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Existence and Uniqueness of Equilibrium in First Price
Auction and War of Attrition with Affiliated Values

Alessandro Lizzerl ® Nicola Persico

T

First version. Oetober 20 1994, This version. Aarch 1.0 1995, ¢

Abstract

We prove existence and uniqueness of equilibrinm ina 2-bidder azsvinmetrie first
price anction with affiliated values.  The technigoes nsed (o prove unigueness are
different from the ones nsed in analvses of private valnes environments. Moreover the
nroof of existence is construetive. For comparison purposes we also consider the war

of attrition and show that there is a continmun of equitibria in that game

1 Introduction

Fhere are two strands in the theoretical literature on anctions. One deals with the
question of optimality. the ather with bidder behavior under specific auction rules.
This paper is an attempt at a contribution to this second branch of the literature.

First price sealed bid anetions are an important class of anctions. The case of
independent private values with svimetric bidders has been studied fairly extensively
£713]. 7 The asvinmetric case has recently been studied as welt ({9, [5]. {611, There
are existence, nnigueness and characterization results,

However. the assumption of independent private values is very restrictive. Milgrom
and Weber 1117 have introduced the concept of affiliation: this allows a discussion of a
more general ¢lass of environments, in particular. cases in which a bidder’s vahiation

for an object mav depend on other bidders information and in which =ome correlation
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Setwern e sianalbx of different bidders s present, However their paper anly disensses

MW prove that. oo the case of two bidderso eanilibriven existz and I~ nniane. by
Stence s already been shown very explicitlv by 11 for the svimmetric case: they
~olve the differential equatinns that characterize bidders™ behavior. Tt tarns onr to be
‘mpossible to do this for the asvimmerrie case the same i trae (o private vaines bt
we are =t able 1o provide a coustructive proof of existence.

With respect to nniqueness. the aifiliated values environment imtroduces one new
dimension relative to the case of private values. Bidder | eares abont how asgressive
bidder 2 i< in his bidding for 1wo reasonst a0 it alfects the probability of winning
with any particular bid this effect = ai=o present in privace valies . b 1 atlects the
valte of the abieet conditional on winning with such o bid  this effect oniv exises if
there s =ome commmon valne clement . In the war of artrition with private values,
offeet "a7 is s=nflicient 1o intreduce additional equilibria in which one bidder = more
avgressive than the other 7120 On the other hand there is a nnique eqnilibrinm in
andominated strategies in the =econd price anction and in the first price auction ” %,

A However, 107, 71 show that the combination of effects “a’ and b’ leads 1o 1he
exiztence of a continuum of equilibria in zecond price anctions with conmon values.
Olar objective = to show that in first price auctions multiplicity = not a problem even
i comon valne environments,

S far we were able 1o give a complete proof of nniqueness only for the case of
mdependent stgnals. [n the case signals are correlated we prove nnigneness in the
class of non-deereasing strategies equilibria,

There is one big technical difference between our work aned the papers that consider
the question of existence and nuigneness in independent private valnes environments
HS L Far onr case, as well as inthe case of private values, equilibrium is deseribed
bue o pair of differential equations characterizing optimality for inverse hidding fune-
“iors and an initial condition that describes the =et of tvpes who bid more than a
reserve price r o the case of private values, this entails a failure of the Lipschitz
corcition. and this is the rechnical challenge. In onr environment, if » ix sieh that

e ko <ot of tvpes that prefers not to bid, we obtain Lipschitz continuity in a
ttural wav that sngeests that this <hould be a common feature of models with =ome
comnmn vaie elentents,

The praof of existence of equilibrium 1= not ztraightforward becanse existence of
a ~olution to the pair of ditferential egnuations 1= not =uflicient 1o gnarantee existence
of equilibrinm.  This iz because there is an additional requirement imposed by equi-
ithrinm: the highest bid ever plaved has to be the same for both bidders.  This
vequiiremnent makes it harder 1o prove existence. but helps with nnigueness.
Proving nnigneness involves some work beeatse, in contrast to the caze of private

sees, the dnitial conditlons are not anigueiy determived by the fact that w bidder



vies the obieer ar e bids e the valne of bidding r for pliver 1 depends on

vies af bidder 2 bid Tess than e However, the presence of the "final condition”
frnosing ogiaiiny of the highest bids for both bidders. allows 115 1o pick a nnigne
initial condition.

In order 1o show the importance of this final condition. we discuss the war of
attrition with ailiffated walies its svimmetric versiow 1= analvzed 0 70 L Toothis game,
the differential equations characterizing bidder behavior are Lipschitz continnons and
dizplav nnbonnded bidding, This means that there 1= no additional final condition
imposed by equiiibrium. We show that there is a continnum of equilibria in this
game, This highlicht= the Importance of the final condition as opposed 1o the failure
ol the Lipschitz condition in gnaranteeing uniqueness: the first price anction with
Cadependent private values has a unigue equilibrinm despite the fallure of the Lipschirs
condition becansze of the hnal condition. the war of attrition with affiliated values has
acconiinnnn of equilibria despite Lipschitz continuity. \ paper that makes a similar
noint s that of 270 this adds a final condition to the war of attrition with ndependent
privivte values and obrains a nnigne equilibrinm.

