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1 Introduction

In optimal income taxation, the first best is generally unachievable. Nevertheless, the
first best identifies the ethical standard of perfection and defines the direction of social
improvement.1 Second-best policies then emerge as a compromise of the unavoidable
tradeoff between equity and efficiency.

Optimal taxation is generally addressed through the lenses of utilitarianism.2 With
additively separable utility over consumption and labor and income effects, the utili-
tarian first-best tax policy is to equalize after-tax income. This egalitarian implication
of utilitarianism did not pass unobserved (Mill, 1848; Musgrave, 1959; Feldstein, 1976;
Saez and Stantcheva, 2016; Fleurbaey and Maniquet, 2018). As Feldstein (1976) clar-
ifies, utilitarianism implicitly assumes that all differences in wages across individuals
are undeserved: society jointly owns everyones’ potential earnings. At the same time,
individuals ought to set their labor supply for the common (utilitarian) good, requir-
ing high-skilled individuals to supply more labor and, thus, resulting in “slavery of the
talented.”

Both the equalization of after-tax income and the slavery of the talented disappear
at the second best (Mirrlees, 1971). When the government only observes income, labor
supply responses prevent confiscatory income taxes. At the same time, this ensures
the talented achieve a higher level of well-being. Nevertheless, utilitarianism remains
problematic. The government would always accept some reduction of total consumption
for the sake of more equality in after-tax income, leading to optimal marginal tax rates
of over 70% (Mankiw, Weinzierl, and Yagan, 2009). In conflict with the utilitarian
view, complete equality in after-tax income is generally considered confiscatory and
unfair and, thus, not worth efficiency losses. In fact, most survey respondents seem
to agree that, ceteris paribus, higher-income earners deserve a larger after-tax income
(Schokkaert and Devooght, 2003; Weinzierl, 2014; Saez and Stantcheva, 2016).3

1As Mill (1848) writes: “the first object in every practical discussions should be to know what
perfection is.” More recently, John Simmons (2010, p.34) argues that “we can hardly claim to know
whether we are on the path to the ideal of justice until we can specify in what that ideal consists.”

2Some authors distinguish between utilitarianism—the sum of individuals’ utilities—and generalized
utilitarianism—the sum of concave transformations of individuals’ utilities. With minor changes, the
drawbacks highlighted next extend to generalized utilitarianism.

3To escape these objections, many authors resort to the weighted utilitarian criterion, where “Pareto
weights” allow weighting individuals differently. However, when the Pareto weights are inversely cor-
related with productivities—as often suggested in the literature—the drawbacks of utilitarianism are
aggravated. Moreover, constant Pareto weights are not flexible enough to avoid the shortcomings of
utilitarianism (Fleurbaey and Maniquet, 2018). Finally, when the Pareto weights are left unspecified,
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An alternative principle for optimal taxation—the equal-sacrifice principle—addresses
these shortcomings of utilitarianism. Taxes ought to be set so that each tax-payer makes
the same sacrifice. Since sacrifice is increasing in the tax payment, after-tax income
equalization can never be first-best optimal. The intuitive appeal of the equal sacrifice
principle spawned a large interest in the early economic literature (Mill, 1848; Sidgwick,
1883; Edgeworth, 1897; Pigou, 1928; Vickrey, 1947). Nevertheless, it remains unclear
how to set the optimal second-best income tax schedule in accordance with the equal-
sacrifice principle. Two issues are critical. First, it is unclear how to define sacrifice
(Musgrave, 1959; Young, 1988). Second, equal sacrifice—as a standard of perfection—
cannot be adopted for second-best analysis, as equal-sacrifice tax schedules are typically
inefficient (Berliant and Gouveia, 1993; da Costa and Pereira, 2014).

In this paper, we address both issues. We propose and axiomatically characterize
a family of welfare criteria inspired by the equal-sacrifice principle. These criteria
trade off efficiency with equality of sacrifice and can therefore be used for second-best
analysis. Each criterion in our family can be represented by an equal-sacrifice social
welfare function, defined as the sum of specific indices of each individual’s well-being.
These indices satisfy three intuitive properties.

1. They represent the preferences of individuals. Individuals are better off if and
only if their index of well-being is larger, ensuring society abides by the Pareto
principle and, thus, values efficiency.

2. They make comparisons in terms of sacrifice. Individuals’ levels of sacrifice are
the only information society needs to optimally allocate marginal increases in
consumption. As in the literature, we measure sacrifice with respect to the laissez-
faire allocation (where no taxes are levied). The novelty is in our accounting for
labor supply responses. To do so, we measure the sacrifice of an individual as the
level of taxes that—at laissez-faire labor supply—she considers equally desirable
as her consumption/leisure bundle.

3. They are strictly concave. Thus, the criteria are averse to inequality of sacrifice
and prioritize individuals incurring a larger sacrifice.

The main difference between our equal-sacrifice social welfare function and utilitarian-
ism is the way these criteria compare individuals. Utilitarianism compares individuals

the criterion only identifies the Pareto frontier (Negishi, 1960) and, thus, provides little guidance to
optimal income taxation.
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by their marginal utility of income. If i has a larger marginal utility than j, i is consid-
ered more deserving than j: thus, social welfare increases with a small transfer of income
from j to i. In essence, utilitarianism is averse to inequality in marginal utilities. In
contrast, the equal-sacrifice social welfare function compares individuals by their level
of sacrifice. If i makes a larger sacrifice than j, i is more deserving than j and social
welfare increases with a small transfer of income from j to i. The equal-sacrifice social
welfare function is then averse to inequality in sacrifice.

Thus, when there is no asymmetric information, the tax scheme supported by the
equal-sacrifice social welfare function is the one that equalizes the sacrifice incurred
by each individual, exactly as advocated by proponents of the equal-sacrifice principle.
In the second-best Mirrleesian setting–with asymmetric information–the equal-sacrifice
social welfare function recommends taxation policies that are less redistributive than
those of utilitarianism are. The concern for equality of sacrifice requires assigning a
larger relative weight to high-skilled individuals than does utilitarianism and reduces
redistribution.

We then apply our criterion to the US economy. We conduct a standard Mirrleesian
optimal taxation simulation, following the exercise by Mankiw, Weinzierl, and Yagan
(2009). While the utilitarian criterion recommends marginal tax rates above 60% (and
up to 80%), our criterion recommends a rate that is about 20 percentage points lower.
Furthermore, the utilitarian criterion subsidizes all workers in the bottom 35% of the
income distribution, while our criterion does so only for the bottom 15%. In fact, the
equal-sacrifice tax schedule is roughly in line with that of the current US system. An
important implication emerges. The large difference between the utilitarian optimum
and the real-world tax schedules might not necessarily be driven by the political influ-
ence of high-income individuals. Rather, the observed tax schedules might reflect the
adoption of principles of distributive justice inspired by equal sacrifice, similar to the
ones proposed here and in line with the survey evidence on ethical views on taxation
(Weinzierl, 2014; Saez and Stantcheva, 2016).

Historically, equal sacrifice was conceived as a standard of perfection (Mill, 1848),
and the debate was centered on the definition of sacrifice (Musgrave, 1959). One pos-
sibility is to measure sacrifice in terms of absolute or proportional loss of consumption
due to taxation. However, this alternative disregards individuals’ labor supply choices
and, thus, can attribute an increase in sacrifice to an individual who is made better
off. Another possibility is to measure sacrifice in terms of utility losses/gains with re-
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spect to a reference level (Pigou, 1928). Interestingly, minimizing the sum of utility
losses/gains turns out to be equivalent to utilitarianism. However, as in utilitarianism,
this raises ethical concerns for the interpersonal comparability of utilities and empirical
concerns for their real-world applicability. Closer to our contribution, Young (1988)
has characterized a version of the equal-sacrifice principle that does not require util-
ity information. In this case, the utility function adopted to evaluate the sacrifices
of individuals is selected for the purpose of the evaluation and need not be related to
individuals’ preferences.4 However, doing so leads to a violation of the Pareto principle.
Our approach extends Young’s in two directions. First, it respects the preferences of in-
dividuals: labor supply choices are evaluated through the preferences of each individual,
while interpersonal comparisons of sacrifice are established through a counterfactual sit-
uation of laissez-faire labor supply. Second, it allows evaluating deviations from equal
sacrifice by prioritizing individuals incurring a larger sacrifice. Thus, in a first-best
setting, Young’s equal-sacrifice solution—corrected to respect preferences—emerges. In
an incomplete information setting, equality of sacrifice is often too costly, and optimal
taxation compromises between equality of sacrifice and efficiency.5

A very general approach to welfare criteria that can accommodate equal-sacrifice
concerns is to let the social value of one more dollar for an individual—so called social
marginal welfare weights—depend not only on the well-being of that individual, but
also on some measure of her sacrifice (Saez and Stantcheva, 2016). Our characterization
clarifies which social marginal welfare weights emerge when abiding by principles of
fairness inspired by equal sacrifice. Moreover, our results identify these social marginal
welfare weights for any allocation and not just in the vicinity of the local optimum.

The theory of justice developed here also provides a modern interpretation of “justice
as mutual advantage” (Gauthier, 1986), which relates to the axiomatic work on Nash’s
bargaining theory and its more recent extensions (Binmore, Rubinstein, and Wolinsky,

4Young (1990), Ok (1995), and Mitra and Ok (1996) build on this ordinal version of equal sacrifice
and discuss the relationship between equal sacrifice and progressivity. Chambers and Moreno-Ternero
(2017) introduce a concern for poverty. Stovall (2020) provides an improved characterization. He also
suggests a generalization of equal sacrifice, allowing the utility functions to be person-specific.

