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Abstract

This paper derives the incidence of a pollution tax in a stylized general equilibrium framework,
building on previous work by Fullerton and Heutel (2007a). Using the CPI as numeraire, we show
that tax incidence is a simpler problem than previously thought, and that general insights can be
derived without the need to restrict the parameter space. In addition, the counter-intuitive
possibility that an increase in the tax could lead to worse pollution outcomes vanishes. The choice
of the CPI as numeraire is further justified by the fact that environmental taxes, for instance carbon
taxes, are typically indexed on inflation.
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1 Introduction

It has been known since the seminal work of Muth (1964), and later confirmed through
the more general results of Heiner (1982) and Braulke (1984), that under fairly general
conditions, the law of input demand holds at the industry level even when the prices of
outputs or other inputs are allowed to adjust in related markets in response to the input
price increase. An interpretation of this law is that an exogenous tax on an industry input
reduces the overall use of that input, even if certain firms end up using more of it. That
is, demand and “derived demand” both slope down in the aggregate. If the taxed input
causes pollution, pollution will unambiguously be reduced by an increase in the tax.!
This simple economic logic lies at the core of environmental taxation (Baumol and Oates,
1988).

While the literature cited above explicitly allows for the presence of markets besides
the one subject to taxation, they rely on partial equilibrium approaches. In seminal
contributions to the analysis of the incidence of environmental policy, Fullerton and Heutel
(2007a) and Fullerton and Heutel (2010b) show that the desirable effects of environmental
taxation on pollution may no longer apply in a general equilibrium context, even in a
closed economy and under the assumption of homogenous spending propensities on the
demand side.? That is, an increase in the tax on a polluting input (e.g., carbon) may
in some cases lead to more, not less, pollution. Similarly, in a cap-and-trade system, a
decrease in the cap on a polluting input could lead to a decrease in the permit price.

Fullerton and Heutel (2007a) suggest that the ambiguity regarding the applicability of
the law of input demand to polluting inputs is due to general equilibrium feedback effects.?
The present paper shows that whenever the law of input demand is violated for pollution,
the equilibrium in their model is unstable in the Marshallian sense.# The occurrence of
such instability, which may seem tangential to the issue of policy incidence, is in fact
closely related to it as all comparative statics, not simply that on the pollution outcome,

are reversed in this case. This precludes general conclusions to be drawn regarding policy

1The result holds as long as the supply of the dirty input is less than infinitely inelastic. If it is infinitely
inelastic, input use remains constant, but it does not increase.

2In earlier work, Mieszkowski (1967) relaxes the assumption of identical spending propensities among
owners of capital and owners of labor and shows that a series of counterintuitive comparative statics may
ensue.

3See, for instance, the discussion in footnote 14 of Fullerton and Heutel (2007a). For an example of model
parameterization leading to the counterintuitive outcome, see Appendix A.6.

4Put simply, Marshallian instability means that if the demand price of a good exceeds the supply price
of that good, quantity will move further away from its equilibrium value.



incidence itself. We go on to show that the existence of unstable equilibria is an artefact
of the choice of numeraire good. In short, due to the non-market nature of pollution,
the tax on the polluting input is a nominal, rather than ad valorem, tax. As a result, the
effects of this nominal tax on goods provision, resource allocation, and relative prices
implicitly depend on which good is chosen as numeraire, as the tax increases the price
of the polluting input relative to that of the numeraire. Said differently, there are as many
varieties of environmental taxes as choices of numeraire good.>

The question naturally arises as to which good should then be chosen as numeraire,
that is, to the price of which good the environmental tax should be anchored. Instead of
being anchored to the price of a single good, the tax could conceptually be anchored to a
price index reflecting the average level of prices across a set of goods.® In that sense, the
choice of which variety of environmental taxation to model in general equilibrium may
seem overwhelming.

In this paper, we argue that any reasonable anchoring price index should be one for
which the law of input demand is satisfied, that is, an increase in the price of the dirty
input relative to the equilibrium value of the index unambiguously leads to a decrease in
input use—and attendant pollution. Such requirement amounts to ruling out equilibria
that are unstable in the Marshallian sense and thus ensures that meaningful comparative
statics can be derived (Samuelson, 1941). With this constraint in mind, we consider two
classes of price indices: those defined over the prices of consumption goods (uses side)
and those defined over factor prices (sources side). Using the model of Fullerton and
Heutel (2007a), we show that within each class, there exists a unique index that satis-
ties the stability constraint. We express each index using underlying parameters of the
economy. On the uses side, the price index is identical to an inflation index, namely
the product of the prices of consumption goods raised to their respective expenditure
shares. On the sources side, the price index is equal to the product of factor prices raised

5The issue here is not about the undeterminacy surrounding the overall magnitude of prices, but, since
the model is used to compare equilibria, that an increase in the nominal tax rate increases the price of pollution
relative to the price of the numeraire while potentially decreasing it relative to other prices. In earlier studies
by Bovenberg and Goulder (1997) and De Mooij and Bovenberg (1998) that also consider a pollution tax,
capital, the polluting input, and a final consumption good are supplied to/demanded from a small economy
in an infinitely elastic fashion, with fixed rates of exchange on the world market. As a result, a tax on the
dirty input increases the price of that input relative to that of capital and that of the consumption good.
The only price determined endogenously in the model is the wage rate. A government budget constraint
imposes that a rise in the pollution tax be matched by a decrease in either the tax on labor or that on capital,
giving rise to the possibility of an increase in pollution through an expansion in output. The mechanism
behind the increase in pollution in these earlier models is thus distinct from that in Fullerton and Heutel
(2007a) and Fullerton and Heutel (2010b).

¢A similar point is made in Baylis et al. (2014, pg. 63).



to their respective income shares. Importantly, none of these indices depend on behav-
ioral parameters such as substitution elasticities, either in production or consumption.”
Therefore, a government could anchor the pollution tax to either index without unrealistic
informational requirements. For instance, the pollution tax could be tied to the Consumer
Price Index (CPI). With a pollution tax so designed, not only is the effect of a rise in the
tax in accordance with the law of input demand and the intent of environmental taxation,
but the tax incidence results discussed by Fullerton and Heutel (2007a) in the context of
specific parameter values also hold generally.

Although fairly recent, the contribution of Fullerton and Heutel (2007a) has had an
undeniable influence in the environmental economics literature. Their model has been
used in Fullerton and Heutel (2007b), Fullerton and Heutel (2010b), Fullerton and Heutel
(2010a), and Fullerton et al. (2011). It has been modified or extended in further contribu-
tions by Fullerton and Monti (2013), Baylis et al. (2013), Rivers (2013), Baylis et al. (2014),
Rausch and Schwarz (2016), and Goulder et al. (2016). Their analysis has also provided
needed clarity on important drivers of the incidence of environmental policy in studies
that involve more complex and realistic models of the economy, e.g., Rausch et al. (2011),
Rausch and Mowers (2014), or Marten et al. (2019), and in policy discussions, e.g., Morris
and Munnings (2013).

Our paper makes four contributions to the literature. First, we show that well-designed
pollution taxes need not have ambiguous effects on equilibrium pollution levels in general
equilibrium, and that counterintuitive pollution outcomes identified in previous literature
imply unstable equilibria. Second, we ask whether there exist anchoring prices that avoid
equilibrium instability altogether. We show that the answer is yes, and that, reassuringly
perhaps, the set of candidate indices is limited. On the uses side, the only index satisfying
the stability constraint for all parameter values is equivalent to the CPI. On the sources
side, it is equivalent to a producer price index for primary production factors. Third, using
these indices, we demonstrate that tax incidence results previously derived only in special
cases hold in fact quite generally. Fourth, we empirically demonstrate that the choice of
numeraire in general equilibrium models influences comparative statics with respect to
nominal taxes on non-market goods like pollution. Notably, using a model calibrated
to the US economy, we show that predicted pollution impacts may differ by up to 40%
depending on the choice of anchoring price, and that this choice acts as an essential driver
of predicted incidence on the uses side. The fact that our model is extremely stylized
suggests that even larger discrepancies could occur in richer models where the number of

7Our model assumes homothetic, but not necessarily Cobb-Douglas, consumer preferences.



candidate numeraire goods is larger.

