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Abstract The general principal-agent problen is formulated, in which agents
have both private information apd private decisions, unobservable to the
principal. It Ig shown that the principal can restrict himself to ifncentive—
compatible dicvect coordination mechanisms, In which agents report theic
informatign to the prineipal, who thea recommends to them decisions forming a
correlated equilibrium. In the finite case, optimal coordination mechanisms
can e found by linear programming. Some basic Issues telating to sysieds
with mazny primeipals are also discussed. Noncooperative equilibria between
interacting principals do not necessarily exist, so quasi-equilibria are

defined and showm o cxist.

%  The auther is indebted to Rieck Antle, Paul Milgrom, and especially to
Bengt Holmstrem for valuable discussion aad suggestions,



OPTIMAL COCRDINATION XMECHANISME IV GENWERALIZED PRINCIPAL-AGENT PROBLEMS

ls  Imtroduction

This is a paper about game design. The central gquestion to be considerad
igs how an individual should structure a social situation which ke controls, so
as to maxioize his expected uwtility. Following the tetwinclopy of Ress
(1973], we refer to the individual in control as the principal, and we refer
to the other individuals as the agentsg. That iIs, we think of an individual as
a prinecipal if he iz in 2 position to set the rules of cowmunication and he
can establish the structure of incentives to which the other individuals must
react, In short, the pripecipal is the individual who has the power to design
the game which the other individuals (or agents) aust play.

The use of the terms “principalfagent” here may require some
explanation. Possible alternative teras could have besn "leadecr/icllower”™, or
“exploiter/exploited”, or "sovereign/subject”. I have chogen to use the
principalfagent terminology because ir suggests a elass of fmportant
applications in which econowmists consider it accepcable for one individual
(such as the owner of a eorporation) to design a sceial coordinatien system
{the corporation) so as to optinmally expleit some other individuals (his
managers znd emplovees). However, we will here characterize the Iandividuals’'
decisions and information at a level of abstraction in which we lose ouch of
the structure used in most of the literature on principal-agent problems. See
Mirrlees [19768], Harris and Raviv [1979], and Hedmstrem [1979, B980] for some
of rthe ioportant rvesults and applications of principal-agent analysis;
Holmstrom [1980] offers am excellent survey. The problems to be considered in
this paper should be properiy called generalized principal-agent problens, to
distinguish thea from the nore specific principal-agent struciures studied in

this literature.



Cur generdlized priacipal-ageant problea may be wviewed as a hybrid between
a cooperative and a noneoopecative zame, The agents are assumed te act
noncooparatively as utility mawimizers whe will passively accept any Wash
equilibriun of any game which the principal chooses. The possibilities fer
comnunicatlon acd cocperation are assumed to be entirely controlled by the
prinelpal. Thus, when we identify a particular individual as the "prinecipal”,
we mean that we want to know what would be the best possible cooperative
arrangement for the purposes of this individwal, if he had all of the
bargaining ability.

Our generalized prinicipal-agent problem can alsc be Interpreted as a
social cholee problem, where the principal is a social planner and hiz uriliey
function is a social welfare functicon. Then the principal'’s mechanigm-design
proeblem can be reinterpreted as the problem of finding a eccordination
nechanism for the agents which maximizes the expected social welfare.

In designing a game or coordination mechanism, a principal faces two
constraining factors: Cthe agents may have private informaiion which he canmot
directly observe; and the agents may have privare decision domains which he
cannot directly coatrel. In the insurance literature, these two factors are

known as adverse selection and meral hazard. In order to get information from

the agents and influence their decisions, the principal must desisn a
coovdination systerm which gives the agents the incenktive to do as he

intends. That is, his wechanism wust be incentive coppatible.

In Section 2, we develop the formal struciure of our peneralized
principal—agent problem. In this formulatioen, we follow the Bayesian approach
ta the study of gaoes with incemplete informartiom, as suggested by Harsanyi
[1967-8], We use the Bayesian equilibrium as the solution coacept for such

ganes. To ccmpute the equilibria of any game can often be extremely



difficult, so it may be remarkable that the class of all outcowmes which the

principal ¢an achieve as Bavesian equilibria of gemes {5 actually quite sasy
to characterize. We show this resuelt in Section 3. The key insight is that
the prinecipal may, without loss of gencerality, restrict himself o incentive-
conpatible direct coordination mechanisms.

