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Abstract

The problem is what to do with a slow server in a service facility which
has fast and slow servers. Should the slow server be used to render service
or is it better not to use it at all? Simple models for answering this

question are formulated and studied.



1. Introduction

The objective of this communication is to introduce a problem which,
although fundamental in its nature, has never been considered in the
literature on queues. In the most general terms, the slow server problem is
what to do with the slow servers in a multi-server service facility. What we
have in mind is a system with several servers, some of which are slow while
others are fast in the sense of mean service time. Should one use the slow
servers for rendering service or is it better not to use them at all?

At first glance, one may be tempted to discard this question since it is
obvious that, in most conceivable situations, a system which uses additional
servers (even if they are slow) can handle a heavier traffic load than a
system which does not use them. Furthermore, it is also true that a system
which can handle a heavier traffic load will, in most cases, provide better
service to individual customers. Indeed, this seems to have been the
traditional point of view in the literature on queues. However, as we shall
see, the latter is by no means of general truth and is in particular false in
the case of the slow server problem.

Consider for example a system with two servers, one of which is fast
while the other is slow. Let us focus attention on the customer who is first
in line when the slow server becomes free and the fast server remains busy.
This customer will join the slow server and is likely to stay in service for a
long time. In fact, it may well happen that a short time after he enters
service, tﬁe fast server becomes free and could have finished serving him long
before termination of his service at the slow server. Our customer could have
been better off had the slow server been removed from the system.

This simple example reveals several features of systems with slow

servers., First, in any such system there is an inherent inefficiency which



is manifest at times when fast servers are idle while slow servers are busy.
Second, it is clear that some customers may experience shorter delays in
systems which do not employ the slow servers. It is in fact not difficult to
think of situations when the mean delay becomes shorter when the slow server
is removed. In short, while systems which employ slow servers can handle a
heavier traffic load, it may be that systems which do not employ them can
provide better service if traffic is below the maximum load which the system
can carry. The central issue in the slow server problem is the trade off
between an increasing mean waiting time and a decreased mean service time when
the slow server is removed. The question is whether or not the net result is
a decrease in the mean delay.

In this paper we present some simple queuing models for the slow server
problem. The objective is to obtain qualitative and explicit quantitative
results in the most simple set—ups for a better understanding of the general
phenomenon. We shall look at Markovian queues with two servers, one of which
is fast while the other is slow. We shall show that depending on the traffic
load, and on how slow the slow server is, one can determine by a simple
formula whether the slow server should be retained. More specifically, to
each possible value of the ratio of the fast server's service rate to the
service rate of the slow server there corresponds a single critical number.
If the traffic load is larger than this number, the slow server should be
retained; if it is smaller the slow server should be removed. 1In deriving
this result we use mean delay (waiting plus service time) as our measure for
system performance. It is of course possible to introduce other measures of
system performance, or more complicated cost structures, but this will
unavoidably be at the expense of simplicity and universality of the results.

It is also possible to consider, under the same measure of performance, more



complicated models in which customers are allowed to stall, i.e., wait for the
busy fast server in times when the slow server is free. Such systems are
discussed in a forthcoming paper.

Models for the slow server problem and their results are of interest in
many real life problems. Obviously, most any system with human servers will
have slow and fast servers and no further elaboration is needed. However, the
more interesting applications are in situations when new equipment is
introduced as a replacement to old, or absolute service facilities or when
older equipment is kept as a backup to a new facility. The new facility may
be a faster medium of communication, a new computing device, or a new piece of
machinery. In all these cases one usually has the option of using the old
equipment at minimum cost, or at no cost at all. This is precisely the slow
server problem as we perceive it.

In this paper we discuss only simple Markovian queues and the explicit
results we obtain are applicable to situations when these assumptions are
valid. However, the qualitative results are true in much more general
setups. In fact, it seems that the simple formuli, e.g., (19), which specify
the optimal action as it depends on the ratio of service times will be true at

least in M/G/2 type situations.

2. The Simplest Slow Server Problem

Consider a system with two servers—--server 1, the fast server, and server
2, the slow server. We assume that service times follow an exponential
distribution with mean uIl for server 1 and uEl for server 2 (u; > ug). The
arrival process is Poisson with rate A > 0 and the system has one waiting
line. When there are customers in the waiting line and a server becomes free
the customer who is first in line joins it. On the other hand, a customer who

arrives when the system is empty (both servers are free) chooses his server at



random.