In terms of policy implications, we note that many recent policy proposals for a U.S.
carbon tax already choose to index the tax to inflation, albeit for reasons likely unrelated to
the results discussed here (Marron et al., 2015; Aldy, 2016; Vail and Burtraw, 2016; Metcalf,
2018; Climate Leadership Council, 2019; H.R. 763, 2019; H.R. 3966, 2019; H.R. 4058, 2019;
S. 1128, 2019; S. 2368, 2018; S. 2284, 2019). Furthermore, carbon taxes indexed to inflation
have already been implemented in a number of countries, including Denmark and Sweden
(Withana et al., 2013), Iceland (PMR, 2017), Norway (Haites et al., 2018), Chile, Colombia,
and Mexico (UN, 2019), the Netherlands (Andersen et al., 2007), South Africa (Act No. 15,
2019), and the United Kingdom (National Audit Office, 2007).% The arguments laid out in
the present paper serve to strengthen the case for such indexation. Our simulation results
further suggest that accurately modeling the effects of such policies in general equilibrium
requires special attention to the choice of anchoring price.

Although our general equilibrium analysis is of direct relevance to environmental pol-
icy, our findings on the comparative statics of tax incidence do not rely on any assumption
regarding the actual external effects of the “dirty” input on technology or consumer utility;
all that is required for our results is that this input be a non-market good available to the
economy in sufficiently large quantity. As such, the framework conceptually applies to
other settings, for instance per-period restrictions on the extraction of a natural resource

for the purposes of conservation or sustainability.

2 Model and notation

We borrow the assumptions of Fullerton and Heutel (2007a), which build upon the seminal
model of Harberger (1962). The model is parsimonious and aims to capture the essen-
tial drivers and overall magnitude of environmental tax incidence, rather than provide
accurate predictions for a given economy, as would a more detailed computable general
equilibrium approach. A notable advantage is that it can be solved analytically, providing
a “model of the model” (Fullerton and Heutel, 2010a). Relatedly, Fullerton and Ta (2019)
demonstrate that a stylized and analytically solvable model of the US economy delivers
quantitative predictions on the effects of a carbon tax that are not far from those obtained
from the detailed CGE model developed by Goulder and Hafstead (2018), and can help
in understanding the drivers of these effects.

There are two economic sectors, X and Y/, that use labor (L) and capital (K) as inputs.

8California and Québec operate a cap-and-trade program rather than a carbon tax. Yet, the auction price
floor and price ceiling are both indexed to inflation (ICAP, 2019b,a).
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The dirty sector (Y) also uses a dirty input (Z, pollution). In each sector, production
displays constant returns to scale.” The economy is endowed with fixed quantities of
labor and capital allocated across the two sectors, and with an unspecified quantity of
dirty input. The use of the dirty input by sector Y causes pollution, which a tax on input
Z aims to reduce.

The model allows for pre-existing ad valorem taxes on all goods, but since the focus of
our discussion is on environmental taxes (the tax on input Z), we follow Fullerton and
Heutel (2007a) and ignore them in the discussion. That is, the only exogenous change is
a rise in the tax on the dirty input, and all other taxes are assumed to remain constant.
As in Harberger (1962), government is assumed to use additional tax revenue to purchase
the two goods in the same proportion as would households under the initial prices. A
consequence of this assumption is that the change in the relative aggregate demands for
consumption goods only depends on the change in their relative prices. An alternative
set of assumptions would be that tax revenue is redistributed to households, who have
identical homothetic preferences.

We denote by Lx (resp. Ly) the quantity of labor employed in sector X (resp. sector
Y), Kx (resp. Ky) the quantity of capital employed in sector X (resp.Y), px (resp. py) the
price of good X (resp. good Y), w (resp. r) the price of labor (resp. capital), and pz the

price of Z (that is, the tax per unit of Z). Small relative changes in equilibrium variables
dpy

p_Y .

The model is solved by differentiating equilibrium conditions pertaining to production,

are denoted with a “hat.” For instance, py =

consumption, and resource availability, yielding the following set of linear equations:

Lx+yLy = 0 (1)

Kx+ykKy = 0 (2)

X -0xiLx —6xkKx = 0 3)

Y - OyLLy — OykKy — 0yzZ = 0 4)

px — OxLw — Oxx? = 0 )

Py — OyL® — Oyk? = Oyzpz (6)

Lx—Kx+ox®—ox? = 0 7)

Ly — Z - Oyr(err — erz)® — Oyk(erk — exz)? = Oyz(erz —ezz)pz (8)
Ry = Z = Oyr(erk — eLz)® — Oyk(exx — exz)? = Oyzlekz — ezz)pz )
X-Y+o,px—oupy = O (10)

°In sector Y, the constant returns to scale are with respect to all three inputs L, K, and Z.



where y;, = Ly 5 0and VK = XY > 0 denote the resources allocated to sector Y relative
Lx L Kx
wLy

to sector X, Oxy = XX denotes the cost share of labor in sector X (and similarly for the

parameters Oxk, Oyr, Oyk, and Oyz), o, > 01is the elasticity of substitution in consumption

between X and Y, ox > 0is the elasticity of substitution between labor and capital in sector
X, and the parameters ¢;;, fori,j € {L,K,Z}, represent Allen elasticities of substitution
defined as ¢;; = Oy;a;j, where a;; is the conditional input demand elasticity for input i with
respect to the price of input j in sector Y. Microeconomic theory places restrictions on the
acceptable values of the Ox j» By}, and e;; parameters that are described in Appendix A.1.
Given an exogenous change pz, this system has 10 equations for 11 unknowns. Choosing
a numeraire good adds the missing relationship, but changing the numeraire also changes
the nature of the tax increase and therefore the variety of environmental policy considered.
In the next section, we express the tax on pollution, iz, relative to an explicit price index,

thereby eliminating the dependency of comparative static results on numeraire choice.

3 Anchoring the environmental tax to a price index

Consider the following Cobb-Douglas price index:
P = p?(ngYwaLraK

with positive exponents and ax + ay + ar + ax = 1 due to homogeneity of degree one.
(Since prices are determined up to a multiplicative constant, the price index so defined
is also determined up to the same multiplicative constant.) The relative change in ¥ can
then be expressed as
73 = axﬁx + ayﬁy + aLzD + Och.
If the price index % is used to anchor the pollution tax, then pz = P17, where 77 is

now interpretable as an ad valorem tax relative to #, and therefore
ﬁ 7z = ?A) +17.

Note that due to the equilibrium relationship px = Ox,@w + Oxk7, including px in
the price index # is redundant. That is, any change in the weight on px can be exactly
offset by changes in the weights on w and r, leaving # unchanged. This is not the case
for py because py = Oy + Oyx7 + Oyz1z, that is, unlike px, py implicitly includes 7z

independently of @ and 7. Without loss of generality, we can therefore focus on price



indices of the form
P = pﬁ (w“rl_“)l_ﬂ (11)

where 0 < a, f < 1. If B = 0 then the index reflects an average of factor prices, that is, the
price of a combined labor-capital input. If a = Oxz, then due to Equation (5) the index
reflects an average of prices of consumption goods. Note that our specification of the price
index includes as a special case the normalization made by Fullerton and Heutel (2007a),
thatis, P = px (B =0, a = Ox1).'° It also includes as special cases the choices of py (f = 1),
w(P=0a=1),orr (=0, a=0)as alternative numeraire goods.

In what follows, we focus on price indices that reflect prices either on the uses side
(a = Oxr) or the sources side (f = 0). Although we could analyze each case separately,
the price index in Equation (11) allows us to handle both cases within a single framework.
We also focus on price indices that can be constructed from the observation of an initial
equilibrium allocation and do not require knowledge of substitution elasticities, either in
production or consumption. The idea is that since the anchoring price index corresponds
to a particular policy choice, it is desirable for implementability to restrict the search to
indices that can be designed with readily available economic information.

Note that the restriction to price indices of the Cobb-Douglas form is made here without

loss of generality. Consider for instance a CES price index on the uses side

o-1 01159
P =|ppyg +1-Ppy |
where 0 < g <1and o > 0. It is easy to show that

P = Bjpx + (1 - B)py

where B = —= —. Therefore, a CES index would not meaningfully expand the set

Bry” +(1=PpyT
of acceptable )i(ndices, as the relative change in the value of the CES index is still reducible

to a convex combination of relative price changes. As such, any restriction on the CES
parameters f and o to ensure a downward-sloping demand for the polluting input would

necessarily be channelled through the Cobb-Douglas share B.

WFullerton and Heutel (2007a) choose the normalization px = 0 while setting pz = 7z (thatis, 7z is a
nominal tax), which given the equilibrium condition (5) is equivalent to setting § = 0 and a = Ox; .



Figure 1: The Marshallian adjustment process in the market for the dirty input

pz/P

pz(Z%

pz(ZY)

Tz

3.1 Stability of the competitive equilibrium with pollution tax

Here we use the concept of Marshallian stability, as explained for instance in Samuelson
(1941) or Plott and George (1992). Marshallian stability mandates that quantity adjusts to
the difference between the demand and the supply prices of a good.!! As explained in
Samuelson (1941), “the problem of stability of equilibrium is intimately tied up with the
problem of deriving fruitful theorems in comparative statics.”

