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Abstract

Consider a society with a finite number of plavers. Each plaver has personal preferences
over coalitions in which he joints. A social outcome is a coalition structure that is defined
by a partition of the set of plavers. We study the strategy proof core and von Neumann and
Morgenstern (¢ NEA]) solutions.

The roommate problem is a problem in which each coalition contains at most two members.
We show that if the core is a singleton. then the core mechanism is coalitionally strategy proof.
Since a singleton core defines the largest domain of preferences to admit a mechanisin that is
strategy proof. individually rational (IR) and Parcto optimal (PO). our result shows that this
largest domain is achieved in the roommate problem.

We show in an example that a singleton core is manipulable if coalitions contain more than
two members (three. say). We show that if a oN&AS solution is a singleton. then it is the
unique ¢NEA solution and coincides with the core. Moreover the vNEM solution mechanism is
coalitionally strategy proof in the domain with a singleton vN&AS solution. In fact the vNEM
solution is the only mechanism that is strategy proof. IR and PO in the domain.
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1 Introduction

Consider a society with a finite number of players. Each player has personal preferences over
coalitions in which he joints. A social outcome is a coalition structure that is defined by a partition
of the set of players. We study the strategy proof core and vNEM solutions under this framework.

The »vNEIM solutions and the core are the two very notions in the study of coalition formation
in the literature. A solution may be considered “a stable standard of behavior in [a possible social

organization]” (von Neumann and Morgenstern (1953. p.436)). Given a profile of preferences. a
coalition structure B dominates the coalition structure A if there exists a coalition B in B such
that ecach member in B prefers the coalition B to the coalition in A in which he joints. It should
be noted that the coalition structure B is not necessarily the one agreed upon by all players in the
society. But this definition makes sense becanse if the coalition B can guarantee each member in
it hetrer off by separating from the coalition structure A no matter what the rest plavers in the
society do. then there is no reason not to believe that the coalition B may well deviate from the
coalition structure A and work alone by themselves to form the coalition B. With this definition
of domination. the vNEAM solutions and the core are defined as usual. A ¢NEM solution is a set
of coalition structures such that no element in the solution dominates any other in it and any
coalition structure outside the solution is dominated by at least one element in it. Therefore. a
solution satisfies both internal aud external srability. In contrast. the core contains all coalition
structures that are not dominated by any other coalition structures. The core satisfies the internal
stability but not necessarily the external stability.

A mechanism is a function from the set of profiles of preferences to the set of coalition struc-
tures. Since the underlving true preferences are private information. a mechanism should provide
appropriate incentive for cach individual plaver (cach coalirion) to reveal the truth. This property
is known in the literature by (coalitional} strategy proofness. This incentive issue 1s important for
coalition formation. For example the National Resident Matching Program (NRMP) uses a core
mechanism to form coalitions between lospitals and physicians. The centralized matching pro-
eram eventually eliminates the inefficiency and the chaos experienced in the decentralized market
(see Roth and Sotomayor (1990) for details and the noted empirical works therein by Professor Al
Roth). One important issue in the NRMP is what incentive the hospitals and physicians may have
in reporting their ranking lists once a core matching program is implemented. This issue is clearly
related to the strategy proof property of a core matching mechanism.

In addition to the strategy proofness a mechanism should have some reasonable properties like



IR and PO. But it is known from Gibbard (1973) and Satterthwaite (1975) that a strategy proof
mechanism is dictatorship under the universal domain of preferences (with some minor assump-
tions). Thus one will have to scarch under a smaller domain of preferences for a strategy proof
mechanism that is also IR and PO. What will he snch a domain of preferences? What does such a
mechanism look like (if any)”

The literature has provided some hints to the two questions. In the housing market in Shapley
and Scarf (1974). Roth (1982b) showed that the core mechanism is strategy proof and Bird (1984)
showed that the core mechanism is coalitionally strategy proof. Morcover Ma (1994) showed that
the core is the only mechanism that is strategy proof, IR and PO. Further Sonmez (1995) studied
a class of generalized matching problems that include both the housing market and the marriage
problem in Gale and Shapley (1962). In a generalized matching problem cach player is assigned one
and only one other individual player or himself under a matching.! Sonmez (1995) strenghthened
a result in Demange (1987) and showed that the core mechanism is coalitionally strategy proof if
it is a singleton and externally stable. Moreover he showed that there exists a mechanism that is
strategy proof. IR and PO onlyv if the core is a singleton. Further if such a mechanism exists and
the core is not empty. it is the core mechanism itself. Therefore the domain of preferences with a
singleton core is the largest domain that admits a mechanism that is strategy proof. IR and PO
in the class of generalized matching problems. Tt also appears that a strategy proof mechanism
that is also IR and PO is closely tied up with the core mechanism. This is of interest since the
core Is a cooperative notion but the three properties are noncooperative in nature. These results
invite an interesting question for coalition formation. How robust are the results in the housing
market or the generalized matching problems when they apply to the coalition structures? In the
coalition structure case players have preferences over coalitions of plavers and these preferences can
be far more complicated than the preferences over individual players in the housing market or the
generalized matching problems.

