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AZSTRACT
"Equilibrium Linit Pricing Doesn’'t Liait Entry”

by Paul Milgron and John Roberis

We consider a mnodel with one estabdlished firm and one
potential entrant. Fach is modeled 22z a rational, strategic
dAgent. Since each {3 assumed o Be uncertain abeut the other's
costs, we treat the situation as a game of dincomplete
tnformation. Limit pricing emerges endogencusly from the
monopolist's attempt to persuade the entrant that its costs
{which are a determinant of post-entry proefits for both) are
lower than they actually are. However, in equilibhriua the
entrant infers the monovolizt's éosts correctly. Thus the same
entry occucs as would If there were ne linmit pricing and the
entrant responded optimally.

JEL €lagsification Yumbers: 022, 0256, 512, 4&ll.
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Equilibrium Liunit Pricing Doesn't Limit Eatry

B

Paul Milgrom and John Roberis
Department of Managerial Econcnics and Decision Sciences
J+ L. Eellogeg Graduate School of Managesment
Horthwestern UYniversitw
Evansten, Illiaois
1. INTRODUCTION
The idea that a firza faced by the threat of antrvy would
alter its price—quantity decisions 2o as to prevent, slow, or
reduce the probability of entry canm be traced back through the
work of J. Baia [1] and J. M. Clark [2] in the 1940's at least to
a paper by N. Kaldor 6], and it has receivad continuing
attention ever since.’ In particular there hag bsen a
significant veolume of work appearing on this subject over the
last decade, begzginning wirth the contributions by Gaskins [&],
Xazmien and Schwartz [7,8], and Pyatt [11]. {(See Scherevr [l4] and
$. C. Salop [13] for further references).

The moedels in this bread literature offer a wide wariety of

alternative specifications, but certain fsatures are coenon to

The results of this paper have been presented at the Iastitute
for Mathematical Studies in the Scgial Sciences Summer Workshon,
the Bureau of Tconomics of the Federal Trade Comnmissiaon, the
NBER-NSF Conference on Theoretical TIndustrial Urganization, the
Economatric Society annual aeeiings, and the Ceanter for
Mathematical Studies in Economics and Managenent Sciencs. We
would like te rthaank the participants in each of these seminars,
and 1o particular, our colleague Roger Myersocn, for their
connents and questions. We would espacially like to thank Bavid
Besanks for his sxcellent research assistance, particularly in
conn%ction with the example in Sectieon III., Huch of the work
reported here was done while the zuthoers were at Stanford
Vnivergity in July 1979. Travel funds were provided by
Stanford’'s Graduate Scheel of Business and the Institute for
Mathemtical Studies in the Sccial Science (National Science
Fouadation Grant 500 77-06000). DRoberts' research was supported
under N¥NSF grant S0C79-07542 to Northwestern University.



mast of tham. In particular, they concentrate on the decigion
problem of the establisned f£irm, takiag as given the hypothesis
that a lLower nre;entry price will-=-for largelvy unewplained
reasons-~-act to detev or limit entry. In this centext, the
tvpical conclusion Iis that aan opiimal price~cutput policy in the
face of threatened entry will involwve prices which are below the
short-run nonopoly level,

Suech results would segen to vaise potentially ioportant
welfare guestiomns for publliec poliey, If lipit pricing results in

lowey pre—entrvy prices, then ceteris paribos, 1t would appear to

Le desirable from an efficiency point of view, But these lower
nrices typically are not as low as night be expected aftar
entrv. Thug, 1f entry is sluwed or prevanted Yy the linic
sriciag, & trade-off appears. HWithout limit pricing, societw
faces a pericd of high orices then enjoys the lower post—entry
rrices. With limit pricing, the prices are initially lewer than
in its absence, {but they are not as low as they would he after
gntry), and the period ©f such inefficiencly high prices is
extended, possibly indefinitely. Turther, if one believes that
arnn fndustry with more active participants is to he prefarred on
the grounds of inecreasing technelogical change, veducing X-
ianafficiencv, limiting the concentration ¢f power, or whatever,
then the appavent trade-off becomes even more complicated.

In this paper we re-examiane limit priciag in the context of
an egquilibvriun model where both the established firm and the
potential entrant are nodeled a3 ratioenal, strategic agents.

This approach Is in contrast with that ewplovad the literature



cited above., There only the establicshed firm iz modeled as a
maxinizing decision-maker, while entrants' behavior iz simply
ziven via some mechanical speeification of the rate, probability,
or timing of entry as a funetion of the current price or quantity
set by the established Zira,

In gur eguilibriunm oodel, the functivanal relatiocnship
betwaen the established firm's ac¢tions and those of the entrant,
which was simply assuvned in the earlier literature, emerges
endogencusly. Specifically, observing the pre-santry price or
quantity allows the eatrant to make inferences regarding the
established fiva's costs, which are a determinant of poest-entry
srices aand thus of the preofitability of entrvy. Thus, ths
monopoelist has an Ilancentive to cur vre—entry prices and raise
quantity so0 as to alter the inferences made abour costs and
thereby influeace the entry decision. This {ncentive is
effective, since the estadlished firm will, iam fact, practice
limit pricing in equilibrium. Hoewever, a previcusly unsuspected
fagature of limit pricing also emerges: entry will ocecur under
this gguilibrium liwmit pricine in précisaly the samg cir-
cumstances as if the established firm had been blissfully
iznorant of the threat of entry and had consequently practiced no
linit pricing, and the potential emtrant had been aware of all
thkis. In a sgense, then, eguilibriun limit pricing does not limit
enkbIy.

This of courssa means that the digscussion of policy issues
and tradg—uffs raized above iz 2 comnplete red herrvring. Limit

pri¢ing unambiguocusly contributes to efficiency of rescurce



allocation, vielding lower prices before entry while not inposing
any costs inm terms of delayed or forzstalled entry,

The framework of analysis we use is that of games of
incomwletre informaticon played 3ayesian plavers, as introduced by
Earsanyi (5], Our paper is organized In four sections, including
the present gnea. In the pext section we present our model and
gexamine its egquilibria. The Ehird section containsg a2 smegific
example worked out in detail. The subjects of the final section
are seome ¢oncluding remarks and suggestions for possibdle
extansions ¢i the model which would lead to further work.

We should aote that there have heen a nunber of other

treatments of the issues raisad in this paver in the last couple

i

of vears to which we have aot vet egxplicitly refarced. A4 survey

L%

of these is given by S, O, Saloﬁ (13]. ©Of particular inteves:
are studies by J. Friedmaa [3], who presents a very complete if
somewhat analytically formidable model of entry prevention, and
by ®%. J. Revnolds and 5. C. Salop {reperted ia Salop [13]).

These papers enploy game—thecretic equilibrium techniques in the
context of imperfect iaformation. Howewver, the failure of linit
pricing to limit entry was not noted explicitly in thisg worik. We
would also particularly like te draw attentien to the rematkahble
dissertation by A, Ortega-Rsichert [9] oa bidding under
incomplete informatiea. His solution of the probhlem of biddiag

repeatedly against a 7vival suggested to us the nature of the

solution toe the limit pricing problem addressed here.



iI. THE MODEL

We consider a situation with an.established firm {(the
nonapelist or firn 1) and a potearial emtrant {fign 2). FRach is
aware of the other's existence. There is a single, homogenecus
product, having an inverse demand function P = D(Q), where G is
the total ocutput. We assuame that U is known to both firms. EZach
firm has constant uarginal costs Ci, so that the total wvavriable
costs for fi;m i in »rodocing Qi uanits of ocutput are CiQi,
i = 1,2. Zach firm i %news the wvalue of its own marginal
cost, Ci’ wut is umsutve about the wvalue of Cj, j # i. TEach is
assuned to have beliefs about Cj which, coadirienal on the walue
of C,, are given by a distributien H,( i €,) whose support is a=
interwval [Ej’Ej]' Firn 2 facesz entry costs in the znount % in
present value terns. These cosks may be incorpotation or license
fees:; the cost of some necessary level of advertising, marker
research, vwroduct development or nen-resaleable capital zoods;
the anmount of requisite bribes; or whataver, Each firm 1
attaches a.present value of ﬁi per dollar to earalings which
acsrue after the entry deciszion is made.