Ii section 2.1 we itroduce the model for the first price anction, some notation
and definitinns and stare two theorems: 1. the nnigueness result in two parts, s

noigueness i the class of equilibria with non-decreasing strategies, next nniqnerness

overall in the caze of independent signals: 27 the existence result.

I'he pronfs proceed throngh a sequence of lemmas some of which are nseful to prove
hoth theorems. We start by restricting to equilibria in non-decreasing strategies and
first prove aresult often cailed "no gaps" in the fiterature. We then show continmity of
squilibrinm strategies. then the fact that thes are strictly increasing. We then deseribe
the =et of tvpes hat does ot actively bid above the reserve price rothis s defined
by oan "entre” condition that reguires that every tvpe obtain non-negative pavoll in
the bidding. This allows identification of a pair of tvpes (04 one for cach bidder,
Shat will fnetion as initial conditions {or a pair of differential equations. The set of
these tvpes i= characterized and = potentially very large. We then prove that inverse
hidding functions are differentiable for bids above rand this allows ns 1o characterize
cquilibrinm inverse bidding strategies as solutions to a pair of differential equations and
an iuitial condition. We then prove a Lipschitz condition for inverse bidding strategies
which altows n= o prove that there is a unique solution for every initial condition, Thix
= not enomeh beeanze, as mentinned before. the set of candidate initial conditions i=
very large. However, we prove that the trajectories deseribing ditferent eandidate
equitibria cannot erosz, The last step nses the fact that the inital conditions are
ordered nosueh a wav thar, if there were several equilibria. the trajectories would

itde the subsection with a resnlt that relaxes the restriction to

Eave to eross. We eone
1he el of non deereasing strategy equilibriaz we show that in the case of independent

signals, cquliibrinm strategies must be non-decreasing.



i

Secting 2203 s devored 1o the praot of existence of an equilibeinm in nondecreasing
snre <tratesies. Bocatse of the Lipschitg condition, existence of 4 =ointion te e pair
o ditferen il et ions i= uot a problem. However we need to prove that there are
nitial conditions =ueh that the hichest bid for both hidders is the ~ame. We ise the
=trineture of the zet of initial conditions to prove this,

Section 3 considers the war of attrition. Again, we coaracterize equilibrium inverse
bidding strategies as solutinns to a pair of differential cquations and inirial conditions:
wo deseribe the set of candidate initial conditions and then prove that equulibrinm
hidding strategies are anhovnded. This mpiies that there b= no final condition thar
pins down a uniqie pair of types as nitial conditions. [n=tead all eandidare initial
conditions can be associated with an equilibrivun. Thns the war of attrition has a
contimuun of equilibria in non-decreasing strategies.

Seetion | ennchindes,

2 First Price auction

2.1 The model and our results

I this section. we introduce the model, the notation and some definitions.

5

We denote w2y i= maxdr. y) amd o Y oy o= min{r. uf.

Iwo piavers, ealled 1 and 20 are plaving a sealed bid first price anction. with
reserve price < RO a plaver bids less than o he does not zet the object. while the
abject i awarded whenever e is plaved. Ties are broken with a eoin toss. The von
Nemmann- Morgenstern utility of the plavers iz given by the vaine of the object minms
the price paid. The viahie of the objeet 1o plaver 7is V700 207 Dwhich iz assumed to be
strictly Inereasing in both arguments.

v are real-valued sigeals, the first of which iz known to plaver 7 whereas the
second is not, However. there is s joint probabilite distribution with c.df. F oand

density

J" o0 on HT TR

that 1= known to both plavers. We azaenve [ oo be "nice™. noa sense 1o be clarified o
She following, Moreover. we asstrme that ¢ are afliliated, in the sense introdneed
RIS

[rt omr ease, this means
o doand > i = f',/‘;‘/_‘f Y= f L 4

We <hail work with 1 but all our resnlts can be taken to apply to a model in

witich £ 775,07 4 is the vaiue of the objeet ta plaver i Here N would be an additional



randonn hic, tinobserved by etther plaver. S8 shoned be affiitated. We
wong chen detlne Voo F T s e

Prire stratecies are Dnetiors 5

L A —

—

assined to be measnrable inorhe usnal sense.

I'Le profits o plaver 2 of plaving & when his opponent

= ostrategy is h will He

Shoih o= [k

when b= or
We now define mixed strateales. nsing the concept of hehavioural strateey.
Let H he the elass of Borel snbsets of the real Ine, and let 3 2 B We will define
the Mnetion o tey be a behavioural strateoy for plaver 7 if

TR - S TR I
ix =ieh that
Loy ot B T s a probability measare 702 0
200 A AT — 00T s measurable,
Definition 1 4 befiqvioural <trategy o - s nondecreasing if whonever 0 w0
viery edemont of the support of g 00 s greater or cquel Hhon cvery e s
of the =upporf of 0 .