We start with the roommate problem in which cach coalition contains at most two members.
Here we improve a main result in Sonmez (1995) and show that if the core is a singleton, then the
core mechanism is coalitionally strategy proof. Examples also exist such that a singleton core is
not externally stable.? Our result together with those in Sonmez (1995) shows that a mechanisin

is strategy proof. IR and PO if and only if it is the core mechanism in the domain defined by a

'A matching defined here is not necessarily bilateral since players may form oriented chains like the top trade
cycles in the housing market: see Section 3.
?That is examples exist such that the core is a singleton but the nNEA! solution is not.



singleton core in the roommate problem (also in the marriage problem). Since a singleton core
defines the largest domain in which a mechanism is strategy proof. IR and PO. we show that this
largest domain is achievable in the roommate problem.

When we turn to the general coalition structures bevond the roommate problem. things become
more complicated. We adopt an example from Roth (1985) to show that a singleton core is no
longer strategy proof. This example shows that the “size” of coalitions and the preferences over
coalitions do matter in the study of strategy proof mechanisms. What will be the answers to the
two questions raised above? Since a singleton core is not strategy proof here, the domain that
admits a mechanism that is strategy proof. IR and PO will be smaller than that with a singleton
core. It turns out that this is the domain with a singleton ¢NEAL solution. Indeed we show that
if a oNEM solution is a singleton. then it is the unique ¢NEM solution and the eNEM solution
mechanism is coalitionally strategy proof (in the domain with a singleton ¢NEAM solution). Further
it is shown that the eNEAL solution is the ouly mechanism that is strategy proof. IR and PO in
the domain.

How about the core? The results about the core in Sonmez (1995) for the generalized matching
problems still apply to the coalition structures. That is. there exists a mechanism that is strategy
proof, IR and PO only if the core is a singleton for the coalition structures. Moreover if the core
Is nonempty and such a mechanism exists. it must be the core mechanism. But. as we noted
above. this largest domain with a singleton core is no longer achievable for the general coalition
structures. In contrast. this largest domain with a singleton core i1s achievable in the housing market.
the marriage problem and the roommate problem cach of which is an example of the generalized
matching problems. Naturally we may conjecture that this largest domain is achievable for all
generalized matching problems. But we do not have a proof for this conjecture at this point.

The rest of the paper is structured as follows. Section 2 introduces the model and definitions.
Section 3 studies the roomumate problem. Section 4 studies the general coalition structures. Section
5 presents the characterization of the core and the ¢NEM solutions in terms of strategy proofness.

IR and PO properties.

2 The Model

Counsider a societv with a finite number of plavers N = {1.2.--- . n}. A social outcome is a coalition
structure that is defined by a partition of the set of players N. Let P(N) denote the set of all

coalition structures. A coalition structure in P(N) may represent a social or an economic structure.



A coalition in a coalition structure may represent an organization. Let
N,={SCN:ieS}

denote the set of all coalitions that contain player i. Let R; denote the preference for player i € N
over the set of all coalitions N;. Let R; denote the class of all preferences R; for player i. The strict
and indifference preferences for plaver 7 are denoted by Py and I; respectively. Define R" = =R,
A profile of preferences R € R is a list of preferences R = (R). Ray.--- . R,,). one from each plaver.
Let T N, Denote Ry = (R;)jer and R_p = Ry

Given a coalition structure A € P(N). let A(/) denote the coalition in A that contains player i.

Definition (Domination) A coalition structure B € P(N) dominates the coalition structure A

under R € R™ if there exists a coalition B € B such that BPA(i) for all i € B.

For any subset X of P(N). define
E(X)={Ae€P(N): Ais dominated by some B € X}. (1)

E(X) is the set of all coalition structures each of which is dominated by some coalition strue-
ture(s) in the set X.

A subset Voof P(N) is called a stable set or a ¢ NETA solution whenever

VNEWV) = ¢ (2)

VUEWV) = P(N). (3)

These two definitions are called internal and external stability. respectively. No coalition struc-
ture in a solution V dominates the other in V and any coalition structure outside V is dominated
bv some coalition structures in V. We use V(R) rather than V to denote a oNEM solution and

V() to denote the set of all e NEAM solutions under B € R™.
Definition (Weak domination) A coalition structure B € P(N) weakly dominates the coalition
structure A under R € R" if there exists a coalition B € B such that BR, A(i) for all i € B and

BPA) for some i € B.

Weak domination and domination may be different. But when preferences over coalitions are



strict. thev are the same.® Henceforth we do not make any distinction between weak domina-
tion and domination when preferences over coalitions arve strict.  Given a profile of preferences
R € R". the core C{R) consists of all coalition structures that are not dominated under R by any

other coalition structures. Note that the core may be ciupty and the ¢ NEM solutions may not exist.

Definition A coalition structure B € P(N) is PO under R € R" if there is no other coalition
structure A € P(N) such that A(\)R;B(i) for all i € N and A(/)P,B(i) for some i € N. Let PO(R)

denote the set of all PO coalition structures under R.

