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AESTRACT

An event A is common koowledge among 2 group of agents if

-each knows A, each knows that zl]l know A, etc, An event B is

call a public _event if, waenever B occurs, every agent

necessarily knows that B occurs. It is showm that an event is
common knowledge I1f and only if it is a logical counsequence of «
public event that ccours. Moreover, public events aud events
witlch are common knowledge provide a convenient perspective for

thinking about raticnal expectations trading models,
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Intuitively, an event 4 is common knowledge among a group
of agents if each agent knows A, each knows that all know A,
each knows that all %now that zll know A, ete. In this case,

th

the "ete." encompasses an infinite sequence of conditions,
each more stringent than the cne before. In s recent paper,
Aumann [1l] formalized the idea of common knowledge in the

following zimple way.

Lei (R,p) be a finite probability space and let P and ¢
be partitions of @ representing the information of two agents.
Let % be the meet of P and ¢, i.e. the finest common coarsen-

ing oI the two partitions.
(1) R=7P4A0Q
By the notation P@) (resp. ¢{), R{w)) is meant that element

or P {(resp. @,%) which contains w.

Definition: An event A is common knowledge at » (w ¢ &) if

Rée) CA.

Aumann used this definition to state and prove a theorem

asserting that two experts cannot "agree to disagree.™



Theoram 1

Suppose that for scme event 2 and some 2 it is common

knowledge at « that p(B|P) = a and p(B|¢) = 5. Then ¢ = §.

Thus, when two experts have identical prior beliefs and each
obtains some private information about B, if each knows the
other's posterior belisfs, each knows that the other knows his

beliefs, etc., then these vostericor beliefs must be identical.

Geanaxoplos and Peolemarchakis [2] extended this result by showing
that if two experts simply communicate thelr sosterior belizfs
back and forth, then they "will be Jled to make revisions that
converge, in finitely many steps, to tﬁe commen, egquilibrium
posterior. "

These results are set in a non-economic contexéE but thay
suggest interesting econcmic guestions. When traders exchange a
risky security on the basis of private information, are they not
"agreeing to disagree” in some formalizable sense? What sort of

informational exchange leads to eguilibrium beliefs in various

trading mechanisms?

Recently, the idea of common knowledge has been ex-
tended to the case of many agents and applied to the znalysis

of 2 rational expectations trading model [3]. Formally, let
partitions Py,...,P, represent the information of agents 1

through n, respectively, and let R be the meet of these n par-

ririons.

(2) R = PI_ 1'4'. L J"L P .

Then common knowledge is defined just as above, with R inter-

preted according to (2.
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In the study of trade ameng self-interested rationmal traders
in uncertain environments, one cannot gain a good intuitive
grasp of the standard results simply by recognizing that each
trader knows that the others may be basing their deecizions on

private information. It is also necessary to recognize that '

—a

each trader knows that the others know that each is using his
information, etr:.2 Lat us see how this peint of view is used.

Suppose that there are n traders and ¢ commoditles. States
of the world are points in the finize set &£ ¢ 9x X. Each trader
i iz characterized by a strictly concave vwon Weumann-Morgenstern
utility function Ui=Ehf ~ K, a random endowment TR ﬁ.Ri; and
a probability measure p; on 2, HNote that 2lthough states of the
world have the form % = (8,x), traders' endowments depend only on
3. Thus, ? can be regarded as the "pavoff-relevant" aspect of the
enviremmant. ©0f course, full or martial knowledge of x may convey
useful information about &.

4 8~ contingent tfrade 1s defined to be an n-tuple
t o= {tl, ...,tn] of functions ti:e *WR? Fach trader's information
is represented by a2 partition in the usual way.

¥Now suppose the traders trade to an ex ante Pareto optimum
before observing their private informaticon. When the private
information arrives, the marginal conditions will, in general,
he disturbed, and markets might tharefore be reopened. But can
risk-averse traders really agree to a trade based solely or dif-
feraences in information? & negative answer to this gquestion is

given in [3], and a slightly specialized version of that thecrem

1s stated below.



Theorem 2
Suppose that the traders have identical prior beliefs (91:*--=Pn}
and that the Initial allocation{él, ---; € ) 1s Pareto optimal ex

ante (before any informacion dacomes available) relative to d-
contingent trades TLett be a proposed §-contingent trade
ex post and suppose it is cormon knowledge at some o that {3)-(5)

ﬁold_(i:e,,that the trade is feasible and acceptable to each trader).

(3) 5 0
£, <
i=t * °
{4) ¥ie, +£;20
(3) E[Ui{ei + ti)lpi] > E[ﬂi(ei) | Pi]
3
Then tl(m} = , = tn(m} = {,

Additional applications of the common knowledge ildea arise
fregquently. Wilson [3] defines an efficient allocation in a
world of differential information in a way that ¢an be stated
succinctly using common knowledge: A contingent-allocation x is
gfficient if there is no other allocation v such that it is common
knowledge that all prefer y to x. EKobayashi [4] investigates
the convergence cf beliefs problem in a way that resembles Lhe
Geanakoplos and Polemarchakis work. Additional resultis using
these ildeas can be fourpd in [3]).