We consider the following Marshallian adjustment process: if at any point in time ¢, the
quantity of polluting input Z; is such that the demand price for that quantity (expressed
relative to the price index #) exceeds the supply price (that is, the pollution tax 77), then
the quantity must increase. The opposite holds in the case when the demand price is
less than the supply price. Figure 1 shows a graphical representation of such adjustment
process in the normal case of a downward-sloping derived demand, assuming that in
the initial condition the quantity is less than the equilibrium value. Because the derived
demand for the input slopes down, the equilibrium is stable: the adjustment process
brings quantity closer to its equilibrium value. Had the derived demand sloped up, the
equilibrium would have been Marshallian unstable.

A simple mathematical representation of the Marshallian process posits the following

1In contrast, Walrasian stability mandates that price adjusts to excess demand, that is, the difference
between quantity demanded and quantity supplied. In our model with horizontal supply of polluting
input, the quantity of polluting input supplied is not a well-defined function of price, which precludes the
use of Walrasian stability.



dynamic relationship:

az

= _ 7) —
where pz(Z) represents the inverse demand function for the polluting input, expressed
relative to the price index . Following Samuelson (1941), we can use a first-order

expansion of the function pz(Z) around the equilibrium point Z to obtain

2 @) (z-2)

where we have made use of pZ(Z) = 7z. The solution to this differential equation,
together with the initial condition Z = Z°, is simply Z(t) = Z + (Z° — Z)ePz?)!, implying
that lim;_,. Z(t) = Z if and only if p/,(Z) < 0, that is, the demand for pollution slopes
down. This result establishes the fact that whenever the derived demand for pollution
slopes up, the equilibrium cannot be stable in the Marshallian sense. In what follows,
we characterize price indices ¥ that ensure that the derived demand for pollution slopes
down, that is, the equilibrium is stable in the Marshallian sense.

3.2 Desirable properties of a price index

We are looking for weights a,  on the price index in Equation (11) such that the following

three conditions are satisfied:

Condition 1 The pollution demand elasticity T% is defined for all parameter values (that is, the

equilibrium system denominator is never zero and thus does not change sign).
Condition 2 The weights a and B only depend on the observable parameters vk, yr, Oxk, Ovk,
and Oy, or combinations thereof.

Condition 3 The pollution tax has the intended effect for all parameter values, that is, T%

3.3 Derivation of the price indices

In Appendix A.3, we show that Condition 1 and Condition 2 imply the following restric-
tion:

[BOyk + (1 - B)(1 —a)] Oxc(1+y1) = [BOvL + (1 = B)a| Oxk(1 + yk), (12)

while Condition 3 is automatically satisfied as long as Condition 1 is. Equation (12) is
violated in Fullerton and Heutel (2007a)’s model where g = 0 and a = Oxr,, except in the
special case of equal factor intensities in the two sectors (y1 = yk).

9



We can now specialize the restriction in Equation (12) to the case of indices on the uses
or sources side. On the uses side (o = 0xr), Equation (12) implies that either y; = yk or
pyY

B = Xy that is, the desired price index is

P = pgxpgy (13)

where Ox represents the initial expenditure share on good X and 6y = 1 — 0x. No other
choice of weights will guarantee that the law of input demand holds for all parameter
values. In particular, neither px nor py as choices of numeraire (and thus anchoring

indices) would allow one to rule out upward-sloping demand for the dirty input.

. _ . . . _ QXL(1+7/L) .
On the sources side (8 = 0), Equation (12) implies that a = z—x O that is,
the price index is
R = w9y (14)
where 6 = —2»L_ — Ox(14+yL) represents the initial contribution of labor to
L = YLk = Oxamn+oxcdry0 6P

national income and Ok = 1 — 0;. Again, these weights are uniquely defined.!?

Note that the derivation of Equation (12) provides a formal proof of our claim that
the choice of numeraire matters when modeling a nominal tax on pollution. Here we
model the tax as an ad valorem tax anchored to the price index #, which is equivalent to
modeling a nominal tax with # as the numeraire. Fullerton and Heutel (2007a) model a
nominal tax with px as the numeraire, which is equivalent to modeling an ad valorem tax
anchored to the price of the clean good. The comparative statics with respect to 77 are
different across the two normalizations; in particular, the choice of px as the anchoring
price does not guarantee TZ—Z < 0, whereas that of #, with our proposed weights, does. One
may wonder whether the counterintuitive comparative static result would be possible in
a model with only one clean input, say labor. We show in Appendix B that in that case,
the derived demand for the polluting input slopes down for all anchoring price indices,

and all parameter values.

12]t is clear from the analysis in Appendix A.3 that whenever the law of derived input demand is violated,
the determinant of the equilibrium system has the “wrong” sign. As a result, all comparative static results,
not just the effect on pollution, are reversed relative to the normal case.

BMore generally, if one is willing to consider price indices that involve prices on both the uses and sources
side (that is, px, py, w, and r), it can be shown that any price index of the form POIRI-? with ¢ €[0,1], will
also satisfy Equation (12).

10



3.4 Equivalence between our price indices and inflation indices

Inflation is typically measured using a price index that reflects the overall cost of a ref-
erence basket of goods under varying prices. Consider that the reference basket is the
consumption basket before the change in the pollution tax. Our preferred pollution tax is
anchored to the price index = pix pgy where Ox and Oy are the reference budget shares.
When prices change in the economy, the change in our price index is:
?A) = 0 Xﬁ x + Qyﬁy

pxX dpx N pyY dpy
pxx + pyY Px pr + pyY Py
Xdpx + Ydpy

pxX +pyY

dCPI
‘CPL
= CPI

where CPI = px X +pyY represents the value of the reference basket. Therefore, expressing
the pollution tax as an ad valorem tax anchored to P is equivalent to adjusting a nominal
tax on pollution for inflation as measured by the CPI. In fact, many recent proposals for
a carbon tax in the U.S. propose secular adjustments to the per-unit tax to account for
inflation (H.R. 763, 2019; H.R. 3966, 2019; H.R. 4058, 2019; S. 1128, 2019; S. 2284, 2019).%4

A similar argument can be used to demonstrate that our price index on the sources
side represents a producer price index, where the weights on factor prices correspond to
the reference shares of each primary factor in national income.

4 Simple tax incidence

4.1 Sources side

We show in Appendix A.4 that, whenever Equation (12) holds,

sign {wfz r} = sign {au(yK —yr)+ve(1 + yr)erz — yx(1 + yL)eKZ} .

14Such adjustments would be on top of any ramping up of the tax meant to increase pollution reduction
incentives over time.

11



Which sector bears proportionately more of the tax burden therefore depends on the
consumption elasticity o,, the resource allocation parameters y; and yx, and the partial
substitution elasticities e;z and exz, but not on the cost shares in either sector or the
substitution elasticity in the untaxed sector.®

These few parameters affect the direction of the change in the price of labor relative
to capital in an intuitive yet subtle way. If labor and capital are equally substitutable
for pollution (erz = exz > 0), then the pollution tax places a disproportionate burden
on capital (i.e., @ — 7 > 0) when the polluting sector is capital intensive (yx > yL) as
long as goods are sufficiently substitutable in consumption (i.e., 0, > e;z = exz). If not
(04 < erz), then the input substitution effect dominates and the demand for capital in
the capital-intensive polluting sector rises so that the return to capital increases relative
to the wage rate. If both sectors are equally capital-intensive (i.e., Y1 = yk), then capital
bears disproportionately more of the tax burden if and only if it is less substitutable for
the polluting input than is labor.

These economic insights were already discussed, albeit for specific classes of model
parameterizations, in the original contribution of Fullerton and Heutel (2007a). Indeed,
the authors were prevented from drawing general conclusions by the fact that they could
not sign the main equilibrium system denominator except in special cases, which as we
have shown is a direct consequence of modeling the pollution tax increase relative to the
price of good X.

4.2 Uses side

On the uses side, we show in Appendix A.5 that for our choices of anchoring price indices,

sign {%} = sign {ox(1+ y1O0xr + yxOxx) + (Oyryx(l + yr) + Oykyr(1 + yx)) erx

+yL(1 +yk)(Oxk — Ovk)erz + yk(1 + yL)(OxL — Oyr)exz} -
This expression generally has an ambiguous sign, although we show that in the case of

equal factor intensities (y;, = yk), % > 0, that is, users of Y share proportionately more
tax burden than users of X irrespective of the values of the substitution elasticities.