Definition A coalition structure B is IR under R € R™ if B(i)R;{i} for alli € N. Let IR(R)

denote the set of all IR coalition structures under IR.

Definition A mechanism ¢ : R™ — P(N) is a map from profiles of preferences R™ to the set of
coalition structures P{N). A mechanism » and the underlving true profile R € R induce a direct

revelation game.

This definition may deserve some comments. Why are we interested in what players may re-
port? One reason is that no matter where preferences come froni. only players know in reality the
“values” of their coalitions (coalition structures). If the value of a coalition depends on players’
underlying preferences or their ideologyv. then these underlyving preferences are not known publicly.
Therefore. the consideration of the reported information of the above mechanisii is as usual as in
the literature of mechanism design such as voting. We sce this as a merit in the study of coalition
formation over the coalitional form games in some aspects because the incentive issues naturally
arise in the current framework. The strategic issues. though important. are often too complicated

to be considered in the coalitional form games.

Definition A mechanism » @ R" — P(N) is IR and PO if p(R) € IR(R) N PO(R) for all
profiles R € R".

Definition A mechanism ¢ is strategy proof if for all R € R". all i € N. and all R, € R,

P(R_y R Rip(R_; RD)(4).

*By definition. if B weakly dominates A under Z. then there exists a coalition 13 € B such that B[.A(i) for all
i€ B and BI’A(i) for some ¢ € B. Since preferences over coalitions are strict. it follows that BF; A(¢) for all i € B.



It is coalitionallv strategv proof if all R € R™. all T C N. and all R, € Ry there exists i € T such
that

O(R_p . Ry)(i)Rio(R_p. Ry)(i).

3 The Roommate Problem

Let M C P(N) be a subset of P(N) such that | A(i) |< 2 for all i € N for every A € M. That is
each plaver forms a coalition with at most one other plaver. Given a coalition structure 4 € M.
define p(i) = j if 35 € A(7) such that j # /. and p(i) = i otherwise to be the matching obtained
from the coalition structure A. A matching s is bilateral in the sense that p(p(i)) = 1 foralli € N.
Note that the matching p such that p (i) =i for all i € N is in M. Let A and B be two coalition
structures in M. Let poand v be the two matchings obtained from A and B respectively. Then
plavers’ preferences over matchings are naturally defined by p(¢)R;v(i) if and only if A7) R;B(i) for
all 7. Thus players have restrictive preferences over individual players in the roommate problem.
We slightly abuse the notation and also use M to denote the set of all (bilateral) matchings and
R, to denote the preferences over matchings or individual plavers.

Given a profile of preferences K. a pair (7. j) blocks a matching g if p(7) # j but jPu(i) and
IPj(j). A matching o is stable if p()R;i for all i € N and it is not blocked by any pair. Let
S(R) denote the set of all stable matchings under a profile of preferences R. Unlike the marriage
probleni. the roommate problem may not have stable matchings. i.c.. S(R) may be empty for some
(even strict) profile R. A matching A dominates the other j via a coalition T C N if A(i) € T for
all i € T and all players in T prefer A to ji. Given a profile R € R™. the core C{R) is a subset of

M each of which is not dominated by any other matching in M via any coalition.

Theorem 1 Let I € R" be a profile of strict preferences. Then S(P) = C(P).

Proof Clearly C'(P) C S(P). Let ;o be a stable matching. Suppose that g is not in the core.
Then /¢ is dominated by some other matching A via some coalition T'. Since g is individually ra-
tional, it follows that { T"|> 2. Let / € T aud j = A(7). The fact that A dominates p via T implies

that jPp(i) and (Pjpu(j). since preferences are strict. This shows that g is not stable. a

Sonmez (1995) introduced a class of generalized matching problems. Recall that N; is the set



of all subsets of N that contain /. A generalized matching problem is a triple (N, 5. R). where N
is the set of plavers. S = (51.55.---.5,) is a given list of subsets of N such that S; € V; for all
i€ N.and R = (R,.Ry.---.R,) is a profile of preferences. Each S; mav be considered as the set
of plavers that are feasible to plaver /. Each preference R, is a linear order on S;. A matching g in
a generalized matching problem is a map from the set N into itself such that p(i) € §; for alli € NV
and | p71(i) |= 1 for all/ € N. Each preference R; over S; can be extended to matchings as follows:
a player ¢ prefers a matching g to the other v if and only if he prefers p(7) to v(i). The flexibility in
the definition of the generalized matching problems provides a uniform framework for the housing
market and the roommate problem. For example. the roommate problem is a generalized matching
problem by setting S; = N for all i € N and defining a matching g« to satisfy the additional bilateral
property. Le.. p(p(i)) =4 for all i € N.

Demange (1937) defined a notion of coalitionally strategy proofness for correspondences and
showed that the core correspondence is coalitionally strategy proof if it is nonempty and satisfies
the external stability (in domination). Sonmez (1995) showed that the core in the class of gener-
alized matching problems is coalitionally strategy proof if the core is a singleton and satisfies the

external stability (in weak domination).