Initially, £firn 1 must pick a2 production lewvel Ql. The

gptinal level of this gutput will devend typically on the

aosts C.. Then, observing Ql and knowing {its own costs C,, firm

™

2 nust decide whether or =aor to enter. Tirm 1 then teceives a
pavoff which consists of its immediate firsc-period

nrofits, Hg {Ql] = {3(&1} - CI] 4] plus msicher 613¥ (€1}, the
1

the present value of the future monopely profits (if firm ? did

1 ]

net entar) or Elﬂfitl,cz}, the present wvalue oi the Cournct



profits (if 2 entered). The payefi to firm 2 if it enters
] = K, the present value of the Cournot profits Iess

.
bs 3,,10,0,

the entry cost, while 1f if does 7ot anter its payeff 1s z2ero.

Assumg that aﬂgfaﬂ > 0 and that EHSIBCZ < 0,

1

Thea the ineaualicy SZHE{CI,CE} K 2 0 can bpe solved for C, and
written in the fara CE < T{Cl},
where ¥' = -{aﬂgfaﬂl} ! {BHEIECZ} » 0, The interpretation of ¥ is

that if the entrant were to unow O it would enter if and only

li

if CE iz less than T(Cl).

I

iy

there are multiple Counrnot equilibria after gntry,

]

- ~=C . . . -
then 4. and iy might Pe interpretad 23 the expectaed values of

—

profits over these equilibria under sone expectations over the
likelihood of each of these actually opbtaining. An alternative
specification would have the EE given by some collusive sharing
of the monopoly profits. This would be appropriate if one
axpectaed jeint profit maximization after enkry. Aanv of these
foroulations of the pavofis correspond toe a set-up with two
serigds, where the Ql and entry decisions are made in the [irst
peried in ignorance of the opsonent’s costs, while in second
preried the firmg make quantity decisions knowing ecach other's
costs and, of course, whether entry has occurred. The assunption
that costs becone kuown afrter entry simplifies the analysis and
may not Ye too wntrealistie. The restriction to one potential
eatrant and the parzicular specification of cosks ére ehvious
limitations of the nodel, as-would seem to he the implicit
requirenment of there belng only one date at which entry c¢an take

place. Yet, in the stationary set-up used here, this latter



assumption turns out Iin fact to be ianccugus, since addinsg noere
periods with the one poteantial eatrant and the same demand and
cost conditions in each would net affect the golution., This will
become clear in working throuszh the analysis. Allewing non-
constant anit costs defiaitely would make a dAiffersnce in the
analvsis, although, as we will argue {n Section IV, the main
polint of linit priciag not deterring entry should carry
through. Finallv, allowing multiple potential entvants, aany
tine perieds and the ao0ssibility of predation after entry raisas
12 host of issues not explored here-z
If the costs were kuown to each firm, the probler daseribed
above would ctorrespond te a simple zane of cemplets information
in extensive form. The tree for this zawme would first have firm

1 pick Q a non-negative real nuwber, than 2 would decide

1}
whether or not to enter after seeing Ql, and the pavoifs would

acerTug accordingl*;.3

But with Ci unknown te fira j, the firms no
Ionger %¥now which game they are plaving, sinee each is uncertain
about the wvalues of both {ts oswn and its opponeat's payoffs
correspounding to any parvticular decisions. Analysis of this
situatioan of incoaoplete informatieon would easzilvy appear to fall
into the miaswma of ifafinite regress, with each firm conjecturing
about its ocpponent’s true costs, ab;ut what its ocoponsnt believes
the original firan's costs ko be, about what 1:ts opponent believes
the original firm believes the opponenct’™s costs to be, and so

on. However, Harsaayl [3] has presented an approach te solwviag

such ganes which avoeids this pitfall.

Specifically, in Aarsanvi's approach one considers z. game
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with complete (but fmperfect) information in whieh there Is a
third player, "nature,” which is indifferent over all possible
sutcones in the game. Hature moves first, and its move is to

gsalect Cl and C2 at random from.[EE,El] ® [EZ’CEI according to
some distributien. (It is aatural that the Hi{'l'} should %a the
conditional distributions corresponding to this orviginal
distribution, and we will a2ssume that this 1s, in fact, the
case.? We will also assume that H:{"1C;) has 2 density n;(° 1€
for earch Ci' These depsities are positive aver TEj,Ej]). Each
firm 1 is ivformed about Che vélue af Ci resulting from nature's
meve, Bub not dbout thae Cj value., Then for each realization

of Cl and CE’ the game tree unfolds as desc¢erihed above. In
this set up, then, tﬁere ig imperfect Infeormation, in thatft the

plavyers are not £fully informed about the outcome of nature's

nove, but there is net incomolete information, since evervone

knows fully the game being plaved {i.e., they know the game trea
and what the pavoffs arvre at the end of each branch of the
tree), Harsanvi then argues that for eguilibrium aaalysis, the
Wash equilibria of this second, imperieet information zame should
be taken to be the egquilibria of the original, incomplete
iaformation game. It 1s this approach weg adopt here.

In games in extensive form, such as we are now considering,
4 strategy is a specification of what action the agent «will take
in each possible iaformation set. Here, an information set for
firm 1 Is given by a particular value for his costs, while for
firm 2, an Iinformation ser is given by a particular realization

of C2 and the particular level of ocutpuxt, Ql, gelected by firnm
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l. Since firm 1's actions consist of possible levels for Ql’ 1

strategy for firm I is a funetion s:[El’Cl] + R where

¥

Ql = S{Cl} it the oputput cholce made by the firm if its costs

ara Cl. For firm 2, a strategy is a map t:[EE’CE] = B

where we interpret t{cz,q} = 0 to mean that 2 does not enter if

L+ o1,

its costs are CZ and the established firm produces 7, and

Q% = 1 to mean that 1t does enter.5

t{CZ,.

We assume that each firm seeks to maximize the expected
present wvalue of profits. With these criteria, we define an

sguilibriuvn {(ian pure strategies) to be a pair {(s,t} of strategies

such that £ar eaech CI £ [El,ﬂll, $ naximizes the exrpected present

value of firo 1'¢ profits, given that firm 2's strategy is t, and

for each CE £ TEE’CE]’ L maximizes the expected present value of

2's profits, givea that firm ["s straregy is s. In each casa,
the expectation 1s with respect E¢ the mawimiziag agent's
conditional distribution ever the other firm's costs, given its

own cost level.

C

l[C

Latring R{Cl,ﬂz} H?{Clﬁ - It CE} deaokbte the reward

l 3

acceruing to firm 1 ia the future {if ir prevents entry, we caa
write the equilibriym conditlons for our game explicitly as:

{5,£) is an equilibrium 1£f:

= ® -
for any Cl g [El‘cll and any s .[El,ﬂl] > R,

Q ~
Hclisiﬂl}} + ¢

IE{R(CI,CE}[I - thz,S{Cl})llﬂl}

o PR .
? ﬂcl(s*{clh} + 8 BIR(C ,C, 001 - v(C,,s%(C ] IC, }y



and, for amy C, & [Ez,cz} and aavy t*:;[C_,Cc. ] » »_+ {0,1},

2 2?72 +

2{18,05(¢C,,C2) - RJtlCz,e(C1)) | Cal

- C *
> B{[3273(C2,C2) - Rlt (Ca,s{C M 1C2)-

Note that writiang the second argument of ¢ as s{Cl] rather

than ) iz accentable in eguilibium. This doeges net, however, nean

that t is a funetion of s, Rather, it represents part oi the
usual ¥ash, “best reply” c¢ondition in the arTesent contexti.