Lo T2B™ 00

Fhen we can define

IS PR AL / iAo

te probability measure on the space of actions and tvpes of plaver J indueed
o the behavtonral steateay )

. ! .
o De

Cin i = opinion.



N, we oA o detote

i R Y '71"».'_n“ “

“he marginal distribntion of bids induced by the atrategy 5oin ¢ s opinion, and sin-

rh

i

Devote [3 = sup{h: b < support g b0 and ler 1= 400 3, Henee, 30 the
i bid that any of the plavers will ever plav,

[he pavoll ta tvpe 0 of bidding & when his opponent plavs according roon s

e - "Jrj.’-'r/‘i.lf")- Hoo—
L0 L s
I+
L r = e h i [ | RETT: fo —~_. h oo
!
-5 j {h} i f l'.vi o u‘_{h} i ]

One iast remark: 10 what follows, we nse interchangeably the sentences "some event
Happens with positive probability™ and "some event happens with positive probabilit
G = apindon™. The first i a statenent abont marginal probabilities, while the second
i< aboint conditional probabilities. We are allowed to do this for almost all #s becanse
of assimption T below.

[er s state the assumptions we are soing 1o make:
AT S o =000 the indoror of s domaln,

A2 Foradl o) =00 V000

contironons,

ieostrictly cnertasinig in bolfe argueritss and s

O R A L for all +.

AT s rantinnons,

Daothe case of prre stratcaies, s clefinitieon rednees to [0 = s b4



AT Faorallof o ind Ul e of vlas-

Many of These asspnprions are technical in nature. There is =ome repetition e,
A6 s srroneer than A 1 beeanse the weaker version i= cnongh to prove =erme of onr
restlrs,

Assnption 3 was introduced o T iU impozes 4 monotone stoeture ou condi
Houal expectations. \s=sumption 3 = important in the proof of Lemma 70 It ensures
that there 15 a =et of tvpes of both plavers that doex not bid actively. Any condition
that gnaraniees This is suificient for our resnit< and this assnmption seems reasonable
Hrhe snetioneer zets A reserve price.

Woe now stare the two main resnlis of rthis section.

Theorem 1 Ys-ume 4 0 V70 I o nondeereasing <trateqios cquilibriam for tHi

Jrest nriee anction cri=is then

Poodt s urogue o the cfuss of nondeercasing steategies cquilibeia and ot will

e ofnopmr o shrntegies,

2ooaf o addition 0 aec Jndoporidendt . cuelo on o cqpadlibenem 1= nnrgue.

g ; ! i /
Theorem 2 [ rnfer X 8N 70 an equalibrinm g nowdeercasing pure strabogie s
¢ riafs _;‘}J:' the _j’fr'.dj)!'fr': gHcHOn,

2.2 Uniqueness

W prove Theorem 1 throneh a seguence of lernmas,
I i

Ui tirst letnma is a resuit often called no gaps in equilibrium strategles.

Lemma | Asswine Y 7V 30 Consider any open inderval oo 4 2 e 800 Then,

oa nondoereasing steategies cpolibeivm, e 3 =00 7).

Proof Suppose not. Then there 3= an apen interval 7o siweh that either
[ o 4 = 0but g ol =D or some 1 )
n
It L4 0 forall v
Cose [ Lot B = 6 47 be a bid rhat ix plaved by some ¢ then plaver @ prefers

C 2 b sinee thix does not lowser hix probabilite of winning. teaves nuchanged the
cabe when winning, snd lowers bis pavient when winning, Since this ean’t happen

‘Loegritibriln, we obrain a contradiction.



Case I Take the larcest open interval conraining 1 Ceall it =04 sieh that
vt T We et distingtiish three snbeases:
a4 w0 and ¢ A =00 fe. there iz an ator at A in the distribation of

piaver s blds,

I this is the easel i mmst be trne that there exists a positive measare of tvpes
ol plaver 7 bidding & with positive probabilite, B oany such tvpe will prefer 1o bid
d— = 2o sinee this does not lower his probability of winning. leaves nnchanged @ he

value when winning, and fowers hix pavinent when winning. Contradiction.
oAM= 00 e hoth piavers have an atorn at &,
Again, consider any tvpe o bidding & with positive probability. For anv such ripe.

the expected valine of winning the atom,

must be stricthy greater than & otherwize thiz tvpe may deviate to '~ =& 2 losing

ouly the arom and saving monev

But, of thiz 1= the casel this =ame tvpe wonld hnd it eonvenient 1o deviate 1o
o anud wain the other 102 of the atom, This would alse invobhee winning against
the tvpes of plaver § bidding fn 4 & =« bat, choosing « =mall. this happens with
nealivible probabilitv. The cost of sieh a deviation 1= negligible. bur the gain is
dierere. Contradiction.

