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Discussion Paper No. 820

CALCULUS AND EXTENSIONS OF ARROW’S THEOREM'

by

Donald G. Saari™"
Department of Mathematics
Northwestern University

January 1989

Abstract

A discrete analog for a calculus argument about mapping between spaces 1is
developed. This discrete "calculus argument" is used to characterize the
"kinds of axioms" that lead to conclusions similar to that of Arrow’s Theorem.
In this manner, not only are new extensions of Arrow's theorem found, but this
approach also is applied to economic allocation and welfare procedures,
paradoxes from statistics and probability, the Hurwicz-Schmeidler result about
pareto optimal Nash equilibria, the Gibbard-Satterthwaite theorem, Nakamura's
Theorem about simple games, etc. Furthermore, a new, sharp class of
possibility theorems are derived; they hold not only for transitive
preferences, but for utility functions, probability measures, etc.

*Originalz October, 1987 (Title: Symmetry and Extensions of Arrow's
Theorem) Revised: December, 1988.

**This research was supported, in part, by NSF grants IRI8415348,
IRIB803505, and a 1988-89 Fellowship from the Guggenheim Memorial Foundation.



since Arrew’'s seminal weork 111, social choice has become an active

research area with lists of axioms forcing impossibility statements. conditions

tor nossinliity assertions, and tne Gibbard [v] - Satterthwaite |zul theorem
about manipnlatron. {See Sen (211 for a survev.) What 1s missing is a simble,
uniiving mat hematical explanation - one that subsumes the various conclusions,
that evpl-ns lassical theorems and derives new aones. that directlv extends
soctial choilce arguments to econemics, statistics, and other areas. and that
captires 1he elusive frontier between possibllity and 1mpossibilite statements,
Such o desceiption is started here by shifting the emphasis from “particular
<otz of anioms’ te the mathemat:cal source of these resuits,

Fhe wniiyving explanation 18 o discrete versicn of an elementarv
cafoutvne arsoment, 1 illustrats the approach bv relating Arrow’s Theorem.
sovoeral cther socal choice results, Nakamura’s Theorem about simple games. a
Peal paradeor abont contingencvy tables, the Burwicz-Schmeidier study or

i \

crtimal Nesh =i bibria, and certain guestiens aboui eccnomic vrocedures.  the
fom= and assemptions from These areas have ittie to do with each orher: whsat
unitics then s that each i esplained with the same discrete caloujus

arvument . By ocharacterizing tne Linds ot axvioms apenable to Uiivs ansivels.

i hepe s resuylts Yrom difteresnt D iteoratures are unified and extended in

cotorn) o riret pons,
fhe sppreach 1e o discrete version of an argument (Saar: | 1é.i810.

Pilusrrated in tae falilowing exampie, that was develovned to explain paradoNes

e ool gocial aggregation procedures.,
Example 1. Consider the decision probiem of selecting ene ot two urns
ibetnine ol ang blue balis. vrom the selected urn, o bali is chosen at

Peardom, oot the plaver wins if 1t ois red. It it 1s known that PIRI[)

fokili Ty cie., the probabiiity of selecting a red ball 18 greater trom urn 1

chaas Trom ourn 1175, then the anserer 1s obvions., with ancother set ot urnsg wnere

Peigs Ty R PET, the same solution holds: from either set, select the tirst
et Non. oempts rtne two Ceood” arns 10 oand 17 anto urn 1. oand T bad’ urns L

aad ot dnte T The colution vYor the new. ageregated probliem need not be 1:

.

vrocontd be T, ¥or instance, 10 17 hag 90 reds out of 240 batls, i1 bhas 20

s ot Gt Y0 {7 hag S0 reds out of Gu, and 117 has

b

10 reds out of 240

flnls satrat)or the [irst twe tnegualities). then PIRITY < PoRkPily furn | has

P yoos nt ol 300 vivrie 71 bhas 130 rods out ot 30013,

P ounderstand this behavior. known as Simpson s parados csec 0008 Ty

A1 Theary vetepencess, consider the mapoing



Cad s wne ExTonsions of Social Choroe Paoc L
[ N N Fo o= b TR ECLL ORI IR DI Y R R DY

trom oo sbhace ol probabillitv o distributions to kYL fThe paradoy occurs 1ttoF
mest = cither the positive or negative orthants of K3: 1.c¢., h"+ or k', The

crsonee of The argument in 18,14 1e that there 1g a probability distribution,
oo whers Brgr o= 0and DF 0 the Jacoblan o1 Foat a, has rank three. Thus.
pars an ooben o sel o about o tooan open set, U, about 0. 4 U meets all orthants
GRS R meets P oand REOL So. Simbson’s paradox tollows because the
proteriies ol the statisticatl procedure. ag manifested by the rank conditions,
probibit Foirom Csguashing” the domain into R without the image overtlowing

N

tnre RS oop kW
This simple caloalus avproach cannot be used 1t deprivatives are not

defined, such ag Tor discrete models as Arrow’s Theorem or a medsl baced on set

vatued panpings. nor 1t the derivatives are cemplicated, such as ior models

baccd on tunction spacss of utility functions.  hevertheless, with the

modiiieat ion: developed here, the gsame theme noids. For a set S, | derive

copd It Tons Taat o epsnre

bou T I T - B S
< 23

|

neots K or K'Y 1 a.,e.. conditions to force all F components to have the same

Proposition l.a. For two components of F:S-->R3, sav Foo1 = 1,2, let each

component have a level set. Lo, with the rollowing properties. 1) b (L. ). 1 =

oz, have the same sign. 11) L,fL, # ¥. 111} There are level sets for

positive and negative values of F, where each mects L,NL,. The image of F

7
4

meets sither R or K7,

.  Let a coemponent of F:S-->K9, sav F]. have a non-zero level set L with the

totloving propertv. There are level sets for positive and negative values of

B denoted by and L, _. that intersect [, . A positive and a negative

Level set for v can be found such that ecach intersects both L,0L, , and

Lk, o e image of B omeets eitner R, or kS _.

F. and r The

1 2"

-+
—
A
ot
=
I
n
pt
Jo
=
[

Froot. a. All points on L NL
assumption about tne level sets of b, means there 1s p € L L, where ¥, i(p) has
the same gien as F o (p) and ¥, (p).®

oo 1t kL, 000, then by and t, have the same sign on L al, . (Figure
iodepilots the geometric division of L].) Bv assumption. F3 positive and

regative level sets overlan LNL, | sc part a applies.< & similar argument




caloulus and Extensions of sSociral choice

The caloulins srenment 1mplicitly forces some of the level sete of the

is bo ooverlap as described in Proposition 1. (Use fthe implicit funotion

theoren el Yhe rank condition. ! tndeed. tnis is why the conclusion or kxamplie

i Toiiowe fhuns . the essence of tno caleulus arcument 1s caprured bv

Propo=zition b, Consorsc vy Lol

i - o .

and L0l are non-emptv, so the value of

Foovaries atong iy 0 thns defines the analog of 2k, £ U. The overiap
conditions. which ensure that the analegs for 9k, and @F, £ U are indenendent.
tevm th- discrete anateog of a rank condition for DE.  As 1n Example 1, this
“rank” condition forces the image of I to cverflew inte erther R' or R7_.
Froposirtion by the discrete version of the caloulus argument. is used to
analvze varions paradoxes as woil as to characterize the "Kinds of avioms’

smding tooan Arrov type conclusion. [ Througnout. intformal remarks emphasize
the close contection with caloulas. )

[o the remaibneder of this section, 1 1liustrate Propesition 1 with twe

nev veguitg and one old one. In Sectien Z, 1 shew why Proposition | oexplalins

the Moabamura cnd Arrow Theorsms, In Section 4, I charvacterize a ci:

nededs that can be analvzed with Proposition |oan the same wav as Arrow's
Theoren., call this charactevization the overiap principle.  The riexibiiits
S othe cverian prancinle ts ailustrated by obtaining simnle proots ot several
Locwn soerai chores resalts ag well as to derive some new, and =zome whimgical
Thas, the comnection among several well knoewn social choice resnirts

alurz b prond

eme from statlistics, economice, and zZame theorv becomnes

impediate, 00 cmehasize Known results 1o underscore the unifving eftect of

-

Becrem 2000 Moreovear, canse the overlap principle 1 based on the "level

el G bbb rar e function (o

correspondencs, funcrional, ete. ),

ctemsions ant e posunitz oarc immediate. To illustrate how implicitls derined

i1 Theorem as

ot the Gibbard - Satterthw:

oo lan o conditions arise, a new proot
colil oas= e Burwicz=Scehmeidier theorem LD ancut Parcto optimal Mash

i are given. The fronticor batweon possibllity and impossibility

extend the nice resuits by

copelusions ts desorihed in Secetion 4 these

N . R
s coactuers P13 150,

>oct ion » ocontains the proots.