5Recent proposals to capture equal sacrifice in a social welfare function are due to Weinzierl (2012)
and Jessen, Metzing, and Rostam-Afschar (2019). Both criteria support policies that move away from
an equal-sacrifice allocation, even in the absence of behavioral responses (unless one takes the limit case
of infinite aversion to inequality in sacrifice). This drawback does not emerge in our setting. Alternative
criteria for income taxation are recently reviewed in Fleurbaey and Maniquet (2018) (see also Saez
and Stantcheva, 2016). The recent literature mostly addresses the issue of preference heterogeneity
(such as Fleurbaey and Maniquet, 2006, and, in an abstract setting, Piacquadio, 2017), which, in the
context of equal sacrifice, we leave to future work.
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1986; Rubinstein, Safra, and Thomson, 1992). These theories unfold around two key
ethical choices: the definition of equality and the comparative evaluation of inequalities.
Crucially, bargaining theories of justice rely on cardinal and interpersonally comparable
information about individuals’ utilities to measure equality and evaluate inequalities.
In contrast, here both the definition of equality and the evaluation of inequalities are
endogenous. Finally, the characterizations of bargaining theories of justice generally
build on scale invariance, while here we remain closer to the utilitarian tradition and
require an additively separable representation of the welfare criterion.6

The rest of the paper is organized as follows. Section 2 contains an illustration of
the criterion and a comparison with utilitarianism. Section 3 presents the formal model
and the axioms. Section 4 discusses the characterization result. Section 5 explores the
implications of the criterion with a simulation of the optimal tax system for the US
economy. Section 6 briefly concludes. All the proofs are in the appendix.

2 A simple illustration

We illustrate our approach in a Mirrleesian model with quasi-linear utilities. Individ-
uals’ preferences over consumption c and labor supply ` are represented by a utility
function u (c, `) = c − v (l) with v′, v′′ > 0. Individuals differ in their labor market
productivity: each individual i is characterized by the wage rate wi > 0.

2.1 The welfare criterion

We next introduce a simple version of our welfare criterion. The first step is to de-
fine how to measure and compare the sacrifice of any two individuals i and j. A
natural starting point is the laissez-faire allocation. At the laissez-faire allocation,
no taxes are levied and each individual i maximizes her utility over the budget set
Bi ≡ {(ci, `i) |ci ≤ wi`i}. Let

(
c̄i, ¯̀

i

)
denote the laissez-faire bundle of i. Clearly, at

the reference laissez-faire allocation no individual makes any sacrifice.7

6Scale invariance requires the ranking of alternatives remain unchanged when rescaling alternatives.
Scale invariance is logically independent of additive separability. Interestingly, the Nash and the
Kalai–Smorodinsky bargaining solutions are characterized based on scale invariance, but also satisfy
separability (on a subdomain of alternatives).

7Piketty and Saez (2013) have emphasized how utilitarianism fails to ensure laissez-faire prevails
even when all agents have the same productivity level (see also Jacquet and Van de Gaer, 2011, and
Fleurbaey and Maniquet, 2018).
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Assume instead individual i consumes ci and works the laissez-faire labor supply ¯̀
i.

Then, her (proportional) sacrifice is (c̄i − ci) /c̄i, that is, the ratio of the (implicit)
tax contribution c̄i − ci to the before-tax income c̄i = wi ¯̀i.8

The key fairness idea is the following. When two individuals incur the same level
of sacrifice, society ought to be indifferent between assigning a marginal increase in
consumption to either of them. This ethical stand leads to the proportional-sacrifice
social welfare function, formally characterized as a special case in Section 4. For each
individual i, define the equivalent consumption at (ci, `i) as the level of consumption
k that makes the individual indifferent between the bundle (ci, `i) and consuming k
while working the laissez-faire labor supply ¯̀

i. Formally, ei (ci, `i) = k if and only if
u
(
k, ¯̀

i

)
= u (ci, `i). The proportional-sacrifice social welfare function is defined as

W p ≡
∑
i

c̄γi
[ei (ci, `i)]

1−γ

1− γ
, with γ > 0.

The parameter γ measures the willingness of society to avoid inequalities in the
level of sacrifice incurred by individuals. At the limit for γ = 0, society is indifferent to
such inequalities and social welfare simplifies to the simple sum of individuals’ utilities
(social marginal welfare weights are constant). As γ increases, society is less and less
willing to trade off inequalities in sacrifice against a larger sum of consumption. At
the limit for γ → ∞, society attributes full priority to the individual with the largest
sacrifice.

The equivalent consumption function ei is a representation of the preferences of
individual i: ei (ci, `i) = u (ci, `i) + v

(
¯̀
i

)
. Thus, society maximizes the sum of weighted

and transformed equivalent consumptions of individuals.
The weight attached to the equivalent consumption of each individual depends,

through the laissez-faire bundle, on her skill level. This dependence is crucial to ensure
equal consideration for all individuals when they incur the same sacrifice. To see this,
note that the social marginal welfare weight (Saez and Stantcheva, 2016) of an individual
at bundle

(
ci, ¯̀

i

)
is

∂W p

∂ci
=

∂

∂ci

(
c̄γi

[e (ci, `i)]
1−γ

1− γ

)
=

(
ci
c̄i

)−γ
.

8If this definition of sacrifice was extended to any level of labor supply, it would necessarily be
independent of the utility cost of working and thus would lead to violations of the Pareto principle.
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The factor c̄γi—placing a larger weight on the utilities of high-skilled individuals—is key
in achieving equal concern for sacrifice. When two individuals i and j incur the same
sacrifice (c̄i − ci/) c̄i = (c̄j − cj) /c̄j, also ci/c̄i = cj/c̄j and society is indifferent between
allocating a marginal increase in consumption to either i or j.

2.2 A comparison with utilitarianism: first best

We first assume away the asymmetric information problem: the government covers
the budget requirement R by levying an individual-specific lump-sum tax Ti. By the
quasi-linear utility function and lump-sum taxation, the labor supply is at the laissez-
faire level. Thus, the maximization problem of a (generalized) utilitarian society (with
isoelastic inequality aversion ρ ≥ 0) simplifies to

max{Ti}
∑ [u(wi ¯̀i−Ti,¯̀i)]

1−ρ

1−ρ

s.t.
∑

i Ti ≥ R.

Similarly, the first-best maximization problem for the proportional-sacrifice social
welfare function simplifies to

max{Ti}
(wi ¯̀i)

γ(wi ¯̀i−Ti)1−γ
1−γ

s.t.
∑

i Ti ≥ R.

The first-best optimum for the utilitarian criterion is instructive. If ρ = 0, the dis-
tribution of consumption is irrelevant and the lump-sum taxes are undefined. However,
when ρ > 0 and small (formally at the limit for ρ → 0), the optimal lump-sum taxes
are set to equalize the levels of consumption. This redistribution is extreme: at the
optimum, higher-skilled individuals will achieve a lower level of utility. Utilitarianism
“forces” higher-skilled individuals to produce for the sake of providing more consump-
tion to lower-skilled individuals. Only at the limit for ρ → ∞, when the criterion is
“Rawlsian,” are utilities equalized.

In contrast, the first-best optimum for the proportional-sacrifice social welfare func-
tion requires the lump-sum tax to be a fixed proportion of the gross income, indepen-
dently of γ.9 Combining the first-order conditions on the lump-sum taxes of i and j

9Note that γ = 0 is excluded and emerges only as a limit case. The reason is technical. When
γ = 0, the criterion is insensitive to the distribution of individuals’ sacrifice and thus the notion of
sacrifice itself cannot be singled out from the axioms.
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leads to
T ∗i
T ∗j

=
wi ¯̀i
wj ¯̀j

=
c̄i
c̄j

=
c∗i
c∗j
.

Therefore, the higher-skilled individuals combine a larger labor supply with a larger con-
sumption. In contrast, lower-skilled individuals work less and consume less. This cor-
relation between consumption and labor supply emerges from the proportional-sacrifice
social welfare function attributing relatively more weight to the higher-skilled individ-
uals. All individuals must contribute to the tax burden so as to incur the same level of
sacrifice, here measured as a proportion of laissez-faire consumption.

Nevertheless, the proportional-sacrifice optimum does not ensure that the utility of
higher-skilled individuals be higher than that of lower-skilled individuals. This should
not come as a surprise, because it depends on the budget of the government. To
illustrate, consider the extreme case of the budget of the government being equal to the
laissez-faire income (R =

∑
iwi

¯̀
i). At the optimum, each individual’s tax burden is

her laissez-faire income. Then, consumption is zero and equal across individuals, while
the labor supply is unchanged and penalizes (in terms of utility) those individuals
with a higher skill level (who supply more labor). Consider instead the other extreme,
when the government need not raise money (R = 0). The utilitarian optimum equalizes
consumptions, while the proportional-sacrifice optimum is to avoid any taxation. Then,
higher-skilled individuals are better off than lower-skilled ones.

2.3 A comparison with utilitarianism: second best

Assume there are two types of individuals, h and l, with wh > wl. Types are private
information of the individuals. The government sets a tax schedule T associating a level
of taxes T (y) to each level of income y. Let yi ≡ wi`i and let Pi be a real-valued, strictly
increasing and concave function for i = h, l, named the Pareto function. Then, both
the utilitarian and sacrifice-based views are captured by the following sum-of-utility
social welfare function

W =
∑
i=h,l

Pi

(
u

(
ci,

yi
wi

))
.