S g IR e A =0

By definition of ~

for all 0 = # there are an 7 and a positive mass of 1vpes o

suctt that p77A 2007 » o0, However, picking [ arbitrarity close to & implies that
g A 0 0 i arbitrartly =mail. Hence, any such tvpe ¢ 0s better off transferring ihe

mazs A0 on o~ 4

2, losing to a negligible mazs of opponent’s types and
=aving a nonnegligible coit. Contradiction.
We Linve exitnsted all possihle cases and we have therefore proved the lemma.
Crhzerve that o the proof we have made use of A T4 3 and the facr that strategies
are nondeereasing, when we have buplicitly assiumed that "prefers” meant "strictls
prefers™ for the plavers, [ fact, the three azzunmptions together guarantee 1hat there
i= s mass of tvpes of cach plaver which bid below ro Thereby. the probability of

winning when bidding at or above » s strictly positive. T
Remark: the above Lemima extends 1o all intervals with positive Lebesgue measure,
nhserving that any such iterval contains an open interval,
Remark: Lemma 1 implies, o partientar, /4. = /4

Bermark: Lemma 1implies that, in equilibrioun, bidding start= at.or just above, 7



Corvollarv 1 Ve-nmie 4] A S and cupposo e Bave wnocoqpadihieian oo

e rentogie~ {Ten this cqualifieiurn s ar pare Slenlogre -

Penot Srratohtforward, 2iven Lemma 1oand the definition of nondecreasing strate-

N

We detine 4 - to be the set-valned  inverse correspondenee associated 1o

Corollarv 2 A-~ume N DV o and that cquilibeium ~tentegios are rondecrons
A ; "

e Thew cquilibrivm steategios b are continwons on b /i

Proof:  Observe that, by Caorallary 1.owe ean resirict attention ta pure strafegies.

Phen the staterment follows immediately from the assimnmprion that strategies are ron-

decreasing, conpled with Lemma 1.

Lomma 2 le=mse VD4 5 and that cquilibrivmn sirategics b - o wonds

creasing. Pher cquilibrivem sirotegies are <trictly fnerasing o b 08

Proof Suappose not. Then there is a b € Tr 8 snch thar P40 0 =6 0 w0 for
erery
[f 1his = the case, we will show that no tvpe of plaver Fwill swane to bid o 1o -

for somme =meall o and this will contradict Lemma 1.

Considering the pavoll of <ome ¢ who bids h.

we ean obserse thatl the second expectation i= strictly greater than e tirse, doe

Co e monotoniciiv af B Beeause ¢ must have nonnegative pavol? in eauitibrinm.
“his impiles that the second expectation, oo the profits of winning the atom. mist be
~tric: v positive, But, i this cases 8 will prefer to raize his bid by a small amonnr,
wite the other 12 of the atom phiz something more with negiigible probability and
pav neglizible more. The same reasoning applics, all the more, 1o any tvpe 4 bidding

- Uk

Like Jemma 1o the previons result is tvpically proved in the independent private
cabes case as well, Our proofs are somewhat more fivolved becanse the presenee of
“he cotnron vane eletnent means that a bidder has to condition on winning when

deterriining the aptimal bid,



Corolare 2 mplies chat evers equiibrinm nverse bidding correspondenee will

Daieed e s nmetion, This adlows xoto denine the inverse bidding functions o

M Tx
Wil o0

IR S -H.-.' . e — k)

We are aiming 1o a characterization of equiiibrinm ax the solntjon 1o a pair of
ditferential cagnations phns an initial condition, we now start 1o deseribe the set of

notemtial {nitial conditions. Let 7 be detined as
Vo= dmao k. 1

We o observe That, whenever strategies are nondecreasing, 10wl be trae that
o sapde b T
et us now characterize the pair 5 8 defined in 1
Define
I o.o

I
-
—
|
I
-
()

Lemma 3 Ae-ume 31V A0 and that cquilibrinm strategies are nondeereasinig.

Theroar cquiibmme pase "0 0, <olves

f JIo =

: for =3, 1.5 =1.2 2
1 ITETIY. J / p=12
Proof First, observe that o equitbrinm it st be trne that

for /= 5. fj=1.2 3

[ [-."1_"“";:_ [ T Y B T =
Foovoeio i o= f 4 ooy

Tudeed, siuppose this was not the case for tvpe ¢ Csavo Leo the first inequality in 3
does not hald: then there would be a7 slightiy greater than 0 who. by definition of

? i bidding actively, and 3= getting an expected pavotl arbitrarily close to

which wonld be neaative. Buor thiz cannot beo sinee then o would hetter off ne
bielding.

ot s now observe, to linixh the proof. that in equilibriwm it cannat be that both
qregualities in 3 hold strietlv, T this was the case, then there wonld exist tvpes
St oand 9y« 2 who wonld have a positive pavoff from bidding r. and henee
worild be doine =0 rather than bid below . which is their ondyv other possibility, given

notdeerensing strategies. This fmplics that there wonld be an atom of plaver T ivpes



s aton ol olaver 2 rvpes both bidding o bur this s fmpossible o nonedeereasing

Revpark: ob=erve the role of A 3 i the above proof. i ensuring that @0 satisties

Sobor a4

We now staze aoresult that will ollow o= 1o better deseribe the =et of possible fniviad

condirions,

Lemma 4 dsswme A 2.V 5 Fhen

Ce ARCPCRSING PEe3D
I'ronf The proof of this claim iz an application of Theoremn 560 11 =