This basic imsight has been independently discovered by many authors for
the rcase where agents have private information; see Gibbard [1973], Rosenthal
[1978], Holmstrenm [19771, Dasgupta, Hamnond, and Maskin [1979], Hyersen
(1979}, and Harris and Townsend [1981]. In Myerson [1981], this insight was

referrad to as cthe revelation priaciple, since it asserts that there is ro

losg of generality in assuming that the principal should structure his
incentive system so that all apents will be willing to reveal all of their
inforaation to him honestly. The key contribution of Propositiom 2 in Sectiem
3 is to extend the revelation primciple to situations where there are uoral
hazard facters, in addition to informational or adverse selection factors, iam
the principal's problen. Proposition 2 can be best viewed as a syathesis of
the wodel of Holmstrom [1977] {where moral hazard effects wers also

considered) with dumann's [1974] concept of correlated equilibrium. General

principal-ageat problems with both noral hazard and adverse seleetion effects
have been studied, in the context of auditor contraces, by Antle [1980].

In Section 4, we consider situations in which several principals interact
in degigning coordination mechanisms for theilr agents. The obvious notion of
equilibrium among principals unfortunately does not have the existence
property, so we define a modified concept of quagsi-equilibrivam among

principals, which can be shown to always exist.



2. Geperal formulation of the principal-agent problem

In the generalized principal—agent problem, there is one principal and
there are n agents, nuabered 1 to n. There are two reasons wiy the principal
may need to rely on these agents: they may have infornation which he canmot
ebserve, or they may have the power to make some decisions which he cannot
directly control. For each agent I, we let T; denote the set of all poszsible
states of agent {'s privare informatiom, and we let D; denote the set of all
possible private decisions ov actions which agent i can zake. Following
Harsanyi [1967-8], we refer te T; as the set of all possible types for agent
i, where each type r; iIn T; represents a complete desgription of all the
privare inforoation i wmight have about nis environment, his abilities, and his
preferences. Each private decision—option d. in b; may represent, Eov
grample, a lewvel of effort which ageat i olght exert in working for the
principal, and which the principal can not observe or control.

We let Oy denote the principal’s decisicn domain. Each optiom dpy in Dy
kay rapresent a descriptiosn of how the principal wmight plan to allocate his
rezources to the productive agents, or how he might plan to reward them as a
function of some future obzervations about output, ete. Any actions by an
agent which the principal can observe and control directly should also be
counsidered as part of the principal's decigion domain.

We shall use the notation

D =By x D weaux D, T =T weaux Tye
That is, D is the set of all combinations of decisionrs which could be made by
the principal and the agents, and T is the set of all possible combinations of agents!'
types. We let Uy Dx T + R denote the priacipal’s otility function, and we

let Uj: Dx T + R denote the utility funetion of agent i, That is, for any



(d,t} = (dg,d),eesydp,t],eeesty) in D x T, U;(d,c) represents the expected
utility payoff for agent 1, measured in scme von Neumaun—Morgenstern utiliry
scale, If the principal and the agents aect according to the vector of
decisions d, and iIf the agents' information is as represented by the wvector of
types t. Any random variable not observed by any agents should be imtegrated
out, usiag their conditional distributions given t, to conpute this expected
utilivy U;(d,t).

We let P denote the probabilivy distribution on T, so that F{t) is the
probability {as would be assessed by the principal, or by any agent ex ante)
that ¢ = (tl,...,tn} will be the wvector of ageats' types. For mathematical
sionplicity, we shall generally assune that Dy and all Dy and T; sels are
finire.

Given these structures {DD,UD,(Di,Ti,U1}2=l,P}, the priancipal's problen
is t¢ coordinate his decisioas anmd those of his agents, $o as ito waximize his
expected urility. We assume that the principal has complete coatrol owver all
communication between the agents, that he can request awny information which
the agents arve willing to send, and that ke can send tessages and
recommendations to the agents. However, the principal cammet directly observe
an agent's type in T{ or contrel the decisions in any D., except Dy.

this foramulation is rather abstract, so it may be worth seeing how it
applies to the conventionmal principal-agent problem. For example, suppose
that there is one agent who pets some private information amd then chooses an
effort Jewvel which affects the guantity of output aceruving to the principal.
Then n=1, aad the agent's private decision d; is his effort level. If the
prineipal can observe the gquantity of ocutpat before paying the agent, then the

prineipal's decision dp is itself a function mapping observed outputs to

salary levels for the agent, and so [y is 2 set of fumctions from R to R.