To fnterpret the equilibrium cénditions, recall that
£{Cy,s(Cy)) = 1 means that 2 enters when its costs are Cy and |
producas s{Cl}, while t{Cs,, s{ﬂl]} = 0 means that 2 stavs out.
Then the term R(C,Cy011-t{Cy,s(C))}] 1Is zero if 2 enters, in
which casge 1 collects only the Couranot nrgfit, and it is R(CI,CE)
if ? doas not enter, in which cagse | collects the Cpurnot profit
nlus the bonus R{Cl,cgj, which is the difference hetween the
monosoly and Cournet profits. Similarlvy, 2's payoff will hbe
[(5,05(C;,C2) — X) when t{Cz,s(C;?} = 1, and zero when
£{Cp,s(C;}) = 0.

The general question of existence of Bayes equilibria in
putre strateglies avpears to be an ogen one, and we do no attenpt
to preovide any general treatment of the sxistence gquestiion
here. Further, to simplify our seareh for equilibria, we will
concanitrate on a particular subclaszs of possible strategies. (We
will later justifv thisz aproach by giving sufficient coaditions
for existence of equilibrium strategies of the psarticular type we
will be considering), One should definitely note, howevaer, that

although we concentrate on eguilibriup sirategiess in a speclal
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class, they are in fact equilidbria when tested against all
poss5ible alternative strategies s and t.

Swecifically, suppose that firm 1's equilibriuva stratesy, 5,
ig a strictly deceasing funetion of €1+ It is on this class of
monotonic strategies that we will concentraie. Some motivation
for considering such strategies iz that the simple monopoly
soluticon is a strictly decreasing function of C, as leng as D is
differentiable.

I£ firwm 2 conjectures that firm 1| has adepied the decreasing

strategy $, then, to respond optically, it must Sehave as if CI
-1
were egual to s (QJ. Tt will then enter onlvy 1if its costs arae

low gneugh te nake eatry profitable when 1's costs are
-1 -1
s (0). Let g{Q) ¥{(s (1)) be the level of ¢, at which, under

27s conjecture, entry will be Jjust baraly worthwhile., Then 27sg

vptimal rvesponse must satisfy

1 if €z s g (0}

0 ostherwise

t(Cz, Q}

How suppoge firm 1 conjectureé that ¥ has adeopted 2 strategy
of the geneval form (1}. Specifically, | conjectures that 2 will
enter if Cz & z(Q) for some funetion é. Then for each C;, an

optimal quantity Q = s{C;) must nmaximize

o ) rcz
HEI{Q} + 3 I3 (m ni{rlc) R{C;,x) dx.

For esach Cl, the firsc corder condirion for a naximom is

(1>
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o
1
dicl
a0

In eguilibriovn, each firm's strategy pDust he optimal against

0 = §1 R{C1,g(Q)) nilgladlcy) g7(Q).

the other's actual strategy, not merely agaiast arbitary

conjectures, Thusz, in additiem to firm l's first order conditien

and condition {1), we reguire that & = s and ¢ E. It is
cqnvenient to wiew thasa requirements as rdatienal expectations
conditions. Each firm forms expectatiocns (s and é} concarning
hew its competitor will respond in varicus situatlioms, and Iin
equilibrium these expectations are regquired to be consistent with
tha competitor's actuval optimal decision rule.

Given these rational expectations conditions, we have that

g{Q) = T{S'I{Q}}- Substituting this and the identity

sul{Q} inte firm 1's first ovder condition leads o the

Cy =
aquation
rmgl
0 = g5 ~[51 R(Cy,¥(C1)) hp{r(cp ey ¥ (c) /7 s (¢, (2

where primes denote derivatives, 1In Theorem 1, we provide a
condition which guarantees the sufficiency of this first order
condition for the optimality of s,

Fotiece that condition (2) defines a differential equation
Esr s+ The eguation has a2 familv of solutiong, indexed by a
woundary condition. The equilibrium we seek invelves fira 1
playing one such 5 and firm 2 plaving the corresponding t
deseribed Sy {1}.

- . = . *
If 8" ¢ 0 {as we have assumed) and Iif the function ¥
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=
defined by R (cl,c Yy = R(C cz} hlfczlclj 1z strlectly positive

Z 1!

at (Cl,Y{CI}}, then the first order coaditieon (2) ioplies that
dHEIIdQ ig strictly negative. Thus, lioit pricing dees snerge:
the established firma has an incaeantive to increase quantility and
decrease vrice froma their monopoly levels. The origin of this
incentive is that given a strategy for firm !, a higher wvalue of
Q) is perceived as indicating a lower value of C,, which ia turn
leads to a reduced probability of eatry. Thus, any equilibriua
which meets (2), the first order necessary condition under our
assumptions, must invelwe 1liaft pricing.

In particular, the simple nonecpoly golution does not meet
these conditions. Zxaminiag this noncpoly outcome tp show that

it is not ar equilibrium may give gsoene feel for the inceative to

adopt a linmit pricinmg strategy. The simple monopoly solution is

O

defined for each C1 by dHC

fdd = 0. Let m (") denocte the
I
corresponding stratsegy, which we assume 1s defined and

differentiable for all €, & [C, El], and recall that a is a

strictly decreasing function., Wow, suprese that firm 2 believes
that 1 1is plaving = (as would be the case I1If m were an
equilibriun strategy). Then, if firm 1 were to choose an sutput
of m{Cl} + £ dinstead of m[Cl}, firm 2 would (incorrectly) infer

that 1'% costs were OF = m'I(miﬂl} + €}, which iz strictly less

x
1

than n-l{m{cl)] = . for all positive €. From 1's poiat of view,

1

this has the effact of eliminating entrants with costs between
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*
Y(Cl] and v{(C,), the effect of which on expected second period
pTofits is of the order of € if R* is poesitive. The cost of
this aection in terms of currvent prefits is, however, at nost of

the order of 62, gince dﬂg /dQ is, by defianirtien, zero at
1

m{C; ). Thus, there is an incentive to deviate from the simole
agaspoly solutien, which consequently caanet e an equilibriun
strategy.

¥ote that if the entry costs, K, are zero, and the {ournot
solution #i{ll obrain after entry, then equilibrium will involwve

ne linit pricing, sinece R(C T{Cl}} #ill be zero. The logic is

1°?
the follpwing: £f X i5 positive, the marszginal entraant (with
costs of T{Cl}} must enter with strictly positive ocutput in
arder to generata eneugh operating vevenues teo recover K.  This
peositive output hags 2 marked effect on firm 1's pfafits, so it is
worthwhile to attewmpt Lo reduce the probability of entty by
raisiag Q;. But if X = d, the entry will oceccur as long as an
infinitesimal excess of Tevenues over operating cost can be
vrealized, i.e., whenever the Cournot price, as determined by Cy
and CZ’ exceeds CE' Thus, the marginal entrant has ® = C,, so
from the usual Cournct eguilibrium econdition, QE AP/3Q 1s zero
Eor the marginal entrant. With a downward slepliag demand, this
means that Qp is zero, and, im turn, IT{Ci} and ﬂf{cl,v(cl}} are

agqual, so that R(C Y{CI}} iz zers. Thus, there is ue

lll

incentive to deter the margiaal entrant. This peint will he
11lustrared in the example in the next section.

Howevar, given that R*{CI,T(Cl}) is positive and given the

ol

assumptions made above on s and EE, limit pricing does egmerge.
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Tet, we have assumed that s wag strietly decreasiang and, thus,
invertisle, Thus, when firm 2 makes its entry decision in
equilibrium, It covvectly infers firm 1's costs. The limit
priaing thus has ne impact in equilibrium in terms of disguising
the established firm's costs, and exactly the same entry will
opecur &% 1if no limit pricing were belng practiced and the
potential entrant were to be aware of this.

