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Abstract

Social Welfare Functions when Preferences
are Convex and Continuous: Impossibility Results

Ehiid Kalai, Eitan Muller,
and
Mark Satterthwaite

The paper shows that if the class of admissible preference
orderings is restricted in a manner appropriate for economic
models, then Arrow's impossibility theorem for social welfare
functions continues to be valid. Specifically if the space of
alternatives is Rp, n > 2, where each dimension represents a
different public good and,if each person's preferences are
restricted to be convex, continuous, and strictly monotonic, then
no social welfare function exists that satisfies unanimity, in-

dependence of irrelevant alternatives, and non-dictatorship.
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Social Welfare Functions when Preferences
are Convex and Continuous: Impossibility Results

by

Ehud Kalai, Eitan Muller, and Mark A. Satterthwaite

1. 1Introduction .
Arrow [1j showed with his impossibility theorem that for
a set of at least three alternatives no social welfare function
exists satisfying unanimity (U), independence of irrelevant
alternatives (ITIA), and non-dictatorship (ND) if admissible
preferences are not a priori restricted in some manner., If the
variety of preference orderings that are admissible is restricted
sufficiently, then social welfare functions do exist that satisfy
U, IIA, '‘and ND. Black [2] originally characterized and Arrow
[1,pp.75-80] extensively discussed the condition of single-peaked-
ness, which is the best known of the restrictions on the set of
admissible preferences that are sufficient to make majority rule
into a social welfare function satisfying U, IIA, and ND, Sub-
sequently a great deal of research, culminating in a paper by
Sen and Pattanaik [8], was done to determine what restriction on
admissible preferences is both sufficient and necessary for

majority rule to be a social welfare function satisfying Arrow's

three conditions.1 -

The substantive conclusion of this literature is that in
order to use majority rule as a valid Arrow type social welfare
function the set of admissible preferences must be restricted to

a class that is much smaller than any class that economic theory



_wetfare functions based on majority rule. Our purpose in this
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can justify a priori. Kramer [5] decisively confirmed this
conclusion by showing that if the set of alternatives being
ordered by the social welfare function is a multidimensional
subset of Euclidean space and if individuals' admissible prefer-
ences are restricted to be representable by continuously differ-
entiable, quasi-concave utility functions, majority rule fails
as an Arrow social welfare function whenever the profile of
preferences do not contain a majority of individuals who are
unanimous in their ordering of the entire space of alternatives.
In other words, any disagreement, no matter how minor, is almost

certain to make majority fule inconsistent,

The weakness of these published results is that they
describe the properties of majority rule. The power and appeal
of Arrow's theorem is that it rules out construction of any social

welfare function satisfying U, IIA, and ND, not just social

paper is to confirm our intuition and show that the negative con-
clusions derived for the special case of majority rule generalize

for the case of public goods into true impossibility results.Z

We proceed as follows, First we derive a condition
on the set of admissible preferences that, if satisfied, guarantees
that no social welfare function satisfying ﬁ, ITA, and ND can“be
constructed.3 ~ Second, we apply this condition to two different
restrictions on admissible preferences. We let the set of
alternatives be the psoitive orthant of R" where each axis

represents a public good. The first restriction we consider is
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that individuals' preferences be continuous and convex. We

show that if and only if n > 2, where n is the dimensionality
of the set of alternatives, then no social welfare function
satisfying U, IIA, and ND exists. The second restriction we
conéiéer is that individual preferences be continuous, convex
and strictly monotonic. For this restriction we show that if

n > 1, then no social welfare function satisfying U, IIA, and

ND exists. Therefore, because economic theory generally can not
justify restrictions stronger than these, we are justified in
stating that Arrow's assumption of no restriction on the set

of admissible preferences is not critical. The paper concludes
with a short analysis of two very strong restrictions on admis-
sible preferences each of which are sufficient to allow construc-

tion of social welfare functions satisfying U, IIA, and ND.