The utilitarian criterion emerges when the Pareto functions Ph and Pl are equal across
individuals, increasing, and concave. The proportional-sacrifice social welfare function

emerges when the Pareto functions take the form Pi (z) = c̄γi
(z+v(l̄i))

1−γ

1−γ for each z ∈ R
and i = h, l. Since W can represent any criterion that respects Pareto efficiency, the
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government’s problem has the same structure as in Stiglitz (1982).
The government maximizes the social welfare function W subject to the budget

revenue requirement ∑
i=h,l

T (yi) =
∑
i=h,l

(yi − ci) ≤ R,

and subject to the incentive compatibility constraints

ICCh : u

(
ch,

yh
wh

)
≥ u

(
cl,

yl
wh

)
,

ICCl : u

(
cl,

yl
wl

)
≥ u

(
ch,

yh
wl

)
.

For both the utilitarian and proportional-sacrifice criteria, we can exclude that ICCl
binds.

Case 1. ICCh binds. When the incentive compatibility constraint of the skilled
type is binding, the optimal tax schedule requires T ′ (yh) = 0 and T ′ (yl) > 0. The
labor supply choice of the skilled type is undistorted, while the labor supply choice of
the low-skill type is distorted downward. The government trades off the efficiency cost
of labor supply distortions against the information rent of the skilled type.

Case 2. Neither ICCh nor ICCl binds. The optimal tax schedule requires
T ′ (yh) = T ′ (yl) = 0. Labor supply choices are not distorted and the first-best allocation
is implemented.

With a utilitarian government, only case 1 is possible. The government would like
the high-skill type to achieve a lower utility than the low-skill type. However, the
skilled can always mimic the low skilled and achieve a higher utility (the utility cost
of earning yl is smaller). Thus, the incentive compatibility constraint of the high-skill
type is always binding.

With the proportional equal-sacrifice government, both case 1 and case 2 are pos-
sible. There exists a threshold budget requirement level R̄ > 0. When the government
budget requirement is small (when R ≤ R̄), the incentive compatibility constraints are
not binding and the first-best equal-sacrifice allocation can be implemented. When the
government budget requirement is large (when R > R̄), the incentive compatibility
constraint of the high-skill type binds.

Thus, with asymmetric information, the incentive compatibility constraints signif-
icantly limit the extent of redistribution the government can implement. Then, the
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first-best goal of “favoring” the lower-skilled individuals is unachievable and is only in-
directly reflected in the second-best optimum. Thus, asymmetric information reduces
the gap between the implications of utilitarianism and common views on the optimal
level of income redistribution.

Relatedly, the differences in second-best policies between welfare criteria might not
be very large. Whether they are not depends on a combination of factors. First, a suf-
ficiently large government budget requirement ensures that the incentive compatibility
constraint of the high-skill type is binding for both criteria. Second, a large elasticity of
labor supply limits the space of feasible redistributive policies for the government and
thus forces the policies to be similar. Third, the inequality attitudes toward utility (for
the utilitarian criterion) and toward sacrifice (for the proportional-sacrifice criterion)
are not directly comparable and interact with both the budget requirement and labor
supply elasticities.

3 Model and axioms

3.1 Model

The set of individuals is I ⊂ N; it is finite and satisfies |I| ≥ 3. Individuals differ by
their labor skills, reflected in their wage rates: for each i ∈ I, let wi > 0 denote the
wage rate of individual i.

Each individual i ∈ I supplies labor `i ≥ 0, earns income yi ≡ wi`i, and consumes
ci ≥ 0. Her preferences are represented by a utility function u (ci, `i), which is continu-
ous, increasing in ci, decreasing in `i, and strictly concave. We assume consumption is
an essential good, that is, limc→0 uc =∞.

An allocation a ≡
(
{ci, `i}i∈I

)
specifies a bundle (ci, `i) for each individual i ∈ I.

Let A be the set of all allocations.
The government collects taxes to cover an exogenous budget R. Since skills/wages

are private information of individuals, taxes can depend only on individuals’ incomes.
Let the tax function be denoted by T : R → R. For each i ∈ I, after-tax income is
yi − T (yi).

The goal of the government is to set the tax function to maximize social preferences.
Social preferences are a complete, transitive, and continuous preference relation % on
the set of allocations A. For each pair a, a′ ∈ A, a % a′ means that a is socially at
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least as desirable as a′. The asymmetric and symmetric counterparts of % are denoted
� and ∼. Social welfare can be represented by a continuous social welfare function
W : A→ R. Thus, for each pair a, a′ ∈ A, a % a′ if and only if W (a) ≥ W (a′).

As standard, we require social preferences to satisfy the Pareto principle. In other
words, if individuals are made better off, social welfare cannot decrease.

Efficiency: For each pair a, a′ ∈ A, if u (ci, `i) ≥ u (c′i, `
′
i) for each i ∈ I and u (ci, `i) >

u (c′i, `
′
i) for some i ∈ I, then a % a′.

Next, we impose inequality aversion on social preferences by imposing strict convex-
ity.10

Inequality aversion: For each pair a, a′ ∈ A and each β ∈ (0, 1), a ∼ a′ implies
βa+ (1− β) a′ � a.

Finally, we impose that social welfare comparisons do not depend on the bundle as-
signed to an unconcerned individual. For the sake of simplicity, denote by (ai, a−i) the
allocation a ∈ A that assigns ai ≡ (ci, `i) to individual i and a−i ≡ (cj, `j)j∈I\{i} to the
other individuals.

Separability: For each a, a′ ∈ A, each i ∈ I, and each āi =
(
c̄i, ¯̀

i

)
, (ai, a−i) %(

ai, a
′
−i
)
if and only if (āi, a−i) %

(
āi, a

′
−i
)
.

Efficiency, inequality aversion, and separability imply the social welfare function belongs
to a very general class of criteria. By efficiency, society evaluates individuals through
their own preferences: W can be written as a function of the utilities achieved by each
individual. By inequality aversion, social preferences are strictly convex with respect
to the allocation and, thus, W is strictly concave in its arguments. By separability,
the assignment of individual i does not matter for how society trades off the utility of
individuals j and k; thus, W is additively separable.

Let the Pareto functions (Pi)i∈I be real-valued, continuous, and strictly increasing
functions such that for each i ∈ I, Pi (u (ci, `i)) is strictly concave. A social welfare
function W : A→ R is “sum of utilities” if for each a ∈ A,

10Convexity is significantly weaker than what is widely assumed in the literature, where this condition
is supplemented with some form of symmetry or anonymity. In fact, most social welfare functions
satisfy convexity. Here, strict convexity avoids a technical issue: when social preferences are linear,
inequalities are irrelevant and the axioms cannot identify how to measure inequalities in sacrifice.
Convex social preferences then emerge as a limit case.
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W (a) =
∑
i∈I

Pi (u (ci, `i)) . (1)

This family of social welfare functions is significantly more general than usual. Un-
like in Mirrlees (1971), the functions (Pi)i∈I need not be equal across individuals. Unlike
in weighted utilitarianism (d’Aspremont and Gevers, 1977; Maskin, 1978), the functions
(Pi)i∈I need not be increasing affine transformations (thus, specifying Pareto weights).
As we discuss in the following, this degree of freedom is necessary to incorporate prin-
ciples of justice inspired by equality of sacrifice. Before doing so, we formalize the
implication of the above axioms. The proof is in Appendix A.

Lemma 1. Social preferences % satisfy efficiency, inequality aversion, and separability
if and only if % can be represented by a sum-of-utilities social welfare function.

3.2 Averting unequal sacrifice

In this subsection, we introduce axioms that ultimately (i) restrict the admissible defi-
nitions of sacrifice, (ii) discipline how social preferences ought to compare distributions
of sacrifice, and thus (iii) characterize the Pareto functions (Pi)i∈I consistent with social
aversion to unequal sacrifice.11

To start with, define the laissez-faire allocation ā. At the laissez-faire allocation,
each individual freely chooses how much labor to supply and consumes her entire in-
come. Formally, the laissez-faire bundle of each individual i ∈ I is

(
c̄i, ¯̀

i

)
such that

u
(
c̄i, ¯̀

i

)
≥ u (ci, `i) for each (ci, `i) with ci ≤ yi ≡ `iwi. Crucially, since individuals

entirely appropriate the returns from their own work, individuals make no sacrifice.12

Let individual i′s (implicit) tax burden at the bundle
(
ci, ¯̀

i

)
be measured by

the difference in consumption with the laissez-faire allocation, that is, bi ≡ c̄i − ci. By
11A different approach is to start with a cardinally measurable and interpersonally comparable

index of sacrifice of individuals. With such rich information, one could just require that social welfare
decreases when sacrifice is transfered from a low-sacrifice individual to a high-sacrifice individual.
However, without a theory of how to measure sacrifice at each allocation, the corresponding welfare
criterion would not be applicable. Our approach is more ambitious. Here, the index of sacrifice emerges
endogenously from the axioms as a way to represent the social ranking of allocations.

12This is a natural choice in the Mirrleesian framework. In general, however, the no-sacrifice alloca-
tion is a more controversial choice. For example, with general equilibrium effects on wages, the level
of taxation can affect the relative productivity of individuals. More drastically, the government might
not be able to ensure property rights without taxation, making the laissez-faire allocation undefined.
Importantly, our results extend to alternative choices of no-sacrifice allocations when the axioms are
modified accordingly.
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definition of laissez-faire, an individual working ¯̀
i has a gross income of ȳi ≡ ¯̀

iwi. At
the laissez-faire allocation, individual i would consume the entire income c̄i = ȳi. At
the bundle

(
ci, ¯̀

i

)
instead, individual i works the same time ¯̀

i but consumes ci. Then,
the tax burden is the difference between these consumption levels.13 Intuitively, each
individual’s sacrifice increases the larger her tax burden is.