This rvesult mar seean counteérintuitive, and indeed we £find it
gtrikinz. OJne might ask why the monopolist foregoes present
profits by limit priciang ino this context. The answer L3 that in
equilibrium if firm 1 were to produce 0 £ s(Cl}, firm 2 would

iafar that 1's c¢osks are s_l(Q) > O The additional expected

1*
antry this induces vieldz lower exzected future profits, and this
nore than offsets the inmediate galns., On the other side, 28 we
argued above, if limit pricing is not being practiced {aand is
known not to bejy, theze is an inceative %o attempt D
nisrepresent one's costs Yy expanding output.

Actually, this rtesult pethaps osught aot to be surprising if
one {s acauainted with the signalling literature. In our model,
1; serves as a siganal regarding Cis and in this coantext there iz
ne reAasen to expect that the vesultiang choices will be Pareto
eptimal. The literature on revelation of praefarences suggests
similar resulers, and Ortega-Reichert's {?] solutiocan of the
repeated bidding prohlem inveolves a parallel phenomenon to bhat
disecussed here. However, te allay any susplieciens that the
differential equation defined by the first order condition (2}

which we have been consideriag is not, in fact, a solution te
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firm L's problem, we present in the following theorem a
sufficient condition for the first order necessary conditions teo
define an aeguilibriam,

Theorem l. Suppose that 3 is ¢pntinuous and strictly deecreasiag

and thar it satisfies the diffarenrtial eguation (2) on an

]

faterval {D,E) with 2 T aad s(C)

l
{1} for 9 in the rTtange of 5 and by
t{C,,s(C ) for ¢ > s(C,)
£(C,,0Q) = _ N {1")
t(CZ,m(CIJ} for g = n(cl}

m(Elj- Let t be defined by

Then, 1if the marginal revenue function is decreasing and if

RECC,v(Z)) — 2*(2,¥v(23))
z - C

sT(z) € taf B v'(2)
¢ e (0,6) !

for all 2, €s,t) is an equilibrium pair.

Praoof.

We have argued eartrlier that t is an optimal respoase to s.

We must show that, with t fixed, 5 is optimal.

Suppose firm 1's cests are C;. Firm 1 will not wish to
produce less than m{Cl), the monopoly solution, since to do so
results ia both lower curreat profits and lower expected futurs
oroficts than does m(ﬂl}. Similarly, #%irm 1l will not choose to
produce more than s{0), since to do so would reduce current
profits without ifincreasing expected future profits. Note that
s{0) » s(ﬂl] # n(clj so $(Cy} satisfies these necessary
conditions. We show below that 1's optimization probdlem is

Suasi-concave on [s(E},s{D]], so that the first order coanditiion
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{2} i3 sufficient on this range. Since S{E} s m{Cl}, the first-
order condition then guaraatees the global opitimality of the
quankity S(tl}'

Let 2(Z,Q) denote firm 1's expected paveff when its costs
are Z and its quantity is Q, and let G,(Z,Q) denote
3G/30 evaluated at (Z,Q), Then the differential equation (2)
becomes C,(Z,5(2)) = 0. Let @ ¢ (s(2),s(0)] and let z = s ' (Q).

Then

szﬁljﬁl = 6,(C,Q) - G, (2,0}

(z-C,) - SIT*{Z}[R*{CI,T(Z)) - R¥(Z,Y(2Z))]1/e{2Z)

which is non—wmositive for Q > s{ﬂl} fi.e., for 2 % Cl) and aon-

negative for 0 < S(Cl} {i.2., 2 > Cl) if

R*{Cl,Y(Z)} - R*{Z,r(Z))

-

s'{2) < 3,vy'(2)

Z-Cl

Quy assumption zuarantees that this hoelds for all 2 and Ci+  This

sroves that G[CI,Q) i guasi-coacave with an sptimum at
Q= s(c)d. 9.E.D.

It is iastructive to describe the results zo far obtained in
the language of the signalling literature. dgecordingly, we make
the foliowing identificationg between the elements uf.our model
and the concepts employed by Speace [17] in his job market
signalling model. Let the abilicy 2f the established firm be
given by -Cl, so that lewer ceosts corvesvond to greater
abvility. Let the quantity f} be the signal and let

)

[»] .
I (m{CyI) - B, (Q) be the cost of signalling at level Q {to a
L 1
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firm of ability -CIJ. Fimally, let

513{R(cl,c 3t - t(Cz,Q)]ICI} be the benefit of signalliag at

2
level 0.

In Spence's analysis, any Yenefit from signalling comes in
the form of higher wages, and the relative walue ¢f various wage
levels ig Indapendent of ability. This ecorresponds in our nodel
ts the case BR*{ECl = 0. Signalliang equilibria arise in Spence's
analysis when the narginal cos:t of signalling {e.g., acguiriag
seducation) at any level decreases with ability. When the
equilibrium strategy § is striectly decreasing {and hence
invertible) the equilibriun is called a separating equilibrium.

In the lintt-pricing moedel, the benafit of signalliag iz not
generally independent of the firm's ability, so the uwgual
coanditions on the cost of signalling {which are szatisfied in ocur
model) do not guarantee the existence of a separating
equilibriun. The ineguality condition in Theorewm 1 generalizas
the assumption that SR*IBCI = 0, which, 25 mentioned earlier, is
the Televant benefit-independence assunmption.

Signalliang models generally have many egquilibria, sone gf
whiceh {the pooliag equilibria) are not separating. One mnay then
naturally wondevr whether such eguilibria exist in the limit

pricing context considered here. The foallewing lemma and theoren

explore this guestion for an interesting special case.

Lemma. Suppese that (i) - (iv} heold.
(il CI and E? are independently distributed.
(1i} BRfaﬂl = 0
(iii) R(C,,C,) > 0 for all (C,,C,)



fiv) the marginal revenue function, YR,
iz decreasing.
If (s5,t) is an equilibvivem pair with s # m, then s igs non-
iacreasing.

Proaf. From the independence of ¢y and C, and the
assumption that Hg is monotone decreasing in [, one may infer
that there existé a function g such that for anv ¢ in the range
of 5,

1 if ¢, < g(Q)

:(ngq}

{1 arhetwisze.

Given (i), let hi[Cj]Ci) = hi{Cj] for all C;, and define

2

ACC, Q) = ﬁlfg{ﬂ}

R{C,C,0h, (C,2dC,.
A{C,n) is the expected present value of the bdSonus from preventing
entry when Cl = 0 and Ql = 0,

Suppose that, contrary te the lemma, there exists C' and ¢V
with 7 ¢ C° gueh that Q' = g(C'} ¢ s(€™) = 4". By the
gentimality of Q" for £V, we have

[D{2™) = C"]Q™ + 4(C",Q") » [D{Q'} - C"]Q' 4 a(C",q")

So,

g{0")
5 _;I-
g{Q"3

| R(C",C, )R, (C,)d0,

ACCT,0'y = A{CT,0™)

E il

[m{Q) - ¢”Jg” - [p{a") - c7]le’
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l;
= (Mz{Q) - C7")y dg

< 7 (MR{Q) - C")dQ = O
QT

The last inequality follews from the assunptions that MR is
deereasing and that Q' = s{C') ¥ w{(C'), and from the fact that,
at the mounopoly soluticn, margiaal revenue eduals margianal cost:
MR{=a{C'}) = C'. Ir then follows that g({") s g{"): the
prabability of entry at Q' exceeds that at 0. Note thar this is
iantuitively zensible. The high cost firn C" has deviated further
from the simple nmonopoly autcﬂme. To compensate and thus to
sreveat it frowm reducing osutput, it nust enjovy less threat of

entry at 7 than ar Q7. Then sinca 8R/3C. < D

1 a
a{CT,Q") - afc',Q'}
g(q") Ig{Q*) ,
= & 7 R(C',C.0h_{C. 3dC, * § R{L",C 00, (C,}dC
[ (3™ 277172 2 1 < (0") y LS 2

A(CT,Q") = a(C”,0").

Henee,
ED(Q™y ~- €'19” + a{CT,q") - A(C',n")

> [p(n"y ~ €] & (C7 - €')Q7 + A{C”,Q7) - A(C”,0').

