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AN EXTENSION OF THE KAKUTANI FIXED POINT THEOREM
by Roger B. Myerson

Northwestern University, Evanston, IL 60201

In arguments using the Kakutani Fixed Point Theorem,
special difficulties often arise for points on the bYoundary
of" the domain. In this paper we present an extension of the
Kakutani Theorem which relaxes the restrictions on the mip
at such points.

Let S e a nonempty, convex, closed and bounded subset of
a finite dimensional Buclidean space. Let S* be the set of all
subsets of §. Let S5** be the set of all subsets of § which are
nonempty, convex, and closed. Let s® ve a nonempty subset of S
such that
(1) ¥ x€8, ¥ y€ 5%, i(x+y)esC.
For example, 5° may be the relative interior of S, which will
always satisfy (1).

A point—tb—setfmap F:5—5% is uppef-semicontinuous iff

x> X, ynEF(xn)‘, and y, —> y imply that y & F(X).

KAKUTANI [19417] showed that, if F:S—>S*x is
upper-semicecontinuous, then there exists some X €S such that X e P(X).
Our extension off his theorem weakens the convexity assumptions
on F(x).

Theorem. If F:S~»>3* is upper-éemicnntinuousf and if
F(y) € s** for all ye 5%, then there exists an X €S such that x £ F(x).

Proof. Select any §E,S°. VFor any positive integer n,
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Fn is clearly upper-semicontinuous. For anf,r X g S,

21 1 - - | ‘
F= X+ ==F = E(x + H(x 4+ oo+ (x4 F) ... )) must be
2 oh

in 89, so F, (x) £ S**. Hence F, satisfies Kakutani's conditions;

and- so for each n there exists some anS such that X, E‘.Fn(xn).
Since 5 is compact, we can find some X and a2 convergent

subsequence such that N(i)—>¢0 and& xN(i)'ﬁi as i—> 0.

SN(1)_y 1
Thus, N(l)éx’ N( ) F(—W ;ﬁmy), and

SN(1)
~1 1
("'W'ﬂ_ %, —-—(—r-)— ¥y) —>Xx. By upper-semlcontlnulty of “F, we

conclude that X €F(x). Q.E.D.
Suppose 7° :=S°—9 S*% ig an upper-semicontinuous mav.

F° has a unique minimal upper-semicontinuous extension F:S-» S*

defined by:

(2) F(x)= {z} there exist sequences fxng and ?zng such g

' ) )
that x €8°, x —>x, 2 € F (xn), and z_—> 2

(Uppén«-semicontinuity assures —’us that: F(x) = FO(x) if xe 8°.)
Then F may not be convex-valued outside So, but it will satisfy
the hypotheses of our theorem. A fixed point of F can be interpreted
as a limit of almost-fixed points of 7O,
Corollary For any upper-semicontinuous map FO:5° -5 5¥x,
there exist sequences ;¥ § and §z § and an ié.-S such that

x €S8, z, EF (xn), x —=%, and z, -7 X.
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ABSTRACT
An extension of the Kakutani Fixed Point Theorem is presented,
in which convexity restrictions are relaxed for points om

- the boundary of the domain.