The first principle of equal sacrifice tells us that society should avert situations
whereby one individual makes a sacrifice while another individual does not. In other
words, individuals should solidarily bear the cost of taxation. We state this ideal in
the form of a transfer principle. More precisely, assume that at an allocation a ∈ A,
individual i has a positive tax burden bi > 0 (i consumes less than at the laissez-faire
bundle), while individual j has a negative tax burden bj < 0 (j consumes more than
at the laissez-faire bundle). This distribution of the tax burden is unfair according to
the equal-sacrifice principle. Then, ceteris paribus, a transfer of consumption from i to
j increases further the tax burden of i while decreasing that of j. This distribution of
the tax burden is even more unfair and thus social welfare cannot be higher.

Tax solidarity: For each pair a, a′ ∈ A, each pair i, j ∈ I, and each ε > 0, such that:

• b′i − ε = bi ≥ 0 ≥ bj = b′j + ε;

• `i = `′i = ¯̀
i and `j = `′j = ¯̀

j; and

• (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j};

then, a % a′.

Tax solidarity implies that (together with efficiency) no taxation is optimal when the
government’s budget is R = 0. The intuition is immediate. The R = 0 budget condition
means taxation is not needed, but can be introduced for the sake of redistribution.
However, tax solidarity tells us that redistribution away from the laissez-faire allocation
cannot improve social welfare. Thus, when R = 0, the laissez-faire allocation is optimal
and no taxation should be adopted. Moreover, no individual makes any sacrifice and
equal sacrifice is achieved.14

13The fixed labor supply can be interpreted as a ceteris paribus assumption. Its importance is
easily explained: when paying a positive income tax, individuals may adjust labor supply upward to
compensate for the lost income. If labor supply is allowed to vary, the extent of this income effect
will matter for measuring the tax burden. In some situations, the individual might end up consuming
more than at the laissez-faire (when leisure is a Giffen good), but is still worse off.

14This axiom rules out redistribution motives. However, it captures the ideal of equal sacrifice.
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The next ethical principle deals with a different type of unfairness. Without loss
of generality, assume individual i’s consumption at the laissez-faire allocation is larger
than j’s, that is, c̄i ≥ c̄j. At an allocation a ∈ A, individual i has a smaller tax burden
than j does, that is, 0 ≤ bi < bj; labor supply is that of the laissez-faire allocation.
Individuals earn incomes wi ¯̀i = c̄i ≥ c̄j = wj ¯̀j and consume ci > cj. Crucially, bi < bj

implies the difference in earnings is smaller than the difference in consumption: the tax
burden imposed on individuals exacerbates inequality. Consider now increasing further
the tax burden of j, while further reducing that of i. This transfer of consumption
makes the allocation more unfair and thus cannot improve social welfare.

Fair burden: For each pair a, a′ ∈ A, each pair i, j ∈ I with c̄i ≥ c̄j, and each ε > 0,
such that:

• 0 ≤ b′i + ε = bi < bj = b′j − ε;

• `i = `′i = ¯̀
i and `j = `′j = ¯̀

j; and

• (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j};

then, a % a′.

Fair burden deals with situations whereby the sacrifice of individual i (who is better
off at the laissez-faire allocation) is too small relative to that of some other individual.
Next, we discipline how social welfare deals with situations whereby the sacrifice of
individual i is too large.

As before, assume individual i’s consumption at the laissez-faire allocation is larger
than j’s, that is, c̄i ≥ c̄j. At allocation a ∈ A, individual i’s consumption is smaller
than j’s, that is, ci < cj; labor supply is that of the laissez-faire allocation. Individuals
earn incomes wi ¯̀i = c̄i ≥ c̄j = wj ¯̀j and consume ci ≤ cj. The sacrifice of i is so large
that, net of the sacrifice, the consumption of i is smaller than that of j. Consider now
making the sacrifice of i even harsher by reducing her consumption for the benefit of j.
This change makes the allocation more unfair and cannot improve social welfare.

The interpretation is that individuals entirely deserve the wage rate their labor supply gives, not
more nor less. In contrast, utilitarianism suggests that individuals do not deserve their wage rates,
pushing for redistribution (Feldstein, 1976). The fathers of the equal-sacrifice principles suggest to
deal with poverty by ensuring individuals have a subsistence consumption. Within our framework,
a possible solution is to introduce a threshold of consumption s and measure the tax burden by
bi ≡ max {c̄i, s}−ci. Then, at laissez-faire allocation, lower-skilled individuals have a positive “burden”
(when s > c̄i) and redistribution is optimal, even when R = 0.
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Fair reward: For each pair a, a′ ∈ A, each pair i, j ∈ I with c̄i ≥ c̄j, and each ε > 0,
such that:

• c′i + ε = ci < cj = c′j − ε;

• `i = `′i = ¯̀
i and `j = `′j = ¯̀

j; and

• (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j};

then, a % a′.

We represent the three axioms introduced above in figure 1. On the Cartesian plane, the
consumptions of individuals i and j are represented on the axes. Consumption levels
c̄i and c̄j are those of the laissez-faire allocation.15 Without loss of generality, here i
is again the individual consuming more at the laissez-faire allocation, that is, c̄i ≥ c̄j.
Not represented, the labor supply choices are those of the laissez-faire allocation.

The northwest and southeast areas from the laissez-faire consumptions are those
where tax solidarity applies. These areas are characterized by one individual mak-
ing a sacrifice, while the other does not. The arrow pointing toward the laissez-faire
consumptions (c̄i, c̄j) represents the direction of increasing social welfare.

Southwest of the laissez-faire consumptions is the area where both individuals make
a sacrifice. Fair burden applies below the 45 degree line from the laissez-faire consump-
tions. In this area, the tax burden of j is larger than that of i. Again, the arrow
suggests that transferring consumption from i to j increases social welfare.

Finally, the portion of the area above the 45 degree line from the origin is such that
the consumption of j is larger than that of i. In this area, fair reward applies. In this
area, the tax burden of i is so large that her consumption is now smaller than j’s. The
arrow points to reducing j’s consumption for the benefit of i’s. Fair reward suggests
this transfer increases social welfare.

To further illustrate our axioms, it is helpful to contrast them to the Pigou-Dalton
transfer principle, satisfied by the utilitarian criterion. The Pigou-Dalton transfer prin-
ciple requires that a transfer from a poorer to a richer individual reduces social welfare.

15These consumption levels can be interpreted as legitimate claims of individuals. In a “claims prob-
lem,” the objective is to fairly allocate an endowment that is not sufficient to cover the claims (Thomson,
2019). Interestingly, the “path of awards of a rule”—that is, the locus of assignments associated to
each level of endowment—is related to our sacrifice function—that is, the locus of allocations where
individuals incur the same sacrifice (a similar point emerges also in Chambers and Moreno-Ternero,
2017 and Stovall, 2020). Our focus on complete rankings and the framework (multidimensional and
with individuals’ choices) make the axiomatic analysis very different.
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Figure 1: Equal-sacrifice principles.

Let utility be additively separable between consumption and leisure. Then in the above
graph, the arrow of increasing social welfare for the Pigou-Dalton principle always points
to the 45 degree line, independently of the laissez-faire income of the individuals. Thus,
the standard Pigou-Dalton transfer principle agrees with the implication of both fair
burden and fair reward, while these remain weaker.16 Such a weakening is necessary
to accommodate the view expressed by survey respondents (see Saez and Stantcheva,
2016). They overwhelmingly support the view that a family earning 50,000$ and paying
15,000$ of taxes is more deserving than an (otherwise identical) family earning 40,000$
and paying 5,000$. This means that—in contrast to the Pigou-Dalton transfer prin-
ciple and utilitarianism—the arrow of social improvement for the survey respondents
points away from an equal after-tax income of 35,000$ to the benefit of the higher-
income earner. Similar survey evidence is shown in Schokkaert and Devooght (2003)
and Weinzierl (2014).

16As the graphical representation suggests, the axiom that conflicts with the Pigou-Dalton transfer
principle and, thus, rules out utilitarianism is tax solidarity.
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4 The sacrifice-based welfare criteria

4.1 Comparisons of sacrifice

First, for each allocation a ∈ A and each individual i ∈ I, let the equivalent con-
sumption of i at a be the level of consumption ei (ci, `i) such that

ei (ci, `i) = k ⇐⇒ u (ci, `i) = u
(
k, ¯̀

i

)
,

where ¯̀
i is the labor supply at the laissez-faire allocation. The function ei (ci, `i) tells

us the level of consumption that, when combined with the laissez-faire labor supply,
gives the same utility as that of the bundle (ci, `i).

Next, we define the sacrifice function S : R+ × R++ → R. This function mea-
sures the sacrifice made by each individual in an interpersonally comparable way. Let
individual i ∈ I be assigned the bundle

(
ci, ¯̀

i

)
; then, i’s sacrifice is given by S (ci; c̄i).

More generally, i’s sacrifice at bundle (ci, `i) is given by S (e (ci, `i) ; c̄i). Let the sacrifice
function S be decreasing in the first argument, increasing in the second argument, and
continuous. Furthermore, it satisfies the following restrictions:

• [zero sacrifice normalization] x = y implies S (x; y) = 0;

• [slope bound for positive sacrifice] whenever S (x; y) = S (x′; y′) > 0, then |x− x′| ≤
|y − y′|.

Let S be the domain of these functions. Importantly, the sacrifice function is ordinal,
because it represents only an ordering of levels of sacrifice incurred by any two individ-
uals. In figure 2, we illustrate how the sacrifice function works. On the left part of the
Cartesian plane, individual i faces the wage level wi and chooses the utility-maximizing
bundle

(
c̄i, ¯̀

i

)
. Similarly, individual j with wage level wj chooses the utility-maximizing

bundle
(
c̄j, ¯̀

j

)
. The bundles

(
c̄i, ¯̀

i

)
and

(
c̄j, ¯̀

j

)
constitute the laissez-faire allocation.