[f the quaantity of output 1s f{dl,ﬂ}, depending oa the ageat's effert 4, and
on sose random variable 8 which is correlated with the agent's informatiom €14
then the ageni's urility funection im ocur formulation Is
B {dg,d )0 = E[ul(do{f(dl,ﬂ}},dl}itll
where u1[=} is the agent's utility for money and effort, aod the expectation
is takeo over § given t;. Similarly, if uD{'} is the principal’s utilicy fer
ngney, then
Ugldg,dpsty) = Elug(e(d;,8) - doleCd; M ey ).

To describe a typical coordination cechanism which eould be established
by the principal, we let M; be the set of all possible messages which agent i
might receive froo the principal or from the other agents in the mechanism.
He let B ba the set of all strategies which agent 1 could use for sending
raports to the priacipal or the other agents in the mechanisam, given hiw own
type. (We are naot assuning that this communication system is necessarily a
ene-stage affair. To oedel a multi-stage comnunication system, let Ry be the
set of all possible strategic plans which agent I might use to determine the
reports he sends ab each stage as a2 function of the messages he has received
at earlier stages, and let M; be the set of 21l possible sequences of wessages
which apent 1 night vecaive ovar the whole process.) Of course, the usssages
regefved by one agent must depend on the reports sent by the others, and the
principal's decision in Dy may also depend oo these reports. To describe this
dependence, let

ﬁ{dﬂ,ml p* 4w gal | rl,..-,rn}

n
be the probability that the priacipal will choose dﬂ in Dy and that each agent
i will recaive nessage m; in ¥;, glven that each agent £ ig planning to send

tepoTts according to the repeorting strategy r; in Hi' Then, these

sets {Ri’Hi}2¥l togather with the probability funetion n completely describe



the coordination mechanism established by the prineipal.

In the context of this coordination wechanism ((R,,M, 2=1’T} each agent i
controls his cholce of reporting strategy in Ry as a function of his type, ard
controls his choice of a decision in Dy as a funetlon of his type and his
mesgage received. That 1s, agent 1 selects a pair of

functicns A T, + Ri and §_: M. x E, » Di’ sueh that pi{ti} would be i7s

i i i i

repovting strategy ILf 1 werve of type tis and Gi{mi,ti} would be 1%z final

decision im D; after he received message m; if his type were t;. We may refer

to any palr of such functions {pi,ﬁi] as a partigipation strategy for i.
Given any n-tuple of participacion strategices ((ﬂl,ﬁl) paeey

{pn,ﬁn)} for the n agents, the expected utility for agent i would be

(1), {(y58,seenslp,58,0)

= L L op(e) nldg,ml a(t)) y{d,,8(m,t),¢)

tel dDEDh mesl

where i = M X een X, p{e) = {pl{tl),.¢-,pn{tn}), and

(8at,t)) = (& (my,t 5000, 8 (m st ),

1°°1 1Pty
Thus, the principal’s coordination mechanism, in effect, defines a game to be
playsd by the agents. 5ince each agent's participation stratepy iz chosen
independently {and in particular, cannok be dictated by the principal), the
principal should expect the ageuts to use participation strategies which ferm
a nonecooperative equilibrium te this gawme, in which every agent's
participation straregy wvaximizes his expected utility. Formally, the
participatioa strategies ({pl,ﬁl},...,[pn,ﬁn}} form an equilibrium if and only
if, for every agemt i and every alternative participation strategy
{Ei,‘gi} for i
(2} vi{(pl,ﬁl),---,(pi,ﬁi},-»-,{pn,ﬁn)}

2R L C N5 JO C R 75 TR (IR I 2

The principal's problem iz to design a coordination



mechanism {{Ri,ﬁi}2=1,ﬂ} such that fhere i an equilibriuva of parcticipation

strateglas ((pi,ﬁl},...;{pn,ﬁn}} which pives the principal the highest

pessible expected utility VD({pl,GI},...,(pn,Gn}}, where Vg is

defined as in {1} for i=Q.

3. Direct cgordination mechanisms and incentive compatibility

The principal’s problenm might seem to ke Intractable, because we have put
no bourd on the complexity of the sets M; arnd Rje However, we can nowW show
that there is 0o loss of generality in restricting our attention to
comwunication and ¢ontrol mechanlisms with a very s?mple structure.