The main limitation on our results is that we pro#e them .
only for the purely public goods case. To illustrate, suppose
a society is selecting the level of public expenditure for three
programs: defense, health, and parks. Presumably each individual
has continuous and convex preferences over this three dimensional
choice space. Our results state that no means exists for constructing
a group preference ordering over such a choice space without
violating U, IIA, or ND.

If, however, private goods are included as additional
dimensions of the choice space, then our proaofs no longer-apply..
The reason is that the presence of private goods requires that-edch
individual's set of admissible preferences differs from every other
individual's set of admissible preferences. For example, a

reasonable restriction on person one's preferences is that he



be indifferent among allocations that are identical except for the

amount of private goods person two receives. Obviously this re-

striction is as unreasonable to place on person two's preferences

as it is reasonable to place.on person one's preferences. Conse-

quently our assumption that all individuals have identically re-

stricted sets of admissible preferences fails. -
Too much should not be made of this limitation of our results

to the purely public goods case because this case has interest in

its own right. Ruys [7] has studied the existence of equilibria

within economies containing only public goods. Campbell [3]

has argued that legislatures very seldom make decisions concerning

the exact quantity of private goods that an individual receives.

Instead they make decisions concerning the rules by which individ-

uals may pursue the acquisition of private goods. These rules are

public goods; therefore the type of model described in this paper

is an acceptable description of the decision problem legislatures

face. In a similar manner Zeckhauser and Weinstein [9] in their

study of the shape of Pareto optimal regions have argued that if

the financing mechanism for public goods is included in the analysis

and if an equilibrium exists within the private goods market, then

a functional relationship exists between each public goods bundie

and each individual's private goods bundle. Consequently each in-

dividual can calculate his utility level for any possible public

good allocation and, as a result, individuals have well defined

prefeééﬂceé over the possible bundles of public goods.:Therefore each indi-

vidual's private goods bundle need not be included explicitly in the

analysis.



2. The Model

Let I = {1, ..., m} be the set of m individuals in
the society. Let Z be the set of all complete, reflexive, and
trgngitive preference relations that may be defined on the set

of alternatives A, |[A| > 3. An element of Z is denoted by

X with strict preference and indifferénce being denoted by < and ~

respectively. Let @, a fixed, non~-empty subset of Z, be the
set of possible preference relations that are admissible as
preferences for the individuals within I. Thus ii € &
represents the preferences of individual i ¢ I.

The product &° is the set of admissible preference
‘m-tuples where éach point in & is a list describing the
preferences of the individuals within I. We call such a list
fI = (fl, ceey fh) a profile. Two preference relations,

X and X’ agree on a subset B of A if, for every pair x, y¢B,

s
X 2y <=> x X y.

We denote agreement on B by'§|3’= i{'B’ Two profiles,'§I=(§l, e fb)
and 5£== (ﬁi, ceey fﬁ),agree on BA if, for all iecI, .

< = <

~1lg = ~{ Ip-

A social welfare function (SWF) on ¢ is a function

£: 6% 4 =. An Arrow SWF (ASWF) is a SWF that satisfies the
conditions of unanimity and independence of irrelevant alternatives.
Unanimity (U). Suppose, for some ﬁI € &°, f(fT) = X,
If x, yeA, and X <y for all i¢I, then x < y.

Independence of Irrelevant Alternatives (1I14).

If, two profiles iI’ iII c & agree on B, then

<, - < < _ o< <,
~|B = ~’|B where ~ = f(“T) and _' = f(ﬁ’I).
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A SWF f has a dictator on the set BcA if an individudl ieN
exists such that, for every profilé ﬁI = (%, ..., fm)g &
and every pair x, ye€B, y <; x implies y<x where 3 = f(fI).

A family ¢ is called dictatorship enforcing if every'ASWF on

&" has a dictator on the set A.
Example A (Arrow's Theorem). If |A] i 3 and
¢ = Z, then @ is dictatorship ehforcing.
Example B. If ¢ is any subset of Z with |¢| = 1,
then ¢ is dictatorship enforcing.

