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In the case of a multiproduct firm the notions of subsidy free
prices and ancnyamously eguitablie prices {s2e Favlhabeo (1975). Faulhaber
and Levinson (1981) and ten Raa (1982)) as well as the notions of
supportability (see Sharkey and Telser (1978)) and sustainability (see
Baumol, Bailey and Willig (1977), Panzar and Willig (1977) and Baumol,
Panzar and Willig (1982)) are known to be closely related. Faulhaber
and Levinson (1981) pointed out that supportability is necessary for
the existence of an anonymously equitable price vector and ten Raa (1982)
proved under general conditions that supportability is also sufficient.
Sharkey and Telser (1978) argued that supportability is necessary for
sustainability. They also suggested that supportability together with
inelastic demands are sufficient for the existence of a sustainable
price vector. It is shown in this paper that this is indeed the case
when goods are weak gross substitutes but that a counter example can be
constructed in the case in which goods are gross complements.

It is also shown that, in the multiproduct case where cost
complementarities exist between outputs, any subsidy free price vector
is anonymously equitable (and obviously vice versa). The second part
of this paper deals with the relationship between anonymous equity and
custainabilitry (see ten Raa (1787)). TJndeed sufficient conditiecns are
-iven for an ancenymously equitable price vector to be sustainable. These
sufficient conditions are used by Spulber (1983), in a sequel paper, to
show that under local cost complementarities Aumann-Shapley sustainable

prices exist.

o, . n . . .
Preliminaries Let E+ denote the nonnegative orthant of n-dimensional

Euclidian space. Consider a firm producing n infinitely divisible goods



with a technology, expressed by a joint cost function C: Ei - Ei where
C{y) is the minimum cose of producing the output vector v € Et. Let
Q(p) be the inverse demand function, i.e., for each p € Ei

Q) = (Q;(p)s -5 Q (P))
Denote by N = {1, ..., n} the set of all goods and let S C N be a sub-

set of N. Let s denote the number of goods in S (or the cardinality

of S) then, for a given S C N, yS (or similarly Qs(p)) and pS are vectors
in Ei denoting quantities and prices, respectively, of goods in S. For

S = N the subscript S is omitted. Thus yS and ps are the projections

For convenience the notation z]yS

s NS

, n . .
with v,z € E, will sometimes be used to denote the vector (yv°,z )

of y and p, respectively, on Ei.

where NVS denotes the complement of S with respect to N, i.e., both
S S H\s : . )
zfy and (v~ ,z ) are the vector z except that tne coordinates in S

are replaced by yS. Finally pz denote the {inner product of p and z.

Definition:

A price vector p is subsidy free if

(1) py = Cly)
(ii) psys < C(ys) for each S € N and

(iii) v = Q(p»

Definition:

The price vector p is anonymously equitable 1if

(1) py = C(y)

C(z) for any =z € Ei such that z < y and

(ii) pz

| A

(iii) y = Q(p)

Notice that any anonymously equitable price vector is subsidy free.




Definition:
The cost functiou C is srppoitable at Y4 if ¢tk
such that

(i) PYg = C(yo) and

(i1) pz < C(z) for any z € Ei such that z < Vg

i

The cost function C is supportable if for any y € ol y

14_*_, Oa

C is supportable at y. Thus if for some p € Ei, C 1is supportable at
Q(p) then p is an anonymously equitable price vector.
To define the notion of sustainability, consider a
potential entrant having access to the same technology,
expressed by the cost function C(y), as possessed by the firm and incurring
zero entry and exit costs regardless of the goods and quantities produced.
The entrant may produce any vector of quantities §S of any subset § C N
of the goods at price ﬁs. Panzar and Willig (1977) considered two types
of entry behavior and their corresponding sustainability concepts. The

first one is sustainability against partial entry.

