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Abstract

This study investigates why the strong form of the spatial equilibrium is weakly
supported in the literature. Using a discrete choice model, it shows that the strong form
of the spatial equilibrium is rarely observed because workers are imperfectly mobile
from the perspective of researchers. Incorporating the discrete choice model, a Markov
chain is used to model the spatial dynamics of the population distribution. For a given
location choice set, the population distribution is shown to converge to a unique spatial
steady state. Microdata from the American Community Survey show that the model
assumption is reasonable and support the model predictions.
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No two leaves are ever exactly alike.

—QGottfried Wilhelm Leibniz?

1. Introduction

The spatial equilibrium model, also referred to as the Rosen—Roback model, assumes
workers are perfectly mobile (Roback 1982). At the spatial equilibrium, utility is
equalized for workers everywhere.? Local attribute shocks/differentials are capitalized
into factor prices. Migration is thus not expected at the spatial equilibrium.

A substantial number of empirical studies test the spatial equilibrium (Partridge et al.
2015; Goetzke and Islam 2017). Most such studies use U.S. data as labor in the United
States is highly geographically mobile (Coen-Pirani 2010; Boman 2011; Saks and
Wozniak 2011; Partridge et al. 2015). However, some only support the weak form of
the spatial equilibrium (see Partridge et al. [2015] for a thorough survey), which has
drawn increasing attention from researchers as many applications and policy
considerations are built on the assumption of a strong-form spatial equilibrium, such as
quality of life indices (Gabriel and Rosenthal 2004; Reynolds and Rohlin 2014), urban
amenity capitalization (Cortés and Iturra 2019), urban planning (Acolin and Green 2017;
Leibowicz 2017; Yang et al. 2019), and place-based policies (Glaeser and Gottlieb 2008;
Kline and Moretti 2013). If the spatial equilibrium does not hold, quality of life indices
are biased (Bayer, Keohane, and Timmins 2009; Krupka and Donaldson 2013) and
place-based policies are not considered to be ineffective (Hall and Romer 2008;
Partridge et al. 2015; Goetzke and Islam 2017).

This study uses a simple theoretical framework to explain why the strong form of the
spatial equilibrium is rarely empirically observed. Few studies have thus far directly

and systematically answered this question. Although mobility of current people is very

1 This is not an exact quote by Leibniz. Yet, the connotation of this famous sentence originates from his philosophy.
2 1n addition, no interregional cost or profit differential exists for firms. This study only focuses on workers, assuming that the

behaviors of firms are the same as in a conventional spatial equilibrium model.



high (Merino and Prats 2020), Gonzalez-Val (2019) points out that the central city of
each regional subsystem in the United States is far away from others, which does not
facilitate long-distance migrations. Winters (2009) finds indirect evidence of the
existence of a spatial equilibrium, stating that whether workers are fully compensated
is an empirical exercise depending on which econometric methods and price measures
are used. Greenwood et al. (1991) and Clark et al. (2003) argue that the spatial
equilibrium is a long-run rather than a short-run phenomenon. Partridge et al. (2012)
investigate whether recent decreasing net internal migration is a sign of a spatial
equilibrium. Yet, they find that it is more likely to represent a structural shift in the local
labor market.

As utility is unobservable, Winters and Li (2017) review the literature on unequal
local subjective well-being (Oswald and Wu 2010, 2011; Glaeser, Gottlieb, and Ziv
2014, 2016). The first strand of the literature attributes subjective well-being
differentials to the trade-off between subjective well-being and other factors not
affecting it (Glaeser, Gottlieb, and Ziv 2014, 2016). The other strand links subjective
well-being differentials to the barriers to migration that deter spatial arbitrage. For
example, Krupka (2009) finds that mobility is deterred by location-specific human
capital investment and Krupka and Donaldson (2013) argue that heterogeneous moving
costs and land supply constraints bias conventional quality of life estimates.

Although few studies directly and systematically examine why the spatial equilibrium
is rarely empirically supported, the findings in the literature imply that most frictions
deterring the spatial equilibrium can be categorized into heterogeneity and moving costs.
Roback (1988) argues that the utility levels of different types of workers are not
necessarily equalized across locations at the spatial equilibrium if heterogeneous
preferences exist. Equivalently, the spatial equilibrium condition only applies to
marginal movers in a heterogeneity setting (Gyourko, Kahn, and Tracy 1999; Kahn
2006; Krupka and Donaldson 2013). However, as discussed by Krupka and Donaldson

(2013, 847), “[h]eterogeneity has generally been dealt with in a footnote noting that in



its presence, the results hold for the marginal migrant.” Most empirical studies assume
a spatial equilibrium under homogeneity without indicating whether their object of
study is the marginal mover or how they identify marginal movers. Such studies also
fail to explain whether and how the results based on marginal movers could be
generalized to other individuals.

Some recent studies in urban economics and new economic geography explicitly
consider heterogeneity. For example, Bayer et al. (2009) use a discrete choice model to
integrate heterogeneity and moving costs, finding that moving costs bias the hedonic
value estimates of local amenities. Behrens et al. (2017) propose a spatial equilibrium
condition based on a discrete choice model considering heterogeneous preferences. The
condition indicates that at the spatial equilibrium, the average probability of choosing
each location is the same as its current population share. The Behrens equilibrium
condition characterizes a collective and dynamic equilibrium rather than a static
equilibrium at the individual level, meaning that it allows for unobserved heterogeneity
and the idiosyncratic migration of individual workers at that equilibrium. More
importantly, the Behrens equilibrium condition does not require the location choice
probability to be equalized everywhere, implying that revealed utility is not necessarily
identical across locations at the equilibrium. Although the Behrens equilibrium does
not require the existence and uniqueness of a conventional spatial equilibrium, Behrens
et al. (2017) do not prove the existence of their proposed spatial equilibrium.

Although discrete choice models are widely used to incorporate heterogeneity, few
studies use them to explicitly discuss the relationship between heterogeneity and the
conventional spatial equilibrium condition. Based on the foregoing, this study uses a
discrete choice model to bridge the unobserved heterogeneity and imperfect mobility
observed by researchers to explain why the strong form of the spatial equilibrium is
rarely observed. Specifically, it shows that unobserved heterogeneity generates
“immobility” and “over-mobility” from the perspective of researchers. It is intuitive

that some people move or stay because of unknown idiosyncratic reasons. Besides, one



advantage of discrete choice models is that moving costs can be directly incorporated
(see Bayer et al. (2009) as an example). Yet, the existing literature does not formally
distinguish psychological moving costs and pecuniary moving costs, which affect
mobility differently. This study therefore argues that travel preference, as a source of
unobserved heterogeneity, is a part of psychological moving costs, whereas pecuniary
moving costs solely depend on moving distance. It is further shown that unobserved
psychological moving costs generate the imperfect mobility observed by researchers
and that pecuniary moving costs only shift imperfect mobility.