Example B is a direct consequence of condition U.

3. A Basic Theorem

In this section we state a simple theorem that is very
useful in determining whether any particular ¢cZX is a
dictatorship enforcing family of preference relations. Throughout
¢ represents a fixed, nonempty subset of Z. - A pair of distinct
alternatives X, yeA is trivial (relative to @) if all the relations
in ¢ agree on the set {x,y}. A set of three distinct alternatives

'
] ) ] L] <'
{x,y,z} is a free triple if, for every P Z, there exists ~' o

such that

il{x - ~i'l ’

Y2} {x,y,2}

i.e. & admits all possible orderings of the three alternatives.
Two, non-trivial pairs B = {x,y} and C = {w,z} are strongly
connected if:

a. | BycC|=3;

c. B yC is a free triple.
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In other words, B and C are strongly connected if they share an
element in common and together form a free triple. Two pairs B
and C are connected if a finite sequence of pairs '

B=By, By, ...5 B _1, B =C
exist such that Bi and Bi+1 are strongly connected for each i=1,

2, ..., n-1. Finally a family g is saturating if (a) the set A

contains at least two non-trivial pairs and (b) e&efy non~-trivial
palr BcA is connected to every other non-trivial pair CcA.
Theorem 1. Every saturating family & is dictatorship
enforcing.
Proof.”. .The first stép.is to show that if a non-trivial
pair B is strongly connected to another non-trivial pair C,
then an individual j €¢I exists who is dictator on D = {By C}.
Since, by hypothesis, B and C are strongly connected, D is a free
triple. Arrow's theorem may be applied to this triple: an
individual j €I exists who is a dictator .on D.4
The second step is to show that if an individual j €I

is dictator on g pair Bi and a second pair Bi+1 exists to which

B. is strongly connected, then j is also dictator on Bi+

l 1l

Step one implies that since Bi and Bi+1 are strongly;

connected an individual k € I exists who is dictator on

Di = {Bi U Bi+1}' Suppose that j#k. Let Bi = {x,y} and consider

a profile SI € ¢ such that x >j y and x <K Y- Such a profile
exists because D; is a free triple. Let = f(fI). Because
. y. But, beéause.k ié also dictator

]
on Bi’ X <j y, which is a contradiction. Therefore individual

j 'is dictator on Bi’ X >
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j is dictator on Bi+1 as well as Bi'

The third step is to form an inductive chain and to prove
that if two pairs B and C are connected, then an individual j €1
exists who is dictétor on both. Because B and C are connected
‘a finite sequence of pairs
B

B=B,, B .., B =C

> Bit1s
are strongly connected for all i=1,

g3 er s
exists such that Bi and Bi

+1
..., n=1. Step one implies that some individual j €I is dictator
on Dy = {B1 U By} = B. Step 2 implies that he must also be
dictator on bz = {B, U B3}, Dy = {By U B}, etc. Therefore
individual j is dictator on C as well as on B.

The last step is to note two facts. First, because ¢
is saturating, at least two non-trivial pairé exist and each is
connected with every other, non-trivial pair. Consequently,
an individual j exists who is dictator err them. Second, if
a pair B = {x,y} is trivial, then individual j,:along with every
other individual i €I, is dictator on B. Hence individual

j is dictator on all pairs, trivial and non-trivial. Q.E.D.

4. Dictatorship Enforcing Families

In this section we show that two families of preference
relations, which are common within economics, are dictatorship
enfoécing because they are saturating. In both cases the set of
alternatives A consists of R?, the non-negative orthant of--.- -
n-dimensional, Euclidean space. An alternative x is therefore

. . 1 n
an n-dimensional vector (x°, ... , x ) whose components are

non-negatives, The first dictatorship enforcing family that we
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consider is the collectign 93 of all convex, continuous preference
orderings defined on R+, n > 2, This class of admissible prefer-
ences is precisely the class that Zeckhauser and Weinstein [ 9]
1dent1fy as occurring in societies where the choice of the
public goods bundle is considered jointly with the method for
financing the public goods bundle. The second, more restricti&e
family is the collection 9: of all convex, continuous, and Etrictly
monotonic preference relations defined on Ri, n > 1. It is the
class of admissible preferences that is appropriate for a com-
mittee whose task is to divide a fixed budget among several
worthy programs.

