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Devwudfw

Fkhds wdon jdphv kdyh ehhq zlgho| xvhg wr dqdo|}h vlwxdwlrqv lq zklfk d sro0

lf| pdnhu qhhgv h{shuw dgylfh1 Lq suhylrxv zrun/ xqfhuwdlqw| kdv doprvw dozd|v

ehhq prghohg xvlqj d vlqjoh0glphqvlrqdo vwdwh yduldeoh1 Lq wklv sdshu zh suryh

wkdw wkh glphqvlrqdolw| ri wkh xqfhuwdlq yduldeoh kdv dq lpsruwdqw txdolwdwlyh lp0

sdfw rq uhvxowv dqg |lhogv lqwhuhvwlqj lqvljkwv lqwr wkh _phfkdqlfv% ri lqirupdwlrq

wudqvplvvlrq1 Frqwudu| wr wkh xqlglphqvlrqdo fdvh/ zlwk pruh wkdq rqh glphqvlrq

ixoo wudqvplvvlrq ri lqirupdwlrq lq doo vwdwhv ri qdwxuh lv w|slfdoo| srvvleoh1 Zkdw

uhdoo| pdwwhuv lq wudqvplvvlrq ri lqirupdwlrq lv wkh orfdo ehkdylru vhqghuv* lqgli0

ihuhqfh fxuyhv dw wkh lghdo srlqw ri wkh srolf| pdnhu +uhfhlyhu,/ qrw wkh sur{lplw|

ri sod|huv* lghdo srlqw1 Wklv pd| h{sodlq wkh dssduhqw frq�lfw ehwzhhq lqirupd0

wlrqdo wkhrulhv ri frpplwwhhv dqg wkh hpslulfdo hylghqfh rq wkh srru doljqphqw ri

suhihuhqfhv ehwzhhq wkh Iorru dqg frpplwwhhv lq ohjlvodwlyh rujdql}dwlrqv1

�Hfrqrplfv Ghsduwphqw/ Qruwkzhvwhuq Xqlyhuvlw|/ 5336 Vkhulgdq Urdg/ Hydqvwrq/ Loolqrlv 9353;0

59331 h0pdlo= p0edwwdjolqlCqzx1hgx1 L dp judwhixo wr Gdylg Dxvwhq0Vplwk/ Pdwwkhz Mdfnvrq/ Zroijdqj

Shvhqgruihu/ Mrho Vreho/ Mrkq Zrrgux�/ Vdqg| ]dehoo dqg wkh sduwlflsdqwv ri wkh _Zdoolv Frqihuhqfh

rq Srolwlfdo Hfrqrp|% +Urfkhvwhu/ Q\/ Rfwrehu 4<<<, iru khosixo frpphqwv1 L dp hvshfldoo| lqghewhg

zlwk Wlp Ihgghuvhq dqg Dvkhu Zrolqvn| iru dgylfh dqg hqfrxudjhphqw1 Doo uhpdlqlqj huuruv duh plqh1

Ilqdqfldo vxssruw iurp Edqfd Vdq Sdror0LPL lv judwhixoo| dfnqrzohgjhg1
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4Vhh Jlooljdq dqg Nuhkelho ^4<;<`/ Hsvwhlq ^4<<;`/ Dxvwhq Vplwk ^4<<4`> iru dq h{whqvlyh vxuyh| ri wkh

wrslf vhh Nuhkelho ^4<<4`1
5Glvfxvvlrq ri Dxvwhq0Vplwk*v uhvxowv zloo iroorz1
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6D fkhds wdon jdph lv d vljqdoolqj jdph lq zklfk qhlwkhu wkh vhqghu*v qru wkh uhfhlyhu*v sd|r� ghshqgv

rq wkh phvvdjhv vhqw= sd|r�v duh rqo| ixqfwlrqv ri w|shv dqg wkh dfwlrq wdnhq e| wkh uhfhlyhu1
7Sduwlwlrqdo htxloleuld= wkh| suryh wkdw iru dq| shuihfw Ed|hvldq htxloleulxp wkhuh h{lvwv d sd|r�

htxlydohqw sduwlwlrqdo htxlololeulxp1
8Nulvkqd dqg Prujdq ^4<<<d` suryh wkdw zkhq h{shuwv uhsruw vhtxhqwldoo| qr ixoo| uhyhdolqj htxlole0

ulxp h{lvwv> exw Jlooljdq dqg Nuhkelho/ zkr �uvw kdyh frqvlghuhg wkh vlpxowdqhrxv uhsruw fdvh/ gr qrw

suryh wkdw zkhq h{shuwv uhsruw vlpxowdqhrxvo| qr ixoo| uhyhdolqj htxloleulxp h{lvwv1 Lq h�hfw/ mxvw d voljkw

jhqhudol}dwlrq ri wkh prgho hpsor|hg e| Jlooljdq dqg Nuhkelho pd| |lhog wkh h{lvwhqfh ri ixoo| uhyhdolqj

htxloleuld1 Wklv lv wuxh zkhq h{shuwv kdyh olnh eldvhv/ dv vkrzq e| Nulvkqd dqg Prujdq ^4<<<d`/ exw dovr

lw pljkw eh wuxh/ xqghu vrph frqglwlrqv/ lq wkh fdvh zlwk rssrvhg eldvhv ri wkh h{shuwv zlwk uhvshfw wr wkh

srolf| pdnhu1 Lq wkh �uvw vhfwlrq zh suhvhqw d qhfhvvdu| dqg vx�flhqw frqglwlrq iru wkh qrq h{lvwhqfh ri

d ixoo| uhyhdolqj htxloleulxp hyhq lq wkh fdvhv wkdw kdyh qrw ehhq dqdo|}hg ehiruh1 Nulvkqd dqg Prujdq

^4<<<e` kdyh/ lqghshqghqwo| iurp wklv zrun/ irxqg d vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d i1u1h1

Wkh prghoolqj dssurdfk ri Dxvwhq Vplwk lv udwkhu gl�huhqw dqg vr qrw gluhfwo| frpsdudeoh zlwk wkh

sdshuv e| Jlooljdq dqg Nuhkelho ru Nulvkqd dqg Prujdq1 Lq Dxvwhq Vplwk*v sdshu h{shuwv gr qrw revhuyh

wkh wuxh vwdwh exw d vdpsoh ri gudzlqjv iurp d nqrzq glvwulexwlrq ri lw1 Lq wklv dssurdfk/ pruh wkdq wkh

frqfhsw ri ixoo| uhyhdolqj htxloleulxp lv uhohydqw wkh frqfhsw ri _frkhuhqfh% ri wkh htxloleulxp1
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(0,0), 1 induces a point
on this line: here the
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qxpehuv dqg wkh srolf| pdnhu ljqruhv doo ri wkhp h{fhsw rqh1 Wkh fdvh lq zklfk hdfk h{shuw lv uhtxluhg

wr uhsruw d frxsoh ri qxpehuv lv sduwlfxoduo| lqwhuhvwlqj vlqfh lw pd| vhhp qdwxudo= zh pd| lqwhusuhw lw

dv hdfk djhqw ehlqj uhtxluhg wr uhsruw wkh _frruglqdwhv% ri �= Lq wkh htxloleulxp wkdw zh zloo frqvwuxfw/

wkh qxpehu wkdw lv uhsruwhg zloo eh d wuxwkixo frruglqdwh ri �> vlqfh wkh rwkhu frruglqdwh lv ljqruhg/
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