Lemrna 3 =imply savs that the set of poxdble initial conditions are what we mayv
el “he "North-East envelope” of the level curves /12700 = rand H. 00 = ¢
inothe o — ar plane. More precizely, the set of poszibie initial conditions are the
noitts where the level curves fI2 - = rand 1700 = rerosso plus the poinrs on
the J1- = reurve bt above the [, = rcurve, phis the points on the > = renrve
bt above the {f- = rearve. Fig, T ogives a sketenr of the North-Fast envelope. The
borizom al distance between r oand gy represents the atom of plaver T-tvpes bidding r
in an cauilibrinm with inital condition r.

Also. beeanze of Lemrma Lothe level enrves [17 - hive necative slope. This means
that their NorthoFast envelope will have negative zlope. too, 5o any two pairs of
no=<ible initial conditions. call them 047 and ’#Af‘_.*;'_.' have the following property
~oe .

i =t then j = dimplies 7o« b |

Phis observation will be useful in the proof of Lemma s,

Ihis conciudes our deseription of the zet of potential initial conditions.

Lemma 5 Maskin and Rilev 670 Assane U1V 0 ond that cqudibenem <trate-
givs ure nondeercasing. Phon cqudibreivm snvorse Bidding furetiors are cvery-

wive e differontinble in the dnterior of fhedr domain.

Proof-  Fixanv 7= 0 i consider any increasing sequence {971 7 doler BT =

A o= ob s Continity of A0 Corollary 2 fmplies A5 7 6L



Fignre i Level curves Hio, o) = rand North-Fast envelope (Thickened).



Beesnze topes @7 prefer to bid &7 rasher than & 0we can write

/ ' B S e T L / B S N T L

Subtracting [0 VT b for a7 e from both sides. we obtain

/— : 0 h"f 0o > / : e e h_'f"ﬂ R

Dividing both sides by A — 6% and taking lims=up velds

/ Freowai > !:msnp/ Voo~ i i) ——

~

The BHS. by continuity of 1oand of [ can be replaced by

Voo b hof ok d Hmasup / o —
' T ’ o RN P [
Fherefore.
] ah - Tl ) Froho o
lim =up - = y :
h —h Vo b —h o Tk
A svmmetnie reasoning leads to
o o h —a B Foh 1
liminf ————— > SRR
i o= h ‘,: Moo -b, o= N f O .})_ ",

Because the same exercize can be earried ont choosing « decreasing sequence {67}

voowe conclinde that o 7 (= differentiable evervwhere inside its domatn. .

We now characterize an equilibrinm as a solution to a pair of differential cquations

el an initial condition.

Lemma 6 d=srogme V1 2V 50 and that equilibrivm strategies are nondeereasing,

[hen every cquilibrinm inver<e-funetion pair o - ox - solves
o= >
i.’hh" i .
o ' 'L o h 1 . N .
gl = -— - forh=r 1§ t
Foh ok o b Lo kf) —h
for iy =1.2uand 7= ;.



Frroot: Fepration 5 ds st oo restaternent of the detinition of 70 cquation
Fomation s s derived from tiest-order eonditions: Let us show eqnation 6

Roen, it the obrective Dinetion of tvne o0 when he plavs 4=
/ R L N L T

Becanse o - ix differentiable Lemma 570 we may take the derivative with respeet 1o

boand equate 10 1o 0,

T R I I T A Y R L e A I

which aives 6
[1: order 1o tuake sure that 6 indecd picks ont a maximum. let ux consider the

<eentdd order conditions; substitite 6 into 7 obtaining

Fooh o b Vil g =k , i
- - fiolh 0 —F o h on
T h ok Vioo b oo b —h
[ i has the =ame sian of
Folh ob Vi o Th =k Fio'th o
o - - - _ ~
bl Vioh ok ~h Slo b
Snppose now that tvpe # bids more than his eqnilibrium bid, e # > b 60 Thix

i< the same as <aving © 4 > 0 Recalling that 1 §s strictly inereasing in its first
arcimnent, and that F - 9 f7 i is poninereasing in ¢ by affiliation see 11
Lemma 1 Lwe observe that '~ = strictv less than i), This means that it is convenient
for + 1o reduce his bid,

Reasoning simitarly for the case when £ < b 70 Cwe canclnde that 67 indeed pieks

G A aNimnm, -

We have then shown that all nondecreasing equilibria of this auction are charac-
serived by the same differential equation, with possibly different initial conditions.

[1; what follows we shall sometimes write o 008 1o denote the trajectory solv
ing 5 oand 6

Define

oL =

Boloah = o b = T or o b o = I}

Ihe fmction 5700 48 nuay be seen as the "hitting time” of the first. among the
“wo trajectorios starting from 0, o reach the npper bound of its range.