A preference relatlon is convex if, for every alternative x €R
the set {y'EIR+]x <y} is convex. A family é, < Z is convex if

every 2 ¢ gb.is convex. A preference relation j € Z 1is continuous

if it can be represented by a continuous utility function on Ri.
A preference relation £ € ¥ is strictly monotonic if, for any pair

of distinct alternatives x, y € RY 4 X Ly 1mp11es X < y 3

The proofs that the fam111es 0 and 0 are dlctatorshlp
enforcing make use of both linear and concentric preference
relations. A pr?ference relation X ¢ Zn is linear if énd on1y if
a vector p = (pl, cee pn)eRn exists such that, for all pairs
X, ¥y eRi, x 2y if and only if (p,x) s (p,y) where (p,x) =.g pixi,
the inner product of p and x. Three observations follow d;:;ctly
from this definition. First, if a linear preference relation
is parameterized by the vector p € Rn, then the indifference

surface containing a specific point x’e_Ri is the plane
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{x € RE] (p>X) = (p,x’)}. Second, every linear preference
relation is convex. Third, a linear preference relation =~
with parameker vector p € R? is strictly monotonic if and only
if p> 0.

A preference relation < € £ is concentric if and anly if

a vector p = (pl, vy pn) € R™ exists such that, for all pairs
X, y € R}, x Xy if and only if [|x-p|| s ||y-p| where || x-p|=

n )
[ .El(il-pi)zli, the distance from x to p. Again three observations
i=1 . A

follow directly from the definition. First, if p ¢ R? is the
parameter for a concentric preference relation X ¢ =, then

the indifference surface containing a specific point x’ ¢ Ri

. ' n _ .

is the hollow sphere {x ¢ R, | ||x=p || = || x’~ p ||} with center
at p. Second every concentric preference relation is convex.

Third, if three points x,y,z € Ri are not colinear, then a

concentric preference relation 2 € Gg exists such that
X ~Y ~ z.7 Three points are colinear if a scaler A exists

such that z = (1-A)x + iy.
. ‘ Theorem 2. The family @g of convex,

continuous preference relations on Rz is dictatorship

enforcing if and only if n > 2.

Proof. 1If n=1, then the requirement of convexity is the
well, known requirement of single-peakedness. When preferences
are single-peaked, then majority rule is an ASWF.6 Therefore,
if n=1, then 9? is, as the theorem requires, not}dictatorial
enforcing.

If n > 2, then we can show that ég is saturating and,

consequently, dictatorial by Theorem 1. First we show that
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every distinct pair of alternatives (x,y) ¢ R%" {5 non-

trivial. Pick a vector p’ ¢ R® such that (p’,x) # {(p’,y).
Suppose, with no loss of generality, that (p’x) < (p’,y).
Let p” = -p’. Therefore (p”,x) > (p”’,y). Let X' ¢ éﬁ and
N e.@ﬁ be the linear preference relations that p’ and p”
respectively define. Therefore x <’ v and y <’ x, which proves
that x and y are non-trivial.

The proof's second step is to show that every pair
of distinct points (x,y) ¢ Rin is connected to a pair of reference

points. Let these reference points be ey = (ell, cees eln) ¢ R" and

e, = (ezl,..., e2n) ¢ R" where e; = (eil’ cees ein? ¢ R® has

the property that eij =1 if i=j and'eij=0 if i#j. There are

three cases to consider,.

Case 1. The pair (x,y) ¢ Rin

el and e, are not colinear. This case is depicted for n=2

has the property that x,

by Figure 1. Our goal is to show that the pair (x,y) is strongly
connected to the pair (el,x) and that the pair (él,x) is strongly
connected to the pair (el,ez). Therefore we must shéw‘thaf the

two triples (y,x,el) and (x,el,ez) are free.