Region size is implicit in the Rosen—Roback model. Glaeser and Tobio (2008) solve
for population endogenously in a homogeneous spatial equilibrium model. Krupka and
Donaldson (2013) discuss population in a heterogeneous spatial model. More recently,
Behrens et al. (2017) link the location choice probability to the population distribution;
however, their model is static. By contrast, this study incorporates a discrete choice
model with a finite time-homogeneous Markov chain to analyze the spatial dynamics
of the population distribution. It is demonstrated that in a heterogeneous setting and
under a reasonable assumption, a location choice set converges to a unique spatial
steady state. The local population share is explicitly determined at this spatial steady
state. The spatial equilibrium condition proposed by Behrens et al. (2017) is then shown
to result from the spatial steady state derived from a special case of the Markov chain
model. The model assumption implies that interregional revealed utility differentials
(spatial disequilibrium) are persistent. The data also show positive evidence supporting
the validity of the assumption.

The remainder of the paper is organized as follows. Section 2 demonstrates the
duality and completeness between perfect mobility and the spatial equilibrium
condition in a homogeneous setting as a benchmark. Section 3 introduces unobserved
heterogeneity into the framework using a discrete choice model, showing the existence
of imperfect mobility by comparing it with the benchmark presented in Section 2.

Section 4 integrates pecuniary moving costs into the model and discusses its effect on



mobility. Section 5 incorporates the discrete choice model with a finite Markov chain,
demonstrating the existence of a spatial steady state. Section 6 provides six numerical
examples in different scenarios to illustrate how the models work. Section 7 evaluates

the suitability of the model assumption. The last section concludes.

2. Perfect Mobility and The Spatial Equilibrium Condition
In a standard Rosen—Roback-type model, a representative worker solves the utility
maximization problem at a given location. The spatial equilibrium condition for
workers can be stated as
(1) P=0sV(Ww,rl4)) =v,Vj
where P is the probability of any worker choosing a better location. w is wages and
r is rents. A; is amenities at Location j=1,...,J. v is a constant. Equation (1)
indicates that at the spatial equilibrium, workers have no incentive to move, which
requires that wages and rents adjust for the given amenities so that maximized utility is
equalized everywhere. Otherwise, some workers move to locations in which they can
be better off.

The conventional literature attributes Equation (1) to the assumption that workers
are perfectly mobile; however, this is not sufficiently accurate. Define perfect mobility

as follows.

Definition 1 (perfect mobility): Workers are perfectly mobile if

) Viw,r|A) #=V(w,r|4),Vj#i &P =1

This definition of perfect mobility indicates that some workers surely choose a better
location when a utility differential exists. Indeed, perfect mobility is equivalent to the
equalized utility condition rather than an assumption of the latter.

Proposition 1 (duality and completeness): In the conventional spatial equilibrium



model setting, perfect mobility is equivalent to the spatial equilibrium (equalized utility)
condition. They constitute a complete set of spatial equilibrium conditions.

Proof. Equation (1) and Equation (2) are equivalent as they are contrapositive for
each other. They are complete as their probabilities are summed to one. m

Proposition 1 indicates that perfect mobility per se is an aspect of a complete set of
spatial equilibrium conditions rather than an assumption of the equalized utility
condition. This complete set of spatial equilibrium conditions reflects the duality and
completeness between perfect mobility and the equalized utility condition. Thus,
equivalently, the equalized utility condition is an aspect of perfect mobility. This implies
that the spatial equilibrium is not strictly supported in the literature because workers
are not perfectly mobile.

However, people are inherently perfectly mobile because we change our behaviors
immediately if and only if our perceived utility levels alter. Then, why is imperfect
mobility defined and observed? An intuitive reason is that unobserved heterogeneity
exists, meaning that perceived utility is not fully known to researchers. Researchers
only know revealed utility at best. If a person does not move when his or her revealed
utility at the current location is found to be lower than that in other places, he or she
will be defined as imperfectly mobile; however, his or her stay could be due to an
unobserved factor that keeps his or her perceived utility level higher than or equal to
the maintained level. Thus, imperfect mobility is only defined from the perspective of
researchers, while it is not a characteristic of an individual.

We do not distinguish revealed utility from perceived utility in Equations (1) and (2)
as the Rosen—Roback model assumes people are homogeneous. In this homogeneous
setting, Equations (1) and (2) imply that if the maintained utility level of the spatial
equilibrium is v, the probability of a perfectly mobile worker choosing Location i is

{0, if Viw,r|4;)) <v
Pi =

(3) 1, ifvwrld) > v

As shown in Figure 1, Equation (3) indicates that a perfectly mobile worker would



not choose a location offering the same or lower utility level; he or she would surely
choose a better location. However, researchers rarely face homogeneity. In the next

section, heterogeneity is thus introduced into the framework.

3. Unobserved Heterogeneity

While people are heterogeneous, a representative economic agent is often used for
modeling as we are thought to behave alike in some certain circumstances. This belief
implies that different individuals have a “common core.” Thus, all individuals are
assumed to be the same after their finite heterogeneity is peeled off. Although this
insight provides us with a simplified approach for theoretical modeling, it clearly
indicates that individual heterogeneity should be thoroughly controlled for if
representative-based theoretical models are empirically tested regardless of whether
they are in a reduced form or a structural form. Unfortunately, it is difficult to eliminate
heterogeneity, even if it is finite, as unobserved factors always exist.