Definition:

Sustainability against partial (quantity) entry. The price vector S

is PE sustainable if every triple (S,§S,§b) satisfving

s =S
(1) p <P
and
~S S, .S —N\s
(11) yo < Q(p,p )

aisc satrisfies.
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Conditions (I) and (II) describe the behavior of a partial
(quartity) entrant: for the good:s in S, prices are coffered which are
not greater than those already prevailing in the market (condition I).

At these prices any quantities up to those determined by the market demand

. ~S

functions evaluated at the new (lower) prices p , for goods in S and the
-\

prevailing prices pN S, for he test of the goods (condition II) may be

sold. Thus, E'is PE sustainable if a potential entrant cannot anticipate

positive profits by lowering some or all of the prices. The
second sustainability concept is weaker and specifies that entrants must

supply the entire market demand generated by the lower prices they offer:

Definition:

Sustainability against full (quantitv) entry. The price vector p is FE

sustainable if every triple (S,§S,§S) satisfying (I) and
~S S,—|~S
(111) y? = Q7™ ,

also satisfies,

S-S

~SA ~S

Py - Cy?) =0

Clearly, PE sustainability implies FE sustainability. Mirman, Tauman and
Zang (19283) showed that under cost complementarity and week gross subeti-

tutability the two notions are equivalent. To state this result consider

the following two assumptions.

Assumptions
(a) Cost Complementarity. The cost function C is twice difterentiable
82C
sl —_
on E+\{O} and ng < 0 where CQj 3y 5y

2 7]



(b) Weak Gross Substitutability. For j€N, Qj(-) is differentiable on
3Q.

E\ (0} and —=+ > 0 for each ¢ % J-
+ P, T

Proposition 1. (Mirman, Tauman and Zang (1983)). Let p € Ei. Then

under assumptions (a) and (b), p is FE sustainable if and only if it is

PE sustainable.

IT. Subsidy Free and Anonvmous Equity

As Panzar and Willig (1977) observed, the core of a certain
cost game plays an important role in the analysis of sustainabilicty.
However, there are two cost games which are of interest. To describe
these games, let y € Ei be a vector of quantities of outputs. Output
js J =1, ..., n is represented by an interval of size yj——its quantity.
Namely the first output is represented by the interval [O,yl], the second
output by the interval [yl,yl+y2], etc. A player can be either
one of the n intervals or an infinitesimal portion of one of the

n intervals. This formulation leads to two games: the cost game between

a finite number n of players and the cost game between a continuum of
plavers.

In the first game each of the n intervals represents one player.
j-1 J
The j-th olaver in this game is repies2nted by the interval [ L Yy z yk],
k=1 k=1
and a coalition in this game is a collection of these intervals. The

cost game v, (D stands for discrete) is defined for each S C N by

D

v, (8) = ()

Nameclyv the worth of a coalicion S is the cost of producing the entire

- S .
quantities vector y of the outputs in S.
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The other game is the continuous game which is played among

the infinitesimal players. [In this game the cocalitions are subsets
of the interval [0, g y.]. Each coalition S is associated with a
vector z = (zl, ...,J:i) € Ei where z is the portio§ of the j—th interval
which belongs to S (i.e., zj is the length of § M [iéi Yoo k%l yk]). The

continuous game v, is defined by

C

VC(S) = C(2) ,

i.e., vC(S) is the cost of producing the vector z = (Zl’ C e, zn) of

quantities associated with the coalition S. Thus, while the game vy

deals only with the production cost of the entire quantities of subsets

of outputs, the game v, deals with the production cost of any partial

C
vector z of y (z < v).

An imputation of C(y) is a vector p = (pl, e, pn) € Ei such

that pj is the per unit cost attributed to the j-th output and

.y, =C
. P3Yy (y)

[[Iae e

h
Thus, all units of the same output are treated equally. The set of
all imputations of C(y) is denoted by P(y).

