~ A Service of
’. b Leibniz-Informationszentrum

.j B I l I Wirtschaft
) o o o Leibniz Information Centre
Make YOUT PUbllCCltlonS VZSlble. h for Economics ' '

Hoffman, Elizabeth; Packel, Edward W.

Working Paper
A Theoretical Approach to the Decision to Stop
Deliberating Over Legislative Alternatives

Discussion Paper, No. 386

Provided in Cooperation with:

Kellogg School of Management - Center for Mathematical Studies in Economics and Management
Science, Northwestern University

Suggested Citation: Hoffman, Elizabeth; Packel, Edward W. (1979) : A Theoretical Approach to
the Decision to Stop Deliberating Over Legislative Alternatives, Discussion Paper, No. 386,
Northwestern University, Kellogg School of Management, Center for Mathematical Studies in
Economics and Management Science, Evanston, IL

This Version is available at:
https://hdl.handle.net/10419/220746

Standard-Nutzungsbedingungen: Terms of use:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen Documents in EconStor may be saved and copied for your personal
Zwecken und zum Privatgebrauch gespeichert und kopiert werden. and scholarly purposes.

Sie durfen die Dokumente nicht fiir 6ffentliche oder kommerzielle You are not to copy documents for public or commercial purposes, to
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich exhibit the documents publicly, to make them publicly available on the
machen, vertreiben oder anderweitig nutzen. internet, or to distribute or otherwise use the documents in public.
Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen If the documents have been made available under an Open Content
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten, Licence (especially Creative Commons Licences), you may exercise
gelten abweichend von diesen Nutzungsbedingungen die in der dort further usage rights as specified in the indicated licence.

genannten Lizenz gewahrten Nutzungsrechte.

Mitglied der

WWW.ECONSTOR.EU é@“}


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://hdl.handle.net/10419/220746
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

Discussion Paper No. 386

A THEORETICAL APPROACH TO THE DECISION TO STOP
DELIBERATING OVER LEGISLATIVE ALTERNATIVES*

Elizabeth Hoffman
Northwestern University

Edward W. Packel
Lake Forest College

May 1979

Draft: Please do not quote.

*This research was partly supported by The National Science Foundation,
(Grant SOC 790-7366).



INTRODUCTION

Since the publication of Arrow's (1951) results on the
impossibilitf of generating a well-bghaved social welfare function from
transitive individual preference orderings, there has been considerable
scholarly interest in the predictability of collective decision-making.

In the special case of majority rule, it was supposed that "feal world"
distributions of preference orderings would frequently lead to the existence
of alternatives that could not be defeated in pairwise majority votes,

thus avoiding the spectre of Condorcet cycles. On the contrary, such
majority rule equilibria or core points have been shown to exist only

when exceedingly restrictive symmetry assumptions are made about the
distribution of preferences (Plott, 1967; Sloss, 1973). Moreover, Plott
and Levine (1978) have shown experimentally that by manipulating the agenda
it is possible to effect any outcome among the élternatives, even when an
equilibrium exists. And, Hoffman and Plott (1978) found experimentally
lthat by changing the voting procedure it is possiblé to change the
probability that a 5-person, majority rule committee will adopt the
equilibrium outcome.

When equilbria do not exist, there is no generally accepted

7 —prediction of the outcome. 1In fact, recent results suggest that any
point in the alternativé space might theoretically be the outcome of a
majority rule voting process (McKelvey, 1976; Schofield, 1979). Yet,
experimental results suggest that outcomes fall into possibly predictable
distributions even when equilibria do not exist, (Fiorina and Plott, 1978;

McKelvey, Ordeshook, and Winer, 1978).