Cont ingency Tables in Statistics

Simpron’ s paradon describes o disturbing problem that can occur when
conbanZomey tables are coliapsed to determine marginal intormation. It rosults

iveem the combinatorico rules of conditional probabillities: =.g.. the cemputation

vi oaranment ostends to frS-->RED R2Y. where the gonl 1s to i1
s o=o that Fomests one of tvo diametrical orthants of kb, 1f
. § )

tecoesary, (=13 mitiples

Tyoamd BEo



alcarine o Extensions o Socidal (hoios flage o

of bbby, iansdd0r 4 (30/60)0 = 19U+S0 (21040600, disagrees witn the ruies ot
adcdlition.  far a measure be invented te avord Simpson's paradox”  samelv, lor

"

Puamiele 1, s theres a mapplng G={u L4 .- from tne space ol probabiliy

disrribniions re KD where Gomisses R0 o g3 7 (See 18] ror some measures and
rolaiet discusstion. ) Te relate Lhe new measures to probabilit-, 1t 1s
t

natursl to remire the signs of ' and 1 to agree, respectiveliv, with the

s12ns of booand F,.  The measure p, which causes the paradex tnrough the rules

ol comhntartion, 1s accoerded more flexibilitv, We regquire u to preserie at
astoone sien ol Fy, but not necessarily the other. 1t follows from

broposition Lothat no snch measures exist: Simpson’s paradox is 1utrinsic 1o
srandard probabllloby concents,

Toosee tnis, 1ot Lo be the set of all probability distributions where
FﬁiL;) has the sign preserved by u. Thus, Ly iIs a portion of a level set for
“1zn(u})., According to Example 1 {(and 119§, F can achieve ail combination o1
signs.  pub, ditterent =igns for boand b, determine, respectivelv. ditrtferent
Povoel sets Yor the sienfu’i and sien{p’ ). Thus L, is overlapped by these Jevel
setls 15 the manner described in Proposition 1.hH.B

Compensation Test from Welfare FEconomics

Prososition Vojormalizes a “natural approach” that nas been used to
prove cortain assertions.  To see this, consider the [Z4,pz18] "compensation
te=t fthatt ti1es at the basis ot much of appllied welfare economics.,” Here. for

W22 200ids, wach of tvo avents is reoresented by oa utility tfunction from 0 =

frrkRb o --rRin s smooth, all comporents of Yu are positivet. An allccation x =

tX, X, s petter” than x7, x>, x', 1f x has an realiocation., v = [y, .V, ],

Vitv, T X4X, . so that evervone is trareto} better oftft e.go. u,fy, b > u ix ),
P 2 ; i

= J,z. aam=iv, the allocation Is “better’ 1f one agent can compensate the

ather te ohtain a pareto superior outcome. To be usetul. it must be that 1t

o X then x72 x. To test whether thig is true tfor two alleocations x' and x',

tet borupou ixoxTh o= L xTo xTL othervise let tne vaine pe -i. The
component ¥, emphasizes x': b, tu vXCuxTr o= 1Y xex and -1 otherwise. iy

the compenszation test 1s useful for the allocations x° and x . 11 must be it

Fo= b, sk, st —=0 B2 opever enters the vosiiive unadrant ot Ke. it odoes,

Fogopo= 2 o del xTsiih sy Ot and xT = (3080 (0 3. e
roslloraton of x0 1e TiaLs T a0 h . (A0 n 3030 each agent has more orf each goon

frnronox fhe Tor anes . = i, this realiocation 1s Poareto superior to X0,
S the tesilive levol o =otoar FoL 1= the ot of utility functions LoNih,
Toooonow thnt g peels ) . it o =uttices to show thers exist u, € L% wnere the

tndi fterence <ot tor v, threugh (4,57 passee above (3.2) and the one tor u,



(ujonjue and Fxtensions op Social Chorce Fage o
thit passes throuz2h (3.3) 15 above 12.3). This 1s a standard construction.®
An Application to Economics

in coonomic=, Lt 1

mn

interesting to know whether "binary comparisons”

car be used to describe mors general conclusions. For instance, can aspects of

s-nts be recovered

r—

a <eneral solution concept for a trading model with three
jnetl by knoving what would happen in the binary trades among the pairs of
aZents?  In wodels involving Marshallian demand and utilicy functions {(=.<g.,
the conb grem of revealsd preference, or consumer surnlus). this izsue is

in toerns of

path dependency.” T oindicate next, with Propesition |
and oan exampie. i we shoudd expect coertaln negative conclusions to be
amsecdioted crch ncdels dmvolving demand and utilitv functions.

Lev an o aZent inoa Lhree commodity economv be characterized by her

it endiament oW = fWypew,awg by and u. her smooth. concave utility function.

o diven price. p=ip,,p,.py . the components of her excess demand tfunction

determine an ordinal ranking ot the three commodities: i1.e., the larger thne
eoocess denand foro oz ocommodite o0 0 the mors 1t o1s desired. It oniv twe of the

Sooot- are traded, a binary relationship is detfined.  Namelv, bv holding a

commod it Pised, sav oo =w,, and using the same prices {Py Dy ), & Dinarv

yelatronzhin e determined for the remaining two commodities fey,o b in terms

of the enceoss demand. [0 ie reascnabie to exwpect that these binary rankings

recapture her ranking of the three commodities at price p.  Fhev do not: the

So. Froposition 1 serves as a single

Dorary puaphings need nei bs fransitive.

azont ampossibilite theorem.”

Fooprove this assertion via Propesition Ly dco Foootuipow) = | 1. when

e Thivd commoedity is neld rived, the excess demana (based on u. w, and

Cooap b oo ds greater than that ger o, 1f the excess demand tor ¢ s

2reater. then the value 1s -1, 11 Flutpow) = ik S F, L F, y b= (Lol then

OCCuUrs Thus. F cannot enter kK- or g Lt

Vie v le o e e e e
eoovele o o0, 02000 000 3. 5 , .

| g 2

remalns Lo show that tne tevei sctse of the components of F. which are sets of

uriisty tunctions 1n oa function space, overlap as described in Proposition 1.

et w oouy o0 tor o= 1,203, The plane in ik’ parailel to the o (¢,
Tolane ne througzh w reprevents all choices of demand for two commoditiles

e the thivd 12 hetd fixed (e, In thiz plane consider the budeet ine

passing through wowith pormal {(price) vecror (p,.p, . Let , o, T iuithe one

L
Armensronal budeet jine e tangent to an indiiference set of v at a volnt where
R {lhisg rectriction does not constrain the orientation of the
tnoany other darection nor at anv other polnt. ) Because Cy-

L PV I PR 15 a "pesitive’ levet set for b, i 1t 1 a subset of



iaicuing and rxternsions of Social Choice I o

o
n
o)

TLiIEY funcrions in a function space.

e wositave level set for kz is detfined 1n a simiiar

3 2.3, ¢°

Yaztmyon.  The one dimensicnal budeet line determined by (P, .o, ) 15 in fhe Llane

1ng through woand paratiel to the ¢, ¢, plane. 1, | , = iul the budeet

Fine = tangent o an rmditterencs sot of noat o point wners ¢, 2w, . ag this
ol coint inrormation’ used to dgerine L, commlts vers iittie trom the
N .t

Griirty o orunotion, aostantara, feometric arcdument using ditrterent anditterence

ot ot noproves toat Lo, b 2 W Lo, setls of ntriity runctions

1.2 2,3 ) !
satysi sern condations, Finaily, the level sets tor oo, are determined by
HESERE S PES Eo Line associar {r,wpy ! in the plane vpassing through w p: 2 |

v tne oo, plancy The inditference e2ts of the utiiity functions 1in

I S are restricted oniv by one-dimensicnal directions at twe points

(e

snoarthoeonat wlanes,  lhus, {rom the 2eometrv, 1t 18 cle

—

ctions biave the one-dimensional, (D, .p,) budget line nsg o tingent

pvection (for osome dudidterence set) at a point where o, ow, o oand others where

ey bmEg Lo N, 15 overtapped by hotn a negative and a pogitive
3 L2+ 2.3, . R ) )

tevei oset of ¥ The assertion followes from Froposition ia.B

Plian demand is dertermined by point inrormation.,  1f the budget

pestr ot ions are 1ower dimensionat, as above, then the considerable rlexihilite

Tt o the erobal properties of the ntility functlon makes 1t easyv o satisic

w
=
&
"
"
=
~
1}

an o conditions of Pronosition 1. So, 1n anv gituarvior

potistpateed g the st two exambles, the detined, binarv relations cannot be

pectod G be transitive unless Tglobal restriction” are imposed on the
to odanctionst eugs, they are homothetic (210, (While detatis difter, a

imilar argumcnl exrvialns certain Tpath dependeoncov problems” in congumer

survnlius. b oolan ro o discuse this in o detadl eolsewhere. )