The question is whether it is better to discard the slow server and use
an M/M/1 system with the slow server only instead of the two server system.
In making this decision we shall use the mean delay at steady state as the
decision criterion. So, the problem is to determine which of the two systems
has a smaller mean delay. We shall next compute the mean number of customers
in the two server system at steady state and compare this with the mean number
of customers in an M/M/1 queue with service rate Uy This is of course
equi?alent to comparing mean delays on account of Little's formula.

Consider now the two server system and suppose that A < up t DY Then
the queuing process has a unique stationary distribution and we let P (n> 1)
be the (stationary) probability that there are n customers in the system. We
also let Pio and Pyy be the probability that there is one customer in the
system and he is served by server 1l and server 2 respectively. Clearly,

Pig t Pg; = P;. With this notation we can write the following steady state

equation:

A = +
(1) Po = ™MiF10 F ¥2%01

A = >
(2) Pn uPn+1, n 1
where
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Thus the generating function, G(z) = z znPn (IzI < 1), is
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Letting now p = A/u and using the conditions G(1l) = 1, this yields

(3) G(z) =

and hence the mean number of customers in the system L is

, 1-p
(4) L=6(1)=

To determine Py we first note that from (3):

n—1
(5) P =p (1 -p)(1 - PO), n>1
and so

n—-1
(6) P o=p P, n> 1.

Then we use the two additional steady state equations:

(N i+ ul)P10 = XPO/Z + usz
(8) (n + uz)PO1 = XPO/Z + ule
which together with

P + P =
9 P(Plg ¥ By) =8y

(see (6)) can be solved to give
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Now we use Z Pn = 1 together with (5) and (6) and obtain

l-p
13 P, = =
(13) 0 1 -p +2x/a
The constant a can be thought of as an effective or average service rate
when there is one customer in the system.
With this, and from (4), we can write now the expression for the mean

number of customers in the system:

A

(14) L= =G ral =)

Thus the slow server should be removed whenever this is larger than the mean
number of customers in the M/M/1 system obtained when the slow server is

removed--i.e., when

A

L > ————
“1—>‘



and this is the same as
2
(15) p(u-a)-2Wm-2a)-1(a- ul) > 0.

Now, it is not hard to check that the condition under which the slow server

should be removed is
(16) p <p

where Pe is the smaller root of the quadratic equation obtained from (15).

(The other root is larger than 1 and is of no interest here). Thus

17 = -
(17) P, 1

We can also introduce the dimension free parameter

(18) T = —
u

(0 < r €1) and then

r(l +r) .

(19) p =1 -
¢ J 1+ r2

We conclude as follows. When there is a Markovian queuing system with two

servers, one slow and one fast, it is better to remove the slow server

whenever the traffic intensity p is smaller than the single critical number p .

given in (19). The critical number depends on the ratio, r, of the slow
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when the slow server is removed (under this condition) is always stable.

The last part is true since the slow server is removed when A < upc and

then A/u1 < pcu/ul = (1 + r)pC which can be shown to be smaller than 1.

3. The Case of Informed Customers

The decision problem studied in the previous section provides a model for
the case when customers do not have information on the two servers. Then it
is reasonable to asume that a customer who arrives to an empty system chooses
his server at random. In this section we propose a model for the case when
customers do have information on service rates and know which server is slow
and which one is fast. Then a customer who arrives to an empty system always
joins the fastest server.

This different customer behavior leads to a system which makes a lesser
use of the slow server. It reduces the fraction of the time when the slow
server is busy and the fast server is idle and improves service. Thus, one
would expect that the critical number, which determines when the slow server
should be removed, will be smaller than the number Pe given in (19).

In studying the new two server system we shall use the same notation as
before except that ag, Ly and pgy will replace a, L, and p,. respectively.

The state space of the new system is the same as before and transition
probabilities are also the same expect that no transitions are possible from
the empty state (state 0) to the state (0,1) when server 2 is busy and server
1 is idle. In any case, the steady state equations (l) and (2) are valid here
and consequently (3), (4), (5), and (6) are also true. So all we need now is
to compute the probability of emptiness Py. To this end we use the two

additional steady state equations



AP +u.P

(20) O +u P 0o " Ha2t2

(21) A+ UZ)PO1 =P,

instead of (7) and (8) which, together with (9), can be solved and lead (after

some lengthy algebraic work) to

A+ u)P0

(22) Pio = TN,
AZPO

(23) Po1 = L F )
and

AP
(24) P, -0

4
where
(25) - (2 +u1)u1u2

0 u(x +1,)

From here, in exactly the same way as before, we obtain:

l-p

(26) 0 T <=9 ¥ X7ay’

)

and the mean number of customers in the system at steady state

A

(27) Yo TR F agT e
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Again, the condition under which the slow server should be removed is
(28) L, < ——=
which is the same as
(29) o’u - a)) - 2 -a,) - (ay - u;) > 0.
0 0 0 1

We note that while this looks very much like the condition of (15) there is a
notable difference since here a depends on A and is hence a function of p.
So we substitute for a according to (25), rearrange terms and, using the

ratio r defined in (18) obtain
2 2 2
(30) p (1l +r7) -p(2+r)-Qr-1)(1+1r)>0

as the condition under which the slow server should be removed.