15The size of 2=~ itself depends on the full set of model parameters and the choice of anchoring index,

see Section 5 and prpendiX C.
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Table 1: Model parameters

Parameter Value

er.K 1
Oy 1
ox 1
VL 0.25
YK 0.25
Oxr 0.60
Oy 0.45
Oyk 0.30
Note: Once we have set yr, vk, Oyr, and Oyk, Oxr. is determined by Ox;, = %.

5 Does the choice of numeraire matter in practice?

In the previous sections, we have formally shown that comparative static results for a
nominal pollution tax depend, from an analytical standpoint, on the choice of numeraire.
Appendix A.6 also provides an example whereby using px as numeraire leads to the
prediction that an increase in the pollution tax increases pollution, whereas the use of
our anchoring indices would lead to a decrease in pollution. Importantly, the signs of
the predicted tax incidence on the sources and uses sides would also be inconsistent for
that parameterization between the two choices of numeraire (i.e., px versus our proposed
price indices). Intuitively, cases whereby a rise in the pollution tax relative to px (or any
other price) lead to reversed comparative statics precisely correspond to cases whereby
the value of the pollution tax actually decreases relative to our proposed price indices.
Here, we investigate whether the choice of anchoring price index (or, for a nominal tax,
the choice of numeraire) matters in practice, that is, for reasonable model parameteriza-
tions reflecting existing economies. We use the model parameterizations of Fullerton and
Heutel (2007a) for the US economy, which is close to that used in Fullerton and Heutel
(2010b). In these papers, the polluting sector is defined by selecting polluting industries
based on the EPA’s Toxic Release Inventory for 2002. We do not limit our analysis to a
comparison of our price indices # and R to theirs (px). Instead, we broaden the scope of
the analysis by also considering the following indices: py, w, r. Other indices could be de-
tined, however we believe that the set of chosen indices affords sufficient insights into the
empirical question. Baseline parameter values are given in Table 1. All parameter values
are fixed, except for the Allen cross-price elasticities exz and ez which are allowed to take
on the values {-0.5,0.0, 0.5, 1.0}. We exclude pairs of elasticities that lead to violations of
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Table 2: Pollution effect of a 10% increase in the nominal pollution tax (%)

Z

exz erz xR py P ” ;

0.0 0.0 -2.00 -2.67 213 -2.00 -2.00
05 00 -358 477 -381 -354 -3.63
1.0 00 -510 -6.80 -544 -5.00 -5.26
05 05 -2.70 -3.60 -288 -276 -2.62
00 05 -438 583 -4.67 -442 -4.31
05 05 -6.00 800 -640 -6.00 -6.00
1.0 05 -758 -10.10 -8.08 -750 -7.69
-05 1.0 -497 -6.63 -531 -514 -4.75
00 10 -670 -893 -715 -6.84 -6.50
05 10 -838 -11.17 -893 -846 -8.25
1.0 1.0 -10.00 -13.33 -10.67 -10.00 -10.00

Note: Since y1 = Yk, Ox1 = 01, and therefore the index px leads to the same results as the index R.

the negative semidefiniteness of the Slutsky matrix in sector Y. Because it is assumed that
vL = Yk, Ox1 = 01 and therefore the index px leads to the exact same results as the index
R. This assumption is relaxed in additional simulations reported in Appendix C.1.

Results in Table 2 show that the choice of numeraire matters for the calculation of the
predicted effect of the nominal tax on pollution, even if there is no reversal in sign. The
largest discrepancies are found when comparing the use of the wage rate or the rental on
capital to that of the dirty good (good Y) as numeraires. In such comparisons, predicted
pollution effects (Z) differ by up to about 40%, and the choice of numeraire leads to
variations in predictions that are often comparable to those arising from alternative sets
of cross-price elasticities. Predictions using the price index ¥ are closer to those obtained
using px.

Effects on incidence mirror those on pollution effects, although the size of the effects
themselves is smaller. Still, for some model parameterizations, incidence is shown to
differ qualitatively between a model that uses w or r as the numeraire and one that uses
py as the numeraire. For instance, for exz = —0.5 and e;z = 1.0, using r as the numeraire
yields a predicted increase in < (resp. %) of 0.75% (resp. 2.39%), versus an increase of
1.05% (resp. 3.33%) when using py. On the uses side, the largest source of variation in
predicted effects is the choice of numeraire, not the choice of Allen cross-price substitution
elasticities.

In Appendix C.1, we report additional results that hold constant all Allen substitution

elasticities but allow factor intensities, as captured by yx — y1, to vary. Again we follow
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Table 3: Incidence effects of a 10% increase in the nominal pollution tax (%)

. . Sources side: W — 7 Uses side: py — px
K22 xR py P w px® pr P w  r
0.0 0.0 0.00 000 0.00 0.00 0.00 250 3.33 267 250 250

05 00 -026 -035 -028 -0.26 -0.26 250 333 267 247 254
1.0 00 -051 -0.68 -054 -050 -0.53 250 333 267 245 258

-05 05 053 071 056 054 0.51 250 333 267 255 242
00 05 026 035 028 026 0.26 250 333 267 253 246
05 05 000 000 0.00 0.00 0.00 250 333 267 250 250
1.0 05 -025 -034 -027 -025 -0.26 250 333 267 248 254
-05 1.0 079 1.05 084 081 075 250 333 267 258 239
00 10 052 069 055 053 0.50 250 333 267 255 243
05 10 025 034 027 026 025 250 333 267 253 246
1.0 1.0 000 0.00 0.00 0.00 0.00 250 333 267 250 2.50

Note: Since y1, = yk, Ox1. = 01 and therefore the index px leads to the same results as the index R.

the model parameterizations investigated in Fullerton and Heutel (2007a). Our results
confirm the importance of the choice of numeraire for predictions on pollution outcomes
and tax incidence. Notably, the variation in predictions induced by numeraire choice is
not dwarfed by that arising from the choice of factor intensities, and even exceeds it in the
case of incidence on the uses side.

Finally, in Appendix C.2 we report results for a calibration of the model relevant
for a US carbon tax and adapted from Fullerton and Ta (2019). This calibration leads to
discrepancies across anchoring indices even larger than those reported above. Specifically,
because the dirty sector is relatively small in terms of its use of labor and capital, and its
expenditure share on the polluting input is substantial, using py as the anchoring index
gives results very different from those obtained from the alternative indices.

6 Conclusion

This paper argues that numeraire choice can matter for assessing the general equilibrium
effects of environmental policy on pollution levels and relative prices, both analytically
and numerically. The reason is that pollution is a nonmarket good, making a pollution
tax a nominal tax with no direct ad valorem equivalent. Anchoring the pollution tax to the
equilibrium prices of other goods, as we have done here, renders the choice of numeraire
innocuous, but comparative statics then depend on the choice of anchoring price, a choice
that reflects different varieties of environmental policy. We have shown that if one anchors
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the pollution tax to inflation, then pollution always decreases with an increase in the tax
rate, the resulting equilibrium is always Marshallian stable, and tax incidence results
that have previously been derived for specific model parameterizations in fact hold quite
generally. Our analysis further implies that analytical and numerical models aimed at
capturing the general equilibrium effects of environmental taxes that are actually indexed
on inflation should use the relevant inflation index as numeraire, or explicitly anchor
these taxes to inflation, so that comparative static results have the correct sign, and the
correct magnitude. The fact that even in the pared-down model we use, the pollution and
incidence outcomes of nominal taxes depend critically on the numeraire suggests that the
same would be true in larger, more detailed models of the economy with a large set of

candidate numeraire goods.
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Appendices

A Proofs and derivations

A.1 Useful equalities and inequalities implied by theory

Constant returns to scale in sectors X and Y imply that Ox; + Oxx = 1 and Oy + Oyk +
Oyz = 1. Homogeneity of degree one of the conditional input demands implies that
Ovremr + Oykemx + Oyzemz =0, form € {L, K, Z}.

Concavity of the indirect cost function and Shephard’s lemma imply that the Jacobian
matrix of the conditional input demands is symmetric and negative semidefinite. These

properties translate to the matrix of Allen substitution elasticities, defined as

eLL €Lk €Lz
E=| ekt exx exz
ezl ezKk €zz

In particular, err, exk, ezz < 0, errexx — efK > 0, and similarly for other input pairs. In
addition, v'Ev < 0 for any 3 X 1 vector v. This property also implies that v'E;xv < 0 for
any 2 X 1 vector v, where

Note that the Allen substitution matrix is singular, and that any triplet of values of substi-
tution elasticities determine the remaining ones through homogeneity. Relatedly, the fact
that E; x be negative semidefinite suffices to ensure that the entire matrix E be negative
semidefinite.

OxLyL Oxkyk _ pyY

Simple algebra implies that == = == = XX and we will denote this ratio as 0.