2. The Nakamura and Arrow Theorems

fv iilu=steats Proposition 1oin o dirfferent setting and »1th N2ZZ azontneg,

Sohoamea s ihsorem. Let oeach agent have a comnlete. binary, (with no

et T oo nesd tranpeitive rankinge of the candardates,  The procedure to detormine

toe panfing - orf any two oo

Wi cna b iUy (et sl f all o voters in T ohave the same raniting ot the tun

thel bt e, e tThat is vhe zpoap rankineg, The conditicns on oare that i 01
Ve et 0b e s suhser o T e U0 e S0 At 31 1t T oe 2y then NNT g O

vieormped e oxanp e of o o samnl e 2ame 1w maserity voter hepe Toag s owinnming



Covdenrine el Rl o Socral Choice ;
CGoalityoa rtb e sE, Lot o reprosent o ocollection of winning comnlitions with
ooomp Yy Jntorsesiiony 1.e,, 0= i i'l]ELJ. M1l .= di. DNakamura's number, n(),
. - 4

i oo tf o oeollastion J oevists, 10 collections J exist and 11 1d1 1¢ the

mimber of coniitions in J. then n{a) = Min {{Jii, For example., 1t NZ4 and U

roepresents magority veote, then n(ly = 3.

Proposition 2. (Nakamura) The tollowing are =squivalent.

U T (S RN
it.  The binarv rankings of (v={c .,.,c | as determined by the simuis
fape o oaeter o are ovoiice.,  Namelv, 1t kZn., there 1s no protile where the

centeomes detine thic

"~

ankings o ool 0,0 v c . oand ¢, oc. .

R T TR

Prost. For cach vrotite, p. define ¥ (py = 1 1t ¢ >c.. and -1 fer
tho resersed ineanailty.,  Let v8 o= (b, S0k, oooo R oF ) ne the mappine

from the space of protiles to RY L First | prove that if nznll). then cvelesg

sl reo. . 1 oshow for Bo= niuy that FA mects the positive orthant ot Ko,  Let

1 be one of the above sets of winnine enalitions where J'= tT, el ie For
=l the nosirive jeved set of B Lo inciudes ail p where each

Torer in oa coalition from J7 has the relative ranking ¢ Consider atl

veofiies powhere for a=ico k-1 cach voter an T, has the relative ranking

s Cleariv, such rankings are detfined even it each voter is in several

N el

choyees of Woo co b= Ly, 2 8. I voter a € T then, by

tne dotinition of J°, there i1s 1 =0 that a ¢ TI. Thus. at best. a's relative

rankines of ic.....ci}. and ic;,l....fr} are determined., but her relative

N

rankine of ic].c,} is tree to be determined. [t all a e T, have the ranking

o 0o then p & 0. 1t thev ail have the reverse inemuality, then p €

oy fhus - Loy . 1s overlapped by these two sets, so the conclusion

rollovse from the obvious exteonsion ot Provpesition la.B
Suppese no neiie kSn, oand a ovele o oc,ce o 0 ©00, ig defined

vhepe B ds the wanning coalition for the ranking or {c, .o,

peoas defined above.  [he assertion means that L K., must meet L.

vt occording te the definition of the Nakamura number. there are chcices of

agl  that oarc an all other choices of T . Thus, o' s ranking of the k

candidiates is unionsiv determined,  In particular. a has the ranking o s¢

which contraticts the fact aef, B

1N

vabamura s number can be viewed as determining a iower bound on the

ranig for DESL As demonstrated in the prootf. the increased ronk is achieved

throngh a coordination of agents’ acticns.  The prost of irrow’= Theorem via
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~
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~
ben
=~
b
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J

o

mann-r; the acticons of the agonts are
cocpainat od bo owatysfe the cverlap vroperty, Another new {sature avpears in
srvoy o The ren: the redevant cholce ©of a fanctien, denoted by ', e

vaLe b detined v the asiomne. To keep the exnosition simple. 1 discuss a
v voters thrss candidate soctal welfare process,  But first a gecmetric
peprosontaiion for the complete, binaryv, transitive rankines of the candidates

r;. 'J. . 1S given,
T

tnoan eaquiateral trianele 1dentity 2ach vertex with a candidate and

rtex.

(U

dA-4ine a binary relationship ol a point 1n terms of 1ts provimity to a v

Thuos. point p correspeonds to the ranking ¢y o0, MEE po1s closer to verten o

Ehon to vertes o, This relationship divides the equilateral triangle., as in

ainre Lo owheors the cpen regions - the smallest trianzles - correspond to

strict rankings without "indifference” among the candidates, whil the line
sesments and the baricentrie point correspond to rankings wich indifierence,

For instancs, redgion A corresponds to the ranking o 2c ¢ while the line

—edment between regions Connd Dorepresents c,oe,=c, . Let PU10Z2.5) denote the

cpen re2ions where the rankings do not admit inditference. Let Po1.3)

dencto the two equivalence clusses of rankinzs in PO1,2.4) where ¢ >c, and

where o c.e. P12 = {lc

o, i={ABCHL e »c}}:{D.E,Pj}. Geometrically

1752 "2

o
the sets in Puli) are the two right triangles separated by the indiftersnce

sine cosos show that Arrow’s Theerem 1s a consecuence of how these right

triansles overlap one another.

In o tvo voter. three candidate context without inditference, a social
wetare function 1s a mappling
Y Fo P(1.2.3) x Pl1.2,53) —==—=~ > PU1,2.3).
The cartesian product represents the two voters’ possible rankings., so kg, 2.1
contains the usual wuniversality of domain reguirement.  Arrow’ = conditionse are
reviiaced with the following weaker reguirements.

t. Independence of irreievant alternatives, 1A, requireg for cach
Sraar o that the rodative ranking of oo, 01} denends ocnlv on the voters’
rodative raniiings of thege candidates.,  This is eguivalent to reguiring for
cach {1,31), that

2.2 Fo Py} x Pliyi) ———=> P(i,j).

the Proi) ranking of F ois uniquely determined by the Pii.n)

ranbiings ot the (wo agents: the relative ranking of <) has no iutlueunce cn the

Vil antoome,

I to be onto; all six rankinge of P(1,2,3) are

. Titnanimity’ fore

jn the imeze of Foo 1 use the weaker conditicen that for at least two pairs
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(v,1), Fo 1n KEu. 2.2, 1s onto. {This 1= satisfied 1t Imace ¥ = 1o oo o0

A, 1t the {irst voter is a dictator for b, then F can be represented
bvoa maneing depending onlv oon the firrst variable. 1 reguire that F cannot be

represented by a funclion of a single variable.

Theorem 1.  There does not exist a mapping ¢given by Equation 2.1 that satisfies
conditions 1, 2, and 3. If ¥, given by Eq. 2.1, satisties 1 and 2, then 1t can
be represented by a function of a single variable generated either by mapping

cach relationship ¢ to itself (a dictator), or by mapping cach rclaltionship

Coo0, to C, ey {an anti-dictator).

;_‘
ey

Arrow s theorem ls an immediatz conseauence of Theorem 1. An earl

version of Tnecrem 1 {(for 322 voters and n25 candidates) is 1n Saari [171: also

coe Rim and Rouch 1131 and wilson {25]. 1 prove this stronger version of
Y

Arrow’a Thecorem wilth FProposition 1.