Thus, both when equilibria exist and when they do not, the
theoretical and experimental results run somewhat counter to one another.
This observation suggests the need for an alternative set of theoretical
models which can be verified ex;erimentally. A recent paper by Ferejohn,

Fiorina and Packel (1978) provides a step in that direction. They

recognize that, even when equilibria do not exist, transactions costs and
political realities should lead people to choose one particular solution

in finite time. The end result of the model developed in their paper and
generalized in Packel (1978) is a probability measure over the set of

alternatives, henceforth referred to as the stochastic solution. Thus,

the attempt to single out a restrictive set of alternatives as the
solution is abandoned. 1Instead, a nondeterministic approach assigns a
numerical value to each (measurable) subset of alternatives, representing
the probability that the final outcome will beléng to the subset. ~Since
the stopping model we propose builds upon the stochastic solution approach,
we briefly summarize the definition and main properties of the stochastic
solution.

An alternative representing the initial status quo is selected
randomly. The probability, at each stage, of moving from the current status
quo to a new status quo is proportional to the number of minimal winning
coalitions preferring the new alternative to the current one. A Markov
chain model thus emerges for describing and computing the stage-by-stage
status quo probabilities. Final probabilities and the stochastic solution
are determined by studying the limiting behavior of the Markov process,
This is tantamount, loosely speaking, to the imposition of a stopping
rule which terminates with equal probability at any given stage. The
stochastic model predicts that, if a strong core or equilibrium exists,

the process will lead to that equilibrium with probability 1. If an



equilibrium does not exist, a final probability distribution over outcomes
exists without qualification in the finite alternative case and under
reasonable assumptions in the spatial alternative case, Simulations of
the model on Fiorina and Plott's (1978) 5-person majority rule spatial
committees without equilibria yield results similar to the experimental
results obtained by Fiorina and Plott (1978). Simulations on Fiorina

and Plott's (1978) and Hoffman and Plott's (1978) committees with
equilibria yield results similar to the experimental results if the
simulation process is stopped arbitrarily after the same number of steps
as were taken by the experimental subjects.

The correspondence between the stochastic model of Ferejohn,
Fiorina, and Packel (1978) and the experimental results of Fiorina and
Plott (1978) and Hoffman and Plott (1978) suggests that modelling a
committee decision process as a Markov process may not be unreasorably
simplistic, despite the myopia assumption implicit in the use of a
Markov model., What is hissing from their model, however, is an explicit
formulation of the way the process stops. Why, for instance, might
subjects in an equilibrium experiment stop and adopt a nonequilibrium
outcome, when they would have eventually reached the equilibrium if they
had continued?

The model developed in this paper is an adaptation of the stochastic
solution model to a committee decision process over finite alternatives
with an endogenous stopping ruie. The modellasSumes that the decision
process itself entails costs which must be borne by the committee members.
Real world exaﬁples of decision costs might be the opportunity cost of

time or the potential for losing friends or future allies if an individual



were to exercise his or her full power to keep the committee from reaching
a deéision.

To begin with we assume myopic individual decision rules. An
individual votes to move from a current alternative x to alternative y
if and only if the utility of y minus the cost of an added stage in the
process exceeds the utility of x. The process will proceed to the next
stage if some winning coalition profers to move from x to some other y.
If no such coalition and alternative exist, the process stops. The
decision rule is myopic because each committee member only considers the
next stage in deciding how to vote. The resultant utility and cost based
model is no longer strictly Markovian (the Markov matrix may change at
each stage), but analysis proceeds much as it did for the stochastic
solution, which now becomes the special case of zero costs,

Costs are found to affect the decision to stop the process in
the following ways. First, if an individual voter's marginal cost is always
less than the smallest absolute difference between the voter's utilities
over distinct alternatives, then the cost function does not affect that
voter's decision at any stage of the process., At the other extreme, if
a blockinglcoalition of voters have marginal cost functions which eventually
exceed the largest difference between their respective utilities, the procesé
must stop in finite time and may very well stop short of an equilibrium.
Additional results are obtained which relate cost functions and tﬁe
decision to stop and it is showﬁ that our stochaétic procedure will converge

for a broad class of individual cost functions,



FINITE ALTERNATIVE STOCHASTIC MODEL WITH ENDOGENOUS STOPPING RULE

We begin with the following definitions and notation:
X={1,2,...,3,...,J} is the set of alternatives.

v={1,2,...,i,...,N} is the set of voters.

k=1,2,... denotes the various stages in the process.

k . - .