_ . et e = e . . - . ____~_>/
Since x is not colinear with ey and €5, the points x,

y, and either e; or e, are not colinear. Suppose, without loss
of generality, that x,y, and e, are not colinear. Therefore,
as we pointed out when we defined concentric preferencé relations, )
a concentric preference relation X ¢ 93 exists such that
X ~ Y ~e,. let p be the parametrization of X. Concentric

y 2 p the parametrization of ~. Concentric preference
relations also exist such that.x,y, and e, may be ordered in

any other manner. For example, let us construct a concentric
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< <, .. <y
~

relation ~’ € Og such that x ~’ y e,. Let r = x-P,

ry= y-p and r, = éz-p be the vectors from P to the points

x,y and e, respectively. Pick a very small scalar ¢ > 0. Let

x° = p+ (l+e)rx

and L

eg =p +(l—t)re.
If we pick ¢. small enough, then a concentric preference relation

<y o

~' € gﬁ exists such that x~ ~'y ~'eg and xz< ¥y < e, because,

relative to the appropriately chosen sphere through xo, y, and eg R
the point x lies within the interior and eg lies in the exterior.
Thus (y,x,ez) is a free triple. Similarly, because x, e, and ey
are not colinear, (x, ers e2) is a free triple. Therefore
(x,y) is connected to (eI; ez):

Case 2. The pair (x,y) € an
and e, are not colinear. This case is identical to case 1 with

has the property that ys€eqp»

the roles of x and y switched.

Case 3. The pair (x,y) € Rin has the property that x, vy,
e and e, are all colinear. Let the point o be the origin of Ri.
The same techniques used for case 1 suffice to show that each’
of the triples (x, y, o), (v, o, el), and (o, €1, e2) are free.
Therefore (x,y) is connected to (el, e2). A

The proof's third step is to observe that because.ééch
of any two arbitrary pairs (x’,y‘) ¢ Rin and (x”,?”)ekin are
conn&dcted to the reference pair (el,ez), the two pairs are
connected to each other. That ié, any two pairs within Rin
are connected with each other. Therefore the family Gﬁ is
saturating and, by Theorem 1, dictatorship enforcing. Q,E.D.

Theorem 3. The family 9: of convex, strictly mono-
tonic, continuous preference relations on Ri is

dictatorship enforcing for all n > 1.

*
Proof. If n=1, then ¢; consists of one element :and every individual
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is a dictator, If n > 3, then the proof, without any loss of gener-
ality, may be constructed with explicit reference to linear prefer-
ence relations only. If n=2, then the proof is more difficult; it
requires that a more general class of convex, strictly monotonic,
continuous preference relations be referred to. Therefore we._first
spell out the proof for the n > 3 case and then sketch the proof

for the n=2 case.

The first step is to show that a pair (x,y) € Rin is non-

trivial if and only if neither x > y nor y > x. If x > Y,
then strict monotonicity implies that y < x for all X ¢ @z.
Identical reasoning applies to the x £ y case. Therefore if
X >y or y > x, the pair (x,y) is trivial. If neither x <y

nor y > x, then a pair of components (i,j) € NxN must exist such

J </

that x* > yl and x° < yJ. Linear preference relations <’ € gﬁ.

*
and ~” € 2, exist such that x ~' y and y 3”7 x. These two relations
are constructed as follows.

First, we show that if neither x Zly nor y > x, then a

linear ~ € éﬁ exists such that x ~ y. The requirement therefore

is to find a vector p = (pl, cens pn) € Rn, p > 0, such that

(1) (P>X) = (p,y).