Amenities vary across locations. Although a careful researcher could control for a
large set of amenities, such a set is never exhaustive. Additionally, amenities are
valuable only if people can perceive them. Otherwise, they do not affect the behaviors
of people. Thus, amenities are not only different by themselves, but also perceived in
various ways. The interaction between worker heterogeneity and amenity heterogeneity
implies that if we allow heterogeneity to enter the model, the utility of worker n at

Location j is
4) Volw,r|4) =V(w,r|4;, X)) + &) j=1,...sm=1,..,N

where n indexes individual workers. X,, denotes observed individual heterogeneity
such as measurable demographic attributes. €,; denotes unobserved utility, which
depends on unobserved heterogeneity. The two-dimensional error term can be
interpreted as the idiosyncratic preference of worker n for Location j. V,(-) is the

perceived utility of worker n, which is only known to him- or herself but not to



researchers. Equation (4) indicates that perceived utility is decomposed into two parts.
The first part, V(-), is revealed or representative utility, which is observable by

researchers. Unobserved utility is assumed to be random. For simplicity,
V(w,r|Aj,Xn) is assumed to be well specified, and each &y; is an independently and

identically distributed type I extreme value.® In the random utility setting in Equation
(4), a discrete choice model shows that imperfect mobility is observed by researchers
when unobserved heterogeneity exists.

Proposition 2 (imperfect mobility): A worker with unobserved heterogeneity is
imperfectly mobile from the perspective of researchers.

Proof. Following Equation (4), the observed probability of worker n choosing

Location i is
(5) Py = Prob(V,(w,r|4) > V,(w,7|4)), V) # i)

= Prob(V(w,rIAl-,Xn) + &y > V(W,T'lAj,Xn) + &n, V) # i)
VW, T|4;, Xy)
= 2] eV(W,T'|Aj, Xn)

Assume that the maintained utility level of the spatial equilibrium is v; then,

(0,1] , ifViw,r|A;, X,) <v
©) Paed t

(]1' 1)’ if Viw,rl4;, X)) > v

where ] is the number of the locations in a given choice set. P,; never takes the
values of zero or one as it requires V(w,r|A4;, X,) to approach an infinitely small or
large value, which is not possible. Therefore, compared with Equation (3), worker n
is not perfectly mobile from the perspective of researchers. m

Figure 2 illustrates Equations (5) and (6). As a benchmark, the perfect mobility case

3 To have a closed-form result, we assume that this is a distributed type I extreme value, which is not empirically different from

the normal distribution (Train 2009). Generally, one can specify any other distributions for &,;, which would not change the results

qualitatively.



shown in Figure 1 is also integrated. Figure 2 shows that P,; takes a logit form, which
is bounded between zero and one. The observed probability of choosing Location i
continuously grows with the increase in revealed utility at Location i (the solid curve),
which deviates from the perfect mobility case (the dashed lines) in that there exists a
jump at the maintained utility level of the spatial equilibrium. Thus, considering
unobserved heterogeneity, the location decision observed by researchers is no longer a
yes-or-no question under homogeneity. Now, imperfect mobility can be defined by
researchers. Figure 2 shows that two types of imperfect mobility exist from the

perspective of researchers: “immobility” and “over-mobility.”

Definition 2 (“immobility”): Given that any revealed utility at Location i is larger
than the maintained utility level of the spatial equilibrium (V; > v), “immobility” is

defined as 1 — P,,;(V;).

When the revealed utility at Location i is above the maintained level, researchers
expect the probability of choosing Location i to be one. A probability of choosing the
more desirable location below one from the perspective of researchers generates
“immobility,” which is presented in the dotted area bounded between the dashed line
and solid curve in Figure 2: for example, if V(w,r|4;, X,,) = V1, then “immobility”
regarding Location i is 1 — P,;(V;). Proposition 2 demonstrates that “immobility”
results from unobserved heterogeneity. Because researchers can only observe revealed
utility, they expect workers to choose the location offering higher revealed utility;
however, workers make decisions based on perceived utility rather than revealed utility.
Hence, some amenities at the location offering lower revealed utility may only be
perceived by workers, but not observed by researchers. If the utility generated by these
amenities plus revealed utility is larger than or equal to the maintained utility level,
workers are willing to choose this location even though it offers lower revealed utility.

Consider the example of a location choice set with two options: Location a and



Location b. If researchers find that Location a offers higher utility than Location b,
they would expect that people will surely choose Location a. However, researchers
observe that fewer than the expected number of people choose Location a as some
choose Location b because of an unobserved idiosyncratic preference for amenities
that can only be or more easily accessed at Location b such as family ties (Costa and
Kahn 2000; Compton and Pollak 2007; Mulder and Malmberg 2014), local social
networks (Spilimbergo and Ubeda 2004; David, Janiak, and Wasmer 2010), and local
food. 4 Thus, researchers would believe that workers are “immobile” regarding

Location a.

Definition 3 (“over-mobility”): Given that any revealed utility at Location i is less
than or equal to the maintained utility level of the spatial equilibrium (V; < v), “over-

mobility” is defined as Pp; (V;).

When the revealed utility at Location i is less than or equal to the maintained level,
researchers expect the probability of choosing Location i to be zero. A positive
probability of choosing the undesired or indifferent location from the perspective of
researchers defines “over-mobility,” which is represented by the striped area bounded
between the solid curve and dashed line in Figure 2. For example, if V(w,r|4;, X,) =
V,, then “over-mobility” regarding Location i is P,;(V,). Similarly, “over-mobility”
also results from unobserved heterogeneity. Researchers expect that workers never
choose a less desired or indifferent location based on revealed utility. Nonetheless, some
workers choose a less desired location because their perceived utility (i.e., their
unobserved idiosyncratic preference for the location plus revealed utility) is larger than
the maintained utility level. In the two-location example above, researchers would
expect workers to surely choose Location a and no one to choose Location b.

However, as mentioned, they observe fewer than the expected number of people

4 Even if these can be observed and potentially measurable, incomplete fungibility also generates idiosyncratic preferences.

10



choosing Location a and more than the expected number choosing Location b owing
to their unobserved preference for amenities that can only be or more easily accessed
at Location b. In this case, researchers find that workers are “over-mobile” regarding
Location b.

Unlike the prediction of a conventional spatial equilibrium model, our model shows
that positive incentives to choose a specific location exist at the spatial equilibrium if
unobserved heterogeneity is considered. At the spatial equilibrium, representative

utility is equalized everywhere, that is,
(7) V(W,TlAj,Xn) =v,Vj

Substituting Equation (7) into Equation (5), the probability of choosing Location i

becomes

®) Pu=7
nl_]

where | is the total number of the locations in a given choice set. Equation (8) shows
that there still exists a positive probability of choosing a specific location at the spatial
equilibrium, which contrasts with the homogeneous case shown in Equation (3) that
the probability of choosing a specific location is zero at the spatial equilibrium. Thus,
researchers will observe that workers are “over-mobile” even though the spatial

equilibrium is thought to have been achieved.