We now come 1o tae resilt that <hows that teajectories have bounded derivative.

11



Lemma T Vewwme V0 A 60 Thes oy paie of Prajectorses de-crihed by

a5 b e the i 0 sobres 2 e howedod deriontive an ehoh

Proof et b= e o0 7 we shall prove that o 7 008 has bonnded derivative,
Fhis invalves shoing that the denominator in the RIS of "6 ix bounded away froam O,
Because £ ix bonnded away from 0746 it i= enongh to prove thar Vo hoo h 2
<. too, Let ns do this

By A6 and A 3 there exists an ¢ » 0 independent of A such that

Pla <o b 0 =0 h};lfn Woom T —hw-e >
Pl B = o YRV ki = h o B
Sy h e e RV VT b =y T h —
- i \:‘.‘;,-7‘,; —y = pi'._gi T i !”L” < 3] o ‘f, } N

where the second inequality follows from the second order conditions in Lemma 6. the
third from eontinuity of the expeeted values and 75 . The Tast inequality from the fact
that the pair A7 solves 2. Because the "probability rerm” i strictly positive

‘reeall 1he Remark after Lemma 3 - the chain of inequalities proves the claim. =
Remark: in connection with Thearerm 2.0t is important to notice that Lemma 7
does nat make nse of equilibrinm assmptions: we are going to show that only one of

the trajectories is an equilibrinm. the previous resnit savs that all trajectories starting

om one of the potential initial conditions has bonnded derivatives.

Corollary 3 V-cune A 1V T Then for cvery pair LR there psow aindgue
pair e ooy solving 5 and 6
Proof.  This is a consequence of standard resnits abont uniqueness of solutions to

ditferewtial equations. of Lermma 7 oand A 7 see 3 pp. 162400 Z
An oportant implication of 71 1= the following resnlt.

Lemma 8 Nesunic A 1 U 7 and —uppose coguadibrivm steategit- are rondoerons

I R I S TR R and Toe Lo he hweo distivet cqpudlibrio. Thon o o onorer

CrOsst s O

Proof.  First, observe that there cannot be a b zuch that for all o h o= b

becatse of uniqueness for a given inirial condition Lenuna T and Corollary 5

Define



Prace, 7 ix e cdest Aot which thie two Trajectories meet.

Wit foss of ceneralitv. set o0 b = o b oand oo b <o B for e

Ihis means hat o0 crosses o at 4 {rom below, Tnorder for this to be possil

st e that o0 b 2oal A Bat this ik uot pessible in equiiibrivin, In fact. observe

e 0 rogerher with the definition of A vield that o0 B> o0 b for b7 b Trhe first

neaqualite i 2trict by onur inivial observation

it hen we can write the following string of inequalities
= 4

; Foo b ooi 1
J T{) b rj-_\ h oo “fa Lok — b -
Floh ol_ff‘) 1 i
= —— — , - >
Joh oy Werkhoh —b
N Flo b o b 1
- J o (I‘;' o’ b Lo hoodh =k B
(7': b
where to get the ineguality we have used F o ) [ rodecreasing inr a conse

anence of affiliation. sce 117 and =trict monotonicity of s, Contradiction.

Henee, there is no foand no 7 sach that o h = o 7h . -
We finallv come to the proof of Thearem 1,

Proof of Theorem 1. part 1.
Proof  We shail praceed by contradiction. Suppese there are two equilibria. let s
call them 27 and o

Fecans=e of 71, their initial conditions are related in a specific wav, In parrienlar,
assnirrie withont loss of senerality that a2’r 2 o7 and o r = oL Then |
anplies that o ¢ = f";; r

o each equilibrinm s associated a “final condition”. meaning a highest bid. /3
recall that the Remark following Lemma 1 points out that this £ is common to both
bidders . Beranse equilibrinm strategies are inereasing. it has to be the case that
o =B farall i Let B3 be assoclated 1o 0 L and oo

There are several cases 1o examine. according to the relative position of the quan-

vities oA [ and 1.

7= 01

I'Mis case can be ruted out sinee the ditferential cquation svstem 267 i= € Tt by
Lemma 7. Hlenee. nsing A 7. there is aounique trajectory departing “backward
Tow A and satisfving 6

Do A and i3 i3
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Fieure 2 Inverse biddine funetions

In order for thi= 1o be an equilibrium. oy must cross op before /30 in order 1o

reach 95 oat 73 Bt this contradicts Lemma X0 See fig, 2

a0 e and R

oo

In order for this to be an equilibritan, o - must cross o: before AL in order o

reach - at 4. Bt this comtradicts Temma ¥ See fig. 2

I'he cases in which oo -2, are treated similarly.

[Mence. it iz not possible to have multiple equilibria.

Remark: Observe that the proof relics heavily on the equality of

the upper bounds

of equilibrinm bidding functions. S 3. This is a property of the equilibrinm. not of

the ditferential eqnatinns.