Because neither x > y nor y > x, a pair of indices (i,j) ¢ Nx N

exist such that x*

> yl and xJ < yJ. Impose the reétriétion,
n

without loss of generality, that X p; = 1. Equation (1) may
i=1 .

therefore be solved for p;*
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k#j k#j )
1 - 2P 1(y.~x,) +Z P _(y,-%
fi K03 T3 gy KKK

(2) P
[(xi-yi) + (yj-xj)]

The denominator is positive and the numerator can be made pesitive
by picking each component p, (k=1, 2, ..., n; k#i, k#j) such that
it is positive and sufficiently close to zero. Therefore Pi
can be made pesitive and, consequently a p € R exists sueh that
P > 0 and (1) is satisfied. B o
‘ Given that a relation X ¢ 0; exists such that x ~ y, a relation

* _
s € ¢, may easily be constructed such that eithe; x <’ yory<’x.

For example, in order to construct <X’ such that x <’ y, pick a

. * . . *i i
point x > x that preserves the inequalities x t >;yl and

*3 : *
x_J < yJ. Construct, as above, a linear X/ ¢ @, such that
* .
X ~ Y. Strict monotonicity and transitivity then implies that |

y > x. Therefore the claim that (x,y) € R2n is a non-triviélrpéir

if and only if neither x > y nor y > x is true.
The second step is to show, in much the same manner as

we did in the proof of Theorem, 2, that any non-trivial pair

(x,y) € Ri is connected to the reference pair (el’eZ) € R2n 8

Observation 1. If (x,y) is a non-trivial pair, then a
. x . : ’
linear X ¢ @, exists such that x ~ y. We proved this observation
immediately above in the proof's first step.

%
Observation 2. If a linear 569 exists such -that w ~ X~y

3n

for a triple (w,x,y) € R° of non-colinear points, then (w, x,y)

is a free triple. Given that w ~ x ~y for ~ € 0 , an

</

*
ordering € 9, such that w <’/ x <’ y may be constructed as
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* * _
follows. Pick points w € Ri and y ¢ Ri such that w > w,

y > y*, and the distances || w - w || and || y - y || are

small. If w* and y* are chosen close enough to w and y

* .
respectively, then continuity guarantees that a P @, exists

* * .
such that w . ~” x ~” y . Consequently, by transitivity and monotonicity,
W<” x <" y.

3n

Observation 3. If a triple (w,x,y) € R is composed of

points that each lie an a distinct éxis, then a linear % € g; exists
such that w ~ X. ~ y. Without loss of generality, let w = Qwel,
X = (. e, and y = gye3 where G Cx» and gy are strictly positive

scalars. If. X’ ¢ gﬁ is a linear ordering parameterized by. the vector

= _ 1 _ -1 - -1
p=(py, ---» Py) where py = .7, p, = (.75 Py = (7, and
P = 1 (k=4, 5, ..., n), ‘then it satisfies the requirement
wa~'x Dy,

Given these three observations we can show that the
non-trivial pair (x,y) is connected to the reference pair
(el,ez).- Observation 1 states that a linear % ¢ 5; exists such
that X ~ y. ~Let p be the vector that parameterizes f.- Pick
an index i ¢N and a point z, = (je; on axis i such that:

a. (p,x) = (p,zy) = (p,y) and .
~b. :x, ¥y, and z, are not colinear,
i.e. X ~y ~ zg. Such a pair i ¢ N and z, € Ri exists because p>0
and n > 3. In fact, (1 = (P,X) +py. Observation 2 implies that
(x,y,zl) is a free triple.
| The construction that led to the choice of zq implies
that (y,zl) is a non-trivial pair. Therefore, in exactly the

same manner that we picked the index i and the point zl, we may
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pick a second, distinct index j €N, a point zZy = gze.,‘and a vector

J
p >0 such that

a. (P,y) = (P,zy) = (P,2,) and

b. v, 27, and z, are not colinear.
Therefore (y, Zq9, z2) is a free triple.

The-points zlland z, are non-trivial. Therefore, as before,
pick an index k €N, a point zq = g3ek, and a vector p >0 such that

a. (p,z1) = (P,2z,) = (P,23),

b. Z1s Zgs and z4 are not colinear,

c. k=1 if i#1 and j#1,

d. k=2 if {i#l or j#1} and {i#2 and j#2}, and

e. k=3 otherwise.