4. Moving Costs

Moving costs are often treated as another friction deterring the spatial equilibrium
(Bayer, Keohane, and Timmins 2009; Krupka and Donaldson 2013; Diamond 2016).
To more precisely discuss the effects of moving costs on the spatial equilibrium from

the perspective of researchers, the definition of moving costs should be specified.

Definition 4 (moving costs): Moving costs are the full set of factors deterring the

moving decision of a worker. They consist of psychological moving costs and pecuniary

11



moving costs. Psychological moving costs come from heterogeneity. Pecuniary moving

costs equal moving distance.

This is a generalized definition of moving costs. Table 1 shows why and how we have
this definition.® Psychological moving costs are related to the preferences of workers
and themselves. As discussed in the previous section, workers are heterogeneous.
Observable heterogeneity affects the moving decisions of workers related to such
factors as age, health status, and education (Vigdor 2002; Machin, Salvanes, and
Pelkonen 2012). Thus, observable heterogeneity is a part of psychological moving costs.
As these factors can be directly controlled for, they are not further discussed in this
study. As mentioned in the previous section, unobserved heterogeneity also influences
the moving decisions of workers related to such factors as family ties, social networks,
and local amenities. Thus, unobserved heterogeneity is another part of psychological
moving costs.®

Now, the remaining factors are all about moving or traveling per se, which are usually
regarded as moving costs in the narrow sense. These factors can be decomposed into
travel preferences and moving distance. Travel preferences such as the perception of
distance, vehicle preference, airline preference if traveling by air, and choice of route if
traveling by automobile are mostly unobserved by researchers. Thus, travel preferences
are sources of unobserved heterogeneity, with the other unobserved heterogeneity
mentioned above generating imperfect mobility from the perspective of researchers, as
discussed in the previous section.

If travel preferences and other heterogeneity, namely psychological moving costs,

5 Carrington, Detragiache, and Vishwanath (1996) discuss endogenous moving costs, which decrease with the number of
migrants already settled in the destination. For simplicity, endogeneity is assumed to be ignorable. As discussed later, moving costs
do not qualitatively influence the existence of imperfect mobility. Endogenous moving costs are less likely to qualitatively alter
the results. Further, as shown later, the number of migrants at each location in the choice set are stable at the spatial steady state.
Therefore, at least, such endogeneity in moving costs does not have temporal variation.

6 Unobserved psychological moving benefits may exist as some unobserved heterogeneity causes “over-mobility,” as discussed

in the previous section.

12



can be completely controlled for and travel cost per unit distance is normalized to one,
the only remaining variation in moving costs is moving distance. Thus, moving distance
is equivalent to pecuniary moving costs.” The remainder of this section discusses how
pecuniary moving costs affect mobility from the perspective of researchers.

Define t; as the moving distance from Location k to Location i. Hence,

L Tik,Vi * k
g = {0 v L

Now, the observed probability of worker n choosing Location i is

eV(W, T|Al, Xn)-I—T(Tki)

Ppik =
(10) nilk Z] eV(W,T|Aj,Xn)+T(Tkj)

where k is the initial location. T'(*) is a monotonic disutility function on moving
distance: T(0) =0,and T'(-) < 0.

Proposition 3 (biasness): If pecuniary moving costs are not accurately counted by
researchers, imperfect mobility is observed with bias.

Proof. For | > 2, given the moving distance to the alternative locations, the partial

derivative of Equation (10) with respectto ty; is, Vi # k,

. V(W,T‘Aj,Xn)+T(Tkj)
= T,(Tki)eV(W’T|AiﬂXn)+T(‘L'ki) =i Iy

(Z} eV(W, T“A]-, Xn)"'T(Tkj))Z

1 0Py
(b 0Ty,

Thus, if the moving distance to Location i is ignored or undercounted by researchers,
“over-mobility” is overstated, while “immobility” is understated by researchers.

Similarly, for J > 2, given the moving distance to Location i, according to Equation

(10), Vj # k,
0P eV(W,T'|Ai,Xn)+T(‘rki)+V(W,T"Aj,Xn)+T(Tkj)
12 Gp =T (7)) >0

(Z] eV(W, r|4;, Xn)+T(‘rkj))2

Thus, if any moving distances to the alternative locations are ignored or undercounted

7 These two terms are used interchangeably hereafter.

13



by researchers, “over-mobility” is understated, while “immobility” is overstated.

For | = 2, the partial derivative in Equation (12) is undefined as the distance
between two locations is constant regardless of the moving direction. Equation (11)
still works in this case, implying that “over-mobility” is overstated, while “immobility”
is understated if the moving distance between two locations is ignored or undercounted.
[

Inequation (11) shows that given any revealed utility level at Location i, the longer
the moving distance to Location i, the lower the probability of choosing Location i,
which is shown in Figure 3(a). Figure 3(a) illustrates that the height of the “over-
mobility” area shrinks, while the height of the “immobility” area increases if pecuniary
moving costs are considered. Thus, if the moving distance to a target location is ignored
or undercounted by researchers, “over-mobility” is overstated and “immobility” is
understated.

Inequation (12) indicates that for any revealed utility level at Location i, the larger
the moving distance to any alternative location, the higher the probability of choosing
Location i. Figure 3(b) illustrates this and implies that “over-mobility” is understated,
while “immobility” is overstated if the moving distance to any alternative location is
ignored or undercounted by researchers.

Proposition 3 also implies that imperfect mobility always exists from the perspective
of researchers no matter whether pecuniary moving costs are accurately counted. As
moving distance is easier to directly control for than unobserved heterogeneity,
unobserved heterogeneity rather than pecuniary moving costs is more likely to deter

researchers from observing the spatial equilibrium.

5. Spatial Steady State
Propositions 2 and 3 indicate that it is difficult for researchers to observe the spatial
equilibrium because of unobserved heterogeneity. Idiosyncratic migration can be

observed even if revealed utility is equalized across locations. Yet, if revealed utility

14



differentials exist, will they disappear over time in a heterogeneous setting? In a
homogeneous spatial equilibrium model setting as in Proposition 1, local revealed
utility converges through spatial arbitrage, implying that interregional revealed utility
differentials are capitalized into factor prices pushed by interregional migration, which
affects region size. However, Rosen—Roback models do not explicitly discuss
equilibrium region size.