¢, = total cost incurred by voter i after k stages.

ok. k. k‘l . .

c,=¢ - < marginal cost incurred by i from stage k-1 to stage k.
Uij = utility to voter i if the group chooses outcome j (ignoring costs)
k k . .. :

Uij = Uij -e T utility to voter i if the group chooses outcome j

after k stages.

Though the various experiments referred to and the example of
the next section all use absolute majority rule for voting, we generally
allow voting rules from the class of simple games [see Packel (1978) for
extension to a .larger class]. This merely requires specification of a

collection W of winning coalitions (subsets of V). Given W, we can define

M = {meW| no proper subset of m is in W}, the minimal winning coalitions
B = {bsVIbﬂm # 6 VmeM}, the blocking coalitions.

Having specified the game-theoretic structure, we can now define
the key components éf the stochastic model, For all alternatives j,heX
and each stage k, define
ktl < Uk Viem}',the number of minimal winning

tJ ih coalitions preferring h at stage
k to j at stage k-1,

k
Ap = |{{meM: U

J J
k k
Akh/z A, ifz A >0
I LS g=1 3
ik 6 : otherwise,



where éjh =1 1if j = h and 0 otherwise,

. k
The J x J matrix P, = KP. ) is a stochastic matrix whose
k jh

(j,h) entry is the transition probability of going to alternative h at

stage k, given that alternative j is the status quo at stage k-1l. The

(ry _ T

product matrix P =1 Pk provides transition probabilities from the

k=1

start of the process through stage T. The "final" transition probabilities

(=) _ (T

are given by P = lim P
T

if the process is aperiodic and by

P(w) = lim 1 b2 P(k) in general. 1If marginal costs are nondecreasing
Toveo T+1 k=0

for each voter, the matrices Pk must eventually agree for k large enough,

and the above limits will exist in accordance with the standard theory of finite

Markov chains. See, for example, Kemeny and Snell (1960). We do not consider

(=)

more general cost functions, but we conjecture the existence of P whenever
marginal costs are nonnegative.

) t
Now let Q(0) =(q1,...,qJ)be a new vector whose j h entry is the

probability of starting the process at alternative j. Then Q = Q(O)P(w)

provides the desired iimiting probability distribution on the outcomes,
the end product of our stochastic model
Results for the stochastic solution with no costs (Ferejohn,
Fiorina, and Packel,'1978; Packei, 1978) show that Q will be independent
of the starting distribution if and only if the process has a single ergodic

set, Furthermore, if a strong equilibrium exists, the process will converge to



this equilibrium with probability 1. Generally, however, the stochastic
solution for costless processes has no built in mechanism for stopping
after finitely many stages.

The results below consider ways that costs may or may not impose

an endogenous stopping rule on the process.

Theorem 1. If é? < MIN{IUij - Uihrj,hex,j¥h} , then costs do not affect the

action of voter i at stage k.

proof. [v¥7! - ot U, - U,
—_— ij ih ij ih

k-1 K
(Uij T T (Ui_h il Ci)) /(Uij - Uih)
ok
G&j " Uip t Ci)// eﬂj i Uih)

) -k
>0 [since ¢y < lUij - Uih']'

k-1 k J

Thus, Uij - Uih and Uij - Uih always have the same sign and cost§ cannot
alter i's preferences at stage k. Q.E.D.

Corollary. If the hypothesis of Theorem 1 holds for all voters i and all
stages k, then costs will not affect the stochastic solution and no endogenous
stopping rule is imposed,

At the other extreme to the above results, we now consider
restrictions for which costs must induce stopping and can alter the final

distribution Q.