Following the teramiaoclegy of Despgupta, iHammond, and Maskin [1979], we say

that a coordination mechanism is divect iff each M; = D; and each R; = Ty
That is, in a direct coordination mechanism, each agent 1 is asked to repori a
type in T; to the privcipal, ard in return, the principal will send each agent
i a suggested decision in Dy. Thus, a direct mechanism is completely
characterized by its probability function 7, where

“{dﬁ’dl""’dnltl""’tn) is the principal’s probability of deing dy and
recommending d; to each agent i if each agent i reports &j.

In a direct mechanism, agent 1 is hounest amd obhedient if he uses the

R

participation sirvategy {pi ,Gi} satisfying, for all t; and d;,
e d 6. (d a
peleg) =ty and 5,(d;,r,) = d;-

We say that a direct mechanism 7 is incentive compatible {or, neve correctly,

Bayesian incentive compatible, in the senze of D'Aspremont and Gerard-Varet

(1979]}) iff the honest-obedieat participation

* % x *
strategies ((pl,al},...,(pn,ﬂu}} fora an equilibriuan.



Hore precisely, w2 may characterize the ger of incentive coapatible
direct mechanisns as the set of all functions #: U = T + R satisfying the

followiapg inequalities:

(3 w{d|t) 20 and I wflelt) =1, ¥deD, ¥teT,

e b
arnd
{4) I I P(t) z{d|t) Ui{d,t}
teT del
tiari

=k £ P(t) ﬂ(dlt_‘,; yu. (fd_.,8.(d. 20,23,
teT deD S

ti=11

< D D .
%Ei.D o

Fie{l,...,n}, qriETi’ ¥TiET 4 *0;

i!
{We use here rhe notation
(E_>T) = (B ema,T 00,8 ) and (4,6, (d.0) = (d0,d,,000,8,0d, 05000, ),

}

The first summatfon in (4) iz over all ¢ in T such that ti=ri.
Condition (3) agserts that v is a valid conditional probabilicy functiom.
Condition {(4) asserts that when agent i Is type Ty he should do at least as
well by being honest and obedient as by reporting ;i aud then
using Elidi} when told to do d;, glven that all other agents are planning to
te honest and obedient,

When the T; and D; sets are finite, the set ¢f inceative-compatible
direst coordination mechanises is characterized by fimitely many linear
inequalicies, since (3) and {4) are linear ia w7, and the muober of

nappings Gi: Di + Di is finite. The principal's expected utility from the

direct mechanizm w is



(5) T I P{t) =(d[t) Uﬁ(d,t},
teT deD

if all agents are honest and cbedient. Formula (53) is linear in 7. Thus, we

are led to the follewing important observation.

Proposition 1 When the type sets T; and the decision sets D; (ineluding

Db} are all finite, thea the problen of computing the optinal incentive
compatible direct coordination wechanisa is a lingar prograoming problem: to

choose 7: Dx T+ R so as to maxindze {3) subjeet ro (3) and {4},

We may now ask whether other coordination mechanisms could possibly offer
the principal higher expected utility than the bast incentive-compatible
direct mechanism. Perhaps an egquilibrium of pacrticipation strategies in which
some lying or disobediecce 1s accepted might be better, or some coordination

mechanisn with R; # I; or #; # Dy might be better. 1In fact, the answer is Ne.

Proposition 2 Given any equilibrium of participatien

n . . . 1!

strategies {pi’si)i=l in any coordination mechanism ((Ri,Hi]i=1,ﬂ}, thera
*

exists an incentive-compatible dirvect nechanism ¥ In which the principal gets

the samne expected utility (when the agents are honest and obedient) ag in the

given equilibrium of the given mechanism. Thus, the optizal incentlve-

compatible direct ceordination mechanisa is also optimal in the class of all

coordination wechanisps.

Proof Given the equilibrium of participatien strategies

(91*51}2=1= let G_lid,t) be the set of all messages to the agents such that

each agent i would respond by choosing decisicen di 1f his type were L.