Theorem 2 (Sonmez) Let | C(R) |= 1 and assume that C'(R) satisfies the external stability
(in weak domination) for all profiles of preferences R € R™ in the class of generalized matching

problems. Then the core mechanism C' is coalitionally strategyv proof.

Our theorem below improves this result in the roommate problem and it shows that the core
mechanisim is coalitionally strategy proof as long as the core is a singleton. no matter whether
the core satisfies the external stability or not. Examples exist such that a singleton core does not

satisfy the external stability in the roomumate problem (also in the marriage problem).

Theorem 3 Lot | C(P) |= 1 for all profiles of strict preferences P € R™. Then the core mech-

anism C is coalitionallv strategy proof in the roonunate problem.

Proof Let T C N and Qp € Ry such that | C(P_p.Qp) |= 1. Let € C(P_p,Qr) and
A € C(P). Suppose that Vi € T,
H(i PAG).



We first show that g is IR under P. Suppose not. Then there exists 7 € N such that iPu(i). This
implies that i € T. But if ¢ € T. then p(i)PA(7)R;i, a desired contradiction.

Let K denote all plavers who prefer y« to A under P. Then T C K. The local blocking lemma
(see Lemma A3 in Appendix) shows that there exists a pair (7. j) that blocks ¢ under P such that
e N —K and j € p(K). Since j € p(K). it follows that A(j)Pj(j). by the stability of A. Hence
j ¢ T. Thus both i and j are not in 7. And then the fact that (7. j) blocks g under P implies
that g is not stable under (P_y. Q7). Theorem 1 shows that g is not in the core C(P_p. Q7). a

contradiction. O

The singleton core is a strong assumption. But Sonmez (1995) showed that as long as the core
mechanism is well defined. there exists a strategy proof mechanism that is also IR and PO only if

the core is a singleton. Moreover such a mechanisi must be the core.

Theorem 4 (Sonmez) Suppose that C(R) # 0 for all profiles R € R™ and let o : R" — M be
a strategy proof mechanism that is also IR and PO in the generalized matching problems. Then

[C(R)|=1 forall Re R" and p(R) = C(R) for all R.

Since the roommate problem is belong to the class of generalized matching problems. Theorems
3 and 4 show that the core mechanism is characterized by strategy proofness. individual rationality

and Pareto optimality in the domain with a singleton core.

Corollary 5 A mechanism o : R — M is strategy proof. IR and PO if and only if ¢ is the

core mechanism in the domain of preferences with a singleton core in the roommate problem.

Example 6 (Roth (1982)) Let M = {iny.my.my} be the set of men and W = {w), wa,ws} be

the set of women. The strict preferences are as follows:

P, = (wy ey wsg.my) Py, = (my,ma.mg.owy)
P, = (wy ows wsomo) Py, = (masomypomy un)
P = e own o wyomy) Dy = (my moomgows).

Without any confusion. we represent these preferences in a manner that is consistent with the mar-

riage problem. Note that everv bilateral matching in this example satisfies individual rationality.

10



There exists a unique stable matching j¢ in the core C(P)
fe=(my.wy). (mo.ws). (mgows)].

The matching A
A= [{my.wa). (mows) (my.wr):

is not stable but it is in the ¢NEAL solution. In fact one can show that this matching market has a
unique eNEA solution that consists of the two matchings {g. A}.4 Therefore the core C(P) = {p}
does not satisfy the external stability since it does not dominate the matching A.

But it is known that the core mechanism is coalitionally strategy proof as long as the core is
a singleton in the marriage problem: sce Dubins and Freedman (1981) and Roth (1982). Hence
the external stability is not a necessary condition for a singleton core to be coalitionally strategy
proof in the roommate and the marriage problems. It remains open if a singleton core. without the
external stability. is coalitionally strategy proof for all generalized matching problems. When we
consider coalition structures. examples exist such that a singleton core is not strategy proof in the
domain with a singleton core. Thus the results in this section depend on heavily the structures of

matchings and the preferences over matchings.

4 Coalition Structures

The set P(NV) admits much richer coalition structures than the set of bilateral matchings M. When
we pay attention to M, the singleton core mechanisim has the appealing coalitionally strategy proof
property as shown in Theorem 3. A natural question is if a singleton core is coalitionally strategy
proof in the situation of general coalition structures. We now adopt an example® from Roth (1985)
to show that this is not the case. Even if the core is a singleton., the core mechanism is manipulable

bv some player.

Example 7 Let N = CUS. where C = {C.Ch.Cy} and S = {51.55.53.51}. The strict
preferences are as follows (as a convention those coalitions that do not appear in the preferences

are ranked below staving alone’):

P('x = ({ClSng} {Cl.SQ,S;;}. {C15154} {015254}

1A formal proof of this is available from the author.

5This example is different from that in Roth (1985) in students’ preferences. In the college admissions problem in
Roth (1985). students have preferences over individual colleges and they are not concerned with the other students
the colleges may be assigned.