Proof. 1Tt F oxists, 173 can be usged to detine the mappings I, :

HE

Pogcil o Plr,gy ====> {-1, 1} in the {ollowine manner. Identify cooc with 1
aud ¢ S with -1: in this wav. each P{i.i} rankin2 of F 1s identified =1th

3

g te kqg. 2,20 this vaiue depends onlv on the P{1.1}

[

ther -1 or 1L Accores

ranking ot cach voeter. This deiines Fi N Assocrated with F is the 1nduced

mapting FYOo= LR SR Lo Poerondsb(r ) - I e I F exists, o
must mies (i,1.1) {(the cvele ¢, »c c,oc e rey ) and (-1,-1,-1): i.=.. F0 must

mrss ket oand KO

45 1 show, the level sets of the components of F! overiap in the manner

gesoribad i Propesition 1. so FD omust meet one of the two orthants. (ifhe level

sets for koo oare in Plicp)inPiivay.) To do this, assume there are situations

0
—

iere whepn vobter O has a specified relative ranking ol {c

8 O Y SRS 4
1 2

chanze the b value bv chanding her relative rankings of the npatr, and when

R
vorer |onas a specitied retative ranking of leo,.c, b, voter 2 can change the

b, . vaius by vapving his PUZ2,3) ranking, {(This assumntion 1s verified bpelow, !

i

»

cing bProure 2, veter 1 varies her rankings sither bhetween (A,F} or between
0L and veter 2 varles his rankings either between AR or between (DR}

Thi exact chorer s determined in this way: 1 voter Z needs the relative

. then voter 2 varies

o

oo, s that voter 1 ocan alter the F1 , valu

Dt Py b Orherwige (0.2, either voter 1 alwavs determines the b
tmaze, or does sooonly 1 voter 2 hns tne relative rankine ¢y, let voter &

vary betwesn (40K in thie manner., the preferences of voter 2 are in a fixea
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PlobLs class fon ihe cyde of the indifterence

Sume
Vi, 2 change

b

specifion ciass that 10

permits voter |

arv hetwesy P cirasses. The choice for voter |1

celected in the same coordinated manncr.  Fach choice

voeter | to allow

1
P{1.2

the one reqguired of

SO0

R

valdes,  with this choloe, voter is 1n a fixed

class. but can betweer, ¢lasses,

VAary

i choices, nei1ther voter chanzes P

firwed vailue of cither 1 or -1, On the other hand. o
of cie comporent of FUowhile satistving the specitfied
vhe other agent to vary the gi1gn of the last componen

oo that there are sitnations where atl thr

Py aame s=tren, Thes vroves that Fodoes not exist, |
i) boved te ot the components of F!ooverlap as des

to verify the assumption that 1f F

Aiftereni pors of candidates where cach veter affect
e Cicicie There oare profrles where the image of
votor clhangos proeferences,  To show this, let x, and

1

Uonelder the two step path going

1

ditierem T images

.

Phe 100 gtern, the 1 voler’s rankings change, 1 =

.

the image of I must g the claim ftoliows., Mo

b represented as a function of o« single variable, so
when onty 3B agent changes rankinegs, the image of V

1ot he o f chandes, so does the relati

-

Tmase

crandidates, T

setting where the following 1= true. 1 one agent ha
ranking or a particenlar pair of the candidates while

rebatave ranjangs of this palr. then the rejative F op
chanzes. 10 remarns Yo =how that oach voter can atffe
ditvorent pair of candidates. It wot, then sach vote

rankings onlv of. sy, fo, .o, 00 bees, the value of by
one othoer pair {(1,3). say (2,31, F has different P{Z,

arouncnt ot

two preceding parasgraphs,

vhen only one voter changes PPOZ,4) rankings., the Pz,

vy the value of b, o changes. By oa relabelling of
noceseary, the assertiion 1s proved.®

The oo port ot the thoorem alse 1g baced

grgtment €iven by roreosition . Ubviousiv, a dictat

imme

cach

Page U

C, “2)‘ in the

the F. , values., but ¢

1.2

etween {AVEFY or O DY

an

15 1n a differvent Fii.2)
voter 2 to chanee the
P(1.3) cluss, a fixed

J3Y classes, so has a

voter can varv

~ondition necded

t. ] the

ce components of P ohav

proves tn

Thig arsument

cribed i

in Proposition

exists, there are two

¢ the rankinge of O

one

F chanzes when onlyv one

X, be protiles with

from x, to x,, where,

1

these ste

o

At one of

M

re 1w possibile CaNnoe

there are nrotiles whe

changes, 1

ve ranking of a pair of

each situation described above corresponds to =

sel

s a specifired relative

the other agent varies

anking of this pair

ct the outcome of a

r attfects the relative

S+ By {2y, for at

%1 1mages. Lsineg the

2) image of F chances:
the indices, 17

the discreic calonin

on

or or an anti-dictaror

(f >
at

b.}

1

at
ns.
t

re,

t o

PR RS

feast

it fellows that there are profiles where

S

can
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Lo dotimed, w9 010 remalns Yo show that there are ne other choices for a mapping

S singie voter, O possiblliity o ve that a compenent, sav ¥ o, 1= constant

1.2
valuods oo FOLLZL3Y s oa level set for by, By {27, the other components

{1r1ght

o1 Fboare not canstant valued: their level sets are the two claseg
frianglo b of Pliya)e It now follows from Fieure 2 that the level sct of b
ve averiapeed in the manner described in Proposition Ib.  Thus, sucli a mapping
. The remaining possibility is for b to have the voter’s
bainars ranking of one palr reversed while the relative binary ranking
GO oanother pair is preserved.  So, without less of generality., assume
POl 2oy == Pil,2,3) satistfies (1) and {21, F preserves the P(1,2) ranking.
but pyoveorses the PO2.3) ranking.,  Thus the imace of Fi restricted to
P(vlfvgiﬁV(C;f?z} = B0 s (1,1.x1).  (Because F prescerves the p{1.2z)
ranking, b, {c >c,) = 17 because F reverses the P{Z,3] ranking, ﬁ2:3(cx>rﬁ) =
ty. This means (B0 185 1n L“M' ﬂLz 3, Put, B and ¢ are 1n dittferent
Fllo) classes, and, by (2), in diftferent level sets of Fooy . Thug [(BoCV ds
cvertapied by the level setz of Fa in the manner described in Fropogition
[EW.

Both parts of the proef nse the tact that the induced mappinz, kU, must

it ¥ oexists. Proposition |

miss RY O and K'Y . The second part proves that ev

restrictions on how F!'oand F oare defined.  This should be eupected: tne

analog of k. must be sultably restricted so that i misees R" and

kP Bate o vrestriction on Tk ., 1mposes a restriction cen F! and ¥. This

heme continues througnout: particulariy in Secticen 4 where domain restrictions

leadiae Lo possibility theorams mpose restrictions on the TF, sl

Foro the Pirst part of the thoerem. MN22 azents are reguired because,

o
(o
—
e
—

st sinele agent, the fevel sots tor ¥ (l.e. the two Pli,)) sete
cavertap as deseribed in Propesition 1 - DFY has rank 1. More agents create new
sartabio~ fur tne domain.,  So to create the overlap, the coordinatod actionsg of

adent determines Lhe "overlap” of o different component of F!'. In the

Teatouius arcument’,  each row ol DED becomes Vbi . (V?F; j....T.?,:Fi.i) where

v, b ie vorer ke gradient. Thus., to increase the rank or DFV, the extra

1

components. the YF s defined hy other agents, are needed,

Ale

revosition 1 oonly uses the gceometric manner in which the level sets overian.

S, as suddesiod by the oxampies in Seotion 1. one must expect the concinsions
o Thearen Pty ontend to wide olassos of modola. Thig jg the tnems of Secotion

Ao Thte: apzument providles s Tealenins” intnition ror the instebtind Blaun (s
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1. The Overtap Principic

Seme r1pterosting conscouehoes of Propozition oarise in oavicmatic

clzowy b N2ZDoavents,  Here, asioms, such oas 11TA, define the indnced mapping
Wi veotn Setgon 2, the leve] sets overlap through a coordination of the
qotrons of ceversl ceents, Buto this 1s true conlv 1l each agent’s contributicn

oo level zots of the components of FJogatisty appropriate rropertioes,

cres s Thooren vives one el of properties; a more inhciusive sei 13 oin Theorem

st ot e Theaoren

with exampies selected to emphasize that the same

argipent subsimes man: of the cliassical theoroems.

Netabieon: lLet (A1 denote the cardinality of set A, It A = (A

and B = EB',..,BW} are collection of sets, let ANB = {AjﬂBk o 1< <n, 1<k<m}.

bet o= Doxeoxb he the cartesian product of the NoZ sets N fet R be
1 priy o -=-=2 K
Lo 2iven., Soc Lo a predact set, replaces the get S 1n Preovositien 1. Just as
there are poorestrictions on the cholce of S, there are no restrictions on the
chotes of b == 31t covld be the 1% acent’'e s=2t of bBinary trancitive rankings,
vrabat ity measuroes, spaces of admiseible stratecles, tuncticn spaces of
trirtv o tunction-, or anstbihing else.  The chorce of
agenl o whers . =av, Doois oot of trangitive rankings., U

srobab i bivy measures. «tc. The critical aspect is not the kind of information

reprs sented by bur how the anfermation for each agent s divided into
Theve b sets,
in Theorem 1o b, = POI,20300 0 = 1o The primitaive - vhe Thy axion
divides D{1LZ03) anto the thres parrs of independence sets vii,1). 1 take

rhe opvostte approachs my o primrive is e division o) each b into
T - 1

sdepondon e sets,. o thiis mancer. the divisron defines o "claze of avioms:”