Let py be the smaller root and pé be the larger root of the left hand
side of (30). When r = 0 then Py = pé = 1, (30) holds true for all 0 <p <1
and the slow server should always be removed. When 0 < r £ 0.5 then
0<py< 1, py>1 and (30) is satisfied when p < py or when p > py. The
latter is of no interest here so we conclude that the slow server should be
removed when p < Poe Finally, when 0.5 < r € 1 then Po < 0, pé > 1 and the
slow server should be retained for all values of 0 < p < 1.

We can sum up this as follows. 1In the case when customers are well

informed about the two servers one should never remove the slow server if
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where py is given in (31) below. The single server system obtained when the

slow server is removed (under this condition) is always stable.

The critical number Po is the smaller root of the left hand side of (30)

and is given by

2 + r2 - /QZ + rz) + 4(1 + r2)(2r - D(1 + 1)
2(1 + r2)

°o

As already noted (see Figure 1) po is always less than Pee

4, A More General Model

The two queuing models presented thus far can be thought of as special
cases of a more general model where a customer who arrives to an empty system
joins the fast server with probability p and the slow server with
probability (1 - p). Our interest in this model is mainly methodological but
it could serve as a model for the case of a partially informed population of
customers. If, for example, the fraction of informed customers is, say, 8,
then a customer who arrives to an empty system will join the fast server with
probability (1 + B)/2 and the slow server with probability (1 - 8)/2.

We shall now outline the essential steps in solving this model and show
how the results reduce to those of the two special cases discussion in Section
1 and Section 2. The derivation is lengthy (and in fact is quite messy) and
we leave the algebraic details out.

Consider the two server system where customers who arrive to an empty
system join the fast server with probability p and the slow server with
probability (1 - p). It is not difficult to check that the steady state
equations (1) and (2) are valid here and hence (3)-(6) are also true. Thus,

using the additional steady state equations
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ApP_ + u P

G +upP, o Moo

(i + uz)POl A(l - p)P0 +u.P

10

and proceeding as before one can obtain

A(x + up)P0
10 ='WTI(§T7¥7T7

A+ u(l - p))E,

01 ~ u2(2A + u)
and
. APO
1 a(p)
where
(31) (22 + W,

a(p) = v(x + (1 - p)ul + puz)'

It follows that P0 is the same is in (13) with a(p) replacing a. The mean
number of customers in the system L(p) is the same as (14) with the same
change. Consequently, the condition under which the slow server should be

removed is

(32) o(u - a(p)) = 2 (u = a(p)) - (a(p) ~uy) > 0,

and this can be shown to be the same as
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(33) 031 +1D) -p2U+p+r22 -p)) +p(1 + D)2l - 1) = 1) + (1 =p)(A =) >0

where r = uz/ul as before.

When p = 1, the case of fully informed customers, (33) reduces to (30) by
substitution. When p = 0.5, the case of uninformed customers, one can show
that p + 0.5 is a factor of the left hand side of (33). Clearly for 0< p €1
this factor is positive and we can divide (33) throughout by p + 0.5. When
this is done with p = 1 one obtains an expression which is equivalent to (15)
as expected.

When 0.5 < p <1 and 0 < r <1 there exists a single critical number p (p)
such that (33) is satisfied for 0 < p < 1 if and only if p < p(p). To see
this, let f(p) denote the left hand side of (33). Then f(-p) < O for p
sufficiently large and f(0) > O. Hnece £(p) = 0 has at least one root in
(~=,0). Similarly f(p) > O for p sufficiently large and f(1) < 0 so there is
at least one root in (1l,2). Finally £(0) > 0 and £(1) < 0 imply that there is
at least one root in (0,1). Since the number of real roots is at most three,
we have one negative root, one root, say p(p) in (0,1), and one root in
(1,2). This together with £(0) > 0 implies that f(p) > 0 for 0 < p < p(p) and
f(p) < 0 for p(p) <p < 1.