In this section, considering unobserved heterogeneity, it is shown that if location
choice probabilities are assumed to be constant over time (i.e., interregional revealed
utility differentials, if any, are persistent), region sizes converge to a unique distribution

(i.e., a spatial steady state exists for a given location choice set).

Definition 5 (spatial steady state): Given a location choice set, in a spatial steady

state, the population distribution is stationary.

Consider a finite location choice set with N locations. The distribution vector of the
population at time t is s; = (Sit °* Snt), where s;; is the local population
share.® The average probability of choosing Location i from Location k at time ¢t
is given by an averaged version of Equation (10):

V(W(Sit)ﬂr(Sit)‘Ai'Xn)"‘T(Tki)

Ne v(w(Sje) (Sje) |Aj, Xn)+7 (k)

where i =1,...,N and k=1,..,N. S;; is the local population. It is convenient to

(13) Pl|k

regard the evolution of the population distribution, s, as a finite Markov chain process.
Then, Equation (13) is the expression of the entries of the transition matrix. Equation
(13) indicates that the location choice probability is affected by the local population
through its effect on factor prices and hence, revealed utility. The literature on urban
economics describes agglomeration externalities as a determinant of region size

(Abdel-Rahman and Anas 2004). Agglomeration brings about benefits, while negative

8 Natural population growth is not considered in this study.
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externalities such as pollution, congestion, and crime lower revealed utility. However,
because the non-linearity of agglomeration lacks consensus in the literature (Glaeser
and Gottlieb 2008), it is difficult to determine the functional forms of w(S;;) and
r(S;¢). Further, Equation (13) indicates that the finite Markov chain is time-dependent,
which loses some well-behaved properties compared with a time-homogeneous one. To
simplify the analysis and draw analytical solutions, the following assumption is

therefore made.

Assumption 1: The population elasticity of revealed utility is sufficiently small to be
ignored, such that Equation (13) becomes time-independent:

eV(W, r

Ai: Xn)"'T(Tki)

14 P =
( ) ilk . V(W,T'
j=1€

Aj, Xn)"'T(Tkj)

Assumption 1 is a strong assumption, ignoring the effect of the population on
revealed utility. Ideally, the marginal benefit of making this assumption would be larger
than the marginal cost, so that the assumption simplifies the model without substantially
affecting its performance. First, this assumption implies that the spatial disequilibrium
is persistent, which is supported by the literature (Spilimbergo and Ubeda 2004;
Partridge et al. 2015; Goetzke and Islam 2017). Second, it avoids the functional-form
concern of w(S;;) and r(S;.). Third, it is evaluated using real data in Section 7, where
the results show that the assumption is reasonable. Fourth, it only matters during
convergence. Revealed utility is constant after the process has converged (in a spatial
steady state) as the population is constant. This study focuses on what happens in the
spatial steady state rather than convergence. Fifth, it is possible for a time-varying
version of the Markov chain above to converge to a stationary distribution using

speculated functional forms of w(S;;) and r(S;;) under a weaker version of
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Assumption 1 that the population elasticity of revealed utility is small but not ignored.®
Finally, although stationarity is not guaranteed for a time-varying Markov chain without
Assumption 1, it does not provide any evidence to show that local revealed utility
converges to a single level.

Proposition 4 (convergence): Under Assumption 1 and if there is no subsequent
shock, a given location choice set with unobserved heterogeneity converges to a unique
spatial steady state.

Proof. The transition matrix is given by

Py1 o Py
(15) P=|: -~
Py - Py

Each transition matrix entry is given by Equation (14) under Assumption 1. As 0 <

Py <1 forall i,k € {1,..., N}, the process is ergodic. Therefore,

(16) tlim S; =S

—00

where s is a unique stationary population distribution vector such that SP = s. m

As the Markov chain is ergodic, the steady-state population distribution does not
depend on the initial distribution. For simplicity, take the discrete time case with a two-
location choice set (Locations a and b) as an example. Given the initial population of

Location a is a, and of Location b is by, the total population is S = ay + by. The
probabilities of choosing Locations a and b from Location a are P,, and Py,

respectively. The probabilities of choosing Locations a and b from Location b are

Pqp and Py p, respectively. Thus, the relationships between the current and future

populations of Locations a and b, respectively are

(17) Aty = Pa|aat + Pa|bbt

(13) bty1 = Ppjaas + Pypbye

9 See Haag and Weidlich (1984) for a formal discussion in a reduced-form setting.

17



Solve for a; and b;:

t t
_Pb|a(Pa|a+Pb|b_1) +Pa|ba +_ a|b(Pa|a+Pb|b_1) +Pa|bb

(19  a
‘ Pa|b+Pb|a 0 Pa|b+Pb|a

0

t t
__Pb|a(Pa|a+Pb|b_1) +Pb|aa +Pa|b(Pa|a+Pb|b_1) +Pb|ab

(20) b, =
‘ Pa|b+Pb|a 0 Pa|b+Pb|a 0

As |Pyq + Popp — 1| < 1,

1) lima, = — g
tooo Pa|b +Pb|a
Pb|a
22 lim b; = S
@2) tooo ¢ Pa|b+Pb|a

According to Equations (21) and (22), the population of Locations a and b both
converge to a constant that does not depend on the initial local population; rather, it

only depends on the total population and a steady state share. The steady state share for

Palb
Pa|ptPp|a

Location a is , which 1s intuitive as the population at Location a is fixed

when the population choosing Location a from b is the same as that choosing
Location b from a. The same intuition applies to Location b.

The further the distance from one location to the other locations, the closer to one is
the probability of staying at the location. This is close to a Markov chain with an
absorbing state at which the steady-state distribution depends on the initial distribution
(multiple spatial steady states). However, this is less likely to happen in the setting used
in this study. If a location is completely isolated, it is not reasonable to include it in a
location choice set. Therefore, in a given location choice set, if some locations are
remote from the other locations, the speed of convergence to a unique spatial steady
state just becomes slow rather than having multiple spatial steady states. On the contrary,
it is easy to see that the Markov chain converges immediately if pecuniary moving costs

are ignored, as each row entry of the transition matrix is identical to that in any other
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row. Thus, the transition matrix is identical to any power of itself, implying that the
lower pecuniary moving costs, the faster the speed of convergence.

Corollary (existence of the Behrens equilibrium condition): Without considering
pecuniary moving costs, the steady-state population share of each location is the same
as the probability of choosing the location.