Next we prove a result about the caze of independent signals. Tt

characterization of the equilibrinm et for this particnlar case.

Lemma 9 Asswme A L U 30 Suppose 00 are indopendont.

be havionpal <trategies are riondeeresasinig,

IProaf: We will prove that, if zome 1vpe 720 wins the object wit

probabilite. then all tvpes greater than 8 will bid at least as much.

.

1= will ailow a Ml

Then equilibrium

h =ome nonzero



Piv econt et o RISRCITRETY b o ek

Wi i support - SH < b Z o support -
- s ! RIB =z ~ = ~Hpj P

Optimality of the hidding function 47 implies
Thon =omkBdy
Al
~ 0 T = '__.}]_ W 7
or. using hudependence,
T U SO T LA N S A TH
i ; v S —
5 H (hy o o Wi — b b} - i 0 >
T A U ST T O G
1 - _
" e . e
E It {h P Vo Heo— 12 {n‘) Poe i
and
N e o L N U
] J e —
S IR e B Y oo >
S T N OPEN S LAV R BN R TR

Switching the LHS with the BRHS it the first inequality. and adding the

dIves

n — W 1j';';f_r-)__ SR NUCE O A ,7" -
i Iy B P - i . L
= Wy 1 u’_u‘ — L {4} 1;) >
TR ARy A CarT APTIRNN Rt Y BN A TR
SR N S A AN U L

secors] one



Iiis sneanality may be rewritton as

/ } l u'_;.‘- _ .;‘ﬂ,{ :f,} .‘,"'."‘J”, .

9 / _ ,1 R i RN s o =
z / S DALY A T TR PIY ST 11 -

1 ]

D / R I S L TRRRT DN (L

Recalling now that B« b che above i= equivalent 1o
[ — VT AT T s —
‘1"1)’.1{' _ l':”,”V.‘([_"(j_w.;)'r'?,' o

- e - VIR T

Bar, ~trict monotonicity of 1 snarantees that the arguments of the integrals are
~tricthy positive, To finish the proof. by reaching a contradiction. it is cnotgh to prove

“hat ot least one 1the supports of integration on the RIS has nonzero g -measure,

However, This follows from the fact that, were it not =o. tvpe Howonld strictiv prefer
1o lower his bid 10 & winning with the same probability and lowering his pavinent.

This the RS is stricthy positive, Contradiction.

Remmark: the above argument ai=o takes care of the mixed strategy issue. by show-
e that the minimal element in the support of a mixed strategy of a high type must
he hiahier than the maximal clement o the support of @ mixed strategy of alow tyvpe
But then Lemma 1implies that i equilibrinm all strategies are pure.

[he proof of Lemrma % ix similar 1o the corresponding one in the private-vahies

case, but ix =lightlv more involved in that we have to proceed by contradiction.

Proof of Theorem 1. part 2
Proof:  Seeaightforward, given Lemma 9.

2.3 Existence

I rhis section we <hew that an equilibrinm exizts, thereby proving Theorem 2

We siate the resuit we want to prove.



Cedee V0V Toanovaudiormm s pure strabogios erisis il S characte rizof

by 20 T oapd 6

Notice that. in order 1o prove existenee, 1015 zot enough to show that a =ointion

tor the differential equations exists. Indeed, equilibrinm strategies mnst also “arrive

cozether”. In other words. an eauilibrinm. besides zolving 57 and 67 v a suable
<ot of fuitial cotnditions, pnst hase the properts that o & = 7 and o b = o for
the <ame b

We will eall candidate initial conditions for some trajectory, a pair 2 saeh
that local optimality is satisfied for all 1vpes below them. meaning thar all snch tvpes
are happy not to bid slichtlv above # whenever the bidding above ris deseribed by

those trajectories,

Lemma 10 Ysswme 3 1 V70 Thercall indorior points of Hee North-Flast ene -
tope of the levcd curves Heo= vl = v oare candidale initial conditions for a par

of trajoctorine solving &
Proofs  For a given pair “ 4 choose any b & b7 0" Ter 0o b o whiere

o i rhosen so that B F < b

Miiliation and monotanicity of Vgive the following inequaliny:

. Foo i
a WV oo0h h — ——————
P b i
) o e
a h VW o R = — -
N - . "J.
Rewriting,
oy S . e e . . )
j;u—_ {ot ' Vi o b —hfloh A ko h W b <
NS SIRCENR A REERN
ol h (58 ‘)';, < ih‘ T .‘):f i(_)_, IJ !’T: - F (o} b f"'{i .

But the BHS of this inequality is negative, by choiee of @7 7t is the derivative of his
pavoil at b Therefore . does not want to hid A, sinee the derivative of hiz pavotf at

his negative tan. -
Proof of Theorem 2
Proofs First, it is clear that the function 57%% 44 is continnons. since the functions
@k h T are continuous in their first fwo arcuments Jsee 30
Onr problem. in view of Lemma 100 reduces to inding a pair of initial conditions

4 on the North Fast envelope such that

T LT AT A A 7o D TN T

20)



So. consider the fanetion

LT TV S T N AP S N e b S

aoking for seros of this funcetion Iving on the North Fast envelope,

We are

Obszerve that. for points on the North Fast envelope with % close enough to o
Por o i egative. sinee o) < cand o = 0 For pointx on the North East euvelope
with 4, close enongh to . F R s s positive. reasoning svmmmetricaliyv.