That is,
_1 ]
§ "{d,t)) = {m| §,(a;,t,0 = 4, for all il.
=
Then, define = : Dx T + B s that

w
T (dley = I

- W(da,nl pl(tl},!ti,pn{tn}}i
oed

b, 0

*
F iz the direct coordination mechanism which simulates the overall effect of

the original mechanism sith the given participation strategies, as illustrated
kL
in Figure l. That is, 7 (dit) is the probability that the principal will

cheoose dy and each ageant will choose d; if t is the vector of types, when sach

i
agent i chooses his repurtioy stratepgy according to Pea the principal’s
decision and the messapges to the agents are determined from these reports

by r, and each agent I uges Si te translate his received message into @

decision in Di‘

INSERT FIGURE 1 HERE.

It is easy to see that w* givez the same expected utility to the
principal fand to each agent) as the originally given wmechanism, since the
probability distribution over decision vectors for any typse vector iz the
same. To check that z* is incentive compatible, suppose {to the contrary)

that agent 1 could gaia whea T, is his type by reporting T and then by

i

-~

peruueting his ipstructions by &: ﬁi + Di’ in violation of (4}. Then, consider

the participation strategies {Ei,gi) for the original mechanism, where
pi[ri} = pi(ti], pi{ti} = pi{ti} if £, 1.,

5 -i,xi} = ﬁ{ni{mi,ri}}, ﬁi{mi,ti} = Gj{mi,ti} if ts # Ty
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That is, (Ei,ﬁi) differs from (p,,6.) in that, when T, is i's true type, he

sends reports as if 1, were his type and then he permutes his planned

i
responses by & from what he would have done if T, were his type. It is
~ - 7‘:.
straightforward to check thar if (Ti,ﬂ} violaced (4) for w7 ,
then EEi,gil would violate ([2) for the originally given mechanism, which wauld

contradict the faet that {gi,ﬁi} is an equilibrium strategy for i.

*
Thus, T must be Incentive compatible, Qe Es s

Consider the special case where |Dgl = 1 aad each |T;] = I, so that the
principal does not control any decisions direcily {(he has only ore feasible
decision) and each ageat i has no private information (he could only be of one
typels In this case, the iacentive-compatible machaaisms are correlated
equilibria, in the sense of Aumann [1974]. That is, the agents are playing a
noncooperative game, and the principal, by his control over all commenication
betwean agenis, can select the correlated equilibriom whiech maximizes his owm
expectad utility,

It is worth noting that Proposition 2 does not depend in any way on the
finiteness of T; and Dj. Even if the Ty, Dy, Ry, and M; sets were infinite
sets, we could still consctruck an incentive-conpatbible direct coordination
mechanism to simulate any equilibriun of measurable participation
strategies. The essential ideas in Figure I carry over to the infinite case,
gxcept that the simple probabllity vecters amust be replaced by measures. That
is n(«!plftl},...,pn{tn}} is now a probability measure on Dy = M) = ... M,

*
and 7 {- |t} Dust Be a ueasure ou U defined so that, for any measurable set (:E;I]j



* -1

T {Cit} = TT{.E {E,t)]plitl},"'jpn(tn})
wheTe

=1 _

Q (E,t) = {{dﬁ,ml,tss,ﬂn}l {d.o,'sl[:ﬂl,tl},o-o,an{mn,tn]} E C}.
We have eamphasized the finite case in this section mainly to simplify the
legical exposition, and because it i3 only in the finite case that the

principal's problea reduces to a linear prograzuing problen.

4. Eguilibria among several principals

A difficulty arises when we Lry to comstruct a general theory of
principal-agent interaction aoong several prineipals, each with his own set of
agents. Suppose that thers are ¥ principals, numbered 1 to W, with k denoting
a typical principal. =Tach prineipal k has m agents, nuubered 1 to m., with i
denoting a typical agent. We ghall zssuzxe that the sets of agents for
different principals are disjeint, so that each ageat belomgs to Just one
principal, Principal k together with hig apents may be referred to as

k

corperation XK. Extending the netation ¢f Section 2, we let Ti and D: denote

the sets of types and decisions for the ith agent belonging to principal k.
We let Dﬁ denote the decision domain direetly controlled by prinecipal k. We

use the notation:

= _ Kk ko k R L

= DD X Dl HanaX Dn1’ T = 1) Xeeux Tn,’
% L4

D= bl xe..x DY, =1l oxeex TV

The autilicy funetiens of the PRl principal and his Rl agent are

1

Ug: DxT+RE and U?: Dx T+XE regpectively., Thus, we are allowing that the

utility payoff to any principal or any agent may depend oo the decisions and



types in all the corpeorations. For aoy t ia T, we let F(c} denote the
probability that t£ is the true vector of types for all the agents.
As in Section 3, we may define a direct mechanisz for corporatiom k to be

any function nk: Dk % Tk

+ B where ﬂk(diltﬂ} iz the probability that the

L k £

principal will use decision dﬂ and recommend d1 to his ith agent 1, for each

i, if t% is the vector of reperts from his np agents. (Here,
= (25,000,085 and %= (@5,05,...,45 )
n Q