Proof. 1gnoring pecuniary moving costs, the transition matrix becomes

P, - Py
(23) P=|: - =]

P, - Py

Suppose the spatial steady-state population distribution is

(24) s=(S1 " Sn)
Then,
P, Py
(25) sP=(51 " Sp) ]
P, Py
=1 Py

According to Proposition 4, in the spatial steady state,

(26) sP=s

Therefore,

(27) (Pr - Py)=(51 = Swn)

Namely,

(28) P, =s;, Vi ]

Equation (28) is simply the spatial equilibrium condition given by Behrens et al.
(2017).1% Thus, the Behrens equilibrium condition is proven to exist as a result of the
spatial steady state derived from a special case of our model ignoring pecuniary moving
costs.

To sum up, Proposition 4 indicates that the population shares of a given location

10 See Equations (29) and (30) in Behrens et al. (2017).
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choice set converge to a unique distribution in a spatial steady state and are not
necessarily the same across locations, as the probability of choosing each location is
positive, persistent, and not necessarily equalized. Migrations must be observed if the
location choice probability is positive. Consequently, researchers may observe a spatial

steady state, while the spatial equilibrium is not observed.

6. Numerical Example
Numerical examples in six scenarios are provided in this section to illustrate the
theoretical framework. For simplicity, consider a choice set containing Locations a
and b.* Table 2 reports the numerical results.

Scenario 1 (benchmark): At the spatial equilibrium without unobserved
heterogeneity.

Column (1) of Table 2 shows the results of a spatial equilibrium in the Rosen—Roback
setting. Assuming revealed utility is equalized in both locations without pecuniary

moving costs, workers have no incentive to shift locations. The probability of moving
from Location b to a (Pgp) is zero and this is the same for the reverse direction (Pp|q).

In this case, workers are perfectly mobile regarding either location.
Scenario 2: Equalized revealed utility with unobserved heterogeneity.
To show the difference between the models with and without unobserved

heterogeneity, Column (2) reports the results. Although revealed utility is still equalized

in both locations as in Scenario 1, considering unobserved heterogeneity, P, and

Py calculated by Equation (5) are both 0.5 rather than zero. Hence, interregional

migration still exists even if revealed utility is equalized everywhere. Specifically, half
of the population in each location swap their locations. From the perspective of
researchers who cannot observe idiosyncratic heterogeneity, workers are “over-mobile”

regarding either location.

1 This can be generalized to a choice set with multiple options; however, the results are similar.
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Scenario 3: Equalized revealed utility with unobserved heterogeneity and
pecuniary moving costs.

Assume that the disutility of pecuniary moving costs is -0.5 for either direction of
moving, as the distance between Locations a and b is the same regardless of the

direction. Column (3) shows that the probability of moving from Location b to a
(Pgjp) 1s 0.378 and this is the same for the reverse direction (Ppq), as calculated by

Equation (10). As revealed utility is still identical for each location, researchers who
do not observe idiosyncratic heterogeneity would not expect interregional migration.
However, unobserved heterogeneity makes workers choose either location with a
positive probability. According to Definition 3, workers are “over-mobile” regarding

either location from the perspective of researchers. Further, compared with Scenario 2,

this case also considers the role of pecuniary moving costs. P,j;, and Py, are smaller

than their corresponding values in Scenario 2, as pecuniary moving costs offset the
idiosyncratic utility gain from moving. This case also illustrates Proposition 3 that
“over-mobility” is overstated if pecuniary moving costs are not considered.

Scenario 4 (benchmark): Positive revealed utility shock (differential) at Location
a without unobserved heterogeneity.

In this scenario, assume that the revealed utility offered at Location a is higher than
that at Location b. Column (4) reports the benchmark results in a homogeneous setting.
All homogeneous workers choose Location a as they can obtain higher utility*? there,
while none choose Location b. Workers are perfectly mobile regarding either location.

Scenario 5: Positive revealed utility shock (differential) at Location a with
unobserved heterogeneity.

Owing to unobserved heterogeneity, the probability of moving from Location b to
a is not one. Column (5) shows that this probability is 0.731, indicating that 26.9% of

workers at Location a choose Location b even though it offers lower revealed utility.

12 This is either revealed or perceived utility as they are identical for homogeneous workers.
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Thus, compared with the benchmark in Scenario 4, workers are “immobile” regarding
Location a and “over-mobile” regarding Location b from the perspective of
researchers. According to Definitions 2 and 3, “immobility” regarding Location a and
“over-mobility” regarding Location b are both 0.269 because with zero pecuniary
moving costs, regardless of the initial location, the probability of workers choosing
Location b is 0.269. Hence, 26.9% of workers move from Location a to Location b,
resulting in “over-mobility” regarding Location b; moreover, 26.9% of workers from
Location b choose to stay at Location b, generating “immobility” regarding Location
a from the perspective of researchers.

Scenario 6: Positive revealed utility shock (differential) at Location a with
unobserved heterogeneity and pecuniary moving costs.

Column (6) shows that the probabilities of moving from Location b to a and from
Location a to b are 0.622 and 0.182, respectively. As discussed in Scenario 5,
unobserved heterogeneity makes researchers observe “immobility” and “over-mobility”
regarding Locations a and b, respectively. Such “immobility” and “over-mobility”
are 0.378 and 0.182 according to Definitions 2 and 3, respectively. Compared with
Scenario 5, “immobility” is larger and “over-mobility” is smaller in this scenario
because pecuniary moving costs serve as a friction that reinforces “immobility” and
offsets “over-mobility,” consistent with the prediction in Proposition 3 that “immobility”
and “over-mobility” are respectively understated and overstated when ignoring
pecuniary moving costs in a two-location case.

These six hypothetical scenarios illustrate that unobserved heterogeneity generates
imperfect mobility from the perspective of researchers, resulting in some difficulty
detecting the spatial equilibrium. Although ignoring pecuniary moving costs both
understates and overstates “immobility” and “over-mobility,” it does not deny the
existence of imperfect mobility from the perspective of researchers. To show the
evolution of the six scenarios over time, the corresponding Markov chain processes are

simulated.
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As discussed in Section 5, as the Markov chain for the population distribution with
unobserved heterogeneity is ergodic, the steady-state distribution is unique and does
not depend on its initial distribution. Thus, the initial distribution choice could be
arbitrary. In the two-location example, assume that the initial populations at Locations
a and b are equally distributed.® Figure 4 reports the corresponding simulation
results for Table 2.