By the optinality of 0" for C", this latter expression i3 greater

than or equal to
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[DEQ') = C7]Q" + (¢ - CT)Q7
= [p(R") = ¢c'lg" + {¢c” - C')y {07 - 0"
> fp{q')y - ¢7]Q'.
This contradiets the optimality of Q7 for €' and the result then

follows,

Thus, under conditions {i) - (iv), so long as the
ggquilibrium s never involwves lower auiput and higher nrices than

uader simple moacpoly, 5 cannot increase anvwheare,.

Theorem 2. Suppose the conditioens (i)-{iv} ¢f the lemma

hold and that, 1a additien,

(v)  Y(g,) » ¢, and Y(C,) < T

2

If €5,£) is an equilibrium pair with $ 2 m then one of the

2

following three possibilities faust hold:

a) s is strictly decveasiag.
h) s Is discontinuous and non-increasing; or

e} s is a constant functiown, f.e., s(C;} % s{Ci}.

Thus, 2ll continuous non-constant solations are strictly

decreasing.

Proof, In view of the lemma, it suffices to show that if s
is continucus but not coanstant, then 5 is strictly decreasing.

- -7 - '
Suppose to the contrtary that for some §, s "{QY = [C',C"] where
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' ¢ £” gnd is ¢ontinuous . By assumption, either C' > ¢

o &7 < El' Coasider firzt the case C' >.E4'

UTging the notation develeped in the proofs of Theorem 1 and
the lemma, firm !'s conditional pavoff functioen Is given
{for Qe [S(EI:’rs(E])]) b?

2
G{C,Q) = (D{Q) - ¢ig + [

o g':’:f)
Since Eﬂzfaﬂl > 0, one can cheek that

R{C,Cz}hliﬂz}dcz.

o
r c 1 - " — 1 -
JCTnzqcl,T(c )b, (C YdC, f (A, (C") ~ A, (L)) 2 >0

where Hz{') = Hz('icz} for all CZ‘ Than using the coatinuity of

HE{CI,CEJ in CZ’ one can infevr that g{g) > v{(C"): expected

entry Is greater when 4 is observed than would take place if €
Wwere known to equal C'. {ne can alsec check that

For 9 > Q, g{QY < ¥{(C"). Hence, for gach C, 1lim G(C,Q)

" -
» G{C,Q), from which it fellows that 9 cannotﬂbg

optimal for any cozt level.

for the case C7 € C a similar argument shows that for sonme

l’
€ > 0 and all C e [¢",Ci)], if O € (Q - £,Q)then

G{C,n) > G(C,0). But by continuity, there is some

2 e [C",Cl] such that s{C} = 0O + 1f22. It follows that s{(C} is

not optinal for U, contrary to the equilibrium assumprion.



Theorem 2 offers a wide menu of possible equilibria, but a
#loser look Teveals that the egquilibria of tvypes b)) and e) are
tenuous ones. Lf § is not strictly decresasing, then there i
some a such that s-liij is a2 non-degeaerate interval,

Say 5-1{5) = [¢',0"]. Why, then does a firm with cposts C' not
increase output a bit to distinpuish itself from the higher cost
producers? In the praeceding preef, It was shewn that such a
nmaneuver would benefit the firm if & were comntinuocus aad & WeTre
not the maximum value of s. To uaderstand what gees wrong in
cases b) and e}, let us regard t as representiag 1': conjecturs
about how 2 will behave. If s i3 fixed and t is an optimal

-

rasponse to £, then t{Cz,Q} cann be determined fov each CE and
each 7 in the range of 5. Bur for Q net In the range of s, any
specification of t{C;,0) iz consistent with the optimality of
t. Thus, If é + € is pot in the range of 3, firm | may
conjecture that an putpur level of 5 + £ would lead to as much or
aven nore entry than an output level of é. Zsgsentially this
conjecture iavelves ! believing that 2 1lpnores the fact that
nroduecing a + & rather than é is less costly for a2 low cost
firn than for a high cest one. It is precisely this rather odd
sort of hypothesis about 2's behavior that is reaquired to support
an equilibrium (s,t) where s is not strictly decreasiag.

Further, as we show bkelew in Theorea 3, under a slight
strvengthening of che conditions already assumed there alwavs
exists ar least one equilibrium with & strictly decreagsing.
Together thege points suggest that concentrating on the

invertible equilibria is avpropriate. These arve, of course, the
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ones Wwhere equilibrium linmit wricing dees not limit entry in the
sense made precise ahove.

Theorea 3., Suppoese that, in addition to conditions (1)

through (v} of Theoren 2, hy is continuously differentianla
and Hg is twice continuously differantiable. Then there exists
an equilibrium pair (s,t) with s strictly decrezasing and t
defined as in Theorem 1.
Proof. Consider the differential equation %' = £(J,0) where
qB{Q)y =~ o

ffg,e) = . £33
8, Y" (o) R¥{a,y(a))

We will the establish the existence of a solution Cl = g{Q} to
this equation, and then show that ¢ is invertiblei Theprem 1
then ieplies that this inverse, s, and the correspondiang ¢
functioa are an equilibriun pair.

Ia order te show existence of a selution to the differential
eguation, we neaed I to be continuous in § and diffeventiable in

w
N

. Totr this, it is5 sufficient cthat

£ T £
g fotr o E[El’cl] and Q R,

marginal revenue is coatinuous, that ", is positive and

rontinuonsly differentiatbtle on [EI’EII’ that Eg iz twice
continuously differentiable and that R is strictly positive.-
Then, by a theorenm in differential egquations {(see Pontryvagin
110}, pp. 20-22), therve exists a marimal Q* such that

ﬁ{m[ﬁi}} = El’ a boundary cénditiun, and such that J satisfies
£3) on [m{flj,q*}. Two possibilities then arise, acecording to

wherther % is finite or infiaite,

If 0% ig finite, then o{Q}+ -* as Q + %, and in



-27-

1 El] in its range. That

g is unbounded below ir this case can be seea by noting that

pavticular, o(Q) includes all eof [C

g could be undefined for O greater than 0% ouly if it becoaes
anbounded asz 4% is approached from bYelow, and that the slope
of @ is negative or zerp, whiech Iinsures that 1t goes to minus
infintty in this case. The claizm regarding the slope of
¢ 13 3 result of the faect that «{Q) #* MR{J) with equality
if g = m(?;'l). Te see this, note that the boundary ceondition
U(m{El}} = El osans that U’{m(El}} = 0, while dMR/4dQ < 0 by
assumption, Thus, ¢ exceeds ME on somne interwval
(mEl), H(El} + 2}, Moreaver, of{Q) - ME(Q) c¢an never decline
zeTo, hecau%e 1f ofQ) = MR(Q), then {0 = 3 > HR'(Q). It
follows that ¢ exceeds ¥X for 211 Q > =(C)),

If Q* 413 infinite, we must verify that C, > inf (07

~1 sziﬁl}

order for the ranmge to include € . But if this did not held,

l

i.e., O > n{C )}, we would have

then whenever MR{Q) < El’

HR(Q} = EI.
t q - ' L] 4
Tt (4Q) TS ﬁlT'(Z)R“{Z,T{Z}) _Tﬁen, nrovided that
Z oz [Ql, Cll
MR{O) < £ for larze enough 9, which will be the case if the

simple monoepoely solution exists, there would exist B such that

3'{Q) « B < 0, and so0 lim 5(Q) = ~«.
Q+m

Thus, the rtange of & includes [C

—I’Ell and, as we have

already argued, o' is negative except at m{?l}. Thus,

- 1 , .
8 = o gxists, and 1s easily seen to he a szolution to the

differential equatien {(2). With cendition (i),

to

in
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ERIBCI 4 0 implies the condition in Theorem 1, se that {(s,t) is

an equilibriun.