Further note that 6(Oyryk + Oyk)yL) = YLYk-

A.2 Equilibrium displacement

Once a price index satisfying one-homogeneity, to which the pollution tax can be anchored
through the relation pz = P + 7, has been defined, the choice of which price to use as
a reference indeed becomes innocuous. That is, identical results on goods provision,
resource allocation, and relative prices will be obtained whether it is assumed that px = 0,
@ = 0, etc. Here we choose to set £ = 0, but our results would be identical if we chose
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any other price normalization.
Using the normalization # = 0, the system of equations describing the change in
equilibrium values can be written as:

Lx+yiLy = 0 (A-1)

Kx+ykKy = 0 (A-2)

X - 0x.Lx —0xxkKx = 0 (A-3)

Y = Oy Ly — OykKy = 0yzZ = 0 (A-4)

px — OxL® — Oxx? = 0 (A-5)

Py — OyL® — Oyk? = Oyziz (A-6)

Lx —Kx +ox®—ox? = 0 (A-7)

Ly — Z - Oyr(err — erz)® — Oyk(erk — exz)? = Oyz(erz —ezz)tz (A-8)
Ky - Z - Oyi(erk — eLz)® — Oyk(exk — exz)? = Oyzlexz —ezz)iz (A-9)
X-Y+oupx—oupy = 0 (A-10)

Bpy + (1 —Blaw +(1-pB)1—a)f = 0 (A-11)

which is a linear system that includes 11 equations in 11 unknowns. We are particularly
interested in deriving the effect T% (in order to ensure that Condition 1 holds) and the

effects % and TLZ (to derive the incidence of the tax increase).

[

A.3 Derivation of the pollution effect

L

V4

Condition 1 mandates that the comparative static T% be defined for all parameter values.
Given that the system describing equilibrium displacement is linear, this implies that the
determinant of the system matrix be nonzero, which, by continuity, implies that it must
be of a determinate sign. We will show that this requirement is met by imposing a simple
functional restriction on the weights of the price index.

Although we could compute the determinant of the system’s matrix directly, follow-
ing Fullerton and Heutel (2007a) it is easier to proceed by substitution to reduce the
dimensionality of the problem. Equations (A-1) and (A-2) imply that Lx = —yLﬁy and
Kx = —yKKy. Using (A-3), we then have X = —QXL)/LEY — QXKyKKy which, together with

(A-4), implies that X — Y = —(Ox1yL + OyL)Ly — (ykOxk + Oyk)Ky — OyzZ. Using (A-10)
OxLyL _ Oxkyk
Oyr —  Oyx 7

and defining 6 = this in turn implies that

OyL(1 + 6)Ly + Oyk(1 + 8)Ky + OyzZ = 0u(Px — Py). (A-12)
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Using (A-5) and (A-6), we have
px — Py = (Oxr — Oyr)w + (Oxkx — Oyk)? — OyzTz
which together with (A-12) implies
OyL(1+0)Ly +O0yk(1+8)Ky +0yz Z+0,(OyL—Ox1)W+0,(Oyk—Oxk)? = —0,OyzTz. (A-13)

One can then use (A-8) and (A-9) to eliminate Ly and Ky in Equation (A-13). To alleviate

notation, define

0y, = OyrlerL —eLz)
03, = Oyrlerk —erz)
Oy = Ovklerk —exz)
63 = Oyklexk —exz)
0y, = Oyzlerz —ezz)
63, = Oyzlexz —ezz)

After rearrangement, we obtain:

|0u(ByL — Ox1) + (1 + 6)(OyL 0y, + Oyk62)] @ + [04(Oyk — Oxk) + (1 + 0)(OyL O + Ovk 62, )| 7

+[6yz + (1 +8)(OyL + Oy Z = — [04Oyz + (1 + 6)(OyLOL, + Ovk62,)]| T2 (A-14)

Equation (A-7) implies that —yLﬁy + )/KKY + oxw — ox7 = 0, which after eliminating Ly

and Ky becomes

lox = yL0y; + yx03, | @+[-0ox = yeOyx + kO3 | 7+ [yk = yL] Z = [yL0y, — vk0y,] t2.
(A-15)

Finally, (A-6) and (A-11) together imply that
[BOyL + (1= Bla] @ + [BOvk + (1 = B)(1 — )| # = —BOyz%7. (A-16)

Equations (A-14)-(A-16) constitute a linear system in the three unknowns o, 7, and Z.

For the comparative static % to be defined for all parameter values, the determinant of
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this system should have a constant sign. We can write this determinant as

ou(ByL — Oxr) + (1 +0)(0yLO}, + Ovk03,) 0u(Oyk — Oxk) + (1 +6)(OyLO} + OvkO5) Oyz + (1+0)(Oyr + Oyk)

ox = yL0y + k0%, —ox = L0y + kO YK=L
BOyL +(1— ﬁ)a BOyk + 1- ﬁ)(l -a) 0

>
1l

and, developing along the third column, we get

A = [Oyz+(1+0)(OvL+ Ovi)l [(0x = yLOy; +yk05;) Bx + (ox + yLOyy — yxOyy) Bi]
+(yL = vk) [(0u(OyL — Ox1) + (1 + 8)(6y.Oy, + Oyk0y,)) Bk
— (0u(Oyk = Oxk) + (1 + 6)(OyL Oy + OykO3y)) B ]

where we have defined By = 0y + (1 — f)a and Bx = fOyk + (1 - B)(1 — a).
Separating the terms in ox and 0, we can write A = Ciox + Cp0, + C3, where

Cq
Ca

(BL + Bk) (1 + 6(0yL + Oyk))
(yL = vx) [Bk(OyL — Ox1) — BL(Oyk — OxKk)]

and

Cs = Br[(1+(1+6)(Oyr+6vk)) (yOyx — vkO5x) — (1 +0)(yL — k) (6yLOyx + Oy i) |
+BK [(1 + (1 + 5)(QYL + QYK)) (—)/Lé%/L + yKé%L) + (1 + 6)(7/L - )/K) (QYLé%/L + QYKéiL)] .

Using the definitions of the terms éh, Q%L, é;K, é%,K,

_QYLeLK — QYKeKK and QyzeLZ = —QYLeLL - QYKeLK, we obtain

and using the properties Oyzexz =

Cs = —er Bk Oyryr(1+yx)—exx BLOyvkyk(1+yL)+erk [BkOyryk(l + yr) + BLOykyr(l + yx)] -

Itis clear that C; > 0, therefore for the sign of A to be invariant to the choice of parameter
values, which is required for it to always be nonzero, we need both C, > 0 and C3 > 0.
Let us start by discussing the sign of C3. The first two terms in C3 are clearly non-negative
given that e;;, < 0 and exx < 0. The symmetry and negative semidefiniteness of the
submatrix Ep x implies that —e; ;0% — exxv] +2epxv102 > 0 for all vectors v = (v1, v2). If we
can write Cz in this form for some well-chosen vector v, we can then conclude that Cz > 0
for all parameter values. A sufficient condition is that BxOyryx(1+yL) = BLOykyrL(1+yk),

that is, using the fact that y; 0x1.0yk = yxOxk Oy,

BxOxr(1+yr) = BrOxk(1 + yk) (A-17)
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which implies that

C3 = BkOyrLyk(1 + y1) (—err — exkx + 2erx) = —V'Erxv

1
forv = \/BKGYLyK(l + L) ( ¥ )

The restriction in (A-17) also turns out to be necessary to guarantee that C3 > 0 for all
parameter values. To see why, first note that B; and Bk depend on the cost shares Oy
and Oy, and the index weights @ and . Condition 2 further implies that B; and Bx may
not depend on the substitution elasticities er1, exk, or erx since a and f are themselves
restricted to be independent of substitution elasticities. This means that values of a and
p that satisfy Conditions 1 and 2 must ensure that Cz > 0 for all possible values of (err,
exk, eLk) satisfying the restrictions from production theory, namely: for all err, exx, and

erx such thater; <0, exx <0, and ejexx — E%K > 0:

—er1 BkOyryL(1+yk)—exkBr Oy yx(1+yr)+erk [BxkOyLyx(1 + y1) + BLOykyr(l + k)] = 0

that is,

BxOyr [y + yr)erk — yr(1+ yx)err| > BrOvk [yx(1 + yr)exk — yi(1 + yx)er] -

Note that if e; x > 0, this condition places no restriction on (B, Bx) and thus no restriction
on (a, B). If erx < 0 however, it constrains the set of acceptable values of («, §). Consider
the subset of substitution elasticities

Fyx(1+ VL)E yr(1 + yk)
@ +yx) N Fyx(+yr)

(eLr, exk, erk) = ( eLK, eLK)
where e;x < 0 and F > 0. These elasticities satisfy the theory restrictions. In addition,
yk(1+yr)erk —yr(1+yx)err > 0 & F > 1. Thus, we have that acceptable values of a and

B must satisfy

Bx > B

Ovk [yk(1+yL)exx = yi(1 + y)erk] g, Oy +7x) F-1) g vy +yx) (1)
L = DL = DL -
Oyr, [)/K(l + VL)ELK - )/L(l + yK)eLL] HYLVK(l + VL) 1-F 6YLVK(l + VL) F

for all F > 1 while also satisfying

Ovk [yx(1 + yr)exk — yr(1 + yx)erk] OvkyL(l+ k) (1)
xk <B =B

L = DL -
Ovr [yk(1 +yL)erk — yo(1+ yx)err Oyryxk(1+yr) \F
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for all F < 1. Taking limitsas F — 1, F > 1,andas F — 1, F < 1 yields

Oykyr(1+ yx) Oykyr(1+ yx)

B < Bx <B
k Oyryx(1+yL) k=70 Oyryx(1+ yr)

which implies (A-17).
Finally, it is easy to check that (A-17) implies that

Br(yr — ykx)6yk(1 +6)
yk(1+yL)

Bx(6yr — Ox1) = BL(Oyk — Oxx) = (A-18)
so that C, > 0 as well.