11



{015531}{C151} {Cls_)}{CIS;}{Clch}{C}})
P, = (1C5. 81} {Co. Sa} {Ch. S5} {Cy. 54} {Ca})

Pe, = ({Cy.Ss}{Ch. 51} ACy. 52}, {Cs. Sa}. {Cs})
Ps, = ({C3.S11AC1.SiE A S} {51

Pe, = ({Co. 8o} {C1. S0 Su}. {Ch. S0 S} {C1. 8o} A So}. {S})
Pg, = ({C1.S3.54}.{C1.52.53}.{C3.S3}.{C2,53}.{S3})

P, = ({C1.S4.5:}.{C1. 0. S4}.{Ca. Sa}.{Cs, S}, {S4}).

Then the coalition structure A
A=1(C1:55.51).(C2:52). (C3: Sy );

is the unique one in the core C'(P). To see this. note that every plaver S; must be matched with
some € in a core coalition structure. For example. if a core coalition structure leaves Sy single.
then it is dominated by {Cy. S1}. If a core coalition structure leaves Sy single. then it is dominated
by the coalition {C5.S3}. If a core coalition structure leaves Sy single. then it must match C with
Si. C3 with S3. and leave Sy single. But then it is dominated by {C7.S55.S4}. If a core coalition
structure i leaves Sy single. Co and (5 must match with some player in {9,.S5, S5} in g This
implics that ' can only match at most (also at least) one plaver in {5,.55. 53} in g If Cy is
matched with Sy in g then (s must be matched with Sy, Then g is dominated by {C.S5. 54}, 1f
('y is matched with Sy in g then it is dominated by {C7.55. 54}, If (' is matched with S3 in g
then it is dominated by {C1, S35, S4}.

Note that the coalition structure
(C:55.54).(Ca: S1).(C3: Sy)]

is dominated by {C4.51}. There are four other coalition structures in which every player is matched

(that are also IR for 5)):

B = [(C1:82.54).(C2: S1).(C3:S3)} or [(C1: 52, 84). (Ca: S3). (C3: 51)]
D = (C1: 5. S4).(Co: Sa). (Cy: 51)]
E = {(C1:52.53).(Cy: 51). (Cy: Sy
They are dominated by {1, So. Sy}, {Ca. Sa} and {Cy. Sy }. respectively. This completes the proof

that A is the only element in the core C'(P). But the core mechanism is not strategy proof at the

12



profile P. To show this. consider
Qc, = ({C1.52. 54} {S2. C1}. {S4. 1} AC}).
Then the coalition structure B
B = {(C1:55.54).(C2: 51).(C5: S3).

is the unique one in the core C(Qc,. P—¢+, ). Hence any core mechanism must assign {S2, 54} to €
at (Qc,. P_¢v) and {S3.S4} to Cy at P. But €} prefers {C1.52.54} to {C}:S53.54}. Thus the core
mechanism is not strategy proof even if it is a singleton at P. Note also that the core is a singleton

at (Qc,.P_c) as well. a

The following is an extension of Theorem 2 from the generalized matching problems to the

coalition structures when preferences are strict.

Theorem 8 Let | C(P) |= 1 and assume that C(P) is externally stable for all profiles of strict

preferences P in the coalition structures. Then the core mechanism C' is coalitionally strategy proof.

Proof Let o : R™ — P(N) be the core mechanisin C'. Suppose. by the way of contradiction.
that there exists a profile of strict preferences (P_p. Q) such that | C(P_p.Qr) |= 1 and for all
€T,

S Lo Q) Pro( P Pr)(d).
where o(P_p,Qr) € C(P-1.Q7t).

The external stability of C(P_p. Pr) shows that 3B € o(P_r. Pr) such that BPo(P_p.Q7)(1)
for all i € B. Then it follows from the external stability of C(P_y. Q) that 3A € o(P_pr. Q1) such
that AP,o(P_p. Pp)(iy for i € A—T and AQ,o(P_p. Pr)(i) for i € TN A. But. by the assumption
that o(P_7. Q7)) Pio(Pop. Pr) (i) for all i € T. it follows that AP, (P_p. Pp)(i) for all i € TN A.
Therefore AP, o(P_r. Ppr)(i) for all i € A. a desired contradiction. since o(FP_p. Pr) is in the core

C(P_p.Pr). This completes the proof. O
Clearly a singleton. externally stable core is a singleton vNEA solution. The next result shows

that the converse of this is also true: A singleton vNEA solution is a singleton. externally stable

core. In fact a singleton vNESA solution is the unique eNEM solution.
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Theorem 9 Let P € R" be a profile of strict preferences. Suppose V(P) = { A} for some
V(P)Y € V(P). Then V(P) = {V(P)}. Moreover V(P) = C(P).

Proof We first show the claim that AB C N such that BPA(() for all i € B. Suppose. by the
way of contradiction. that this is not the case. i.c.. there exists a coalition B such that BP;A(i) for
all / € B. Then we can construct an infinite chain A;. A,. - - . of non-empty. disjoint sets in A. as
shown below. But A is finite. a desired contradiction.