Also. it s clear that /7. is a continuous function. because of continnity of tra-
iectories with respect to initial conditions see 37

But then. there is a point % 4% o the North Fast envelope such that

Chen . coupled with thesvstern 3% and 67, iz an equilibrium for the anction.

3 War of Attrition

I this section we want 1o compare the results obtained for the First Price anction
with those for the War of Attrition. which we are going to sketeh below.

Becatse onr results are negative, we are satisfied with spelling ont the ecaze of
"independent common values". In the following we shall deseribe the model. and
antline the proof of a theorem implving a contimm of equilibria for the War of
Attrition.

Fwo plavers. ealled | and 2. are plaving a War of Attrition with reserve price r
this means that each plaver bids a real aumber and. when his opponent’s bid is lower
than his. is awarded the objeet at the price of his opponent’s bid {or r. whichever is
hichers. If the opponent’s bid is higher than his. then the plaver does not zet the
obieet and pays his own bid if the fatter is higher than r. If a plaver bids less than
. he does not get the objeet and pavs nothing. The object is awarded whenever rix
plaved, and ties are broken with a coin toss. The value that cach plaver attaches to
the object being avctioned s V70 04" Cand plavers are risk-neutral.

Ihe assumptions on V0 a0 4 are exactly the same as AT A7 exeept that

we will restrict to the case of ¢ 4 independent.

Pure strategies are functions b,

R N W U

az=timed 1o be measurable in the wsual sense.
Fhe profits to plaver 4 of plaving & when his opponent’s strategy is b owill be

21



- hoi k=

—_hiYh v b for b= r
() for h < r

Assime that there exists an eguilibrinm in <trategics that are differentiable and
~trictiv inereasing over tvpes whoe bid above r Jwe will presently construet one . and

call o s inverse bidding funetions. In this case. the objective Minction becomes
Thoih = / N S e — b = Fo b

Iaking first-order condition for b > r and rearranging velds

Lo bl b 1
flo b o both

ol 'h =

Second-order conditions are readily verified 10 hold. Thus, this differential equa-
tion, if conpled with a snitable set of initial conditions. wounld deseribe an equilibrinm
in prre strategies.

I the war-of-attrition, too. it i= possible to construet a =et of candidate initial
conditions on the North-Fast envelope. in the exact =ame way as done in Lernmas 3

and 10, which hiold verbatim. if /{77 ix defined by
oL o = d Lo bRV H 0 =00 o

and 0 replaces 67 10 the statement of Lemma 10, Henceoall trajectories starting on
the North-East envelope and described by 79% are candidate cquilibria. In the first-
price auction we disposed of this multiplicity making use of a final condition: no such
procedure is allowed here. This is the import of the following

Lemma 11 Any (rajectory pair deseribed by equation 9 displays unboundead

Brdding.
Proof:
[t us rewrite "9 as follows
! , i g
: — =ah = — —log 1l —F'o b .
Vo  hlooh - ith . ‘
Intearating with respect to A up ta ¢ we obtain
s = —log/l = F o o - constant,
Vi s oo s ‘ ;



Suppose tow. by contradiction, that b - were hanuded, that = 870 <0 R0
Fhen necessarily F oo A = 1 whenee, evainating the fast expression at = A7 the

RITS = infinite while the LIS iz not, Contradicetion. —

S0, i1 the absence of a final condition. all trajectories starting on the North-Fast

crevelope and deseribed by 9 are equilibria of the war-ofattrition, and we have shown

Theorem 3 The War of Virvibion fias o contininan of equilibria in nendecroas-

frig pure stralogres.

[his resnlt mas <eem 1o contrast starkiv with that obtained for a similar model
in 1. However, the uniqueness resnlt they obtain ix restricted to nnigueness among

strfetfy incriasing strategies equilibria.

4 Conclusions

We have proved existence and uniqueness of equilibrinm in a 2-player azvmmetric
first-price aunction with affiliated values, Tn doing so. we have generalized existing
resnlts in the context of private values, Our proof of existence is constretive. We
have eompared these results with those for the war of atirition. in which we find a
contitmunm of equilibria, ranked according to 1the aggressiveness of the plavers: This
latter feature seems to be a common thread across different models in thiz literatnre,
We have argued that the difference between the first-price anction and the war of
attrition is due to the fact that the latter lacks a final condition. We believe this to
be an insicht that should prove valuable in the study of other auction mechanisms.
[astly, we have provided a natnral setting that mayv. we hope, accommodate further
analvses on other mechanisms: one of its prominent features being that equilibrinm

~trategies are Lipschitz-continuous. as a resuit of the common-value component.
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