The corresponding levels of consumption c̄i and c̄j are reported by the horizontal axis of
the right part of the Cartesian plane, where we represent the sacrifice function through
its isosacrifice curves. At the 45 degree line, the level of sacrifice is 0. The level of
sacrifice decreases with the assigned consumption and increases with the laissez-faire
consumption, making the isosacrifice curves increasing. The slope bound implies that,
for positive levels of sacrifice, the slope of the sacrifice function cannot exceed 1.
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Figure 2: Isosacrifice curves and comparability in terms of sacrifice.

Let individual i be assigned the bundle (ci, `i). Her level of utility is the same as if
she was assigned her equivalent consumption ei (ci, `i) and the laissez-faire labor supply
¯̀
i. The implicit tax burden of i is given by the difference between c̄i and ei (ci, `i).
Interpersonal comparisons of sacrifice are made through the isosacrifice curve of level
S (ei (ci, `i) ; c̄i). Individual i makes a larger sacrifice than j whenever S (ei (ci, `i) ; c̄i) ≥
S (ej (cj, `j) ; c̄j).

4.2 The measurement of each individual’s contribution to social

welfare

For each individual i, let the Pareto function of i be denoted by Pi : R2
+ → R. Then,

Pi (u (ci, `i)) is i’s contribution to social welfare at (ci, `i). As we shall discuss,
society maximizes the sum over individuals of these contributions. Before that, we
introduce the restrictions on the Pareto functions.

For each i and each bundle (ci, `i), denote by βi (ci, `i) the social marginal welfare
weight of i at bundle (ci, `i); formally:

βi (ci, `i) ≡
∂

∂ci
Pi (u (ci, `i)) .
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Then, we impose there exists a sacrifice function S ∈ S and a real-valued increasing
function g such that for each i and each ci ∈ R+:

1. βi
(
ci, ¯̀

i

)
= g (S (ci; c̄i)) > 0; and

2. Pi (u (ci, `i)) is strictly concave in its arguments.

To explain, since the social marginal welfare weights are positive, the Pareto functions
are increasing. Thus, the contributions to social welfare of individuals are representa-
tions of their preferences. Condition 1 also imposes equality of social marginal welfare
weights when the level of sacrifice incurred by individuals is the same, as identified by
the sacrifice function S. Furthermore, since g is increasing, the social marginal wel-
fare weights are higher for individuals incurring a larger level of sacrifice. Condition
2 ensures concavity of individuals’ contributions to social welfare and thus aversion to
inequality in sacrifice.

When the above conditions are satisfied, we say a set of Pareto functions (Pi)i∈I is
consistent with a sacrifice function S.

4.3 The welfare criterion

The equal-sacrifice social welfare function W : A → R is defined by setting for
each a ∈ A,

W (a) ≡
∑
i∈I

Pi (u (ci, `i)) ,

where (Pi)i∈I are Pareto functions consistent with a sacrifice function S ∈ S.
Our main result shows the above ethical principles characterize the family of equal-

sacrifice social welfare functions.

Theorem 1. Social welfare % satisfies efficiency, inequality aversion, separability, tax
solidarity, fair burden, and fair reward if and only if it can be represented by an equal-
sacrifice social welfare function.

4.4 The proportional-sacrifice social welfare function

In Section 2, we introduced the proportional-sacrifice social welfare functions, a spe-
cial case of the family of equal-sacrifice social welfare functions. Two ethical choices
characterize these criteria. First, the sacrifice function S is proportional, that is,

20



S (c; c̄) = (c̄− c) /c̄. Second, the social attitude toward inequality in sacrifice is cap-
tured by a unique parameter γ > 0. In the following, we provide a characterization of
these criteria.

The following principle strengthens fair burden to deal with situations in which the
sacrifice of individual i (who is better off at the laissez-faire allocation) is relatively too
small as opposed to that of some other individual j. In these cases, a regressive transfer
from j to i cannot improve social welfare.

Fair relative burden: For each pair a, a′ ∈ A, each pair i, j ∈ I with c̄i ≥ c̄j, and
each pair α, ε > 0, such that:

• c′i + ε = ci > αc̄i and αc̄j > cj = cj − ε;

• `i = `′i = ¯̀
i and `j = `′j = ¯̀

j; and

• (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j};

then, a % a′.

The next principle strengthens fair reward and disciplines situations in which the sac-
rifice of individual i (who is better off at the laissez-faire allocation) is relatively too
large as opposed to that of some other individual j. In these cases, a regressive transfer
from i to j cannot improve social welfare.

Fair relative reward: For each pair a, a′ ∈ A, each pair i, j ∈ I with c̄i ≥ c̄j, and
each pair α, ε > 0, such that:

• c′i + ε = ci < αc̄i and αc̄j < cj = cj − ε;

• `i = `′i = ¯̀
i and `j = `′j = ¯̀

j; and

• (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j};

then, a % a′.

We represent these principles in figure 3.
Finally, we introduce a weak form of scale invariance with respect to the tax con-

sumption of individuals. Assume all individuals work at the laissez-faire labor supply.
Then, proportional changes in consumptions do not affect how society ranks two allo-
cations.

Scale invariance: For each a, a′, a′′, a′′′ ∈ A and each κ > 0 such that:
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Figure 3: Relative equal-sacrifice principles.

• ci = κc′′i and c′i = κc′′′i for each i ∈ I;

• `i = `′i = `′′i = `′′′i = ¯̀
i for each i ∈ I;

then, a % a′ if and only if a′′ % a′′′.

The following lemma summarizes the relationships between the above axioms.

Lemma 2. For a social welfare %:

1. fair relative burden implies fair burden;

2. fair relative reward implies fair reward;

3. fair relative burden and fair relative reward imply tax solidarity;

4. fair burden and scale invariance imply fair relative burden;

5. fair reward and scale invariance imply fair relative reward;

6. tax solidarity and scale invariance imply fair relative burden and fair relative
reward.
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We can now characterize the proportional-sacrifice social welfare function. The
proof is similar to that in Piacquadio (2020) and is omitted.

Theorem 2. Social welfare % satisfies efficiency, inequality aversion, separability, tax
solidarity and scale invariance if and only if it can be represented by a social welfare
function W p such that for each a ∈ A,

W p (a) ≡
∑
i∈I

Pi (u (ci, `i)) ,

where, for each i ∈ I, Pi satisfies

∂

∂ci
Pi
(
u
(
ci, ¯̀

i

))
≡ βi

(
ci, ¯̀

i

)
=

(
ci
c̄i

)−γ
,

for some γ > 0.

This result states that, for the proportional-sacrifice social welfare function, the
Pareto functions (Pi)i∈I : (i) need to be consistent with the proportional-sacrifice func-
tion S (c, c̄) = (c̄− c) /c̄; and that (ii) their derivatives at the laissez-faire labor supply
(defining the social marginal welfare weights) need to be a power transformation of
1− S (c, c̄).

5 A simulation exercise

Next, we turn to the continuous version of the Mirrlees model for a simulation exercise.
Individuals’ wage rates are now continuously distributed according to f(w) on w ∈
[wb, wt].17 We assume an additively separable utility function U(ci, li) = u(ci) − v(li)

with u′(c) > 0, u′′(c) < 0. Following Saez (2001), the first-order condition for optimal
marginal tax rates T ′ (y(w)) is given by

T ′(y(w))

1− T ′(y(w))
=

1 + εu(w)

εc(w)

Uc(w)

wf(w)

∫ wt

w

((
1− P ′θ (U(θ))Uc(θ)

λ

)
1

Uc(θ)
f(θ)dθ

)
,

where εu(w) and εc(w) are, respectively, the uncompensated and compensated labor
supply elasticities. The marginal utility of consumption is Uc(w) and the marginal social

17The continuity of the welfare criterion with respect to the types of individuals—here identified by
their wage rate—ensures that the continuous version of our criterion is well-defined.
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welfare weight of increasing consumption for the agent with skill w is P ′w(U(w))Uc(w).
Since the structure of the optimal tax problem is unaffected by the Pareto functions Pw
chosen for each individual, all the standard results apply, including no negative tax rates
and the zero marginal tax rate at the upper limit. Moreover, the necessary condition
is also sufficient when the single-crossing condition is satisfied (y(w) non-decreasing).

Unfortunately, little more can be said analytically about optimal tax rates from
the Mirrlees problem. Hence, we turn to numerical simulations. Our objective is to
highlight the difference between the optimal tax schedules under the utilitarian and
the equal-sacrifice social welfare functions. We apply the standard additively sepa-
rable utility function used in many simulations (e.g., Mankiw et al., 2009, and Saez,
2001): U(ci, li) =

(
c1−ρ
i − 1

)
/ (1− ρ) − αlσi /σ. Then, equivalent consumption is given

by ei(ci, li) =
(
(1− ρ)

(
U(ci, li) + v(l̄i)

)
+ 1
)1/(1−ρ). The marginal social welfare weights

for the proportional-sacrifice criterion are

∂

∂ci
W p(ci, li) =

(
e(ci, li)

c̄i

)−γ
∂e(ci, li)

∂ci
=

1

1− ρ

(
e(ci, li)

c̄i

)−γ (
e(ci, li)

ci

)ρ
.