In order to ensure that Condition 3 is satisfied, we use Cramer’s rule to derive the effect
%. Having shown that the system determinant is positive, we only need to ensure that
the following determinant

0u(Byr = Oxr) + (1 +6)(OyL 0y, + Ovk63)) 0u(Oyk — Oxk) + (1 +8)(OyL Oy + Oyk 0, ) —0ubyz — (1+6)(0v10, + Ovk67,)
Az = ox =710y, + k0%, —ox = L0y + kO3 7.0y, — vk63,
B, Bk -By
is non-positive, where we have defined Bz = f0yz. (Note that By + Bx + Bz = 1.) This
determinant can be written as Ay = Diox + Do, + D3ox0, + Dy, with

Dy
D,

(1+0) [Bz(OyLOy g + Ovk O3y + OvLOy,; + Ovk03,) — (BL + Bx)(Oy1.0y, + Oyk63,)]

(OvL — 0x1) [Bz(yL.Oyy — vk O3y) — Bk(yLOy, — vk 03%,)]

—(Oyk — Oxk) [Bz(y1.Oy; — yx63;) — BL(yL6y, — vk05,)]

+0vz [Bx(y10y, = vk07;) = BL(yLOyx = yx0y)]

Ds = (OyL - OxL+ Oyk — Oxk)Bz — Oyz(BL + Bk)

Dy = (1+06)[Br((Ovr0yy + Ovk03)(y1.0y, — vk037,) — (yr.Oyx — kO3 )(0vL 0}, + Ovk03.,))
—Bk ((6yLOy; + Ovk03)(yLOy, — yk03,) — (L6}, — yk67,)(OyLOy, + Oyk63,))

+B7 ((Ov1.0y, + Ovk 03 )(y1.0yy = yrOyy) = (yLOy, — yk03 )(OyLOyy + Ovk07))] -

It turns out that all the D; parameters are non-positive. To start with, note that
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D3 = —0yz(Bz + By + Bx) = —0yz < 0. Let us then show that D; < 0. First, note that

OyLOy, + Oyk03, = Oyz[Oyr(erz —ezz) + Ovk(exz — ezz)]
= Oyz|[0Oyrezr + Oyrezx — (Oyr + Oyk)ezz]
= Oyz[-0Oyzezz — (OyL + Oyk)ezz]

= —0Oyzezz 20
Second, note that

OyrOyy + Oyk Oy + Oy 0y, + Ovk63, = OyrOyk(2erk —exz —erz) + (Oyr)*(err — erz) + (Byx)*(exk — exz)
= err(Oyr)* + exx(Oyk)? + 2erxOyL.Ovk — (OyL + Oyx)(Oyrerz + Oykexz)
= —(OyL + Oyk + Oyz)(Oyrerz + Oykekz)

= Oyzezz <0

Therefore, D1 = (1 + 0)0yzezz < 0. Let us now show that D4y < 0. We can rewrite

Dy = (1 + (5)()/L9y1< + )/KQYL) [BL(éZ él - él éz ) + BK(él éZ - éz él ) + Bz(é

2 Al Nl A2
YK™YZ YK™YZ YLYYZ YLYYZ 0 QYLG K)]

YLYYK — Y

We will show that the coefficients on By, Bk, and Bz in the square bracket are all non-

positive. Consider for instance the coefficient éh é%z - é%/L é%/z on Bkx. We have:

Gl 92 _ g2 @l
vz = Uy Yyz
= (erL —erLz)(ekz —ezz) — (erk —erz)(eLz —ezz)
OyLOyz
= —(errezz — Efz) +eLLeKkz — €LzeKz — eLKeLZ T eLKezZZ
erz
= —(errezz —e?,) +erexz +erkezz — Q_YK(GYKEZK + Oykerk)

2 erz
= —(erLezz —er,) +erLekz +erkezz + Q_(GYL€ZL + Oyzezz + OyrerL + Oyzerz)
YK

1
= —(errezz —ef,) + =— |err(Ovkexz + Ovrerz) + ezz(Oykerk + Oyzerz) + e ,(Oyr + Oyz)]
Oyk

2
eérrezz —e
(errezz ~ ey7) <0

Oyk
where we have used the fact that ey ezz — e% , = 0. Similarly, the coefficient on Bz has the
same sign as

52 Al A1 A2
QYL QYK B QYL QYK

Oy1.Oyk

(ek —erz)(eLk —exz) — (erL —erz)(exk — exz)

2
= —(erLexk — ELK) +eLLeKkz — eLKeKZ — €LKeLZ + eKKELZ-

A reasoning similar to that used to sign the coefficient on Bx can be used by swapping the
indices K and Z to determine the sign of this expression, and similarly for the coefficient
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on B;. Therefore, D4 < 0. It can further be shown that

Dy = —(yLOyk + vxOyL + YY) (OyLerkerz + Oykerxexz + Oyzerzexz)

so that D4 is independent of a and g. It remains to be shown that D, < 0. Rewrite

D, = B [Qyz()/Ké%K - YL é%/[() + (Oyk — 6XK)(]’L éiz - VKéi/z)]
+Bxk [Ovz(yLOy; — yk65;) + (OvL — Ox1)(yk 655 — y16y,)]
+Bz [(6yL — OxL)(yLOyy — ykO7y) + (Bvk — Oxx)(yk 6%, — vL.Oy,)] -

Using the definitions of the é;j parameters and the relationships Oyrenr + Oykemkx +
Oyzemz = 0, one can show that the three terms in square brackets are equal to each other,
so that the value of D, is independent of («, §) due to By, + Bx + Bz = 1. Using the first of
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these bracketed terms, we thus have

Dy = Oyz0yk (yx(exx —exz) — yrlerk — exz)) + (Oyk — Oxx)Oyz (yrlerz — ezz) — yx(exz — ezz))
= exxOyzOykyk + ezz(Oyk — Oxx)Ovz(yk — y1) + exz (OyzOvk(yL — k) — (Oyk — Oxk)Oyz k)

—erxOyzOykyr + erz(Oyk — Oxk)Oyz)L

Y 0y
= exkOyz0Oyk (VK + QKyL) +ez70yz(Oyk — Oxk) ()/K —VL— QZVL)
YL YL
0 0
+exz (GYZGYK()/L —yk) — (Oyk — Oxx)Oyz)yk + OyzOyk ;iz/L — (Oyk — Oxk)0Oyz EI;Z/L)

Oyz Oy Oy Oy Oy76
= exK (ZSQYILG/L ( V;L Ly GYK(S) + €ZZ%(W< —8) ((yk = y1)6yL — yL.6v2)
o Oyzvr ( 0 ) QYK)/L)
texz6yz0 k=12 + I
xz0yzOyk (VL VK — VK ( )/K) 0 | o
Oyz 0 Oyz0
= BKKY(ZSQ—M(VKQXL + ykOxk) + ezz YZ@ YK (yx = 0)(ykOyr + YL.Oyk — yL)
YL yKOyL
0 0
+exz0yzOyk (J/L -2y + 0+ ﬁn - (yx = 9) YKyL)
OyL OyLyk
OyzOykyLYK OyzOykyL (57/1<9YL )
= ¢ e ) + 00y — 6
KK 50y, 4 VKOyLo (yk ) YK
0 0
+exzO0yz0yk (VL -2y + 06+ £(1 — Oyk — Oyr) — YKL L s YKVL)
OyL OyL OyLyk

OyzOykyk + o, Drz0vK _ 2ykxk L 90xk

(VK - (3)2 + exz0yzOyk (—2)/1( +0+

= e
Koy, YkOxL Ox1 Ox1. OxL,
Oyz 0 6yv-06 Oy-6
_ eKKYZ—YKVKJreZZM( K = 0)% = 2exz DLDK (1 — 6)
HXL VKHXL HXL
2
Oyz0 -
= % (EKKVK +ezz — 2exz(yk — 5))
XL

which is non-positive from the negative semidefiniteness of the submatrix Exz.