.k 4
Theorem 2. If s 2 MAX‘{IUij - Uihlzj,hex} , then voter i will prefer the

status quo during stage k.,



Proof. kal - UF =y,, -U,, + EF > 0 for all j,heX. Thus voter i will
—_— ij ih ij ih i
prefer the current status quo at stage k. Q.E.D.

Corollary, If the hypothesis of Theorem 2 is satisfied at some stage k for
all voters i in some blocking coalition b, then the process will stop at or
prior to stage k, This will be the case for some k if, in particular,

{c?}:_l is nondecreasing and unbounded Vieb. .

The extreme situation for stopping would occur at stage 1 if

51 ZI%AX{IUij - Uihl:j,hex] for all voters i in some blocking coalition b.

The process would never get started, and the result would simply be the

starting distribution Q(0). Thus, even if an equilibfium were to exist, this pro-
vides a rather extreme example of how the model could stop short of the coré

with positive probability. Some thought about the model suggests a wariety

of less contrived situations in which this might occur.

AN EXAMPLE
This section considers a finite alternative majority rule game with
a strong equilibrium. Costs are assumed to grow quadratically and the

limit distribution assigns a probability less than 1 to the equilibrium

outcome,
Let X = {1,2,3,4,5,6,7}
v ={1,2,3}
M = {12,13,23}

Payoff Matrix [Ui ] =

3



Voters

1 2 3
1 | 35 20 15
2 30 10 30
3 20 35 20

Alternatives 4 25 30 35 |eEquilibrium: alternative 4

5 15 15 45
6 10 25 40
7 5 40 25

c: = k2 vi, so &f = 2k-1

Q0) = (1/7, 1/7, 1/7, 1/7, 1/7, 1/7, 1/7)

Applying the model developed in the previous section, we find that

P1 = PZ’ P3 = P4 = PS’ and Pk = I (identity matrix) for all k > 6.
Thus P(m) = P(S) = Pi Pg, and the specific form of P(m) is given by:
Alternatives
1 2 3 4 5 6 7
1]o0 11/68 | 0 | 34/48 0 3/48 0
210 11/48 0 34 /48 0 3/48 0
310 1/12 0 3/4 0 1/6 0
Alternatives 4|0 0 0 1 0 0 0
5|0 7/36 0 29/36 0 0 0
610 2/9 0 7/9 0 0 0
710 1/16 0 37/48 0 1/6 0

The final distribution overAalternatives, Q= Q(O\P(m), is given by

Alternatives Probabilities

1 0

2 7/48

3 : 0

4 265/336

5 0

6 22/336

7 0
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Thus, the equilibrium will be chosen with probability 265/336 and

alternatives 2 and 6 will be chosen with prObabilitieé 7/48 and

22/336 respectively. This illustrates the corollary to Theorem 2 and shows
that selection of the equilibrium outcome, while still a fairly likely event is

by no means a certainty.

CONCLUDING REMARKS

The model developed in this paper'provides a possible theoretical ¢
explanation for the experimental observation that committees with equilibrium
generating preference orderings do not necessarily choose equilibrium outcomes.
The model takes a rather specific form, assuming that éll status quo changing
minimal winning coalitions form with equal likelihood at each stage. We
note, however, that various other coalition formation mechanisms can be treated
in the Markov manner we propose; and the same thepretical and qualitative
resuits will emerge. ’

Extension of the model to the case of spatial alternatives (say
a compact subset of Rm) can be achieved with continuoﬁs state Markov process
methods. For the no cost case see Ferejohn, Fiorina, and Packel (1978) or
Packel (1978). With the addition of individual costé'at each stage, our
results about stopping and the phenomenon of stopping short of the
equilibrium will again emerge.

The myopic nature of our model provides another area for possible

investigation, Perhaps voters, by looking ahead and anticipating future

costs, will be more inclined to unearth an equilibrium alternative than our model -

indicates., Confirmation of the qualitative and quantitative results we have
obtained and the feasibility of possible refinements require the design of

committee experiments with explicit instead of implicit cost functions,

[
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