These marginal social welfare weights differ from those obtained in Section 2. Here,
the additional term ∂e (ci, li) /∂ci is here different than 1 when `i 6= ¯̀

i due to income
effects, which were excluded in Section 2. When individuals distort their labor supply
downwards (li < l̄i), the income effects amplify the well-being change of an increase in
consumption (the indifference curves are “closer” to each other), which society accepts
by efficiency. We set the same utility parameters as in Mankiw et al. (2009): ρ = 1.5,
α = 2.55, and σ = 3.18 We also use the same income distribution parameters (for the
US in 2007). However, we deviate from their study by including an exogenous revenue
requirement, R, equal to 30% of total laissez-faire income.19

Our exercise consists in comparing the log utilitarian social welfare function

WU =

∫ wt

w

ln [u (cθ, `θ)] f(θ)dθ

with the log proportional-sacrifice social welfare function (emerging when γ = 1)
18We thank Gregory Mankiw, Matthew Weinzierl, and Danny Yagan for making their data and code

available.
19As a reminder, in the absence of a revenue requirement, the equal-sacrifice social welfare function

would optimally select the laissez-faire outcome.
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W S =

∫ wt

w

c̄i ln [e (cθ, `θ)] f(θ)dθ.

A few preliminary remarks are in order. First, the goal of this exercise is simply to
illustrate the applicability of our results and roughly argue that the policy implications
of our proposal are reasonable. This ensures that one cannot reject our axiom and
equal-sacrifice criterion by Rawls’ reflective equilibrium argument. Second, the concern
for the different types of inequality is set to logarithmic. The logarithm is recognized
as a middle ground level of concavity, between linear (no concern for inequality) and
infinite (full priority to the worst-off). We leave to future research the analysis of the
inverse optimal taxation problem, whereby the ethical parameters of the welfare criteria
are set to match the observed tax system (see Bourguignon and Spadaro, 2012).

The results are summarized by the graphs in figure 4, representing the marginal
tax rate and the average tax rate emerging for the two criteria. The optimal tax sys-
tem derived with the proportional-sacrifice social welfare function is less redistributive
than the one derived with the utilitarian criterion. Crucially, this does not imply that
the equal-sacrifice criterion is insensitive to the well-being of low-income individuals.
Rather, the proportional-sacrifice criterion is characterized by a lower willingness of
society to transfer to the worst-off individuals.

This lower concern for redistribution appears to be consistent with real-world income
taxes. In particular, the utilitarian second-best policy supports marginal tax rates above
60% for all individuals (and up to 80% for high-income individuals). In contrast, the
proportional-sacrifice criterion supports marginal tax rates that are about 20 percentage
points lower. 20 These marginal tax rates are similar to those observed in the US
tax system. Here, we plot the 2007 marginal tax rates for the combined federal and
California state taxes on the income of singles (since California sets the highest state
income taxes, it provides the strongest case for the tax schedule implied by utilitarianism
compared to the one impled by proportional sacrifice). Note that the difference of
marginal tax rates for low incomes can be explained by the absence of an extensive labor
supply margin (see the discussion in Diamond and Saez, 2011). When the extensive
margin is accounted for, optimal marginal tax rates at the lowest income levels are

20Note that the optimal tax schedule for the utilitarian criterion is not very sensitive to inequality
aversion in utilities. At the extreme of no inequality aversion, the utilitarian social welfare function is
the sum of (untransformed) utilities. The corresponding optimal tax schedule has marginal tax rates
that are about 5 percentage points lower than with the log-utilitarian criterion.
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Figure 4: A comparison between the utilitarian and equal-sacrifice criteria: the marginal
and average tax rates.
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significantly lower (Saez, 2002; Jacquet, Lehman, and van der Linden, 2013).21

The average tax rates are also informative. Utilitarianism suggests subsidies (nega-
tive average taxes) ought to be distributed to the bottom 35% of the population, while
the proportional-sacrifice criterion does so for only the bottom 15% of the population.
In fact, utilitarianism implies a lump-sum transfer more than 5 times larger than that of
the proportional-sacrifice criterion. Contrary to what one might expect, the tax system
implied by our criterionredistributes on net to the lowest income levels. This is due to
the presence of income effects. The incentive compatibility constraint forces downward
labor supply distorsions for the low-skilled workers. At such low labor supply, two con-
trasting forces define their second-best after-tax income. On the one hand, the negative
sacrifice (due to the large lump-sum transfer) suggests society ought to increase their
taxes for the benefit of higher income individuals. On the other hand, the income effects
amplify the welfare effect of changes in their after-tax income. Thus, while the equity
motive suggests an additional dollar be given to higher-skilled individuals, the efficiency
motive dominates for the lowest income earners. This result disappears when society is
infinitely averse to inequality in sacrifice (γ →∞), at which point the criterion requires
minimizing the largest sacrifice.

6 Conclusion

The optimal choice of income taxation is a key question in public economics. The answer
requires combining a positive model of the economy—capturing behavioral choices of
individuals—with normative aspects—reflecting ethical principles about how to com-
pare benefits and losses of individuals. However, since the seminal contribution of
Mirrlees (1971), the literature has mostly advanced by considering richer models of the
economy, while the normative criterion was generally set to be utilitarian.

The utilitarian criterion is subject to a number of criticisms. Among those, Edge-
worth (1897) highlights the utilitarian criterion imposes too strong a motivation to
redistribute: with inelastic earnings, the optimal taxation policy is to tax income at
100% and redistribute the tax revenues equally across individuals. A partial solution
has been to introduce different Pareto weights for different individuals. However, we
share Piketty and Saez’s view (2013) that “the Pareto weight approach is too general

21We expect the introduction of an extensive margin to bring the equal-sacrifice optimal tax rates
very close to the US tax system also for low incomes. We leave this exercise to future research.
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to deliver practical policy prescriptions in most cases” (p. 393).
In this paper, we revisit an old and well-known theory of fairness in taxation, namely

equal sacrifice. As a standard of perfection, equal sacrifice was unable to provide reason-
able policy guidance: in second best settings, equalizing sacrifice leads to inefficient tax
schedules. In contrast, our results establish it is possible to construct a social welfare
function combining fairness considerations based on the equal-sacrifice principle with a
concern for efficiency. The main result of the paper is the axiomatic characterization of
a family of equal-sacrifice social welfare functions, which prioritizes individuals making
a larger sacrifice. Our criterion redeems utilitarianism’s counterintuitive instances of a
redistributive motive and thus can have large impacts on optimal tax policy.

To speak to those impacts, we show that second-best optimal tax policy differs most
from the utilitarian one when the government’s budget requirement is not too large
and when the labor-supply elasticity is small. Then, we demonstrate how to apply
the criterion in a continuous Mirrlees model. In a numerical simulation for the US
economy, we show that the proportional equal-sacrifice social welfare function implies
lower tax rates and less redistribution than utilitarianism does, and is more in line with
the observed US tax schedule.

We conclude with a remark about our methodology. We believe our axiomatic ap-
proach innovatively shows how to bridge the gap between approaches to first-best dis-
tribution of resources—as addressed in the theory of fair allocations—and fine-grained
welfare criteria that trade off equity and efficiency considerations and, thus, can accom-
modate second best policy analysis. Such a methodology looks particularly promising
for the study of optimal second-best policies where differences in marginal utilities are
not enough information to accommodate widespread views on distributive justice. Ex-
amples include other (more general) optimal taxation settings, but also the provision
of public goods, the allocation of health services, matching problems, and so on.
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A Proof of Lemma 1

Inequality aversion implies that any subset of individuals is “strictly essential:” for each
I ′ ⊆ I and each {a∗i }i∈I\I′ , allocations a, a′ ∈ A with ai = a′i = a∗i for each i ∈ I\I ′

are not all indifferent. By continuity of the social preferences, separability, and strict
essentiality, Theorem 1 and Theorem 2 in Gorman (1968) apply and prove the existence
of a representation W (a) =

∑
i∈I Hi (ci, `i) , where Hi is continuous for each i ∈ I. By

efficiency, Hi (ci, `i) is an order preserving transformation of u (ci, `i). Thus, there exist
a continuous function Pi such that Hi (ci, `i) = Pi (u (ci, `i)). Substituting gives the
result.
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B Proof of Theorem 1

Part 1. We first show the equal-sacrifice social welfare function satisfies the axioms.
Let the sacrifice function be S ∈ S and let the individual Pareto functions (Pi)i∈I be
consistent with S. Then, the equal-sacrifice social welfare function is

W (a) ≡
∑
i∈I

Pi (u (ci, `i)) .

Efficiency. Since social marginal welfare weights are positive, the Pareto functions
are increasing. Then, for each i ∈ I and each pair (ci, `i) , (c

′
i, `
′
i), u (ci, `i) ≥ u (c′i, `

′
i)

if and only if Pi (u (ci, `i)) ≥ Pi (u (c′i, `
′
i)). Consider a pair of allocations a, a′ ∈ A

such that u (ci, `i) ≥ u (c′i, `
′
i) for each i ∈ I and u (ci, `i) > u (c′i, `

′
i) for some i ∈ I.

Thus, also Pi (u (ci, `i)) ≥ Pi (u (c′i, `
′
i)) for each i ∈ I and Pi (u (ci, `i)) > Pi (u (c′i, `

′
i))

for some i ∈ I. Then,
∑

i∈I Pi (u (ci, `i)) = W (a) > W (a′) =
∑

i∈I Pi (u (c′i, `
′
i)) and

a � a′. This proves the equal-sacrifice social welfare function satisfies efficiency.
Inequality aversion. By construction, for each i ∈ I, Pi (u (ci, `i)) is strictly concave

in its arguments. It follows thatW (a) is strictly concave in its arguments and inequality
aversion holds.

Separability. Separability follows from the additivity of the function W : the bundle
of an unconcerned individual is irrelevant for the ranking of two allocations.