Figure 4(1) shows the results for Column (1) of Table 2. This is a benchmark scenario
in which the spatial equilibrium is achieved in a homogeneous setting. As revealed
utility is equalized everywhere, homogeneous workers have no incentive to shift their
locations. Thus, no interregional migration is observed. The population distribution is
persistent (i.e., in a spatial steady state). Compared with Figure 4(1), unobserved
heterogeneity is considered in Figure 4(2). The difference is clear: although revealed
utility is still equalized, migration is always observed and persistent because of
idiosyncratic preferences. Pecuniary moving costs are considered in Figure 4(3). This
figure shows a similar pattern except that migrants in both directions and total migrants
are less than those in Figure 4(2). In general, these figures illustrate the possible reason
for the difficulty of observing the spatial equilibrium: the persistent existence of
migrants would lead researchers to observe “over-mobility” and reject the strong form
of the spatial equilibrium even if revealed utility is equalized across locations.

Figures 4(4)-4(6) illustrate the circumstances that Location a provides higher
revealed utility than Location b according to Columns (4)—(6) in Table 2. Figure 4(4)
shows the benchmark case in which workers are homogeneous. In this setting, all
homogeneous workers move to Location a at time 1, reaching a new spatial
equilibrium. As there are no subsequent shocks, after migration at time 1, no migration
is observed, as in Scenario 1. However, considering unobserved heterogeneity, Figure
4(5) shows that not all workers move to Location a even though they can obtain higher

revealed utility there. Some workers at Location a even move to Location b for

BF igure Al in the Appendix shows an example of an unequal initial population distribution.
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idiosyncratic reasons. These unexpected migrations observed by researchers represent
imperfect mobility. As there are no pecuniary moving costs, the revealed utility
difference can be realized on the population distribution immediately at time 1. The
population distribution then converges to a stationary distribution. Moreover, another
difference between Figures 4(5) and 4(4) is that migration still exists after the
population distribution becomes steady because of unobserved heterogeneity.
Considering pecuniary moving costs, the evolution pattern of the population
distribution in Figure 4(6) is similar to that in Figure 4(5) except that migration in either
direction and total migration are less because of the friction and the speed of
convergence becomes slower, as discussed in the previous section. Figures 4(5) and 4(6)
are consistent with the empirical findings of Clark et al. (2003) and Goetzke and Islam
(2017) that workers move to locations in which they are better off. However, unlike that
claimed by Clark et al. (2003) and Goetzke and Islam (2017), the figures show that such
migration does not tend toward the spatial equilibrium. Instead, Goetzke and Islam
(2017) actually provide evidence supporting Figures 4(5) and 4(6) that workers move
to better locations, but that a disequilibrium is persistent. Spilimbergo and Ubeda (2004)
also show that labor immobility is persistent.

The homogeneous cases (Figures 4(1) and 4(4)) are not ergodic Markov chain
processes as the transition probabilities are either zero or one. Therefore, the population
distributions in these cases either depend on the initial distribution (Figure 4(1)) or
vanish (Figure 4(4)), as observed by comparing Figure 4 with Figure Al in the
Appendix. Moreover, the results in Figure 4 are based on Assumption 1 that population
change does not affect revealed utility. This is a somewhat strong assumption. In the

next section, data are used to evaluate its validity.

7. Validity of The Model Assumption
Assumption 1 suggests that the location choice probability is rarely affected by revealed

utility through population change, meaning that the transition probabilities are time-
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independent. Under this assumption, it is proven that a given location choice set
converges to a unique spatial steady state. This section evaluates the suitability of
Assumption 1. As the transition probabilities are unobserved, they must be estimated.
However, theoretically, the population shares are equal to the estimated location choice
probabilities using discrete choice models, subject to rounding errors (Train 2009).
Thus, we can evaluate Assumption 1 by directly checking the stability of the population
shares without estimating the location choice probabilities. Simultaneously, this allows
us to directly examine the model predictions (i.e., the spatial steady state).

We use microdata from the 2005-2017 American Community Survey retrieved from
IPUMS (Ruggles et al. 2019) to evaluate the model assumption for several reasons.
First, our model works for a given location choice set. The past location information in
the dataset allows us to exclude those individuals not previously in a given location
choice set. Second, we use employment information to restrict the sample to full-time
workers who work at least 35 hours per week. Third, the personal survey weights
combined with residential information can be used to recover the population shares for
different location choice sets. Specifically, we restrict the sample to full-time workers
living in the 50 states and District of Columbia during the survey years that did not live
abroad one year before. We use this sample to recover the population shares for location
choice sets at three levels: public use microdata area (PUMA), metropolitan statistical
area (MSA), and state. 4

Figures 5—7 illustrate the population shares for the different location choice sets. First,
the location choice set at the state level is considered (Figure 5). The population shares
for the 50 states and District of Columbia over 2005-2017 are mostly stable, implying
that the location choice probabilities at the state level are relatively time-independent,

which supports Assumption 1. This also provides direct evidence that the population

14 The PUMA boundaries were redrawn in 2012. To be consistent, we thus use consistent PUMA (CPUMA) to identify the
PUMAS over the study years. The 2013 boundaries for MSAs from the U.S. Office of Management and Budget are used to identify

the MSAs. The non-MSA areas of each state are also included.
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distribution at the state level is in a spatial steady state, which is consistent with our
model predictions. The dashed line in the figure panels is equal to 0.0196, as calculated
by Equation (8) as a reference, indicating the location choice probability when revealed
utility is equalized in all states. However, few states sit exactly on this line, and there is
no trend converging to this line. The population shares of some states such as California,
Florida, New York, and Texas are always above the reference line, indicating they are
persistently preferred, whereas workers are immobile regarding these states from the
perspective of researchers. The population shares of other states such as Alaska, Idaho,
Maine, and Wyoming are continuously below the reference line, showing “over-
mobility.” According to the one-to-one relationship between the location choice
probability and local revealed utility discussed in Section 3, Figure 5 therefore implies
that revealed utility differentials always exist (i.e., the spatial disequilibrium is
persistent).