The applications cited zbove amply demonstrate the usefulness
of the formal notien of common knowledge. Since the formal
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definicion is regretably far-removed from the original intuitive
idea, it may be useful to describe comron knowledge in terms
of its characteristic properties. Formally, I treat the prob-
lem of characterizing common knowledge as one of associating
with each event A snother event K, with the iaterpretation

(63 - K& = {% € 9}4 is common knowledge at /.

Consider the Iollowing four properties

(P1) - Ky €4

{P2} Tw EKA i Pi[cu} <Ky

(P3) BE & => KB o Kﬁ

(P4) {¥iVuw €A Pi(uw) & Al => A = K -

Condition (Pl) asserts that A4 can be common knowledge
only 1if & actually ocecurs. Condition (P2) holds that if &
is coumon knowledge, then every agent knows that A is common
knowledge. Beginning with (P1l) and applying (P2) Tepeatedly,
one can infer that A is common knowledge only 1f 4 occurs,
each agent knows A, each knows that all know A, ete. Condi-
tion (P3} holds that whenever B 1ls common knowledge, any logi-
cal consequence of B is alsco common knowledge. Condition (P&)

asserts that public events are common knowledge whenever they

pecur. The antecedent in (P4) defines a public event: it is
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an event wnich, 1f it occurs, will be known to every agent.
I offer two examples of public events which arise in a trad-

lng context.

Suppose that trading is controlled by 2 Walrasian auc-
tioneer who announces prices until some market clearing prices
are found, We may imagine that at the close of trading, the
auctioneer announces the equilibrium price vector p to the
assembled traders. Then no trader can fail to know that "p
is the equilibrium price wvecteor™ whenever such is the case.
Similarly, no trader can fz2il to know that the net trades pro-
posed by the wvarious traders at the finzl round of the

ratonnement process are feasible.

If trading takes place through some bargaining process,
one may suppose that various proposals and counter-proposals
will be made. At the close of bargaining when the traders sign
the final documents, each trader must know that "this parti-

cular bargain is acceptable to everyone."

Theorem 3
There iz a unigue function K satisfying (P1l)-(F4) and

it is given by

(7 K, = {ulR(u) = A).
Proof:
Cne can readily check that the function defined by (7)

satisfies (P1)-(FP4&), thus proving existence. For uniqueness,
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take any event A. It follows from (P2Z) that {KA’KE} is
coarser than any of the partitions Pl*"'*Pn' Since

R = Pl Aoy APy is the finest common cearsening, it fol-
lows that for all 4 ¢ KA’ R{w) < Kp. Hence by (P1) R(w) < &

for all o ¢ K

47 which is the meanirng of the statement:

(8} K, S{w[R{w) < A},

Nextr suppose u is such that f{u) € A. Then by (P3),
KR(m) <K, It is straightforward to check that R{y) is a
public event, so using (P4) leads to B(u) & Kﬂ and, in

particular, to ¢ € K,. This paragraph has shown that

(93 {wiBu) e Alc KA .

Taken rogether (8) and (9% establish uniqueness.
' Q.E.D.

Corollary
Any definicion of cormon kmowledge consistent with (8)

and (Pl)-(P4&) is equivalent to Aumann's definition.
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Notice that the proof given above implicitly defines
two characterizations of common knowledge. The first part
of the proof implies that K, (as defined by (7)) is the most
inclusive set consistent with (P1l) and (P2). I argued esar-
lier that (Pl) and (P2) characterize the requirements of the

intuitive definition of common knowledge.

The second part of the proof implies that Ky iz the

least inclusive set consistent with (P3) and (P4). So an

event is common knowledge at w 1f and only if it iz the
logical conseguence of a public event that vccurs at w.
Since the elements of R are all public events, this second
characrerization gives intuitive content to Aumann's formal

dafinition.
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FOOTNOTES

1 The Economist (December 2%, 1978, p. 7) has offered a

common Xnowledge style analysis of recent events in the
international arenz: "In the weird multibluff of nuclear
arms, the Russians know the Americans believe the Russizans

think the Soviets could win a first strike nuclear war. . "
2 For an example which emphasirzes this point, see [3], page 12.

3 The proof proceeds by showing that if the trade t 1s not null,
then the trade t defined by tj = 1{2E[1R(m) tila } is feasible
and ex ante Pareto improving. Intuitively, galns from trade can
arise in this setiing only by systematically outguessing other
traders. In a rational expectations equilibrium, some trader
must realize that he cannot outguess his trading partnars,

80 no trade takes place.