Ay celren or assumpbion that admivs {his divieion of D 1= in this “olass of

Ahbwurn |21 theorom as

serting that Arrow's 1mpossibiiits conclusgion
necod et hordd withoan intinite number of voters,  Here, ?Fl‘. haz an nfinite
number of % F. 0 components where ¢, (iptv) - Footp) o= A O 2 R =1 s fintte
~zl. the tnner pnroduct is *the vector deot product.,  Thus, if kal‘i 0. 2

' voter kocan affect the value of }1<i‘ But with an infinite number
there are many inner productg {e,g., the Lebesoue intezral) where i1
ouiv oat a

Voters,

v reprosents changes of a risite number of voters (:1.e., v chang
Vinite number of pointsy. the value of ¥ remains fixed., with some
modificat tons of the kind suggesled by 'reposition L. the

Pty amsertion follows,  riehburn’'s 31 and Hannson'= 1101 proors

additions !l minor

The snpirit ol this areument,
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croma, T Therodere, the kv olement 15 the characterization of 1ndependence,

snforpatrion s equivalonce olasses, 1R = 41, 1y Ty 20ty a=1.2,4, for

by, (Superscripl §oindices the threo "independence condrtions’, k

Cientil s the agent. and the remainine indes distinguishes the two classes, )

dastoma an the Nakamura and derow Theorems where cach voters astions contribote

ot

veint ot the level sets of eacn Foo it helps te thivk of these wwe DR
1
< = the two Tpeinte’ agent ko ocontributes to the two jevel sete ol Fo,0 Let

Do thne cartsslan product N ok,

once the Independence classes are detined, the approach of Section ¥

b
n

4. Name v, the independence ciasses define components of an apnronriatols
vned induced mapping FOodrem D ointe k0t ot.e.. the level sets for P oare in

3

mmtrormatinnal olasses

n

oo comizlete The vrodram, comditions on each agent

w. . comdition= on the Kinds of avioms applied to each agent) are neeasd to

cngnre thar the coloulus arzument. as caprured by Propesition 1. appliles.

Det
S

H

inition.  The bdepondencs sets satiety the domain overlap condition f tor
Ir oheree o0 b oapd for cach permutation {o,boc) of {1,2,4). there 1s a
mudation fuayvy o of (1,2 wo that each of

Prih  lanibin ) and ikl ik vy meet both 190k, 1Y apd 198k, 20,

ecier, there 13 oat least one & that satisties the restricted domain

comdrrion whoreo for ench permutation {acb,ed, Eg. 3.1 1s satistied tor a

o nermatation tu,v). {Thus, {20k, 1i0IP (ko) doeg not meet both [+ ciasgos

Both sl oes o ou, )

it 1s easy toe ghow twith Fileure 2y that of Lo o= POL1.2,3%) and 1T+ 7 {k? =

Poii. then each azent satisrics the restricted domain condition: the domain
rialr conditions include and exteond the binary transitive rankines, {(The
rlap conditions admit many sltuations other than these rankinge,)  The

sleicted domain condition 13 japosed o exclude statements wnore, with evon

wdeni. Preposioion boserves directlve 1o ogee Lhis, suppose Lol the onls

et Fhe Tow o sets Lor & are 13(Kkour, u = 1.2, where cach jovel <ot ps

plont i o with o ditfferent sien of F.. The uniane permntation i the

”Ii

ctrjeied demaln

versicn of kg. s0) reguires 10tk 1y and TR a) to be

agsoelated s ith different siens of the respecti1ve components of FOoo {11 not,

then the cveplap condrtions on 19(RY0 tne jevel sets For Vo, satisty
o

oy

o=t Eon b ) samiiartye (1 ik, 20 TP Ikov Y have opposite signs. If ono

azent osatisiies the restricoted domain condition, Propesition 1 arplies
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The range, Ky olsoanv g2, The oritical aspect 1= its divisien into
indevendencs sets ¢iven cea ke Koz, =i 204 The svtsy wv

k.

\

21 into the three P{i,3) clusses o1 two

roplace the dyvision of
~. 1 oaltov for morse than two ontcomes to admit models thal inciude

s rence” betveen alternatives, Lo,  Again, ifollowineg tne lead of Section
2, tneoconditions gmposed on the R) sets are to pronibit 4 {rom entering R
oot L These range overlop conditions specity how “pairs’ of the range sets
should overitan cne ancther. So. whenever these conditions occur -- whether the
rangs gspace consist of kajrasian aliccations, game theoretic oulcomes,
fetteries. nrality tanctions, or binaryv, transitive rankinzs -- an argument
roveds ing bropositaon 1oapplies.  Thus. the following set thecretic conditions

to determine whether a particular model

form o stratght-1orward

admits the apuroepriate restrictions on the i1nduced map KU,

Definition., IRV} satisfies the range overlap condition i1 whenever Ri

1= 1.2 ,3
denotes some pair of subsets of kY. then for ecach pormatation (ab,o) of
C1,205) and tor each pair of subsets, there are two subsets in B2TORYT that do

nol o meet the same subset of Re.

kxample 2. [f Ri/.d = (. k), then k!h20r=y Y = vt 2bi2 0 =

[ RN TR Ve s v b IS YT Y . - e - v e 4 BT W
;’,'-{ R ;('."1 (,2.>’.1(~ !"Z)Ll \.-)‘,L..fr )Cl}' {C,.'(,,>CZ.L LR SR }1- The two

singleton eete have different {c, . c.} rankings, so thev are 1n different 1.3 =

1 DY :

vitol) classes.

Definition. The trviple (&, {1710 IRV, 1=1,2,3, satistiee the bHinarv overian
princrnie 14

Lo or each 1 oand each kK = 1,...,y, the two gabgeis (1YL, 1Y, 100k, 2):
are either disioint or eguai. For each 1. there 1s at least one agent where

thest sete are disioint., For all k. the sete {11V} satisty the demain overiap

condition,

2. . The [RJY sets satieiy the range overlap condition.
e For o= 102000 Fiid -0 KDL
. oro oot leasit two choroes of 3, F omeete ai leazt two of the K osets,
For models with interversonal comparisons. the relanienships amope @he
2ontsT rankines neoa osubeor, kb st B The special considored here s
whe re the relavive ranking of one szent, a, Jdvtormines the relabive rannings of
cih Aeorie,  Toetoa o cnbsed 7 P o0 N and et 381 Ly il




U ;7 RS '!.’,":fl 1':7111'«‘.'.“._' R '-‘.’/b S'l' ! ':‘,":'!4 7 Tt F:.'!'—’f‘ I‘.

ez b8 A i beerme o 0 sneciTied Didg) class. For oinstanco.
T I T N ,5U1f?!)\,(C2RT|>5) reonires alj voters to have the same
relative rankine of fo,vc, b as azent Lo {This set models vthe Farevo condition
in torollary 2.0,
3¢ in Sectaon 2. the "dicrtator” ds replaced sith the more zonceral

concept oboa functron of g osingle vartable.

Definition. Let w, D --> D be the natural proiection mapnping. The mapping

K K
i:) --> K is represented hy a function of a single variable i1f there exists k
and a g B -5 B so that F = gk(ltk ).

fhee overlas oonditions captiure the esseonce of the gvomeiry used 1

proae dhesrem 1o Thus, Theorem 2 should be expected,  (The proot 1s 1n Section

Theorem 2. Let F:D -—--> R satisty the binary overlap principle with the sets
t1d§ and {RY}. When F is viewed as a mapping

a.2 F: ﬁJ i - nJ R,

there i1s an index k so that F 1s represented by a function of a single

variable, g If an interpersonal restriction #S{a,A) is 1mposed for some s and

K*
a, then either the same conclusion hoilds, or F does not exist. Let W
meel the pairs (RO LRI Y, j=1,2,3. Therc are preciselv two ways to define g
whoere cach reguires KF:13-->RJ toe be nonconstant. The mapping is uniquely

detoermined by whether §17{k,1Y or 14{k,2) 1s mapped to Ry, . Voter k satisfics
the restricted domain condition, and all three 13(k) classes have Lwo disioint

clements. 11 wo such k exists, ¥ deoes not coxist.

e Trercram Doiz based o how bovel eens overiap. 11 permite Arrov s
Checrea oo s rend tooa wrde clase o now moedels. Moreover, new Ueatures
ooy, Y First = 1hat sach sgent can have a different kind o f independence
Sotme o The coccnd s the tast senteucs; 18 no oagent satisfies the restricted
demnin o condition, then Fodoss not exist oven with a single voter., Here the
Cheecrem reduces to Propesiijon 10 a sinele adent version of Arrow g Theorvem,

Applications of Theorem 2

e demonstrate Theorem 2, [ start by showing how standard resulits from

¢

coicia ] chisloo are mmediate conseqauences.,  For 00 o= (o ...’c“}. levt PLI..o, )