The root p(p) can be computed either by a simple search method or by
using the well known (and not so practical) formuli for the roots of cubic
equations. We prefer, of course, the former. The results of the computation
for p = 0.5 (i.e., the graph of P.), for p= 0.8, and for p = 1 (i.e., the

graph of p,)) are shown in Figure 1.
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functions of r

Figure 1: The Critical Numbers pjy, p(.8) and P, as
5. Comments

(a) Although the slow server problem as it is formulated here has not
been discussed before there have been studies of systems with several
different servers. The earliest reference 1 am aware of is Satty [5], page
290, where the system of Section 4 is discussed for the case p = ul/u. It is
shown that equation (4) is true but an explicit expression for Py is not
given. The most general treatment of a queue with different servers I know of
is Neuts and Takahashi [4]. Other references are Moder and Phillips [3],
Singh [6], the recent paper by Bell and Stidham [7], the latest monograph by

Cohen and Boxma [1], and the references they cite.



(b) It seems that the basic condition under which the slow server should
be removed is in (17) which is valid in the three models studied here. The
expression under the square root sign is the ratio of the slow server's
service rate to the difference between the nominal service capacity of the two
servers and their average service output when there is one customer in the
system. I could not see the intuition behind this condition. In any case it
is of interest to know how general this condition is. 1Is it true in the case
of more than two servers? Is it true for more general service and arrival

patterns?

(c) There is a heuristic argument for a quick derivation of Py (for all
three models presented here) which may be of some interest. let a be
defined as the average service output when there is one customer in the
system. Then the total service output of the sytem is aPl-Fu(PZ tPy3+. . e),
which must be equal to A since the system is at steady state. Equating these

two quantities and using (5) one immediately obtains (13).

(d) It may also be of interest to compute the gain (reduction) in the
mean delay when a population of customers, who are not informed, are provided
with informations on the service rates of the two servers. This can be
thought of as the value of information in the present set up. Clearly, this
information is of value only to customers who arrive when both servers are
free since other customers enter the waiting line and must join the first
server which becomes free in their turn. (The value of information to the
former customers is O.5u1 - O.Suz.) Thus, the reduction in the mean delay
achieved with customers are informed is the average value of the information
over all the customers. In economic terms this is the social value of the

information as discussed, for example, in Hirshleifer [2]. Let V(A,uj,up) be



_.16_.

this social value of information, in the present model, when the arrival and
service rates are A,ul and Uy respectively. Ilet Wl(k,ul) be the mean delay in
an M/M/1 system with arrival rate A and service rate Uie Also let
WUI(A,ul,uz) be the mean delay in a system with two servers, when customers
are not informed (Section 2) and WI(A,ul,uz) be the mean delay in the case of
informed customers (Section 3). Then Wl = l/(u1 -X),

WUI(X,ul,uz) = L/A and WI(X,ul,uz) = LO/X. With this, and putting pc(r) =

Pes polr) = Py one can write

0 p < Do(r)
[ VO ) =W Gu ) = WO ,uy) po(r) <p <p (r)
wUI(A )ul’uz) - w]:(A ,111,112) p > pC(r)’

since when p < po(r) the slow server is not used at all, when po(r) <p <
po(r) the system with informed customes uses the slow server while the system
with uninformed customers does not use it, and, when p > pc(r) both systems
use both servers. From here one can readily compute the social value of
information as a function of the system parameters. It is interesting to note
that when A and up are fixed V(A,ul,uz) is zero for r € pal(p), then it
increases for a while as r increases and eventually decreases to become zero
when r = 1. Similarly, when 18] and u, are kept fixgd V(A,ul,uz) is zero for

p < po(r) then it increases with A and eventually decreases to become zero
when o = 1, This kind of behavior of the function V has not been cited before

in the literature on the social value of information.

(e) It should be emphasized that in the present study customers are
really not allowed to make any decisions. 1If they are waiting in line they

are dispatached to the first server that becomes free when their turn comes
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up. If they arrive when the system is empty they are dispatched to the fast
server in the model of Section 3 and are sent randomly to one of the two
servers in the model of Section 2. Thus issues like optimal customer
decisions or social optimization versus individual customer optimization do
not arise. These issues are of interest and will be discussed in a separate
article which studies the case when customers are allowed to stall, i.e., to
wait for a busy fast server in times when the slow server is free. It will be
shown that a system with stalling can provide better service and, in fact,
never discards the slow server. Specifically to each set of specified values
of A, u; and U,y there corresponds one socially optimal system in which at most
k customers are allowed to stall, where k¥ is a function of A, u and Ho. The
issue of social versus individual optimization will also be discussed in

detail.
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