A.4 Tax incidence: sources side

We apply Cramer’s rule to derive the effect Tﬂ The effect = can be obtained using
4 Tz

symmetry. We have that % = AT’”, where

—0ubyz = (1+0)(OyL0y, + Ovk05,) 0u(Oyk — Oxx) + (1 +0)(OyLOy, + OykO3y) Oyz +(1+6)(ByL + Oyk)

Ay = yL0y, - yk0%, —ox — 716y + k63 YK—VL
-Bz Bk 0
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This determinant can be written as A, = Fiox + F>0, + F3, with

Fi = —[0yz+ (1 +0)(OyL+ 0Oyk)]Bz
F» = (yx—yL)[0yzBkx — (Oyk — Oxk)Bz]

F3 = (1 + 5)()/1< - VL) [(GYLé%/Z + QYKéiz)BK - (QYLé;K + QYKéiK)BZ]
+[0yz + (1 +6)(OyL + Oyx)] [(y.6y, — yk67,)Bk — (yLOyx — vk Oy¢)Bz] -
Simplifying, we obtain:

Fs Oyz [(VLéifz — 7k07,)Bk = (yL0yy — VKé%K)BZ]
+(1+ 8)(yLOvk + ykOyr) [(0y, — 03 ,)Bx — (03 — O3)Bz]
Oyz [(VLé%/z - VKé%Z)BK - é%/K - VKé%/K)BZ]

+(1+ 0)(yrOyk + yxOyr) [Oyz(erz — exz)Bk — Oyk(erk — exx)Bz] -

Using symmetry, we then have that £ = 10X+ G0t G it

G2 = (yk—vyL)[-6yzBL + (OyL — Ox1)Bz]

and
Gs = Oyz [‘(VL éi/z - VKé%/z)BL - (VKéiL - VLé%/L)BZ]
+(1+06)(yrOyk + yxOyL) [-Ovz(erz — exz)Br — Oyr(erx — err)Bz].
We have Z"T—;r = aX(Pl_Gl)m“gz_GZHH_GS. It is easy to see that F» — G2 = (yx — y1)0yz. In

addition, we have

F3—-Gs = Oyz [(BL+Bx)(y10y, — yk0%,) + Bz (yx0%; — vi0y; — vi0yy + yk03¢)]

+(1+ 0)(yLOyk + yxOyL) [Oyz(erz — exz)(Br + Bk) + (OyL(eLx — erLr) — Oyk(eLkx — exx)) Bz]

= ez2(0vz)*(BL + Bx)(yk - y1)

+erz [(By2)*(BL + Bx)yL + Oyz0yLBz(yL — vk) + (1 + 8)(yLOyk + Yk Oy1)Oyz(BL + By)|
+exz [—(6yz)*(BL + Bk)yk + OyzOvkBz(yL — yk) — (1 + 8)(y1.6yk + ykOy1)Oyz(BL + By)|

+err [~OvzOyLBzyr — (1 + 8)(yLOyk + ykOy1)OyLBz]|
+erk [OvzBz (ykOvr — yrOvk) + (1 + 0)(yLOvk + yrOyr)(OyL — Oyk)Bz]
+exk [OyzOvkBzyk + (1 +6)(yLOvk + yxOy1)OvkBz] .
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Using Oyrerr, = —Oykerk — Oyzerz and Oykexk = —0Oyrerx —Oyzekz and By + Bk = 1- By,
we get

F3-Gs = ez2(6y2)*(1 - Bz)(yk — y1)
+erz [(Oyz)*yL + OyzOyrBz(yL — yk) + (1 + 8)(yLOvk + ykOy1)Oyz(1 - Bz)|
+exz [—(6yz)*yk + OyzOvkBz(yL — yx) — (1 + 8)(yOyk + yxOyL)Oyz(1 — BZ)]
—err(1+6)(yLOyk + ykOyL)OyLBz
+erk(1+0)(yLOyk + yxOyL)(OyL — Oyk)Bz
+exk(1 +0)(yLOyk + yxOyL)OykBz.

Now using Oyzezz + Oyrerz + Oykexz = 0, we get

F3-Gs ezz(0yz)*(yx — y1)
+erz [(Byz)*yL + (1 +8)(yLOvk + ykOy1)Oyz(1 — Bz)]
+exz [—(Ovz)*yk — (1+ 0)(yLOyk + ykOy1)Oyz(1 — Bz)]
—er(1+06)(yLOyk + ykOyL)0yLBz
+erk(1+ 0)(yLOyk + ykOyL)(OyL — Oyk)Bz
+exk (1 + 0)(yLOyk + ykOyL)OykBz
= ez2(6v2)*(yk - y1)
+erz [(Ovz)*yL + (1 +0)(yLOyk + yrOy1)Ovz]
+exz [—(Ovz)*yk — (1 +0)(yLOvk + ykOyL)Oyz|
= e1z6yz [-Oyrlyk —yr) + OvzyL + (1 + 8)(yLOvk + Yk OyL)]
+exz6vz [-Ovk(yk — y1) = Ovzyk — (1 + 8)(yLOvk + yk6Oy1)]
= erz0vz [yL + 0(yLOyk + ykOyL)| — exz6yz [y + 6(yLOyk + ykOyL)]
erzOyzyL(1+ yk) — exzOyzyk(1 + yL).

Therefore, we have

@ —7 _ Ovz [oulyk —yr) +ye(l+yrerz — yx(1 + yr)exz]
tz A

Note that variations in the choices for @ and g affect incidence on the sources side only
through the denominator A.
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A.5 Tax incidence: uses side

Using the equalities ﬁy = OyLw + Oyk? + Oyz7Tz and px = OxL W + Oxk7 together with
expressions for £ and 7, one can derive the following expression for the incidence of the

pollution tax on the uses 51de.

y - p 0
pyisz = YZ [ox (1+710xr + ykOxk) + (Ovryx(1 + y1) + Oyxyr(l + yx)) erx

+VL(1 +7k)(Oxk — Ovk)erz + k(1 +yL)(OxL — Oyr)exz] -

Note that variations in the choices for @ and g affect incidence on the uses side only

through the denominator A. In addition, the price of Y could increase or decrease relative

to X.* But note that, as in Fullerton and Heutel (2007a), the ambiguity is resolved

when y. = yx = y. Indeed, we can then write Ox; — Oy = Ox. — OyL(OxL + Oxk) =

Oxr(1 — OyL — Oyk) = Ox16yz, and similarly Oxx — Oyk = Oxk6yz, which yields

Oy — px Oyz(1+7)

4 fzp = T)/ [ox +7 (Byr + Oyk)erk + OxkOyzerz + Ox1Oyzexz)]

Oyz(1+7)
A

[ox + 7 ((OxxOyr + OxLOvk)erk — OxxOyrerr — Ox1Oykekk)]

which is positive given the negative semidefiniteness of E; x and the fact that Ox; Oykx =

OxxOyL.

A.6 Example of pollution-enhancing tax in Fullerton and Heutel (2007a)

In the modeling approach of Fullerton and Heutel (2007a) (B = 0, @ = Ox1), an increase
in the tax on the polluting input may lead to increased pollution. For instance, the

following set of parameter values leads to the counterintuitive outcome: o, = ox = 0,

Oy = %, Oyk = %, L =1, yk = %, err, = —1, exk = —1.1005, ezz = —3. The remaining
parameters can be deduced using the relationships 5=~ QXL = y’égﬂ which determines 6x,

as well as the three equalities Oyre,r + Oyremx + Gyzemz =0, form € {L,K,Z}, which
jointly determine the three cross-price Allen elasticities. One can check that the resulting
substitution matrix satisfies negative semidefiniteness. With these parameters, we obtain
Z = 0.96%7, that is, a positive elasticity of pollution with respect to the pollution tax. Not

surprisingly, in that case the value of the pollution tax actually decreases relative to the
p gLy, p y

pxX
pxX+pyY

value of our preferred price indices. Indeed, denoting O0x = and Oy =1 - Ox, we

16For an example where P YT Px 0, consider the following parameter values: Oy = 0.05, Oyx = 0.005,

)/L—l )/K—00025 ELK——l ELz—O()l eKz—50 andax—au—o
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obtain pz — (Qxﬁx + Gyﬁy) = —0.87z. Denoting 0}, = WL _ and Ok = 1 — O, we obtain

wL+rK
ﬁZ - (QLTIJ + 6[(17) =-1.07,.