The oreceding results poliat to the existence of an
gguilibrium in whieh the =nonopolist's strategy is & cenblnuous,
decreasing funciion of its costs, ia which case it will be a
solution of (2)., However, typicallvy there will be a whole family
of solutions to thig differential e¢guation, with the solutions
parameterized by a houndary condition. Further, uader nour
conditiens, a whole range of these would be equilibriz. IThis
apn-unigqueness is something of a2 problem (as is the non-
unigqueness of Y¥ash equilibrium Iin aay medel), since the theory
“dees not provide a complete guide to hehavior: 2 must actually
tnow which solution | is using and 1 must know (aad use} the
solution that 2 helieves 1 is uysing. While we would insist that
this is neot a2 problem that 1s particular $o ocur model, but rather
g one that arises in any sort of "ratienal expectatioas”
Eramawork where inferences are being made, it does remain a
difficulty.

Howevar, there ic o¢ne solution which is most appealing on
ecenomie grouads in our medel., This is the one given by the
boundary condition S(El} a m{ﬁl)-.in it, if the nmonopolist's
actual costs are the highest level conceivable, 1t does not
engage in limit pricing. {In all 2ther solutions,
m{El} % s(El}}. The appeal of this solutionm is that at El’ there

is no need to lower price and forepgo presant profits to
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distinguish one's sgelf

from higher ecost firms,
exist. in any of
of T

since none c¢could
the Invertible equilibria,
1 will

a firm with costs
stand revealed ag a weakling:
up profits

why then should it
when It will gain noething?
i solution to (2}

ziva
In fact,
with

the onlvy way that

m(El} < S(Ell can be an equilibrium s by
specifyieg t in such a way that an observed value of @, which is
legs than

5(31} hrings on additional eantry.

This corresponds to
the entrvant's believing that such a Q; value was produced by a
firm with costs higher than the

is not specified in

this wav,

highest lavel conceivable.
a

If ¢
always depart £

monopelist with gosts
iom the

C
strategy

1 will
given by (2 and produce
The importance oi

this 13, of course, that by the uniaueness
theorem of differential equations, there is a unigue solution
2} with

il
m{El} = S{El}' It is this equilibrium we examine in
next section.

the

III. An Exanple
In this

section we consider an exanple

with lipear demand
and particular distributions describing the agents'
COSTS.

beliefs about
We are able thea te compute an squilibrium ewplicitly and
analyze it. |
Specifically, suppose P =
€. < afz,

=

i=1,2.

D{Q) = a - b, Ei

2 and
{These latrer conditions

guarantee that the
first order conditions define the Cournot egquilibrium.} Then we
have the follewing explicit forms:
o 2
HCI{Q) = (a-C1}Q - b0
i ey

2
(a=C 1) /Jéb



EEE

2
m%¢cy,e0) (220 +C3) /9b

c 2
13(C1,C2) (a+C1-2Cz) /9%
Y{Ci)} = (a+C1-3/bK)/2

R{Cy,Y{L13) = EZ{&—CI}JEE ~ bKlf4b
Hote that {f ¥=0, then R(C;,7{(C1)) = 0 for all C;. Then, as
we argued earlier, thare will be no limit pricing in
equili®»rium, Thus, we will henceforth assume that ¥ is strictly
positive. In addition, we will assume that Y(El} 4 Eg, so0 that
evern a high cost established firo has some incentive to attemsot
to misrepresent its cest. Finally, we will assume that y(0O3 > 0,
or equivalently, that a > EWEE, 50 that even gero-cost firm
face some threat of entry. We will relax this latter assunmption
later.
With this particular specificatiun, the first ordar
condition (2) yields the follewiang differencial equation
0 = {a-C1) s"{C1Y = 2bs'(C1)s{C)

8 .
T ha{Y{C)ICidi2(a~C 1)/ bE - BE]

or, substituting for ¥, and rearranging feini3.

a+C; - 37b¥ _
§1hy( -~ Icy3[2¢a - C1)¥3K - BRI

EBbla - €1 - 2Zbs(C )]

s'{L1) =

We stil]l have to specifv the density Tunctisn desgribing
beliefs., To meet the first order conditions, we need in fact
specify it oaly at points (€1, Y (Ci)), C; ¢ [0,C0;]. One simple

Forzulation which allows an explicit solution for s is to let
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h; be any nenber of the c¢class of densitles parameterized by o
with
a + 01— 3¥BHK

a (v (C1dC1y E Ry Y o= Bupi{2(a-C )Y - BK),
2

This expression remains bounded and non-negative as loag as X and
the parameter @ are both strictly positive and a > JEE, which
we Mave already assunmed., The relevant differential equation then
is s'{Cp) = d1pf(a-C1-28 s{C;3).

The relevant part of the family of solutions to the
differential equation is grvaphed in Fizure l. Members o2f the
family below the lowest one shown are not defianed on all of
[D,El] since, for the lowest one graphed, s'(C;} goes to infinity
ag Op = El. Tr is this stratesgy whose exiztence is the subject
of Theoren 3 and whic¢h i3 the unique oae with
s{C1) = @m(L;). Those solutions that lie too high in the {(C;,0) -
plane fail the non-negativity of profics test.

All the solutiocns are nmonotonic, decreasing functions, as

posited, and iavolved Ilimit pricing. However, ags suggested in

Fi1

the last section, we will rconcentrate on the one in which a firm

with Cl = Cl adopts the aonepoly price aanad quantitvy. We call

thig principal szolution.

Since the »rincipal selution has an infinice devivative at

Cl’ integrating directly is a problem. However, the

differential egquation for the inverse functioen, which is given by

3
i 1P

C1(Q)  a - €1(Q) -~ 2b0
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ig well-%ehaved. Rewrite this as

t CI(Q} a — 2b0
CI(Q} + ‘5_'1_';—_ = T:

multiply both sides by exp(0Q/S;p), and note that the resulting
expression on the left hand side is the derivative of
C:(0) exo(Qfd;p) with respect te Q. Then iateprating yields

C1{0) = a — 2bQ + 2bpd;p + k exp(-0/dip)

whaere k is5 a2 constant of integratiom. Thus, s, the sglution te

the original Equation,6 satisfies

€ = a = 2bs{Cy1) + 2b81p - k exp[(-s{Cy)fd1p].

Usiag the boundary condition s${Ci)} = n{Ci} = (a - C3)/2b,

wa Tthep obtailn

n(Ci) - s{C1J m{C1) - s(C1)
= am i
0 s + 1 exp TP {4)

By Theorem 1, this s¢lutien with the apocepriate
spacification of ¢ constitute anm equilibrium.

It is ralatively strajightfiorward te obtain comparvative
staties results from {4), recognizing that n and s depend on a
and % as well as on € and that, in addition s depends on
g, §1 and El- Firsf, lesting & = [ﬂ{El) - s{C1}¥]/31p, one

ohtains
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b+ (a=1) explA)
1 - exp(4)

3sf¥p = &y

p [1 + {1-a) exp(A)]
1 = exp(AY

dgfud

I

and

axn (Al
2b[1- exp{al]

3s/3C, =

Since 1 -~ exp(a) = [s(Cy) — =a{C1)])/81p from (&) and since
£s{C1) » n{C), the denominatsrs in each of these expressioans is
positive for Cy < El. Thus, one immediately <¢aes that s(C))
iacreages as El, the highest conceivadle cost level, increasss
(assunming tht h; is nodified appropriately) . The iatuition is
that the nossiblity of cost levels higher than
El causes a firm at C; to begin limit pricing in order to
distinguish itself from higher cost firmg, and then, again to
distinguish thenselves, all lower cost firms must further
increase thelr osutputs. 4 well, zince
1 ~ exp{A) » 0, we have A4 € 0. Thusg, 1 + {1-4) exp(A) » 1 and so
both 3s/3p and 35/394; are posicive: as the probability of
marginal entry or the value of second period profits iancrease,
limit priciag increases.