1
denets vthe ser o of oall n! comnlete, binary transitive rankings without ties ot

these candidntes, [t 4 1s a subset of (%, then an olement of By 1s the set
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A nt/rA rankinzg o UL, ..und that preserve the polgtive ranking of the

SeoTiAy, the obvious extension of Pil,1), consists of 1A(S

o POloooondt. The first coroilary extends Thecrem 1 teo anv

(Vinste) namber of Candldates and voiLers,

Corollary Z.1. JTet nzid, NzZ, and Fo(P0lo.oond)y ——> Dol ooon be 2aiven,

-,

For oench 1o ¥ osaristies the independence cendition Fo{b(i i)y ---> P13
eher ot he mapping 12 onto, then F ois represented by a funcrion ol o single

varitable vhat corresponds to elther o dictator. ot an anti-dictator,

Proct. Lot Phiky = RV o= B(OLL2), 14(k) = RY = PUZ.5), and F(k) = R o=
Pl The cverlan conditions are satisiied. so F is represented by a
function of one vapriable on the domain PO1,23NP(Z2,.3)00(1,3)N,  Next. let
Pl o= R o= D0TLZY Tl = ke o= U240 and T (k) = RY o= Pilod). bt follows
vron Thesrem fhai [ ¢an be represented by a function of a single varianle
crer POroDyenpiZ2 o bvnbil,4)s. Both of these domains incliude Poi,Z2iM. =0 in

poth cages (he same voter 1s the dictator (or the anti-dictatort. fhe proot is
complered with the obvious induction ardument . ®
The distinction between shether a dictator or an anti-dictator reians

y beodelermined with a monotonicity condition, such as a pareto condition on
coms i, ol even by osmecifving the image of a single point.
Corollary 2.2. 4. Supnose [n addition toe the assumptions in Corollarvy 2.1, it
1= boeawn that F((c]xcgk...nu“} ) is 1n the '{i.n} class corresvonding to Ly
is renresented by oo dictator.

b Tat p o be a wrotile in F(1...n)%, 1f the assumptions oI Corollar

istled and F 1s represented by ¢ then, rfor any {1,310, tne Ploodn

-
T
.
o
-

1
"

rmage o oo determines whether b ole a dictator or an anti-diclator.

[heze corollaries generalize the variouns oxtenslons of Arrow s Lheoren.

CTor anstance., o omonolonielity ors o anvelved, and we oniyv need bLhat FoPi1.i)h --o
fiord oo onte o two pales from each trivist of candidates.)  Corotiary 2.0
cnvendi o e tetes, For Lhis slatement. lel TUolooon be the sei of atl
comp e v, npenstitve, bloney o yvamwangs of Che noalternatives, even those with
o=y s vs s osnbs=et of Dioo.Lri. then an element ol P EA) congists of all
G b ranlbrgs on DT 0o, with the same relative transitive ranbing -

T lmding poessihlie Tie vorss - of tne candidates 1n 4, With tie y0les, the

wopeent 0 qicaatopr 1e weakened, S0, dlet oo limited dictator over U0
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Bl w0 1s wither constant vaiued over Lhls palr, op where oo so ie mabped

cithor to oo ose o g oo = A corresponding et inition deiines oo Jimited

anti-dictator, 4 limrced doctator mav net be abic 1o 20t ot cones bhetlor than.

"‘[',‘ (, ‘(k‘ \I\(Al " = .
Corollary 2.3, el nzi, 20, e FoPCh ooonsdy == PO0L oot e ziven. For

e oumye Do b osatielies tne andependence condition FribPid e —-en

Ui, b, iU E g nouconstant Yor each pasr. then Fois representod byon

tlhimitedy ar1otato

vup ot o of nosinele variable that correcponds to eithoer a

St s Ciimitead) anti-dictatoer.

Proof.  The «ame bind otr tndnetion argument usoed 1n he proor o

oo Voo tie ronaoings g B Tld, 1 =oets satisiy the ranse overlian conditlons.,
=y -k [RRI BRI ! wther palr with v feveonce. Th

o, o, ca=en b contains fo, s, e, and {o, =c,=c,t which are in difrorent

N

P, A 2sets. The range overlap conditicns are satistied. By symmetrv, the

[

~onclusicon holds for any triplet of indices.®

Coroidare 2.3 admite several situations rangine from a alctator to a
Fimitod diciataor vhere o s 1s mapped to 1tselr 117 1<1: otherwise 1t 1=
moged oo =co. Se for n=3, Lthe image of Foiw the set of 4 ransanz2s lcp ¢ vo,,
WEC, S ¢ 00, =0, o, =c, =0, b rather than the o required in Theerem . b
selectively aliowing Foto be constant over certaln palrs, new situations
emerde,  For example, 1t 1s pussible te have a local dicrater over PLI0Z,057 and
a ditferent, timited leocal diciator over U024 ,.01,

The 11V conditions satiefv a menotonicity property: e.g., Lhe groun =
Poduiive rankire ol deoo Lo b oare determined enliv by the votere’ relative

rankings ot these same twe candidares.  Bni, does this tacit assumption cs

0
jo
w
™

the smposstbility conciusions”  for instance, it would be interesting to
detorm:ne vhether we conld get a pos=sibility conclusion if the 1th voter's

. ¢, arfects the 2roup’s ranking o, sav,

vedat e ranking oty sas f('] y

LooLes b toretiary o4 proves that nothing 2ained by this. [t alz: showe that
vthe indevendence assumptions can varv with the voter. (ln Corciiary Z.oda. ii

Ay indey hag oo value greater than 4. then replace 3t waith 11ts remander (102,350
when drv tded By 50 o9 fods ropdaced witn o booand 9 owach

.«



" ared Futensrons ol Social Choro Pag= &
Corolitary 2000 a. Lot Nol apd FriDy ] v, 300y === T{1,Z2.5; be 21ven., Lo
S T L Sody K=liou,N, Suppose that Foig onto and satist)

prtersndence conditions Fiid o --cP(3,0+10, YThere 1z an indev s (voter s) so

Aot F gz reprosented bvoa tuanction of a single variable, . There arc onl-s

Jo,

tvo possitile wats o detine o |

b Lot 8e2, nad, and FoiFli,..,ni)" ———> P7(1,...n}' be given. For each
N N S R23 nr{—S be a permutation of the indices {1...,,3}) tor the k'h voter,

fet 1=k be the SPY,IffH’(,i)‘HL {s)), and let [V, = X 1430k}, 1.8 = Looo,N,

Iy F savisries the independe=nce conditions F:lJ»® —-> P {31,3) where F 1s not

~ -

onstant, then there 1¢ an index B {voter B) so that F can bhe ropresentod by oa

tunction ol o 2ingle variavle. ¢, There are onlyv twe pessible wave to detine

=n

>

[t s frivial to show that the overlap conditions are satistied, so tne

corobiary joifove immediately frem Theorem 2. Note, g, need neot be a dictator

nor wnoanti-dictator, For instance, 1f = = 2 in part s, then one chaice has ¢

takineg ooy bl 20 80, e 20, sl T
~ ' 0y i

Quasi-dictators

boneed not be o omavring: ot could be a corresnondonce whers Boa- Lhe

Dewer wer o another =ct, Secondiy. although Fole represented by oa singis
agent et PEOTenl 0t need ned beoover wdloof Dy

Fxample 3, P iet Fohe a corpespondence with domain Dilg, 040
A vabnes oo PR U R e Ler TEiRY = ot o= POI g+t Yoy oa=Z00, and kY= [0ik)=

UL b e tetiee the conditions Fodd--rRE 0 az1,2,080 and 1s onto for at
et dne cloces ot o, then, acooerding to Theorem 2, F ois represented by oue
age e e DTOREN D Fech o set i Gobr o= P2 3Pz 1)) admits both

retatyee pankines of fo Lo, b, o thie ranking could be d

termined by, sav, 1

~

¢

matority vote, [hus, 2 cinzle vater determines the rejative ranking of {c., .
v, b 1s ranked with a maiority vote,®
Frample 2 oand Theorem © explaln why even when nondicotatoriat fuanctions

his 1= bocause the

r—

svist, often an agent s endoved witn considerabile power,

ppcdepondencs conditrone ma re o odlctator to reijgzn over slioof Do She
ey Beon dlotator cver the o poertion 0,13, bat only a yuasi-dictator over

liviland, and wevmark {717 where sach a

et all feasible sete include oy The authors

TR Cher situablons enist, s we now hknow, this iz the eeneral casce.

