derivation of (15)

With savings rate s, the sequence of capital stocks in the first, second, third,
after the present one is

k' = sAk*,
k' = sAK'® = (sA) ok
K" = sAK"® — (SA)1+a+a2ka3 :

From (14), welfare is the infinite sum

... period

(A.26)

V*(k;s) =log ((1 — s)Ak*) — vlog (Ak*) + 6[log ((1 — s)AK®) — ylog (Ak™)]

+ 6%[log ((1 — s)AK"™) — ylog (AK"™) ] + ....
Inserting capital stocks from (A.26), one has

V*(k; s) = log ((1 — s)Ak*) — vlog (Ak®*)
+6 [1og ((1 - s)A(sA)aka’) — ylog (A(sA)"‘k"‘z)]
+ 6* [log ((1 - s)A(sA)"+"2k"‘3) — vlog (A(sA)“*"‘zk"‘a)]
+ ...
=(1+6+6+..)log((1—5)A)—y(1+5+6°+..)logA
+ (1 —19) [6a+6 (a+a®) +8 (a+a®+a?) +..] log(sA)
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+a(l—7) (14 6a+8%a®+..)logk

1 11—y
—1_610g(1 s) + 1_(slogA
2 2 o(1—-1)
+éa(l—y)[1+6(1+a)+0 (1+a+a)+...]log(sA)+mlogk
1 1—1~v
_1—610g(1_5)+1—610gA
2 2 2 a(1—1)
+da(l—7) (1+6a+8e?+..)(1+6+4 +...)log(sA)+m—logk
1 1—7
—l_alog(l s)+1_6logA
1 1 a(l —7)
+da(l — ) T—%a 13 log(sA) + 1~ dar logk
_ 1 da(1 —7) -7 a(l —9)
= 1_(Slog(l—s)—i—(1_50[)(1_6)10gs-i-(1_6a)(1_5)10gA+ T logk,

hence (15).

A.IV Proof of Proposition 4

Claim (i). From (10) and (17), sp, < s; is equivalent to

Bia(l—y)  _ Béa(1 - v)
1-6cl-B8(1—-79)] " (1-da)l-461-28)]+pBa(l—17)

With o, 5,0 > 0 and <y < 1 this reduces to

(1-3de)[1 —6(1 = B)] + Bda(l — ) <1 —ball — f(1—1)]
1-da—(1-46a)d(1 —pB)+Béa(l —v) <1-ba+ péa(l —7)
0<(1-46a)é(1-25).

With a,d < 1, this is equivalent to # < 1. In the same way, one proves that sy, < s} is
equivalent to 8 < 1. From (17) and (18), s; < s}, is equivalent to

Bla(l —v) < da(l —7)
(1-4da)[1 -6(1-P)] +Béa(l—7v) = 1-day

With «, 3,4 > 0 and v < 1 this reduces to

B(1 = ébary) < (1 —éa)[l —6(1 — B)] + Bda(1l — )
Bl(1 = dary) = 6(1 — bar) — ba(1l — )] < (1 - ba)(1 - 6)
B(1 — 6a)(1—8) < (1 —da)(1 - 6).
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With a,§ < 1, this reduces to § < 1. In the same way, one proves that s; < sl is
equivalent to 8 < 1. The equation s}, = s,, is immediate from (13) and (18).

Claim (ii). (a) From (7) and (10), sy, < s; is equivalent to

Béal—v) _ _ Pla
1-6afl-B(1—7)] ~ 1-6(1-8)

With a, 3,6 > 0 and 4 < 1, this reduces to

Q-7 -61-p)]<1-dall —B(1-7)
1—y-6(1-8)++v6(1 —B) <1-da(l —B)—daBy
0<6(1 - B) —da(l-pB)+~[1 —6(1-B) —bap]
0<6(1-8)1—-0)+7[1-6(1-B(1-a)),

which is true for o, 8 < 1 and v > 0. Replacing ‘<’ by ‘<’ in this argument shows that
Spp < Sy is equivalent to

5(1—a)(1—B) + [l —6(1 - B(1 —a))] > 0 (A.27)

if @,3,0 > 0 and § < 1 hold. Inequality (A.27) follows from @ < 1 and 8 < 1, or from
v > 0.

(b) From (7) and (17), s; § sy is equivalent to

Bda < Béa(l — )
1-61-58) > (1-6a)1—6(1—B)]+Béa(l—7)"

With o, 3,6 > 0 and 4 < 1, this reduces to

(1-6a)[1-6(1 = B)} + Boe(l —7) S (1 = 7)1 - 6(1 - B)]
(1—8a)(1 = 6) + (1 - 6a)Bd + Boe(1l — 7) S (1= 7)1 — ) + (1 —7)Bs
Bol(1-da) +a(l—7) = (1 =7 S (1 ~-9)[(1~) - (1-da)],

which can be re-written as
Béla(l —8) +v(1 — a)] S (ba—)(1 - 6). (A.28)

If ¥ > éa, then the right-hand-side of (A.28) is non-positive. Hence, with 8 > 0, s; > s,
follows. If v < éa, solving (A.28) for S yields (19).
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(c) From (7) and (18), s § s; is equivalent to

Béa
1= 61— B)

With «,§ > 0 and § < 1 this reduces to

da(l — )
1-day

VIA

B(1—day) S (1-7)[1-6(1-5)]
Bl —day) S (1—7)(1—8)+p5(1—7)
Bl—bay—-56+67)S(1-y)(1-6)
B{1 - 8l1 — 7(1 - )]} £ (1= 7)(1— ).

Solving for A yields (20).
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