To develon a tractable example, we selecred a density
FuHCtion Ay which is defined in terns of a, b, and %. For this

reason, the usual sort of compavative statics analysis on a, b,

LY
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and K does unot isoclate the effect of variatieas in the demand
parameters and entTy costs. The effect of the particular density
wa hawve chosen is to make the bonus to detevring eantry at the

[ * - -~ -
marzgia a constant: R [(Cp,r(C)y £ 62, Thus, comparative
staties analvsis on a and b ispolate the effects of variations iIin

the first peried demand parameters only.

In considering the impact of changes in a and b on limit

pricing, one must vecognize that these pavameterys affect the

=
rr

mononoly solution o as well as the limit pricing solution s.

is appropriate, therefore, to consider the effect pf these

variatioa on s{Clj - n(CIJ. The reswults are ecasily obtained:
T,
3s _ 1. _ 2m
da 2b da
and
R 2 s

Thus an increase in a siaply shifts m 2nd 8 upward by egual
amounts while an increass in % narrows the gap between m and

5 Both of these affects can be uanderstood in terms of the
iapact of the parameter variations on the marginal revenue
funetion. The marginal cost of zigralling at level § for a firm
with costs Cl is €y, - MR{O)Y. The marginal %Yenefit at cthe
ocptimial lewvel is, as notad earlier, ©dip. At equilibrium,

S1p = C1 = MR{s(Z12) = 4R(m{C1)) - MR(s(C)).
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Yariavions ic 4 do not alter the slope of MR, and so these

variations do not affaeect s(C;) - m{C;). Increases ia b make the
MR line steener {(dMR/4AGQ = —-2b}, and s¢ tend to reduce
s{C;) - ml{Cy). 1In effect, increases in b raise the marginal

spportunity cost of signalling, and this accounts for the
reduction in signalling,.

To analvze the role of entry costs K, let us abandon tfhe
specific density used in ocur example. Instead, let h %e any
dositive density on [Lz, Ez] where O € €z ¢ €a & a/2., 1f there
are no barriers to entry (X = 0), then as observed earlisr, thers
is no bonus earned from deterring the marginal entrant:

R{Ci, v(C13) £ 0. ¥Moreover, in this case, even the highest cosc
competitors can enter prefitably against low cost established

irms, because Y(C1} ? af2 for all C; » 0.

i

Consequently, entrvy deterrence 1is hopeless and no limit
prieing takes place. Similarly, if barriers to entry are very
high (%X » a /&k), then no ¢ompetiter cpould aver enter
proefitably, and ae linit pricing takes place. {fn terms of

0.

ten

analyrics, both hizh and low values of B lead to h{v(C1}]
Then equation (2) implies that ¢ = m). Onaly intermediate values
of X (i.e., modecvate barriers to antry) lead to limit priciane.

It nmay be useful to be able to visualize our equilibriunm
solution graphically, as ia Figure 2. In the first quadrant e
show the principal equilibrium strategy 5 and the sinple monoepoly
puteoome m.  The line in the second quadrant gives the {identitwy

map, while that in the third guadrant iz the graph of
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v for one value of . Using these parts of the diagram, one can
ronstruct the strategy for the entrant which is optiliamal, ziven
any strategy assumed for the established firna.

In particualar, suppose the entrant ochserves Q*. Then, givén
g, thiz corresponds to costs of CT. Tracing thrgoupgh the second
and third quadrants, this vields T(ﬂt} 28 the matvsinal cost at
which the entrant just recovers the entry cosis K. Then if
Cz « T(CT}, firm 2 should enter, and If ifts costs exceed this
level, it should stay out. FRepeatiang this process for maeh value
of O ina [D,El] vialds the zolid line in tha fourth quadraat for
g e [s{Cr), s(0)] Then, for wvalues of  in this razge, the
optimal strategy is defined in terms of sntering or not depending
on whether (C€,,0) is to the right or left of the line inm the
fourth gquadraat.

Gne c¢an use this diagram te help see that the sinple
gonepoly solution does noet correspond te an gguilibrium. The
arpument, however, 1s basically that given garlier. The dottead
line in the fourth quadrant is constructed from m using the above
procedure, and thus 1s the best response te nm. Now we aust see
if m ig, in turn, & best response to Lt. But this can be seen
not to be the case., For example, if the established firm has
costs Ci € El’ it faces entry by fTirmg with costs lezs than Cé.
By iacreasing output slightly te wm{CY), which has an effect on
prefits of (C] - Ci}zfﬁb, it rcauses 1tself toe be zeen as z firm
with costs C{. Thiz eliminates enktry by firms ian the region froum

Y(C1) to Y{Ci). The length of this region is of the order of

{CI - Ci). Thus, the effect on first pariod profits is of the
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2
osrder of =-¢ , where & I3 the increase in production, while Lf
R* > 0, the effact on second period expected profits is of the
srder of #. Thusg, at least a szall deviation from w iz worthwile,
and m cannot be an equilibrim strategy for the eztablished firm.

This graphical techanique Ia fact does not genevate a full
strategy for firm 2, gince ir determines only the entry deﬁision
for § walues in the range of s, While.Z‘s gtrategy must ba
defined for all § ¢ R+. Az noted earlier, for other valueszs of 3,
a variety of arbitrary specifications of t will do, since ian the
gagullibrivm play of the gasme values of Q ocutside thiz range will
nekbk arise. In particular, as long as t iz specified so rthat an
observed Q > ${C31) leads to no less entry than does
s{Ci) and an observed Q < sﬁElj laads tos as much entry as does
stE}, then we have a full equilibriun which also meets the
requirements of Selten's "perfect equilibria”{lé].

Let us now consider the possibility that eniry ¢os$ts are 50
high as to preclude successful entrty against low-c¢ost established
firms bur anot against high-c¢est firas. This is the case where
azfﬂb > E > azfgb. In thi; case, the ¥ funcerion as defined above
is unegative for low values of Cy, and an estadlished firm with
lew costs faces no threat of entry. Yet, somewhat surprisingly,
such firms may still practice limit pricing.

To sea this let T{CT) =0, i.e., CT = 3/3K - a » 0. For
£, = tCT, C.)], the differantial equation (2) =srill specifies the
established firm's strategy which will %e given by the function
s{*) given abave. For {3 E[G,C?}, no potential entrants could

successfully enter, and thus there Is no direct reasen to adepk a
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limit pricing strategy. However, if wm({1) ¢ [s(C?}, s(C1}], a
firm which produces the simple monopoly quanity is producing the
same guantlity as some fim with costs of sdlimiﬂl}}, which is
greater than CT. Against such a anon—invartible strategy, the
opptimal response for the potential entvant is to enter after
absevrving a quantity Q 1f the conditienal expected profit axceeds
K, where the expectation Is with respect to firm 2's beliefs
about C,;, conditioned on 1its own costs C, and on the event

= s(Clj » Then, if €y is less thaa but close to CT, the
established firm will In facr be threatened by entry., (Of
course, if such entry occurs, the entrant will not recover_the
full amount K). This threat provides the firm with an iacentive
to iunerease its puiput from the oonopoly level. Thus, these
firms practice limit pricing, even though theg fFace ne threat of
successful entrvy.

In particular, if firms in the range [U,CT} et thaeir
sutput egual to max {m{cl),s{cq}}, they can prevent all entry.
ilnder certain specifications of 31{'1'}, this simple rule with
the correspeonding best reply by firm 2 c¢onstitutes an
egquilibrium. {This.situation is graphed in Figure 3}.