Let K€ N. Given {A).--- . Ay} C A such that {B A - A} are disjoint (if A" = 0. then
{B} is trivially disjoint). Let By = {B. A;.- - . Ax. N-B—A4,—-A,—---— Ay }. Since BP, A(i) for
all 7 € B. it follows B¢ A. Hence By # A. By the external stability of A. there exists Ax,; € A
such that A\ PBr(i) foralli € Ap o For k=1.--- K. since A, € By and A € A. it follows
that A # Ap and Apy N AL =00 Since BPA() for all 7 € B. the fact that A € A mplies
that BN Ap .y =0. Hence. B A,  Ap.y are disjoint and {A).- . A1} C A This completes
the proof of the claim.

Now. let V1(P),Va(P) € V(P) be any two distinct oNEAS solutions. Suppose Vi (P) = {A}.
There exists D in Vo(P) such that D # A since Vi(P?) # Va(P). NMoreover A g Vo(P). since A
dominates D, by the assumption Vi(P?) = {A}. By the external stability of Vo(P). there exists
some coalition structure B that dominates A via some coalition B. i.c.. 3B € B such that BP; A(i)
for all 7 € B. But this is a contradiction to our claim above. This shows that V(P) = {V(P)}.

Note that a corollary of the claim above shows that the coalition structure A dominates every
other coalition structure (since it is externally stable) and is not dominated by any other coalition

structure. Thus it follows that V(P) = C(P). O

Definition A mechanism o : R" — P(N) is a vN&M solution mechanism if o(R) € V(R) for
sormie V(R)Y € V(R) for all R € R".

The above definition may not be well defined since a ¢NEM solution may not exist. This defi-
nition will not generate problems though in the context below because we are concerned with the

domain where a ¢N€M solution exists. A corollary of Theorems 8 and 9 is as follows.

Corollary 10 Assume that | V(P) |= 1 for some V(P) € V(P) for all profiles of strict prefer-

ences . Then the vN&M solution mechanismn is coalitionally strategy proof.
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Proof Theorem 9 shows that a singleton nNEAL solution is the unique vNEM solution. Nore-
over it is a singleton. externally stable core. Thus it follows from Theorem 8 that the vNEM
solution mechanism is coalitionally strategy proof in the domain with a singleton vNE&AM solution.

O

Example 7 and Theorem 8 show that the external stability is necessary for a singleton core to
be strategy proof in coalition structures. In contrast the external stability is not necessary in the
housing market, thie marriage problem and the roommate problem cach of which is an example of
the generalized matching problems. But it remains unclear if the external stability is necessary for

all generalized matching problems.

5 wuNé&M Solutions versus the Core

In this section we show an analogv to Theorem 4 and Corollary 5 for the general coalition structures.
Since a conclusion in the gencralized matching models mayv not apply to the coalition structures.
we present a formal proof of them.

The results presented here are closely related to those for the housing market in Shapley and
Scarf (1974) in which cach agent owns a house and consumes at most one house. An allocation
in the housing market is a permutation of all houses. Roth and Postlewaite (1977) showed that
the core in the housing market is a singleton and it satisfies the external stability (both defined in
weak domination): Roth (1982b) showed that the core is individually strategy proof: Bird (1984)
showed that the core is coalitionally strategy proof: and Ma (1994) showed that the core is the only
mechanism that is strategy proof. IR and PO. Sonmez (1995) generalized these results to the class
of generalized matching problems.

In what follows we prove that there exists a strategy proof mechanism that is also IR and PO
only if the core is a singleton for the general coalition structures. NMoreover it must be the core.
as long as the core is nonempty and such a mechanism exists. The main idea in the proof is to
construct the profile Q) of preferences in the use of the induction approach. This idea has been used
before in Ma (1994) and Sonmez (1995). The proof in Sonmez (1995) depends on the structure of
a matching g. The proof in Ma (1994) depends on the housing market. Our proof below follows
Ma (1994) closely.

Let A and B be any two coalition structures in P(N), define

J(A.B:P)={je N:A()PB(j)}



1o be the set of all plavers j who prefer coalition A(j) to coalition B(j) in which he joints. There-

fore. the three sets. J(A.B: P). J(B. A: P) and N — J(A.B: P) — J(B. A: P). form a partition of V.

Lemma 11 Let P be a profile of strict preferences. Also let A, B € PO(P) be two PO coalition
structures such that A # B. Then J(A.B: P) # 0 and J(B. A: P) # 0.

Proof If J(A.B:P) = (. then B()\)R; A(i) for all i € N. Since B # A. it follows that there
exists at least one i € N such that B(i)PA(i). since preferences are strict. This implies that A is

not in PO(). Symmetrically we also have J(B. A: ) # 0. o

Lemma 12 Let P be a profile of strict preferences. Let A € C'(P) be a core coalition structure
and B € IR(P)N PO(P) be an IR and PO coalition structure. If B # A. then 35 € J(A.B: P)
such that A(J)YP;B(j)Pi{J}.