Tax solidarity. Consider a pair of allocations a, a′ ∈ A satisfying the requirements
in the definition of tax solidarity. These allocations are such that for some pair of
individuals i, j ∈ I and some ε > 0: b′i − ε = bi ≥ 0 ≥ bj = b′j + ε; `i = `′i = ¯̀

i and
`j = `′j = ¯̀

j; and (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j}. By definition,

bi ≡ c̄i − ci and b′i ≡ c̄i − c′i. Thus, c′i = c̄i − b′i = c̄i − bi − ε and, substituting for bi,
c′i = ci − ε. Similarly, c′j = cj + ε. Substituting and since individuals k ∈ I/ {i, j} are
unaffected, we may write

W (a)−W (a′) = Pi
(
u
(
ci, ¯̀

i

))
−Pi

(
u
(
ci − ε, ¯̀

i

))
+Pj

(
u
(
cj, ¯̀

j

))
−Pj

(
u
(
cj + ε, ¯̀

j

))
.

Now, by first-degree Taylor expansion and concavity of individuals’ contributions to
social welfare,

Pi
(
u
(
ci − ε, ¯̀

i

))
≤ Pi

(
u
(
ci, ¯̀

i

))
− εβi

(
ci, ¯̀

i

)
,
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where, for memory, βi
(
ci, ¯̀

i

)
= ∂

∂ci
Pi
(
u
(
ci, ¯̀

i

))
; and

Pj
(
u
(
cj + ε, ¯̀

j

))
≤ Pj

(
u
(
cj, ¯̀

j

))
+ εβj

(
cj, ¯̀

j

)
,

where βj
(
cj, ¯̀

j

)
= ∂

∂cj
Pj
(
u
(
cj, ¯̀

j

))
.

Thus,
W (a)−W (a′) ≥ ε

[
βi
(
ci, ¯̀

i

)
− βj

(
cj, ¯̀

j

)]
.

Finally, since S (ci; c̄i) > 0 > S (cj; c̄j) and since g is increasing, βi
(
ci, ¯̀

i

)
=

g (S (ci; c̄i)) > g (S (cj; c̄j)) = βj
(
cj, ¯̀

j

)
. Thus, W (a) ≥ W (a′) and a % a′. This

proves tax solidarity holds.
Fair burden. Consider a pair of allocations a, a′ ∈ A satisfying the requirements in

the definition of fair burden. These allocations are such that for some pair of individuals
i, j ∈ I with c̄i ≥ c̄j and some ε > 0: 0 ≤ b′i + ε = bi < bj = b′j − ε; `i = `′i = ¯̀

i and
`j = `′j = ¯̀

j; and (ck, `k) = (c′k, `
′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j}. Substituting for bi,

b′i, bj, and b′j, c′i = ci+ε and c′j = cj−ε. Substituting and since individuals k ∈ I/ {i, j}
are unaffected, we may write

W (a)−W (a′) = Pi
(
u
(
ci, ¯̀

i

))
−Pi

(
u
(
ci + ε, ¯̀

i

))
+Pj

(
u
(
cj, ¯̀

j

))
−Pj

(
u
(
cj − ε, ¯̀

j

))
.

Now, by first-degree Taylor expansion and concavity of individuals’ contributions to
social welfare,

Pi
(
u
(
ci + ε, ¯̀

i

))
≤ Pi

(
u
(
ci, ¯̀

i

))
+ εβi

(
ci, ¯̀

i

)
,

and

Pj
(
u
(
cj − ε, ¯̀

j

))
≤ Pj

(
u
(
cj, ¯̀

j

))
− εβj

(
cj, ¯̀

j

)
.

Thus,
W (a)−W (a′) ≥ ε

[
βj
(
cj, ¯̀

j

)
− βi

(
ci, ¯̀

i

)]
.

Finally, since ci ≤ c̄i, S (ci; c̄i) ≥ 0. Furthermore, ci − cj ≥ c̄i − c̄j. Thus, by the
slope restriction on S, S (ci; c̄i) ≤ S (cj; c̄j). Then, since g is increasing, βi

(
ci, ¯̀

i

)
=

g (S (ci; c̄i)) ≤ g (S (cj; c̄j)) = βj
(
cj, ¯̀

j

)
. Thus, W (a) ≥ W (a′) and a % a′. This proves

fair burden holds.
Fair reward. Consider a pair of allocations a, a′ ∈ A satisfying the requirements in

the definition of fair reward. These allocations are such that for some pair of individuals
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i, j ∈ I with c̄i ≥ c̄j and some ε > 0: c′i + ε = ci < cj = c′j − ε; `i = `′i = ¯̀
i and

`j = `′j = ¯̀
j; and (ck, `k) = (c′k, `

′
k) =

(
c̄k, ¯̀

k

)
for each k ∈ I/ {i, j}. Since individuals

k ∈ I/ {i, j} are unaffected, we may write

W (a)−W (a′) = Pi
(
u
(
ci, ¯̀

i

))
−Pi

(
u
(
ci − ε, ¯̀

i

))
+Pj

(
u
(
cj, ¯̀

j

))
−Pj

(
u
(
cj + ε, ¯̀

j

))
.

Now, by first-degree Taylor expansion and concavity of individuals’ contributions to
social welfare,

Pi
(
u
(
ci − ε, ¯̀

i

))
≤ Pi

(
u
(
ci, ¯̀

i

))
− εβi

(
ci, ¯̀

i

)
,

and
Pj
(
u
(
cj + ε, ¯̀

j

))
≤ Pj

(
u
(
cj, ¯̀

j

))
+ εβj

(
cj, ¯̀

j

)
.

Thus,
W (a)−W (a′) ≥ ε

[
βi
(
ci, ¯̀

i

)
− βj

(
cj, ¯̀

j

)]
.

Finally, S is decreasing in the first argument and increasing in the second: ci < cj

and c̄i ≥ c̄j imply that S (ci; c̄i) > S (cj; c̄j). Thus, since g is increasing, βi
(
ci, ¯̀

i

)
=

g (S (ci; c̄i)) > g (S (cj; c̄j)) = βj
(
cj, ¯̀

j

)
. Thus, W (a) ≥ W (a′) and a % a′. This proves

fair reward holds.

Part 2. We now show social preferences satisfying the axioms admit a representa-
tion by means of an equal-sacrifice social welfare function.

The proof is divided in several steps.
Step 1. Assume social preferences % satisfy the axioms. Then, there exists real-

valued increasing and strictly concave functions (hi)i∈I such that social welfare W rep-
resenting % is defined by setting for each a ∈ A,

W (a) =
∑
i∈I

hi (ei (ci, `i)) .

Proof. Lemma 1 establishes social preferences % may be represented by a social wel-
fare function of the sum-of-utilities type. Formally, there exist real-valued increasing
functions (fi)i∈I such that fi (u (ci, `i)) is strictly concave for each i ∈ I and such that,
for each pair a, a′ ∈ A, a % a′ if and only if

W (a) =
∑
i∈I

fi (u (ci, `i)) ≥
∑
i∈I

fi (u (c′i, `
′
i)) = W (a′) .
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Next, for each i ∈ I, ei (ci, `i) is the consumption-equivalent representation of
preferences of i. Thus, there exists a real-valued increasing function hi such that
hi (ei (ci, `i)) = fi (u (ci, `i)) for each (ci, `i). This shows social preferences may be
represented by the social welfare function W , as defined above.

It remains to show the functions (hi)i∈I are strictly concave. By definition of the
consumption-equivalent representation of preferences, for each i ∈ I and each ci ∈
R+, hi (ci) = fi

(
u
(
ci, ¯̀

i

))
. Since fi (u (ci, `i)) is strictly concave, also hi is strictly

concave.

Next, for each ci ∈ R+, denote h′i
(
c−i
)
and h′i

(
c+
i

)
the left and right first-order

derivatives, respectively, of hi at ci. Let Ā be the set of allocations a ∈ A such that
`i = ¯̀

i for each i ∈ I. Then, for each a ∈ Ā, W (a) =
∑

i∈I hi (ci) . Let the choice
correspondence C be defined as follows: for each k ≥ 0, C (k) is the set of consumption
vectors (ci)i∈I with

∑
i∈I ci ≤ k that maximizeW . Let k̄ ≡

∑
i∈I c̄i. The following steps

characterize the properties of C (with a slight abuse of notation, we shall use C also to
denote the choice function, after showing the correspondence C is single-valued).

Step 2. The choice correspondence C satisfies the following properties:

1. it is non-empty, single-valued, and continuous with respect to k;

2. it is strictly monotonic, k > k′ implies C (k)� C (k′);

3. C
(
k̄
)

= (c̄i)i∈I ;

4. (ci)i∈I = C (k) implies ci > cj ⇐⇒ c̄i > c̄j for each i, j ∈ I;

5. for k ≤ k̄, (ci)i∈I = C (k) implies ci − cj < c̄i − c̄j for each i, j ∈ I.

Proof. 1. W is increasing, continuous, and strictly concave, and so is
∑

i∈I hi (ci). Thus,
the choice correspondence C is non-empty, single-valued, and continuous with respect
to k.