1 | nk

Thus, ﬂk must satlsfy

1 1 4
6  =5a (%) 20 amd & w1 =1, ed¥ e D5, wet e 7t

ekeﬂk

Since the payoffs for the agents of one principal pay depend on the
decizions of other principals and their agents, we cannct define ifncentive

compakiblility for any one principal in isolation. Thus, we say that a

mechanisn nt for corperation k is incentive-comparible in the context of

mechanlsus {ﬂl,...,wﬁ} iff it iz an equilibrium for all of k's agents to ba
henest and gbedieat when principal k uses mechanism Ik, each other principal j
uses the mechanica Tj, and the agents for every other principal j (j # k) are

expected to be honest and obedient. Foeroally, ﬁk iz incentive compatible for

corporation k in the context of (wl,...,ﬂx} iff

&) z I P(t) nidie) Usid,t}
teT deD
B X
I‘.:i Ti
-k, =%, = kp k “ke b k, k
ST T 1 O I ol Pl B T PR W I CCRR W CLo PR
teT  del !
eRar®
1 L

. E k “k k ook k
?15{1,...,nk], VrpeTy, ¥r,eT., ¥6, DD,



oL . e L .
where nf{dle) = T ﬁJ{dJitJ] and 7 “(d klt k} = I ﬂJ{djltJ}.
j=i ¥k
(Ue use here the notation: d = (dl,...,dﬂ}, t = {tl,...,tﬁ],
k "k L k ) [ *k
{t_i, ri} is the same as the veetor t~, except that t, is replaced by T
ok
and {d , ., GE{dk}} diffars from 4 in that the couponent di iz changed to §_£4.).)
=k,1 i~ i k i'i
Inequality {7) asserts that k's 4t agent should not be able to inerease his
expected utility akove what he gets with honesty and obedience by
reporting TE, when T? iz his type, and by then choosing decision GEEdEJ when
told to choose d?.

When all agents are honest and obedieat, principal w's expected utility

from the mechanisos (:1,...,HN} is

k, 1 N . X33 k
(8) V(= ,eee,w) = X L ope) (0 no(d]e)) uyld,e).
teT  deD j=1

Propositions 1 and 2 can be extended in the obvious way to the case of
cne principal designing a coordination mechanism in the context of fixed
behavior by the other principals and their agents. That is,
if [Fl,---,wk-l,ﬂk+1,-c-,ﬂﬂ) characterizes the planned behavior im
corporations other than k, then the optinal mechanisa for principal k should
daximize (8) owver zll wk:nerk+ﬂa subject to the constraincs {8) and (7). As
before, this is a livear progracming preblen, but now principal k's optimal
incentive—compatible mechanisn depends on the zechanisms chosen by the other
principals. Assunming that the princisals act noncogperakively in settimg up

their respective cocrdination mechanigms, we should then

define (al,...,wﬂ} to be a principals' equilibrium iff, for each principal

k, ﬂk maximizaes (3] subject to (6) and (7), glven the orher a9 for



all j # k, Unfortunately, we hawve the following result.

Proposition 3 Prinecipals' equilibriaz do not always exisrt.

Progf It suffices to show ¢ne example. $o, consider a simple exanple
where thete are two principals (W=2), each with one agent {(n, = 1}. UYach
agent has type set T? = {a,B}, and the two agant's types are
independent, P{a,a) = P(a,B) = P(B,a) = P(B,8) =L . Each principal has
decision demain DE = {4,B,C}, and each agent has no private
decision (JDT| = 1.} For k = 1 or 2, the payoifs to principal k {Ug} and his
agent {UT} depend on the principal's decision arnd the agent's type accerding

to the following matrix.