The core HD(y) of the discrete game V_ consists of those

D
imputations p € P(y) of O(y) fur which nc subset of outputs can be

produced cheaper than the amount they are charged under p, i.e.,
S_S S .
Hy(y) = {(p€P(y)|p"y” < C(y), for each § C W)

Similarly the ccre Hc(y) of the game Ve consists of those imputations
pe?(y) of C(y) for which no partial quantities can be produced cheaper

than the amount they are charged under p, i.e ,

HC(Y> = {p€P(y)|pz < C(z), for each =z < y}
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Clearly Hc(y) E-HD(Y) for each vy ¢ Ei. It is also easy to
verifyv that p € HC(Q(5>) is a necessary ccnditicn fer p to be PZ sustainable,;/
Similarly it can be shown that p € HD(Q(E>) is a necessary condition for p
to be FE sustainable. Notice now that the core concepts considered
here are closely related to the core concepts introduced by Faulhaber
(1975), Faulhaber and Levinson (1981) and Sharkey and Telser (1975). 1In
particular, the set HD(y) is related to the concept of subsidy free prices
(Faulhaber (1975)). Accordingly, a price vector p is subsidy free iff
p € HD(Q(p)). In addition, the set Hc(y) is related to the concept of
anonymous equity (Faulhaber and Levinson (1981)). Accordingly, a price
vector p is anonymously equitable iff p € HC(Q(p)), while the notion of
supportability (Sharkey and Telser, 1978) is related to tie nonemptiness of
the set Hc(y).g/
The following result, inspired by Proposition 6 of Faulhaber
and Levinson (1981), shows that under cost complementarities the require-
ment p € HC(Q(p)) is actually not stronger than the requirement p € HD(Q(p))
since in this case, for each y € Ei,HC(y) and HD(y) coincide. This means

that under cost complementarities the notions of subsidy free and anonymous

equity are equivalent.

/
"Panzar and Wiilig {condition 7, 1977) showed that a weaker condition

is necessary for p to be a sustainable price vector. Their condi-
tion is D ¢ HD(Q(ﬁ?).

E/Note, however, that the supportability concept, as globally defined by
Sharkey and Telser (1978), is not necessary for sustainability as isgs
claimed there. Actually, supportability as defined in Sharkey and Telser
(19783 is equivalent to nonemptiness of H.(y) for all y > 0, while a
necessary condition for sustainability isCHC(y) # ¢ only for y = GQ(p)
(and that in this case p € HC(§)),

i
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Proposition 2. If C,, < 0, for all j and & in N and y ¢ Ei\{O} then,

{ 7\ =
H (y) Hc(y) ,

for all y ¢ Ef;

Notice that while Proposition 2 asserts that when ng < 0 the set of

subsidy free price vectors coincides with the set of anonvmously

equitable price vectors (namely, p € HD(Q(p)) iff p ¢ HC(Q(p))), it does

not assert that these two sets are not empty. In this respect ten Raa

(1982) used a fixed point argument to prove that when the cost function

is supportable then, under some assumptions on the demands, there exists

an anonymously equitable price vector (i.e., there exists p with p € HC(Q(p))).
In the next section we prove (Proposition 7, below) that under cost comple-

mentarities there exists an Aumann-Shapley average cost price vector which

is anonymously equitable.

Proof. The nontrivial part of the proposition is that HD(y) E_Hc(y),

for each y € Ei\{O}. Let p € HD(y) and consider the maximization problem

w(y) = Max pz - C(2)
z
subject to
z <y,

z > 0

To establish that p € Hc(y) it must be shown that w(y) < 0. The Karush-

Kuhn-Tucker (KKT) necessary conditions are
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aC

l) . T = z® "‘)\".k'}'t-l*:O ) j €N >
( p] 3y . (2% J J ]
J
uszk = G, AE(y, - z%¥3 = 0, JeN
(2) H5%5 J(yJ J
KE2 0, Y20, g,