2. Let (ci)i∈I = C (k) and (c′i)i∈I = C (k′). By contradiction of strict monotonicity,
assume k > k′ and C (k) 6� C (k′). Then, there exists a pair of individuals i, j ∈ I such
that c′i ≤ ci and c′j > cj. At the optima, h′i

(
c−i
)
≥ h′j

(
c+
j

)
and h′i

(
c+
i

)
≤ h′j

(
c−j
)
and,

similarly, h′i (c′i−) ≥ h′j
(
c′j

+
)
and h′i (c

′
i
+) ≤ h′j

(
c′j
−). By strict concavity, h′i (c′i−) ≥

h′i (c
′
i
+) ≥ h′i

(
c−i
)
≥ h′i

(
c+
i

)
and h′j

(
c−j
)
≥ h′j

(
c+
j

)
> h′j

(
c′j
−) ≥ h′j

(
c′j

+
)
. Combining

these conditions leads to the following contradiction:

h′i
(
c−i
)
≥ h′j

(
c+
j

)
> h′j

(
c′j
−) ≥ h′i

(
c′i

+
)
≥ h′i

(
c−i
)
.
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3. By contradiction of C
(
k̄
)

= (c̄i)i∈I , assume (c̄i)i∈I 66= C
(
k̄
)
≡ (ci)i∈I . Then,∑

i∈I hi (ci) >
∑

i∈I hi (c̄i). At (ci)i∈I , the tax burden of each individual i ∈ I is
bi ≡ c̄i−ci. Since k̄ =

∑
i c̄i,

∑
i∈I bi = 0. Let

−→
b be the reordered vector of tax burdens

of individuals:
−→
b ≡

(
b(1), ..., b(|I|)

)
is such that b(1) ≤ b(2) ≤ ... ≤ b(|I|), where (i) is the

individual that, after permutation, occupies the i’th place in the order of tax burdens.
Since (c̄i)i∈I 66= (ci)i∈I ,

−→
b 6= 0 and thus b(1) < b(|I|).

We next apply tax solidarity a finite number of times to show that (c̄i)i∈I is socially
at least as desirable as (ci)i∈I , leading to a contradiction. The process is iterative and
indexed by t. Let ct ≡ (cti)i∈I and let

−→
b t be the corresponding reordered vector of tax

burdens. Let c1 ≡ (ci)i∈I . At each step t, three cases emerge.
Case (i).

∣∣∣bt(1)

∣∣∣ < ∣∣∣bt(|I|)∣∣∣. Let ct+1 be such that ct+1
(1) = c̄(1), ct+1

(|I|) = ct(|I|) + bt(1), and
ct+1

(i) = ct(i) for each i such that (i) 6= (1) , (|I|). Since bt(1) < 0, this is a transfer from
(|I|) to (1).

Case (ii).
∣∣∣bt(1)

∣∣∣ > ∣∣∣bt(|I|)∣∣∣. Let ct+1 be such that ct+1
(1) = ct(1) − bt(|I|), c

t+1
(|I|) = c̄(|I|), and

ct+1
(i) = ct(i) for each i such that (i) 6= (1) , (|I|). Since bt(|I|) > 0, this is again a transfer
from (|I|) to (1).

Case (iii).
∣∣∣bt(1)

∣∣∣ =
∣∣∣bt(|I|)∣∣∣ = 0. Let ct+1 = ct.

The process converges in a finite number of iterations: c(|I|) = (c̄i)i∈I . For each
t = 1, ..., (|I|), let the allocation at ∈ A assign to each individual the bundle

(
cti,

¯̀
i

)
.

Then, for each iteration t, if at 6= at−1, cases (i) or (ii) apply and, by tax solidarity,
at % at−1. Otherwise, at = at−1 and thus at ∼ at−1. By the representation result in
Step 1, this implies

∑
i∈I hi (c

t
i) ≥

∑
i∈I hi

(
ct−1
i

)
. Thus, also

∑
i∈I hi (c̄i) ≥

∑
i∈I hi (ci).

This is a contradiction.
4. The proof is similar to that of 3, where fair reward is applied.
5. The proof is similar to that of 3, where fair burden is applied.

We next construct the function S : R+ × R++ → R and then verify S is a sacrifice
function.

First, for each i ∈ I and each k ≥ 0, let S (ci; c̄i) = k̄−k if and only if (ci)i∈I = C (k).
Second, we complete the sacrifice function linearly for non-observed levels of laissez-

faire consumption (when y 6= c̄i for each i). Reorder individuals in increasing order of
laissez-faire consumption, that is, (i) ≤ (j) if c̄i ≤ c̄j. Let c̄0 = 0. Set y ∈ R++. Then,
two cases emerge: either (1) there exists i ∈ I such that c̄(i−1) ≤ y ≤ c̄(i) or (2) y > c̄(|I|).

Case 1. Let i ∈ I be such that c̄(i−1) ≤ y ≤ c̄(i) and let α ∈ [0, 1] be such that
y = αc̄(i−1) + (1− α) c̄(i). Then, for each x ∈ R+, S (x; y) = k̄ − k if and only if
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x = αc(i−1) + (1− α) c(i) where S
(
c(i−1); c̄(i−1)

)
= S

(
c(i); c̄(i)

)
= k̄ − k.

Case 2. Let (i) be such that c̄(|I|) − c̄(i) is positive and smallest for all i ∈ I.22 Let
α > 1 be such that

(
y − c̄(i)

)
= α

(
c̄(|I|) − c̄(i)

)
. Then, for each x ∈ R+, S (x; y) = k̄− k

if and only if
(
x− c(i)

)
= α

(
c(|I|) − c(i)

)
where S

(
c(i); c̄(i)

)
= S

(
c(|I|); c̄(|I|)

)
= k̄ − k.

Step 3. The function S is a sacrifice function. That is, S satisfies the following
conditions:

1. a) decreasing in the first argument, b) increasing in the second argument, and c)
continuous;

2. x = y implies S (x; y) = 0; and

3. S (x; y) = S (x′; y′) > 0 implies |x− x′| ≤ |y − y′|.

Proof. 1a) For each i, the function S (ci; c̄i) is decreasing in ci by strict monotonicity of
C (k): more precisely, let k < k′; then, (ci)i∈I = C (k) � C (k′) = (c′i)i∈I , ci < c′i, and
S (ci; c̄i) = k̄ − k > S (c′i; c̄i) = k̄ − k′. For each y ∈ R+, S (x; y) is decreasing in x as it
is constructed as a linear combination of functions (S (ci; c̄i))i∈I which are decreasing
in the first variable.

1b) Property 4 of Step 3 states that: (ci)i∈I = C (k) implies ci > cj ⇐⇒ c̄i > c̄j for
each i, j ∈ I. By construction of S, this implies that S (x, y) = S (x′, y′) with y < y′ if
and only if x < x′. Since S is decreasing in the first argument, S (x, y) < S (x, y′).

1c) Since C (k) is continuous in k, for each i, the function S (ci; c̄i) is continuous in
ci. Continuity of S then follows by construction.

2) By construction, S (c̄i, c̄i) = k̄ − k̄ = 0 for each i ∈ I. Now, for each y ∈
R++, either there exists i ∈ I such that c̄(i−1) ≤ y ≤ c̄(i) or y > c̄(|I|). In the first
case, S (y, y) = 0 since, by definition of S, S

(
c̄(i−1); c̄(i−1)

)
= S

(
c̄(i); c̄(i)

)
= 0 and

y = αc̄(i−1) + (1− α) c̄(i) for some α ∈ [0, 1]. In the second case, let (i) be such that
c̄(|I|) − c̄(i) is positive and smallest for all i ∈ I. Then, S (y; y) = 0 since, by definition
of S, S

(
c̄(i); c̄(i)

)
= S

(
c̄(|I|); c̄(|I|)

)
= 0 and

(
y − c̄(i)

)
= α

(
c̄(|I|) − c̄(i)

)
for some α > 1.

3) By contradiction, let k ≡ S (x; y) = S (x′; y′) > 0 and |x− x′| > |y − y′|. Without
loss of generality, let x > x′ and y > y′. By construction, the implicit function S (x, y) =

k is piecewise linear: it may change slope only in correspondence to y = c̄i with (i) =

2, ..., (|I|) − 1. By the mean value theorem, x − x′ > y − y′ implies there exists a pair
22When c̄(|I|) = c̄(|I|−1), such individual (i) differs from (|I| − 1).
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i, j ∈ I such that ci − cj > c̄i − c̄j with S (ci; c̄i) = S (cj; c̄j) = k. Clearly, ci and cj

belong to (cm)m∈I = C (k). Thus, ci − cj > c̄i − c̄j is a violation of fair reward (as
shown above).

The proof is completed by the following step, which shows that the Pareto functions
Pi = fi are consistent with the sacrifice function S.

Step 4. For each i ∈ I, let the Pareto function of i be Pi such that Pi (u (ci, `i)) ≡
hi (ei (ci, `i)). The Pareto functions (Pi)i∈I are consistent with S. That is, for each
i ∈ I, the social marginal welfare weights βi satisfy βi

(
ci, ¯̀

i

)
= g (S (ci; c̄i)) > 0, where

g is a real-valued increasing function, equal across individuals, and such that individuals’
contributions to social welfare (Pi (u (·, ·)))i∈I are strictly concave in their arguments.

Proof. Strict concavity of Pi (u (·, ·)) immediately follows from Step 1. Strict concavity
and efficiency also imply g is increasing and social marginal welfare weights are positive.

Finally, we show g is equal across individuals. By contradiction, assume not.
Then, there exists a pair i, j ∈ I and ci, cj ∈ R+ with S (ci; c̄i) = S (cj; c̄j) such that
βi
(
ci, ¯̀

i

)
6= βj

(
cj, ¯̀

j

)
. By construction, ci and cj belong to (cm)m∈I = C (k) for some

k ≥ 0. However, βi
(
ci, ¯̀

i

)
6= βj

(
cj, ¯̀

j

)
imply

∂hi(ci,¯̀i)
∂ci

6= ∂hj(cj ,¯̀j)
∂cj

. This contradicts
that C (k) maximizes social welfare W (from Step 1) among the vectors (c′m)m∈I such
that

∑
m∈I c

′
m ≤ k.
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