The. triple (zlszz,z3).is free.

By construction an £ € {1,2,3} exists such that Zz = glgl.
-Without'lossfpf generality suppose that Zg = (3€y. fo canstruction
zq # €189 OF Z, # Cres- Supposé, again without loss of generality,
that z, # (oep. Let z, = ey, the second reference point.. Pick
a vector p>0 such that

(Pyzg) = (P>s23) = (P,2;).
Observation 3 guarantees that this construction is possiBle.
Since Zgs Z3, and 2, all lie on different axes.they cannot be
colinear. Therefore (zz,z3,z4) is a free triple. Let Zg=eq,
the first reference péint. Observation 3 states that a vector
p >0 exists such that (z9,p) = <24’p> = (zs,p). Therefore (22’24’25)
is a free triple.

The product of this procedure is the following collection of

free triples: (x,y,zl), (y,zl,?z),(?1{?2,?3),(22,z3,24), and
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(22,24,25). From this collection a sequence of pairs may be
extracted:- = (%,¥), By = (v¥,2 z1), By = (zl,zz), -

= (zz, 3) (zz,za),and B6 = (24, 5) ; (el,ez). Inspection
shows that the pairs B, and B 41 are strongly connected for i=1,
2, ..., 5. Thus the terminal’ pairs (x,y) and (el,ez)rare connected.
The;efore every non-trivial pair is cennected to the reference
pair and the family éi is saturating. Consequently, by Theorehll,
gﬁ'is dictatorship enforcing for n > 3.

The.case of n=2 mayybe proved using same program of ;howing

that every non-trivial pair (x,y) ¢ Ri

is connected to the
reference pair (el,ez). The difference is that when n=2 linear
preference relations cannot be used to show that a point
z, € R2 exists such that (x,y,z 1) is a free triple. The family

25 of piecewise linear preference relations, however, can be
used to show that (x,y) is contained within a free triple and
therefore can be used to prove the theorem for n=2. The preference
relation X 5'22 is an element of 29 if and only if a vector

q-= (ql’qZ’qB’q4) € R4 exists such that,'for all pairs (x,y) € RA,

X < y, if and only if

1 2 el 2
qx" + qo(x +q4} + qMin(x7,x%4q,]

< qul + qz(y2+q4) + q3Min [yl,y2+q4l-

If q1~?'0’ q, > 0, and 5 > 0, then 5&522 is both convex and strictly
monotonic. Figure 2 shows the type of family of indifference curves
that an element of 22 generates. In the figure the triple (x;y,zl)
are indifferent with each other. If we perturb the elements of
(ql,qz,q3,q4), then the indifference curves can be shifted suffici-

ently to achieve any desired ordering of (x,y,zl); therefore (x,y,zl)
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is a free triple. Given this technique for constructing free
triples, the remainder of the proof for the n=2 case exactly

parallels the proof for the n > 3 case. Q:E.D:

5. A Democratic Family of Preference Relations
In proving Theorem 3 for the case of n=2 we had to use
the family 29 of piecewise linear preference relations instead
of linear preference relation. The reason for this is simply
that the family gg of linear, monotonic preference relations is
- not dictatorship enforcing when n=2. Nevertheless, as can be seen
from the proof of Theorem;3, the family of linear, strictly
monotonic preferences is dictatorship enforcing when n g 3.
Formally, a preference relation X is contained in - -
é; if and only if a scalar a >0 exists such that, for any pair
(x,y) € Ri, x ~y if and only if ax1 + x2 < ay1 + y2. Given that
é; is the family of admissible preference relations, let the
preferences (ﬁl, cees ﬁh) of the n individuals within the
society be described by the vector (al,az, cees an) where a, is
the parameter that describes the 1ihéar preferenceé of person 1.
Finally let a = AM(al, cees an) be the median value of the vector
(al, cees an). A valid non-dictatorial ASWF defined on the family
é; i; this: =X = fM(ﬁi, ey fh) where < is that linear preference
relation whose parameter a is AM(al, cees an). o