Case

where (z*, *,u*) 1is an optimal KKT pair. Let
S={j|0<zJ*.<yj,j€N},
T - (et - 0}

NV(sUT)

w0
i

Then

(3) zx7 =0, z%¥ < yS and z* = y *

i

By (3), u*s = 2% = 0 and by (1) and (2)

3C aC S R
f L -~ LA W
for each je€S. Now by (3) and (4),
, , . oC .S R
w(y) = pz® - C(Z::) = T 2% aoy (Z"" LY )
jes 3 3
T ey - ey + LG - e
jeR J
After reordering we obtain by Euler's formula,
R . 3C S R
(5) wy)=1[1I p,y. -ClyD]l+ I z=% 3y (z*%,y)
jeR j€s 3 %75
(Lo
+ I - z¥ J ;C (25 + t(O—Z*S),yR)dt
j€s  J 0 Yy



-10-

The first term of (5) 1is < 0 since p ¢ HD(y). Hence

(Y o 19 . .S R 1 5C ] .
KR o Z¥igy . (2R - J . ((1-t)2%°,yMyari< o
J€ 3 0 73

bd

where the last inequality follows by C'R < 0. The proof of Proposition
J

2 i1s thus complete.

ITI. Subsidy Free and Sustainability

In this section sufficient conditions for a subsidy free
price vector 5—(i.e., p € HD(Q(E))) to be FE or PE sustainable are
established.

For each S C N define,

S = 255Gk - ¢ k)

Proposition 3. Let E_G Ei. Then under assumptions (a) (cost comple-

mentarities), (b) (weak gross substitutes) and

(¢c) Subsidy free, i.e., 5>€ HD(Q(Eﬁ),

BWS

ap.
pJ

(d) (p) > 0, for each 3¢S, S C N and p 5_51

the price vector p is PE (and hence FE) sustainable.

Proof. By Proposition 1,it is sufficient to consider a triple (S,Qs(ﬁS

.

3
~O

—N\5, -5 -S \
p 7),t”) such that p” < p . By (d) and (c)

~ ~ N\ “ — — _
3%°6%, 5 - c@®35 ) < 758 @) - c ¥ <o

and the proof is complete.
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Proposition 4 Under assumptions (a), (b), (c) and
(@) ;; {p) > U, for each j¢S and S C N,
|

(e) WS(EWPS) is a pseudo concave function of pS over pS i_ES,Q/

for each S C N,

the price vector p is PE (hence FE) sustainable.

Proof. By Proposition 1 we can, without loss of generality, consider
S, ~§ =N\S_ .S ~S =S
the triple (S,Q (p ,p ),p ) for p- < p . Then

~S

3% -7 G) <0

holds by (d'), and consequently

s .S —N\s S ~—
o (p ,p ) <7 (p) <O

(e) (c)

Thus E is PE sustainable.

Proposition 5. Let C(+) be a nondecreasing function on Ei and let
5>€ Ei. Then under assumptions (a), (b), (c) and
(£) The demands are inelastic with respect to prices below ;,
i.c.,
20,93/, (-

- = > -1, for each jeN and < —_,
Sp./p, - o eRsEm kT amer ow

the price vector p is PE (and hence FE) sustainable.

Proof. Again, by Proposition 1 it is sufficient to establish FE sus-

s . ) S,~s —\s, -8, ~ —
tainabilitv. Consider the triple (S,Q (ps,p S),ps) for pg_i ps. Let

3/

="A differentiable function f is pseudo concave over a convex set B if
v,z€B and (z-y)VE(y) < O imply f£(z) < f(y). A differentiable concave
function is pseudo concave.
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{JtS1Q (D »P ) < Q (p)}, and

(6 S, =
S2 = S\Sl
Then
) S8 = 55065 - @6t )
Now since C is nondecreasing, by (%),
S, .S —N\S 51 .5 —x\s

c(Q (p, )) > €(Q (p »P )Q ())