It is elear that in the range [D,CT}, thers £s no incentive
to produce nore than wmax {m{ﬂl},s(GT}}, since this iavolwves
foregoing first period profits and has ne payveff in teras of
preventing entry. Alse, there 15 ne reasen to produce less than
m(Cl). The issue is then whether a fira with costs 0 < G? will
find it advantageous to produce lesa than s(CT}. It is easvy,

however, to verify that the conditions te the lemna In the
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previous section are met on ED,C?} if we assume that €; and Oy
are independently distributed. {(Note that we must respecify h,
in any case, since for £} < CT, Y{C1) as defined above is
putside [0, EZ]}. The lemma then implies thar s is nen-increasing
so that s(C1) 2 g{CT} for C1 4 Cq, The econclusion then follows.
I¥. Comnclusions and Possibhle Extensions

By modeling the decision ma%iag of beth the established Eirm
and the potential entrant via a gaame of incomplete information,
we nave not only obtained the familiar resul: that it is in the
interest of the established firm to lower prices in an attsmpt to
liaic entry, but also the surprisiag result that in equilibriunm
this linit pricing dees not 1init entrty., This resalt has very
much the flaver of rational expectations: in equilibrium,
potential entrantg cannot be consistently fooeled, or more
pracisely, their beliefs cannet be systenmatically biased. OF
epurse, it sheould by now be clear that if the monopolist were to
change the guantity it was produciog from its equilibrium value,
there would be an impactk on entry: indesd, this effect is the
reason that linit priclag arises in our model. Rathsr, the
comparison Is between the entzy which occaors in our equilibrium
with ILimit prieing and that which would osccur If ne limit pricing
were to take place and the entrant were to be agware of this,

Pregumably, what would happen in the sort of situation we
are considering is that established firms would not want to get
igvelved in playing the losing game we have studied here. Two
possiBilities then would seem open.

First, the price ocutput behavior adopted by the established
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£{zm might not be what we have assumed. Although the strategies
in our nodel are elements of function spaces, the equilibdriuvm we
have exapined is a siwmple Wash equilibriem. As such, it is
subject to th&.usual objections te Mash equilibria. These are
familiar to economists €row the Cournot moedel. One aight, for
example, then conjeciure that some analogue of the Stackelberg
nodel would describe behavior better.

In this ¢onternt, a Stackelberg equilibrium would invelwve the
established fitm predicting that for any strategy which it
gelects, the entrant will choose a best response Lo its
stratesy. The established firm would take account of this
predicted response In selecting its strategy. It appears chat
the simple monopoly sclutien would result,

The maina problem with this Stackelberg solutioen—-—and,
indeed, with any non-¥ash solution-—is that it is likely to be
auite unmstable., WUnlike the Cournot model, the limit pricing
model involves sbrategles which cannoet be fully obssrved. For
this reason, firms in our zodel can deviate from equilibrium
hehavior with impunity whenever a deviation is profitabhle. Only
Nash eaquilibrium strategies have the stability property that
neither firm ever finds a unilateral deviation ko he profitable.

4 sacond possibility for the established.firm would be to
attempt to separvate Iits current priece and gquantity choices from
the ¢ompetitor's eatry decision. The industrial organizatioeon
literature suggests nne possible approach to this: develop other
metheds of deteving entry such a8 excess capacity, advertising,

etc. (See e.g., Spence [18] and Salop [13]). The difficulty
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with thage techniques 1s that they would net seem to rTemove
completely the Link hetween gurrent costs and. cutput. Thus, they
would not elininate the 1incentive to sngage in lizmit pricing,
even though it 1Is ultimately a fruitlsass strategy. An
altarnative approdch which would be effective in the context of
sur modal is to deavelop an Iandependsnt, ¢redidle signal for Cy -
Then, if the establiszhed firm's costs were know to the potential
antrant via this signal, the established firm would be free to
practice short-term profit maximizarioen., This sugrests a
previcusly uarecegnized function for the publicarion of financial
statements which have been zudited by a public aceournting firm.
3y certifying as te the accuraecy of the cost figures ia the
report, the CP4 firm is providiag credibilicy for such an
indepandant signal and thereby is promoting monoewvely priciag!

If o=ne takes this suggestion seriously, the apparent
reluctance of firms to provide financial data éy product line
must be attributed either to their perceiving no gain in
deterriag entry by osublication of this information or to the
presence of.other beneflts te maintaining secrecy, Fossible
bases for the latter alternative would seen to lead us far from
the present wmodel, but the former reason for secrscy might be
explained not only by a hypothesis of ignorance bhut alsoe i tarms
of some of the possible extansions of the model we consider now.

Tirst ome nmight wamt to dnvestigate situations where the
established firm has a meore general cost structure, with twoe or
more unknown parameters being necessary to identify the cest

function. In such situations, thae siangle variable, ocutput, would
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not be a2 sufficient signal for c¢cost, and Ifull favertdhility wounld
not “e sossible. In a related wein, 1if first pveriod demand is
oot know exactly by the entrant (but is by firm 1) or if

2, f{or ) 1is not observed precisely, our analysis 1z agazin not
directly applicable. As well, if one aodels the secoad paried
more fully to allow for such phenomena as predatory priciag by
the established firm, thea a second characteristic of the
established firm, its ahility or willingness to carry out
predation successiully, hecomnes Impovtant in the eatry

decision. Again price or quaatity cannot siganal all the relevant
information. We plan t¢ examipe in fatura research such
situations in which there is more than one relavant
charackeristic whizh 15 uncertain.

However, even If we admit the possibilty of noisy signals
which do not allow the exzact Inferences which are possitle in the
present mnodel, the basic characteristic of the raclonal
expectations, 3aves equilibrium--that beliegfs cannot he
consistently blased in equilibrium--should not be altered. It
may be, however, that the equilibruim nay influence how
informative the monopolist's behavior is $o the eatTant. In the
model we have analyzed, both m and 5 are ipvertible, so both are
equally inferoative. Thisz iz whvy both lead to entry in ezactly
the same circumstances. ILn meore general formulatioms, three
athey possiblities arise: = may vield strlectly finer dinformation
than s (as alréady pceurs in our wodel when there is a pooling
equilibrium); s may vield finer iafor;ation than wm; or they may

be informatioenally noun—comparable.
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Suppose first that limit pricing blurs information. If
entry woeuld only varely be profitable under full information,
limit priclapg mav deter entry by increasing the risk faced by the
eantrant, But if entry is usually preoefitable, limit priciag which
deprives the entrant of ifnformation may eacourage entry in
situations where the entrant with better informafion would stay
sut. Similarly, if liait pricing it provides better cost
information thaa does nalve oonepoly behawvior, lindt pricicg may
aither discourage or egncourage entry ic particular situations
telative to the low inforamaticon situation, Finally, it is clear
rhat in the nan-comparable case, entry might again be either mors
ar less likely undey limit prizing than under naive behavier.

The basic message of this discussion, and, indeed, that of our
whole paper, thus reappears: There is ne basis for an inmediate

presunption that limit pricincg has any iapact in deterring entry.
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Scherer ([I14&4], p. 219) gives references for 12 papers
which he conslders to be among the wmove important
contriburions to the area written before 1970,

sat-up allows the possibility of the established firm
acting very aggressively agalast early entrants 1a order
to develop a reputation which will deter later potential
entrtants. This gort of behavior caunnet easily be
explained in a complete informatisn context (Selten
[I53)], Rosenthal [12], but would seem to constitute a
potentially dmportant phencmenon. Ia fact, both we and
N, Kreps and R. Wilson are c¢currently studylng this
izssue.

It is eclear that no limit priciag would arise in this game.

Jarsanyl discusses conditions for given distributions Hy and

He to be the marginal distributlions for some
distribution and argues that this "coasistent case” is
the appropriate one for modelling purposes. However,
nuch of what follows here does not depend on this
conslstency assumption.

It may seem odd that, even though ficm i Znows its true cost

Note

leval, a strategy must gspecify what it would do 1f its
costs were sonmething other thanm they actually are. This
construction iz, however, crucial to avoiding the
infinite regress noted above. It mary help to think of
the stratagy for i as giving what j conjectures that i
would de for any of the cost lewvels that 1§ aight

have. In equilibrium, this aust be a correck
conjecturea.

that we obtain twe branches for £ ian this faghion,
corresnonding to the ifncreasing and decreaslong parts of
CI{Q). tnly rhe branch with s # @ relevant.
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