This positive result applies also to the family 9;+ of

Cobb-Douglas preference relations. A preference relation 3

is an element of é;+ if and only if a positive scalar ¢ exists



- 22 -

pai 4 % 2y if and only if
such that, for all pairs (x,y) € R, x ~y 1L an y
(xl)“(xz)l-a < (yl)a(yz)l;a. 'In this case, let the ASWF be
defined as % = ECD(fi, ey 5h) where S is that Cobb-Douglas

preference relation whose parameter « 18 AM(gl, cee an).

The reason for this positive result is, of course, that a Cobb-
Douglas preference relation is a linear preference relation if

a logarithmic scale is applied to the space of alternatives-

= p
A=R,.
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Figure 1

N

Explanation. I is the indifference curve generated by the con-

centric preference relation 3 such that x ~y ~e,. I’ is the

"indifference curve gensrated by thé concentric preference relation

<'/ ~ ~
<% such that x e1 es.



Figure 2

Explanation. The lengths of the line segments oa and ob are

equal to the value of the paramenter q, (in drawing the diagram
we have assumed a positive value for qh). The region beiow the
dotted diagonal contains all points x = (xl,xz) such that

xl > x2 f Q-

The segment z,x of the indifference curve has slope —(q1+q3)/q2

and the segment x,y of the indefference curve has slope -qlkq2+q3),
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FOOTNOTES

The paper of Sen and Pattanaik [8] is focused on the existence
of choice sets, a question somewhat more general than this
paper's question concerning the existence of a social welfare
function. Existence of a choice set requires that the social
ordering be quasi-transitive; existence of a social welfare
function requires that the social ordering be fully transitive.
Subsequent to the writing of this paper we have discovered
that Maskin [6] was also working on this Question using a

different approach. His paper condiders the case of purely

private goods while our paper considers the case of purely

public goods. His work and our work reported here were done
independently of each other.

Maskin [6] and Kalai and Muller [4] have separately developed
necessary and sufficient conditions that characterize those
classes of admissible preferences for which a social welfare
function satisfying U, IIA, and ND exists. The condiiion
developed here is implied by their conditions. Our condition
is, however, much simpler because it addresses a less ambitious

question.

(o] . [¢]
This can be seen as follows. Let EI and X represent

preference relations that are defined solely over the free

. . <° y - <° P
triple D. Define fD(~I.) = o~ such that if AIID ~I'D

P
I
words, fD is constructed to agree with £ on D. Since D is a free

0 - .
for some € ¢, then i’lD = i]D where % = f(iI). In other
triple, Arrow's theorem applies to fD and a person.j €I exists
who is dictator. Because f and fD agree on D person j is also

a dictator on D within f.
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O SV e = -

he notation x>y means that each component of the vecter
x is at least as great as the corresponding component of
vector y.
See Arrow [1,pp.75-80] for a discussion of single-peakedness.
.fﬁe parameter vector ¢ such that || x -p || =] vy - p|.=
]l z - p|| may be determined as follows. Pick i¢N and

j €N, i#j, such that the determinant -

2(yi-xi) 2(y3-x)
2(zt-x1) 2(z3-xJ)

,doe;ﬁnét vanish.”>§ﬂéﬁ_a paif (i,j)-gﬁét exist because
x,y, and z are not colinear. Set pk = 0 for all

k € {N- {i,j}}. Calculate p; and Py by solving the two
linear equations:

2(y-xMp s + 2(y7-x))p; =

5 [(7) 2= (x5) 2]
i 1 . .. . .

n
z
n
z

2(zi-xi)pi + 2(zJ-xJ)pj

[(2)%-(x*)?]
Tr . .
Recall that e; = (eil’ €595 +oes ein) where ey = 1 if

i=j and eij=0 if i#j.
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