The pattern is robust to using different location choice sets at different geographic
scales. There are too many CPUMAs in the United States to display (i.e., N =1078).
Thus, we define individual states as the location choice sets with CPUMAS as the
location options and choose certain states to report. ® Figure 6 shows that the
population shares of CPUMAs are highly persistent in all these states, indicating a
spatial steady state. The population shares in Figure 6 can thus be interpreted as the
conditional location choice probabilities of CPUMASs given a state. It can then be
inferred that the unconditional location choice probabilities of CPUMAs are also steady,
as the unconditional choice probability of a CPUMA is derived by multiplying the
choice probability of the state in which the CPUMA is located (Figure 5) by the
conditional choice probability of the CPUMA given the state (Figure 6). Figure 7 shows

the population shares for selected MSAs.® This figure shows a similar pattern to that

5 The subsamples are restricted to workers who always stay in the given states. The patterns are similar for unreported states.
The figures for unreported states are available upon request.
16 Non-MSA areas by state are also included as location options. The unreported figures of MSAs are available upon request.

The results are robust to excluding non-MSA areas.
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in the figures for states and CPUMASs: the probability of choosing an MSA is mostly
stable and the population distribution at the MSA level is also in a steady state.

Figure 8 presents the estimated kernel densities of the population shares at the
CPUMA and MSA levels. This figure shows that the variation in population shares is
small at both levels. We also estimate a year fixed effect model showing that the annual
change in the population shares at different geo-unit levels is small and mostly not
significantly different from zero.!” This evidence indicates that Assumption 1 is
reasonable and that spatial steady-state theory applies to different location choice sets.

As discussed previously, the literature finds persistence in the spatial disequilibrium
(Spilimbergo and Ubeda 2004; Partridge et al. 2015; Goetzke and Islam 2017). The
evidence in this section thus confirms the persistence at different geo-unit levels. To
sum up, the strong form of the spatial equilibrium is rarely observed because (i)
researchers observe imperfect mobility that results from unobserved heterogeneity and
(i1) interregional revealed utility differentials (spatial disequilibrium) are highly
persistent. Thus, place-based policies may be effective as discussed in the literature

(Hall and Romer 2008; Partridge et al. 2015; Goetzke and Islam 2017).

8. Conclusions

This study explains why the strong form of the spatial equilibrium is rarely observed.
A simple discrete choice model is used to illustrate that researchers observe imperfect
mobility because of the unobserved heterogeneity of workers. Thus, the strong form of
the spatial equilibrium is rarely detected as spatial equilibrium conditions are not
observed. Although imperfect mobility is more accurately observed if pecuniary
moving costs are considered, this does not alter the main conclusion. Assuming that the
population elasticity of revealed utility is ignorable, it is shown that the population
distribution of a given location choice set converges to a unique stationary distribution,

which is defined as a spatial steady state, implying that the spatial disequilibrium is

7 The results are suppressed to conserve space.

27



persistent. The higher the pecuniary moving costs, the slower the population
distribution converges to a spatial steady state. The assumption of the Markov chain is
evaluated using American Community Survey 2005-2017 pooled microdata. These
data show that the assumption is reasonable and that spatial steady states for different
location choice sets are observed.

The models used in this study, namely the discrete choice model (Carlton 1983; Anas
and Chu 1984; Haynes and Fotheringham 1990; Guimaraes, Figueirdo, and Woodward
2003, 2004; Bayer, Keohane, and Timmins 2009; Behrens et al. 2017) and Markov
chain process (Tarver and Gurley 1965; Brown 1970; Brown and Longbrake 1970;
Spilerman 1972; Ginsberg 1973; Singer and Spilerman 1973; Haag and Weidlich 1984;
Constant and Zimmermann 2012), have been widely used in the literature. This study
thus contributes to the body of knowledge on this topic by combining them to explain
the imperfect mobility and persistence of the spatial disequilibrium observed by
researchers.

Such a combination has advantages over classical models. First, our framework
avoids the discussion of marginal movers by integrating unobserved heterogeneity.
Second, it analyzes the causes of the spatial disequilibrium and its persistence from
both the static and the dynamic perspectives of researchers. Third, the model
assumption is supported by the data and the model prediction fits the data well.

Yet, caveats remain. Agglomeration is ignored in the model for simplicity. Indeed,
although our model fits the data well, more profound spatial dynamics should exist
during the convergence toward a spatial steady state due to agglomeration. Hence,
before any progress can be made, agglomeration per se should be further studied.
Nonetheless, this study implies that it is one of the criteria for an ideal functional form
of agglomeration that it should ensure the convergence of the Markov chain with the
transition probabilities given by Equation (13). Further, this study assumes that
workers face the same location choice set with the same information about their options.

Cases with incomplete information sets are left to future studies.
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Figure 1: Location Choice Probability in Homogenous Setting
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Probability of choosing Location i, P,

Figure 2: Location Choice Probability with Unobserved Heterogeneity
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Figure 3: Location Choice Probability with Pecuniary Moving Costs
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Figure 4: Spatial Dynamics of Population
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Population share

Figure 5: 2005-2017 Population Shares at State Level
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Notes: The sample is restricted to full-time workers living in the 50 states and District of Columbia during the survey years that did not live abroad one year before.



Figure 6: 20052017 Population Shares at CPUMA Level
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Figure 7: 2005-2017 Population Shares of Selected MSAs
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Figure 8: Estimated Kernel Density of Population Shares
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Notes: The default kdensity command in Stata is used to estimate the kernel densities.
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Table 1: Definition of Moving Costs

Category Source Observed by researchers

Observable:
Ideally, yes. Directly

Age, health status,
control for.

education, etc.

Psychological Heterogeneity
. Unobservable:
moving cost
Moving cost Travel preferences; No. Generate imperfect
other unobserved mobility.
heterogeneity
Pecuniary moving
Beeline distance of moving Ideally, yes.

cost

Notes: See the text for details.
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Table 2: Numerical Examples in Different Scenarios

)] 2 3) “ (%) (6)
V. 1 1 1 2 2 2
Vp 1 1 1 1 1 1
T 0 0 -0.5 0 0 -0.5
Heterogeneity No Yes Yes No Yes Yes
Pap 0 0.5 0.378 1 0.731 0.622
Pyja 0 0.5 0.378 0 0.269 0.182
Mobility regarding
Perfect “Over-mobile” “Over-mobile” Perfect “Immobile” “Immobile”
Location a
Mobility regarding
Perfect “Over-mobile” “Over-mobile” Perfect “Over-mobile” “Over-mobile”
Location b

Notes: P, and Py, in Columns (1) and (4) come from Equation (3). Py, and Py, in Columns (2) and (5) are calculated
using Equation (5). Py, and Py in Columns (3) and (6) are calculated using Equation (10).
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Appendix Figure Al: Spatial Dynamics of Population
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