Probabiliiy and Condorce! cycles



Vi los and svilensions of . rage
S TR 3ol i o - ; + by ey it e e T } sy o
PO IpE oy, bip 200 Lo = b then Borepresents the spoce of

spctabi it distreibutions over bhe © ranbhings ol the three candidates, i p

o anity for some combonent (=0 oall sthners are zervoi. then p reuresonts

rankoiue of an oagent, 1{ p dues nou have anity for any combonent., Lhen p can be

Crewed asou ngent s oprobabilite distribution over the € rankings., Lot g

ociated probabi iy distributions, g={qg Lao by over the

voonesoen b i ngs
: i 3o

pair of candidst s e Lo where for p e P, oa. = Ip -- the summation 1s cver

bidaia VAL Lo L NS B . . N
} t 7 1 R Sa

those three components of p associated with core Of course, many cholces of

pomer detine the same . so ler @igii.i) = {pel,p dellnes qgew' 4, Q&g )

cdmii=s Lhe interpretat ion of heing the agsent’s preobability distribution over
the relative ranking ol the patr {c ,c. ).

Foor oeach ko= ... 0N et D, be a subset of ' where iDPIZU and for a =

boooote there e pely where p op,.  Let wi J(k) be the subset or '

i

asseclaled with Do We sayv that D, 1s fuli 11 tor each g € Qriik),

bynkig to o) meets Dofd{ais t) for every pair {s.t) # (i.1) and g € 1.0 an

sxample of a full ) is where each pe D, has unitiv as & component. ig anatner

8 Kk

conmippto. select p € P owhere net all components are the came. and let iy consist
cf tpe ol permutations of p.

Corollaey Z05a estends the Coundorcet covele, which naz winsed an
Important rode an o=sccial chotlce, from a staiement coucerning maiority vote to a
Statoment (hal includes azservtions about probabiiity, or about veoting models

mt their rankings., {The Condorcet cvele

correzponds feoshiee cach p € D obas unity for seme component and v, . 15 a

cummation, b Iart boestends Arrow’'s Theorem te a statement over probability

Eeis i os, in Lhe choi e of U‘ can d1fter with ky 1t aiso 1iiustratcs that the

domain for eacn agent can difter, Part o explains and extends the weli-known

Stesnhans-Trevbols pavadeox (2351 from 2 statement about probabilities to alld

neiuding eapected values, variances, etc.,

HE SR N A

Corollary 2,5, Let A220 o= 5. and Dk be full tor k = 1....xN,
<. For cach (1,17, a nonconstant mapping
303 O W N A A L U B
devines a binary ranking for tc ,c.}b. 11 the bkinary rankinzgs aivavs aroe
fransitive, then each Fivi 1¢ represented ag o a funciilon of

variablie.

oo B0 RobEhowo ol mmr e TV 2 gat et ies Lhe moneois skt
: ! i Zodte o satisties the noneois o
tnviependenoe condytron oY Qi ik oo o each 3,0, then

olbesenton by rancoran o oA sinuels o vepiabhile



[ R ST 1 P v i -
= B Lot oo st ant o mod t N LU B RV ST

S Seer st 0 200 w0 that the DInSsrv rangings oars pnot o transiiive,

v rande Cveriap conditions of parts a, boamd o oare satisii

=cond e et conds !t pons need Lo e oo

oy con=idor any twe domein eoints that 2ive dilferent ¥

coch Bt v YN coppohent of sach point detine L

Poaromonee cdes ol w1t omey be bhat Tt ikl o= ot {2, but oot

SR B ST A N TG S NI O TP ST S SRS N O NG U

Clnese condstiion, The conciusion {oilows from Theorem 2. For part o,

H 1

prinbe-sb he (potpy, )/20 By linearityv, ciele )y @led =m0 e s 5oy

ition ot F'ot o with G provides a two agent versioen.  The concd
liovs= from part oa,

Sen's Theorem

ahen [0 0T = 100k, 20, the R voter has no it iuenocos over wihion B!

clase = selected, (Hereo., a= 13 admits onlv

P9 R) component, ibo1e oA fiveo

Caryoany variabilos oint baencine the

valne,  Thns, v

o v e, 7T =00y Core flaree 206 tliustrates how Such oA ol ion ong: be
.o bart o onegorte there doee not exist o o=social woeltare
Vit ron where the first agent delormines i 2row ranking o oo amd oo e

syt geent decevmines the ranking o o and o0 o o whidoe thee Lnard oaoend

ris that 11 ey

ciermines the parging of o oand o, Parit b

medctisn v haote o oanfluones cver onle one palr, then ¢ooannot be onto. Parre

cobopibs sen e Lheoren P20 abeout a bareto libersi vhere iwe sgonis b L
s v bew b osmibatns o getormine the relative ranking of cerialn tfternatives -

Fie therr own - whijo the other altoruatives are represent o onos

Precigin o o woenn rareto comldiion.

Defiattion, Lot ToP0i. 00 e -0 Dld L 0 e 21ven. o Sotislleos Uhe ek
fotdeter it o tor b cobolt Flee se vy o= oo e and Fite, sopivi = o 20
RTIY aerrt o 1 Peoaov b LE FCee e e e Loy ooy

ale v, 1l evervone has the game raneineg of oo, b, F opreserves this reiative

i . aole i tne of Oy Uy 1 = L s

Corollary 2.6, n, fet 3=3 and F:Pil,z2, 30 —==» V01,2040 be 2iven, Lot Liiki =

H
ey
7
-
=t

Poe L b1ty k=i otherwisse tel ik, Ti=iik 2. Let i
Salistres Lo gndependence conditions Foid--oke. d=1,2.03, then F has o frved

Cwo of Yl peaars,




o bt N2l el det Foli b 2, sy —=s0 2040 be 2iven. lFor oeach k.o Lot
cnooof T Lok canivatence olass be a singleton and The crier Twe 1iogg =
oo o+l Ty e ets, 1t 15 constant valued for o at two nairs,

{ ongs. NoZL et AL AS, AL be subsets of the indices {10,000

tihere 1A (2 and esch pair of thece gets have a difterent, but aniouc indes in

sommen,  Thore not o exist oap Fol{ioo.ony —=> PTOL oo such that: 1y the

i )

PoOL oy dmaze of Foig nonconstant and 1t depends coloiv oapon the 300 vater

{1

candidates, =12, and 21 F satisties the weak parcto

e

tank s of the
conditron Yor the pairs of alternatives in A,

rroba ﬂA?IEZ in o, then an ardument like that for narts o oand b zhows
chat b netl eist. An induction argument. similar to that used 1n
Coroilary 2000 extends this statement to a larger numuer ov A, sete,

Proot. a. The overlap conditions are satistired, so. 1f b oas
ronconstant aver tweo or more binaries, Focan be represented by oa tunction ol oa
ingl o owanpiable. Uy oassumption, this is immpossible. Thig completes tne proof
Honart oaL et b follows from the last sentence of Theorem 2. For nart o,
wEsle Lnatoo oo, and o are, respectively, the commen elements for A and

Ao tor A, and AL, and for oA

J 5 oand A The weak pareto condition corresponds to

the 1nterverzonal condition Ei-tticil. o N = (¢ )y, Ler [1(1) =

pxe

3..1)“L(c]?c

3

;

PAVOZy . B2y = oDleody, I%iay = PulLdie and all other IE(3) sets are
singletons:; the whele set P(1.2,3V. The domain overliap conditicng are
satistled, so. according o Theorem 2. 11 such an F exists, 1t i3 determined by
oue woter,  Thig contradicts the firet assumpcion.®

The Kalai, Muller, Satterthwaite’s Theorem

The et result estends the hailait, Maller, Sastrerthwarte Dheorom CRMS,
~ ihe amoorlh, concave, mponcetonic urility fupctions over a @pacs
cbons b pubiire Socos, R"‘1 . As EMS notoe, U -— a standard set Yor sconomlico and

noelrtical models —— b o oemall =ubses of all possible transitive rankings over

Koo Fhen womder whetior 10 ds sufliciently restrictive to escape o dietator,
aner (leen they show that 1l 1s not. Stronger conclusions {(Uorollary .7, 2.8)
i teom Theorem 2.