Proof By definition A(j)P;B(j) for all j € J(A.B: P). Lemma 11 shows that J(A.B: P) # (.
If the lemma is false. then there exists no player j € J(A, B: P) such that A(j)P;B(j)P;{j}. This
implies that {j}R;B(j) for all j € J(A.B: P). Since B is IR under P. it follows that B(j)R;{/} for
all j € J(A.B:P). Thus B(j)I;{j} for all j € J(A.B:P). Since preferences are strict. it follows
that B(j) = {J} for all j € J(A.B: P). That is all plavers in J(A.B: P) stay alone in B. Lemma
11 shows that J(B.A: P) # 0. Thus N — J{A. B: P} forins a coalition that weakly dominates the

coalition strucrure A. This is a contradiction to the assumption that A is in the core. O

Theorem 13 Suppose that C(P) # O for all profiles of strict preferences P € R™ and let
s 1 R" — P(N) be a mechanism that is strategv proof. IR and PO. Then | C(P) |= 1 for all
PeR" and o(I”) = C(P) for all P.

Proof Let P € R" such that C'(P) #£ (. Let p: R" — P(N) be a mechanism that is strategy

proof. IR and PO. We first show that | C(P) |< 1 for all P € R".

Let D € C(P) be a core coalition structure. Construct a profile of strict preferences @ as
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follows: Vi € V.

truncation of I up to D(i)

Q= U e D) {ito) I DU # (i}

P otherwise

In the construction of the preference Q; when plaver i does not “stay alone’” in the core coalition
structure D. we move {7/} right after the coalition D(¢) in which he joints. The ranking order after

{it in Q; is arbitrary.
Step 11 C(Q) = {D} and IR(Q) N PO(Q) = {D}.

Proof Since any core coalition structure is IR and PO, it is sufficient to show that IR(Q) N
PO(Q) = {D}. Suppose that there exists A € IR(Q) N PO(Q) such that A # D. Lemma 11
shows that J(D. A: Q) # §. Then Lemma 12 shows that there exists j € J(D.A: @) such that
D()Q;A(j)Q,;{j}. Bur there exists no A(j) between D(j) and {;j} under Q;. by the construction
of Q. G

Step 2: o(Pp.Q_p)=D forall T C N.
Proof We use the induction on the size | T' | of the coalition T to show this. When | T |= 0.
Step 1 shows that o(Q) = D. since o(Q) € TR(Q) N PO(Q). Now assume that
S(Pr.Qor)=D

for all T C N such that | T |< k.

Suppose. by the way of contradiction. that o(Pp.Q-p) # D for some T C N such that | T |=
k+1. Let Q' = (Pp.Q_1). Since D € C(P). it follows that D € C((Q’) by the construction of the
profile @ (every coalition that dominates D under Q' dominates D under P as well). Then Lemma

12 shows that there exists j € J(D.>(Q'): Q") such that

D(j)Qi2(Q)(HQH T (4)

If je N —1T. then Q; = (Q;. We obtain from the above that

D()Q;»(QN()Q;S;-
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But there exists no coalition »(Q')(j) between D(j) and {;j} under @;. by the construction of Q;.
This shows that j € T.

If j € T. then it follows from (4) that
D)L (QD) () (5)
It follows from the induction hypothesis that
2(Q;.Q1;) = D. (6)
Thus it follows from (5) and (6) that
Q. Q) )PP Q) ()

contradicting o is strategy proof. O

Since D is arbitrarilv chosen. it follows that | C'(P) |< 1 for all P € R™. Moreover it follows

from Step 2 that o(P) = C(P) for all P € R" such that | C(P) |= 1. This completes the proof. O

Corollary 14 A mechanism o : R" — P(N) Is strategv proof. IR and PO if. and only if ¢ Is

the vN&AM solution mechanism V'in the domain with a singleton vN&M solution.

Proof Corollary 10 shows that the vNEM solution V' is coalitionally strategy proof. Theorem
8 shows that V' coincides with the core C'. Therefore V' is a mechanism that is strategy proof. IR

and PO. The ~only if” part follows from Theorems 9 and 13. -

These results are related to the question what may be the largest domain to admit a mechanism
that is strategyv proof, IR aud PO. The largest domain that admits such a mechanism turns out
to be that with a singleton core both in the generalized matching problems and in the general
coalition structures (Theorems 4 and 13). We also show that this largest domain is reached in
the roommate problem (Corollary 5). But this largest domain cannot be reached in the general
coalition structures since a singleton core may not be strategy proof (Example 7). Nevertheless
the domain with a singleton eNEA solution. though relatively smaller than that with a singleton
core. admits at least one mechanism that is strategv proof. IR and PO. since we show that the
vNEM solution is coalitionally strategy proof and it is IR and PO in the domain (Theorem 9 and

Corollary 10). Then Corollary 14 shows that the eNEA solution is the only mechanism that is
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strategy proof. IR and PO in this smaller domain.
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Appendix

This appendix is to prove the local blocking lemma used in the proof of Theorem 3. The local
blocking lemma is an extension of the blocking lemma in the marriage problem to the roommate
problem. We need to prove the decomposition lemma first.