& =n 61 0,2
dg =8 0,2 5,1
e :
dg=c 1 50 5,0
1
k

Hera, the ter:t z™ is determined by the other principals actions as follows:

j2 if principal 2 chooses 4 or B
for k=1 zl =
’ il if prineipal 2 chooses C,
- 2 _ ;2 if prineipal 1 chocses C
for k =2, 2 {l if prineipal I chooses A or B.
If 2% = 1 for gure, rhen the optimal incentive—compatible mechanism for

principal % is to choose A if the agent says his type is a, B if £. On the



other hand, if.there iz any positive probabilicy that g% = 2, then the agent
will want to steer principal kX to the "wrong” corner (B if a, A if 8), and the
best incentive—compatible mechanisn is to choose ¢ for sure. 5S¢ principal 1
wanks to choose © if 2 might choose & or B with positive probability, and
priveipal 2 wants to choose C if 1 might choose €, but prinecipal 1 wants to
choose A or B-if 2 chooses € for sure, and primecipal 2 wants to choose A or B
if 1 chooses A or B for sure. Thus, there cannot be any principals’

&quilibrium- Qo Es D

Essentially, this nonexistence result occurs because the set of
Incentive-compatible mechanigms for pringipal k varies upper—senicontinucusly
in the other nj, rather trhan comtinucusly as is required by the existence
theorea of Debreu [1952]. To obtain an existence theorem for the multi-

principal problem, we nust explore weaker szolution concepts than £full

equilibrium. We shall develep one notion of gquagi-equilibrium here, (ur

quasi-equilibria will differ from equilibria in that each principal'’s
pechanisn need not be optimal for hin in his £lass of incentive-compatible
nechaniems; instead, we only require that any mechanisos which ke might prefer
zugt be "ungafe”, in that they would not be incentive—compatible if the other
principals made infiniteslimal changes in their plans.

In our exanple, suppose that both principals plauned to choose €. This
is not a prineipal’s eguilibrium because there are better incentive-ceompatible
mechamisws available to principal 1, if prineipal 2 is zbsolutely certain to
choose C. Howaver, if principal 1 {or his agent) believed that there was even
an infinitesimal probabilicy of principal 2 using A or B, then rhere would be
no better incentive—compatible nechanism for prineipal 1 than to chovse € for

sure. Thus, we may refer te this pair of mechanisms (both principals choosing



C for sure) as 2 quasi-squilibrium for the principals, since an infinitesiamal
perturbation in the mechanisms could rvender infeasible any amechanisao which
either principal might prefer to use.

Let Fk{ﬂl,...,ruj be cthe get of all direct mechanisus e for corporation

k such that nk iz incentive compatible in the context of {wl,...,wk,...,wuj.
Let

- ¥
Wk(ﬂl,...,ﬁﬁ} = naxinuz ?E(wl,...,ﬁk,...,wh}.

TFkEFk{TTl R ,ﬂH}

. E W, . ] . . .
That 1is, Hiiﬂl,---,ﬁl} i the maxisum expected uiility which pripcipal k can
get from an incencive-cowmpatible mechanism when the other principals use
their ﬁJ mechanisms. (Hotiee that Fk and Wk do not actually deperd oa the

argunent wk.J

In peneral, we say that f?l,.-.,gﬂ) is a principals' quasi-equilibriun

iff rhere exists & sequence of direct mechanisms {(ﬂé,.-.,ﬁg}}:;l such thar,

for every corpotation kK,

{9) * - i nt;‘ ,
e

k=1

(10) V(% H

seees ™) 2 1w WGy, ean,7h) ,  and
Lo

an e FNE,. T,
Conditions {9) and {I0) imply that, for any saquence {72}:=1 of

pechanismg for corporation k,



. "k L Kk, 1 |

if Ty EF [Wi’.'.’“ﬂ} ¥i,

then limsup vg{nj sas ,w:, - ,T.ri} < lim w"‘{n;, - ,wi}
B Lvem

kol — . k, 1 k b
L) . - | -
- 1IIIIE'[J FER I | } ;]ﬂl ‘lr{]{,[i,-ovﬁi,r!ojfri}

S0 {9) and (10} Imply that the seguence of wmechanisms {{né,...ni}}znl is
asymptotlically optimal for eavery principal, and (11} implies that the seguence
is also asymprotically incentive—compatible for every corporation. The limit
of any such sequence is a gquasi-equilibrium.