S obe the ot of arl compiets, binarv, transitive rapuings of the

hewmenrts ot S, The obhiest rg o tind

{ TN G ey TR S
TN CRn
that sztgstyos the followlney Tia comnrtion,  lor a subser ©oorf ke o et Il =

fu e vty s pectricred o My owhple TIRY (B denotes rankines in Tikeo)
i

roegtepovest o re o The Ty copgition of BMS e that tor all B, b osatistiog
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b Sociad Clalos frawe 22

T e S O L RCE T KT LB

A oneaker assumpt ion than the KMo condition of unanimioy 15 ' he o=

pestont assumptd VPR containg twe poitbts. X.ov, that do o pot o dominiate
cach o other (vood, each component ot ans vector netoan upper bound for oohio
corresponding component of chie other vectori o then, in FEao 4000 F s port
copsbant o valne 4
Coroltary 2.7, oy s~ o2 oy 0t F ogiven by Fo. 204 satisiies tne non-oconstant,
[IRE veibt ton w0, then Foean be repregenteod by oa tunction of s osinole

Pt tet x, o 3 = 5.2,40 be pelnts in w where
TSI LI PN S PR AR of the othor two, For B=§X;sX‘}§ we have

Topoies = IP7oioadb. These eolg eatistv the range overlap condition. 11 remains

Shew that Uhe domadn overlap conditions, which invelve sets ot utilits

fun ctone, e osatisfied, The rdea 12 similac 1o thed in Section 1 oand v ois

Prdusteotod o Figure 4. Let 170 ik io3r = {uelian iudifierence ==t passing

throveh »  iw abhove x b, while (97 (k, a2l has the indirfference set theongh x

abeve s, Ia Figure -, there nre taree indifrerencs seols for the same utiiitc
runclion v The fiest one passes threwgh xp and above x, . so uw e Lhoalk, 12,

Cheosecond anditfersnee 2ot passes through x, . but below x; and x,. so u €

Poa-d ozl - O B2, Notice the flevibirlity in the design of the

one choice has 1t passing above x, (2o i &

wrence gel passing through x,

oot A ) and another choilce has it passing below x, {so u € [1 (k.

1
Thiz is one w0 the overlap conditions. The others are derived in o similar

ashion, ®
Derivative conditions and Lhe weak axiom of revealed preference
Car the KMS theorem e circumiented with ditferent kinds of cconomlc
intormalbion.  For inetance, the price mechanism depends on the gradients of the
ptrdioy fenetyons:s can the 2radieont be used to define trangitive outcomes”  The

] i I

et delinitron permits FoLe devend on o the frrst 8 derivalives of the utilits

e

the jet, dBlu.x). be ix, uix)) and tne first [ terms

-
—
-
—~
=

o the Tas lor series ol ouoat o x, det JBOn) :iJ“(u.x)ﬁxef”'}. and 1ot JBoUn g =

uoN? 1= onn oelement of the space LV

R, Tuix) & R, .. . I'ne soiect

m

freooen b b e o0 Ghere ko€ RY 0wl
4

flhnt satisites vhe tollowving (12 condinion.,  For a subset [ pbh o ot Joilnjp
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Social Cheice

foo sec how Theorem 201

bolet A,

=14, i

i

Teasiile seots of Jv,
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cet A and € bt

'

X

4 ..

o that
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Cadeidus g Fxrtensions of Socral o Clhiolce Page D4

taon 1s bhat a seoia] weitfare funcetion
yitaess . whiis the cocial choies function

ENEREISN L social weltuere function Lo
Ve s o the fopn panted candidate!: 1=
VAR EN sociad weditare Sunetion, Hansson (90 characterizes the social

oo Tyt rene thar can be reglized.  wnile the conditions given below juvoks
“ot s theorem, the conclusions are proved directiv o 1llustrate how

rom Zocnotudes social cholee models,

Corollary 2.9, For N2 oand on for nzi, et tne set of 1eazibie eots incluads o8

o

Cape

altl v fig tw. element subset=, Let F, a soclal oheice corresnondence,

b TTAY the choloe axiom, and 1 stirictly nencenstant over the paarz of

rostives.  Fors representoed byoa funciion of oa single variable.

Coroliary 2.9 can be nodified to obtain a resull witn the {rovor of

fleery 203 sapl o some ol the olher statements,

Prooi. As with Coroliaey 201, the proof 1s by inductron.,  Choose three

candrdates @y e L o b, Assume that A = (¢, ¢ e Let THiky =

B,

complement of A in 4. (50, 1 n=3,

rhe

rnal ives wre considerod, (1o much the

] 20 73 V i i+l

sy ana define keove o be e AT e 0A T where AT 1s the

L kit = e Oy ' 13§$.9 [i toliows trom

T
!
-
0
—-
e
~

amd the cholee axiem that FilJd-->RkRI. 1t is easy to show that the sets RE

iefy the range overiap conditions: @.g.. for n=:. B0k = Plopgveg iy o ‘.vqél
Coaty ity %f},ul}3 = lic, by de, iC],ux}. te, it 80 the first two sgote

o odirrorent R ogubsers.  The conclusicn follows from Theorem Z.
Gibbard - Satterthwaite

1= oa last tiiastration of Theorem 2, [ prove the Gibbard -Satterthwaite

vl Lo owas that differs from the standard "distribution of power”

sach.  The twn main featnres of this proof are to i1llustrate how

hondeitiy conditions amplroeitly detine Lhe independence conditions 19 and

vt the proet can be viewed as carrving out the discrots annicz ot

ratural Toadeunlus argsument.” (1n other words, the calculus arzument

corde s o et bine for the proof.  The talicized commen!ls descritbe The stons

hee codenitue apbroach. ) For =implicity of expocition, oniys ihroee

1

maiii:

Vi Jravie=, vigo preantts tend 10 il vialies a1t subicets
.,
Loy
.
oot vt gy o wcheme s 0 timetlon FriPriLg g o em- s S0y 4 XL €

17 thie 1s the veloorve ranking

.........



o is and Byt OF Sucinl L hoioe frage 0
ok P, conddidatos inox iy veripe soheme g anipuiable i1t thop syt
PR-A 8 v Andildnroes o oin X, A voring sohaeme te manipulapie 111 thoy eN150E

Yooy o€ il 2t rhat ditier ondy o in otne 3Uh o component where Fiv) o Fixo,

- ]

ioth e gt omonent for oy 1wy, then we sav that ) manipulatos boal x owitn

Corcllary 2.10 (Gibbard-Satterthwaite). et | be a vetine soheme lrom

el L2 sy e Y where Fois onte. Fis ei1ther dictatorial or manipniable,

F'roci.  Aszeume [ ls net manivalable: we show 11 ts dictatorial.  For
; = teo oo, det Ereedo= e AT b, oo AT b elgl, RUbe = {1C].C“}.
v : f i B i i, ’

]

coL e bie The range overlap conditions are satisiled.  Corellary 2,00 foliows
- 3 -

trom Thecrem 2 it the 103 0k) sets are Pli, ). To emphasize the idess, the

proot re ddaivided into threo lemmas. First, note that - lic )} # o Vor all g,

ing FOowero smooth, we would use the assumption F

vsonot omanipiidabie to determine SF 0= (7 0F, e W F )0 Mamedv, we would
s ¢ : : : R
n=ider the Jirectionas derivatives {VIFT ,,vk) whore v, corresponds te

variations in the pretferences. Part a of lemma 1 shows that 7, F, ; Is

orthogon to Dit.al) fevel sets. while the second part establishes the

orlentation of 2 8. )

Lemma 1. 1t Fix) = c and 1f x = {x;....x) varies only in the k¥°

component where this variable, v . varies in the same Pii.i) class, then [

remalns in the same Ri-¢ cilass. IF vhen y, changes P1,3) classes. the image o1

Foonanges R4 ¢clazses, then ihe change 1 menotontic: e.g.. 4t v, moves trom

coob to e se g then tne image of F

Feoot. L=t L = 1. Suppoese the first part of the ilemma is false

pecause the smage of ¥ changes BY I classes when this vourer to v,
vhers both x, and vy, oare in the sume P12 class. If this verer’ = relative

i i

ranbiue 1e .0, ne can manipulate the outcome o F oat X »1th y}': otherwis::

the cuteoms of Foat {y, 7ox, cooaxg b witn xp0 Both contradict

Simllariv, 1f changing the P{31,1}

e can manipulate

Chee ngsumiidon that Fois not mapipulable,

oo the 1mage, then either one wav, of the
obhers fhe pars adenit can manipulate the cutcome., 11 this agent = relative
canbing 1 oo, then Fois mondipuiated at x with v, othervise ¥ 1s

mapipulatod o ab Ty oxgooox ) via x @

(I finish characterizine 2 F. . we consider directiopal derivativeos on

SR A

fipcctions not lnvolving oo

1
Detinition. The change ol o ranking x, To vy, is callod o o prosrrisrod
Gapee 11 Yoo ocacho o0 oo e inx ot thee =anee relative raniiineg b 1y,
S ] g T




Codorins i R ro e oy Sovcri Ui AaLs
Voo restren Shinvius poeagives= all oot the candidates ranked o
: to e raniod above Conmoyo L and vion ven Such o1 choapee oo
[roct the relative ranhing or o with any ofher cnndidate. Foroinst
woang fremooc, o oo, to o, Lolsoao, restricted changes, but not 2
rostrr ot ennnge,

Lo T Fixd = ¢ and v differs from X oniv in the U6 v
vankang which 1s oo restricted change. then Fty) = o,

Proof.  Assume false. and that Fly: = ¢ . Aecent k made 2 e,
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