S
By (c¢) and Proposition 2, since Q l( S ) < Q (5) and ﬁs 5_58,

S S S, S S, S

c@ 35,59, 23 > b 0 TS, PNS) + 5 2 )

Hence by (7} we obtain

S. S S. S
sAs N\s ~22 P2 +5 —N\§ 2 "2 —
(P7,p0 %) <p Q°(p7,p ) -p “Q(p)

Using (b) we have

S,~S —N\s —N\{j} - —
m(p7,p ) < I [pQ(p Iy - p.a. (1,
. J ] J]
j€S
2
\
and thus (f) implies 7 (p ,_N s) < 0, as claimed.
Remark In their paper Sharkey and Telser (1978) suggested that

supportability together with inelastic demands are sufficient for sus-
tainability. In view of Proposition 5 condition (¢) replaces supportahility
in their conjecture. However condition (c) together with inelastic demands are

not sufficient to guarantee sustainability. 1In fact it can be shown that

whenever costs are separable, average costs are declining and
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3Q 9Q
. . . 2 j
goods j and £ in N, are strict gross complements (% < 0, = L < 0),
op. op
3 2
no price vector can he zustainable. This explains the requirement

that outputs are weak gross substitutes (assumption (b)).
The next proposition asserts that any cost function satisfy-

ing C,

is < 0 is supportable.

Proposition 6. Under assumption (a) the cost function C is supportable

by Aumann-Shapley average cost prices.

Proof We shall show that Aumann-Shapley average cost prices support C

at any point y € Ei\{O}. (In fact this property was pointed out by Billera

and Heath (1982)). Let y € Ei\{O}. Define the price vector p = (pl, cee pn)
by
1
aC
N I
3 0 yj
Let z € Ei such that z < y. Then since Cjz <0
n 1 %o
C(z) = T =z, J 2 (tz)dt
j=1 70 s
n
> I Zj J %g-»(tv)dt = pz
j=1 J
Al=o
n
aC
C(y) = L Y J 3y (ty)dt
j=1 ]

Thus p supports C at y.

Remark It cculd be shown that the prices calculated frem the Shapley

value (Shapley (1953)) corresponding to the game v_ also support the

D
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cost function C. Indeed let y € E: and let x(y) = (xl(y), ey x_(y))

be the Shapley valiue ceorresponding tc v

n
. Let p, = x.(y)/y. be the
D P3 IR, -

Shapley price of the j-th commodity. Then under (a), p € HC(y) = HD(y).
This follows by the facts that the discrete cost game Vo is a concave
game and that the Shapley value of a concave game is in the core of this
game (Shapley (1971)). The same remark is applicable to the prices
suggested.by Sharkey and Telser (1978).

The next proposition asserts that under cost complementarity

there exists an Aumann-Shapley average cost price vector which 1is

anonymously equitable.

Proposition 7. Under assumption (a) and under semicontinuitv of demand

there exists an Aumann-Shapley price vector p which is anonvmouslv

, . . - n
equitable, i.e., there exists p ¢ E+, such that,

(1) p e HL(Q(P))

(i1) p. = J 5y (tQ(p)de . 3 =1, ..., n
J y.
0 73
Proof The existence of an equilibrium Aumann-Shapley price vector E (i.e.,
the existence of.E satisfying (ii)) is proved in Mirman-Tauman (1982)

ander weak differentieble assumptions on C. Cowdition (i) is thus an

immediate consequence of Proposition 6.

Proposition 8. Let C(-) be a nondecreasing function on Ei and let E

be an Aumann-Shapley equilibrium price vector. Then under assumptions

(a), (b) and (f), p is a PE (or FE) sustainable nrice vector




Proof Follows immediately from Proposition 5.

Corolliary: Under the conditions of Prcposition 2 and thes requirement

that condition (f) holds globally, namely the inequality in (f) holds

n

for all p ¢ E+)

there exists an Aumann-Shaplev equilibrium sus-

tainable price vector.
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