To put it differently, (9} and (10) imply that, for any direat

mechanisno ﬁk,
if v'g(?l,...,;k,...,?q} > vE(Fl,...,;—}k,...,?‘J} then % ¢ Fk{ﬁ;’,...,'ﬂ'i}
Eor all sufficiently large &. That is, we can wake arbicrarily soall
pertarbations in our quasi-equilibriun (frmm'ak to 1?} in such a4 way as to
render ianfeasible any nechanisn which a pringipal might have preferred to use.
it should be clear that {letking ﬂi = Fk] auy principals’ equilibrium is

also a principals' quasi-equilibrium. However, the quasi-equilibria are a
P P q 3 9 q

larger set, and do always exist.

Proposition 4 A quasi-equilibriuvm sust exist, for any multi-prineipal

problem with finmite type sets and finite decision sets.

k| .
Proof Given any £ > 0, we say that n i3 £-~incentive—compatible for

. . 3 Ny o k
corporation k in the context of (v ,...,+" ) iff %~ is a direet oechanigm and
violates nome of the incentive constraints (7} for corporation ¥ by more

thkan e} that is,



{12) z T [P(t) 7(dlt) U;’(d,t}} e
teT deD
k__k
F17%
> 2 ¢ p(e) v e :rk(dkltfi,-r";} uli‘{{d_k ., 5"5({1?)}, £)
tsT deD +1 i
kL
b7y
k.ok ko k ok ok kK
¥1£{l,...,nk}, Vi eT,, ¥ieT, ?ﬁi.ﬂi * D

—, ol
We let Fs{ﬂl,...,ww,s} be the set of all direct mechanisms 7 such

~k . . . . .
that 7 is e-incentive-coupatible for corporation ® in the context

k

1 ol )
of {ﬂ e eyl Jren, W }o

It iz straightforward to show that Fﬂ{',t} iz an upper-semicontinucus

=, 1

correspondence, and that F {= ,...,ﬁN,E} is always a nonempty compackt convex

get. The key srep is to show that, if ¢ > 0, then fk{',s} iz also lower-

gemicontineous.  (See Debreu [1959), Chapter 1.} To check

-

k . . .
lower—-gemicontinuity, let m be any direct mechanism for corporation X such

that ﬂk{dkltk} is independent of tk, Then, for any - in ?ﬂ{ﬂl,...,ﬂn,e} and

k

any 0 < X < 1, (l—l}zk + A1t will sabisfy the ceastraints in {12} strictly,

~N

and so [l-l)ﬂk + 7 will be in fﬂ{;l,...,n L83 for all {Fl,...,EH}
sufficiently close to (wl,...,xx). This is suificient to prove that ?ﬂ{f,ej is

lower—-genicontinuous, and thus continuous, for any positive e.

Let Gk(ﬂl,...,wh,e) be the set of mechanisms 7K hich

. - : ) ~x <k, 1 hd
waximize UE{TI,...,ﬁﬂ,,..,Fh] subject to e F (T 4eer,yn ,8)s 1t is

LI} E] ‘{ "
straightforward to check that Gk(ﬂl,.¢-,ﬁl,ﬁ) iz a nonempty compach convex
subset of fk{ﬁl,...,ﬁu,al; and Gk[',e} is upper-semicontinucus,

because ?ﬁ{',e} is continuous (by the Maxioum Theorem of Berge [1959], see

Debreuw [1959], page 19). By the Xakutani Fixed-Peint Theoren, for



any £ » 0,, there exiscs sooe (:r;,.”,rrtg), such that :r: e Gk{ﬁi,...,wi, %} for

every k. These mechanisms satisfy “i; € di':k(ﬂi,---,“ﬁ: %}:

k a1

1
{ﬂ-;,ti!g"—ri} hecause —F_k{“;z.’..',?ri, ‘E} E Fk 1

k., [ k) y
and vf.}(ﬁi"“’ﬁi} T W [ﬁR’,i-i,“i}-
The set of all direct mechanisms is compact, so we can seleet a
converpgent subsequeance of the {{“,11!"'*"2}}: counvaerging to
some {?1,...,‘7_:N} as £+ =, Ag ¥ * @ and £ =-;— * 0, the

e-incentive-compatibility constraints (12} converge Eto the incentive-

compatibility coastraints {7). 3o ;k e F5°(% ,...,;h)
and f,r;{?l,...,?q} = 1lin HE(W;,...,T;;}
P
ks i1im Wi{ﬁ;,...,ﬂi]-
FA 2

Thus Gl,...,?:i,‘l iz a principals’ quasi-equilibriuz. Q=E. T
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