Given a profile of strict preferences P, let j and A be two core matchings in C(?). Define
J(pe Ny ={i e N:p(iYPA(i)}

to be the set of all agents who prefer y to A under P. The next lemma. an analogy to the
decomposition lemma in the marriage problem (see Corollary 2.21 in Roth and Sotomayor (1990)).
shows that both p and A define isomorphisms between J(ye. A) and J(A. i). The proof follows from

that of Lemma 2.20 in Roth and Sotomavor (1990).

Lemma A1l (Decomposition lemma) Let P € R" be a profile of strict preferences. Then for

anv two core matchings o and A in C(P).

T N) <L T ) <2 ().

Proof Let + € J(p. A) and j = p(i). Since j = p()P AR, 6. it follows that j # i, Moreover
A J)Pjp(j). Otherwise j = p(i)PA(i) and i = pu(j)P;A(j) contradicting A is a stable matching
(Theorem 1). This shows that j € J(A ). Thus p(J(ge.A) € J(A.p). It also follows that
MJIA ) C J(pe. A). Since je and A are one-to-one. the conclusion follows because both J(p, A)
and J(A. y1) are finite. |

An mmmediate result of Lemima Al is that

Corollary A2 With strict preferences a player who is single under a core matching remains

single under every core matching in the roommate probleni.

Lemma A3 (Local blocking lemma) Let P € R be a profile of strict preferences such that
| C(P)|=1. Let T C N and let Qp € Ry such that | C(P_p,Qr) |= 1. where (P_y.Qr) is
a profile of strict preferences. Let A € C(P) and jo € C(P_p,Qp). Let K = J(p. A). Suppose
that T C K and y is IR under P. Then there exists a pair (i, j) that blocks ¢ under P such that

ieN-—K and j € u(K).



Proof The proof follows closely from the original idea in the second proof of the blocking lemma
in Roth and Sotomayor (1990. pp.57-58) for the marriage problem. In the marriage problem with
anv individually rational matching g it is possible that p(R) = A(K). Because of the assumption
on the matching g in the local blocking lemma. this case is excluded. In what follows we will show
that p(/) # MA). If this is the case. then let A € K and p(h) = j such that j € p(K) — A(K).
Hence ) = p(k)PA(K). Since X is stable under P. it follows that A(j)Pju(j) = k. Let i = A()).
Then i ¢ K since j € MA). Hence j = X(i)Pp(i). Thus (i.)) is the desired blocking pair of g
under P.

We now show that (K) # AA7). Suppose on the contrary that pu(K) = A(K'). Since p(k) PuA(k)
for all & € A and X is stable for P. it follows X(j)Pjpe(j) for all j € p(K).

We now define a marriage problem (M. 1V, P’) such that A/ = K and W = pu(K). The prefer-
ences P are defined as follows. For all m € M. P/ is the same as P, restricted to W U {m}. For

m

all w € W. P/, is the same as P, restricted to A/ U {uw} except that w is now ranked just below
p(w). Note that X restricted to A/ U T is still a stable matching in the market (M. W, P'). since
anv pair that blocks A under P’ would also block it under P. Let 3 be the M-optimal stable

matching for the market (3. 17, P"). Thus
() par(n R, A(m) Y € AL

If pr3; = AL then Theorem 2.27 in Roth and Sotomavor (1990) shows that no individually rational
matching g restricted to AU exists such that p(m) Py, A(m) for all mn € M contradicting to the

definition of M. Thus it follows that
(%) war(n) Py A(m) for some m € AL

Since no plaver in W is single under the matching A. it follows from Corollary A2 that no player

in W is single under g3;. Hence. by the construction of /. we must have that
(% * *) foar () Ryge(w) Ve € 1

Define v on N such that v = 3y on M UW and v = A on N = A = 11", Since v # A, by (**).
v is not stable under P. So let (i. ) be a blocking pair of v. First we show that we cannot have

{i.j}in Mor {i.j} in W, Suppose {i.j} in M. Then () vields

JP o (YR and i P ()R A()



contradicting A is stable under P. Suppose that {i.j} is in W, Hence {i.j} is not in T since

T C KA. Then (x x %) shows that
JPpear (D Rip(i) and iPjpear ()R ()

contradicting 4 is stable under (7_p. Q7).

Sccond we show that {7.j} is not in A/ UTF. Suppose not. Then. without loss of generality. let
j€e Mandie . Hence

JPipear(i) and iPjpag ().

Then the construction of P implies that (i, j) also blocks gy, in the market (1.1, P') contradicting
fyy 1s stable under .

This leaves three possibilities: j € M and /e N =M —HW.je W andie N — A —W. and
i.je N —=M—1". We will show that all of them will lead to a contradiction.

First. suppose that j € Al and i € N — A — T¥". Then. by (x) and the definition of v.
1P () = par () RAG) and jPw(i) = A()

contradicting A is stable under P.
Second. suppose j € W and /i € N — A — 11", Then both i and j are not in T Thus. by (* * %)

and the definition of v. A and 117, we have
iPG) Ryl j) and jPa(i) Rip(i)

contradicting y is stable under (P_4. Q7).

Finally suppose that both /i and j are in N — A — 117, Then. by the definition of v, we have
iPA()) and JPA(4)

contradicting A is stable under P. This completes the proof. a

[E]
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