Note that the numerical example given in Fullerton and Heutel (2007a), footnote 14, to

illustrate the counterintuitive outcome violates the negative semidefiniteness property of
the substitution matrix in sector Y. This is easily seen by computing the determinant of

erL erz

the submatrix , which turns out to be negative rather than non-negative for

erz ezz
their choice of substitution elasticities.

B Model with one clean input

Consider an economy with one clean good, labor. We consider price indices of the form
P = pﬁp;ﬁ . (px = W due to constant returns to scale in sector X.) The displaced

equilibrium is given by the following set of equations:

Ly + )/Lﬁy =0
X-Lx =0
Y — OyrLy —0yzZ = 0
py — OyLpx = Oyziz
ﬁy -7+ oypx = 0yigz

X—Y+Guﬁx—0uﬁy =0
ppy +(1=B)px = 0.

where the notation is as before and Oy, + Oyz = 1. It is easy to show that the determinant

of the system has a constant sign, and that

gé____GuGYZ'+OY(VL*‘6YL)

iz (1+y)(1-BOyz) <0

C Additional simulations

C.1 Parameter values considered in Fullerton and Heutel (2007a)

Simulations reported in Tables C.1 and C.2 are performed using the parameter values:
oy =ox =exk =1, ez =1, exkz = =0.5, and Oyz = 0.25. As in Fullerton and Heutel

(2007a), the values of the remaining model parameters are determined by the values
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of yx — yL given in the tables and the conditions Kx + Ky = 0.4, Lx + Ly = 0.6, and
Ly + Ky =0.2.

Table C.1: Pollution effect of a 10% increase in the nominal pollution tax (%)

0 0 Z

YK~ VL YK XK e Dy P o - R
-0.25  0.1515 0.4495 -750 -10.10 -8.02 -7.64 -7.35 -7.52
-0.20 0.1818 0.4394 -7.00 942 -748 -714 -6.82 -7.01
-0.15 02118 0.4294 -649 -872 -693 -6.65 -6.29 -6.50
-0.10  0.2416 04195 -598 -8.03 -639 -6.14 -5.77 -5.99
-0.05 02710 0.4097 -548 -733 -585 -5.64 -5.26 -548
0.00 03000 0.4000 -4.97 -6.63 -531 -5.14 -475 -4.97
0.05 0.3286 0.3905 -4.47 -594 -477 -4.63 -4.25 -447
0.10 0356 0.3811 -398 -526 -424 -413 -3.76 -3.97
015 03841 03720 -349 -459 -371 -3.63 -3.28 -3.48
020 04110 0.3630 -3.00 -393 -3.19 -3.13 -2.81 -2.99

Table C.2: Incidence effects of a 10% increase in the nominal pollution tax (%)

Sources side: W — 7 Uses side: py — px
VK= VL pPx Py P w r Rr pPx Py P w r R

-025 039 052 041 039 038 0.39 257 346 275 262 252 258
-020 047 063 050 048 045 047 257 346 275 262 250 257
-0.15 055 073 058 056 053 0.55 256 344 274 262 248 256
-0.10 063 084 067 064 0.60 0.63 255 342 272 261 246 255
-0.05 071 094 075 0.73 0.68 0.71 253 338 270 260 242 253
0.00 079 105 0.84 0.81 075 0.79 250 333 267 258 239 250
0.05 086 1.15 092 0.89 0.82 0.86 247 328 263 256 235 247
0.10 094 125 1.00 098 0.89 094 243 322 259 252 230 243
0.15 1.02 134 1.09 106 096 1.02 239 315 254 249 225 239
0.20 1.10 144 117 115 1.03 1.09 235 3.07 249 245 219 234

C.2 Parameter values adapted from Fullerton and Ta (2019)

Fullerton and Ta (2019) calibrate a Cobb-Douglas model of a closed economy to U.S. data
to analyze the effects of a carbon tax on prices, inputs, outputs, and welfare. Their model
specification does not squarely fit the model discussed here because the dirty input (fossil
fuels) is used in the production of both electricity (a good consumed by households) and
a composite consumption good. The consumption good (X) is produced using electricity

and fossil fuels. Because production of the consumption good uses mostly labor and
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Table C.3: Model parameters adapted from Fullerton and Ta (2019)

Parameter Notation in Fullerton and Ta (2019), Table 1 Value

eLK N/A (Cobb-Douglas) 1
Oy N/A (Cobb-Douglas) 1
ox N/A (Cobb-Douglas) 1
0
VL 2—5 0.012
i
VK = 0.031
g
OxL v 0.455
OyL € 0.138
Oyk 0 0.415

Note: To ensure internal consistency, once we have set y;, Yk, Oyr, and Oyx we recompute

= )/K—QYL . )’LeXL _ VKHXK
= SOy oyx to ensure that the equality === = =5== holds exactly.

OxL
capital (the cost shares on electricity and fossil fuels are very small), to fit their calibration
data within our framework we assume that production of X rests solely on capital and
labor. Thus sector Y (the dirty sector) is represented by the electricity sector, which uses
a large share of fossil fuels in terms of input costs. Table C.3 summarizes the calibration
data.

Tables C.4 and C.5 summarize results for a set of selected substitution elasticities. We
set e x = 1 but allow the substitution elasticities exz and e;z to vary. We exclude sets of
substitution elasticities that violate the negative semidefiniteness of the Slutsky matrix.
Note that the choices of px and R as anchoring indices lead to indistinguishable results
with the level of precision used here, although they are not identical.

The results indicate that choosing py as the anchoring index leads to predictions very
different from those obtained with other indices. These discrepancies are driven by the
large expenditure share on the polluting input in sector Y and the small shares of labor and
capital used in that sector. To see why, note that differences in predictions are solely due
to differences in A, the determinant of the equilibrium system. But A = Ciox + Co20,, + Cs,
and the expressions for C;, Ca, and C3 in Section A.3 make it clear that whenever yr,
and yk are small relative to one, which is the case here, the term C; dominates and thus
determines the magnitude of A. (Recall that ox = 0, = 1 in the parameterization.) Since
the magnitude of C; directly depends on By + Bx = 1 — Bz, choices of anchoring indices
leading to very different magnitudes of By = f0yz will lead to very different predictions.
When py is chosen, = 1, while for all other choices considered in Tables C.4 and C.5 Bz

is either close to or equal to zero. It is equal to zero whenever g = 0 (choice of px, w, r, or
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Table C.4: Pollution effect of a 10% increase in the nominal pollution tax (%)

Z

€Kz €Lz X Dy P P R

1.0 -05 -788 -1428 -8.02 -785 -791 -7.88
00 00 436 -788 -444 438 -435 -4.36
05 00 -648 -11.72 -6.60 -649 -648 -6.48
1.0 00 -85 -1555 -874 -857 -8.61 -859
00 05 -506 913 -515 -5.09 -5.03 -5.06
05 05 -718 -1298 -731 -720 -717 -7.18
1.0 05 930 -1682 -946 -928 931 -9.30
00 10 -575 -1037 -58 579 572 -575
05 10 -788 -1423 -8.02 -791 -786 -7.88
1.0 1.0 -10.00 -18.08 -10.18 -10.00 -10.00 -10.00

Table C.5: Incidence effect of a 10% increase in the nominal pollution tax (%)

€Kz

€Lz

Sources side: W — 7

Uses side: py — px

px Py P w r R px py P w r R
1.0 -05 -0.08 -0.15 -0.08 -0.08 -0.08 -0.08 448 811 456 4.46 450 4.48
00 00 008 014 008 0.08 0.08 0.08 446 8.05 454 448 444 446
05 00 001 0.02 001 0.01 001 0.01 447 8.08 4.55 447 447 447
1.0 00 -0.05 -0.10 -0.06 -0.05 -0.05 -0.05 448 810 456 446 449 448
00 05 011 019 011 011 011 011 446 8.04 454 448 444 446
05 05 004 007 004 0.04 0.04 0.04 447 8.07 454 448 4.46 447
1.0 05 -0.03 -0.05 -0.03 -0.03 -0.03 -0.03 447 8.09 455 447 448 447
00 10 013 024 014 014 013 0.13 445 8.03 453 449 443 445
05 1.0 007 012 0.07 0.07 0.07 0.07 446 8.06 454 448 445 4.46
1.0 10 000 0.00 0.00 0.00 0.00 0.00 447 8.08 455 447 447 447
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R) and it is close to zero when % is chosen because 0y is small (0.039 for this calibration).

36



	8354abstract.pdf
	Abstract




