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No. 210b
OPTIMAL TAX SCHEMES FOR FINANCING LOCAL PUBLIC GOODS

by

da
<

Joseph Greenberg -

ABSTRACT

“The existence of a public competitive equilibrium for any arbitrary

(non-c——=m j:tortive) tax schemes (in particular -- proportionmal taxes) for

econos———mrx jes with local public goods, is proved, Allowing preferences to be

both w2 on-transitive and non-complete enables an explicit introduction of
the g ~=_>vernment as an (additional) agent in the economy. Moreoever, we

allovam——- for "spillovers" of the public goods among localities, and for the
PrOdt—om—m <tion sets to depend on the amount of public goods produced in the

€CON<C———=ny. The only restriction on the tax system is that every individual

18 === ble to afford it and that the government's budget never runs

asub‘plus .

Since every equilibrium allocation is Pareto-optimum, every tax schen

18 Commme —w>Stimal (in the sense that its equilibrium allocation is Pareto-optimur
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1ike monotonicity of the preference ordering assumed in [2,5 ] (for a

discussion of such assumptions see [ 1 }) omne gets the equivalence of the

sets of equilibrium and quasi-equilibrium allocations.

The Model:
There are ¢ private goods, q public goods and n individuals that
are partitioned into K exogenous governmental jurisdictioms. Denote by

N = {1,...,n} the set of individuals, and by B = {Bl,...,BK} the set of

jurisdictions, then B forms a partition of N,

K
(i.e., UB =DN,B N Bk =0V 4 # k). Each jurisdictiomn B produces

k=1 K 2
public goods for its members using the production set Gk' In order to
k q , k L
produce the vector g £ R+ of public goods, the vector =z ¢ R+ of
. : . . . k k q_ L
private goods is required as an input, i.e., (g ,- 2z ) € Gk C:R+§<R_

There are J £firms which produce private goods, with the production

sets Yj C:Rg’ owned by the individuals through the share system {eij}

( 2 8,.=1, ¥j =1,...,3,6,
ieN ij i
to enter the production of both private and public goods. For this

3 > 0). We also allow for the public goods

end, denote the production correspondences:

y.: RqK _> Yj and %

R L
iRy Ry —>> G, .

k-’ k
s s . 1 K
When the wvector of public goods in the economy is g = (g ,...,g ) the

feasible production set for firm j (jurisdiction k) is given by

TROICREN
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An individual i € N consumes private goods xl, and the public goods

. . . R +
produced in the whole economy, i.e., his consumption set is Xi c Rig 4

This allows for spillovers of public goods among jurisdictions. Indeed,
an individual may consume the public goods a nearby city offers, while
he pays taxes to the suburb he is living in. (Obviously we may, in

particular, restrict i € B, to consume only the public goods gk

provided by his jurisdiction. This is imposed in [ 5 1). We shall assume ((a.l)
below) that (g,0) € Xi for all 1 & N and for all g ¢ RiK . Each ie N

has an initial endowment w1 € Rﬁ, (public goods are not initially owned),
and a preference correspondence Pi which depends upon the public and

RAKHL

K+,
4 .

—_>> R+

private goods 1 consumes, i.e., P,:
i

1 qK+4
Ry

. K i .
Let (g,Xl) = (g8 ,...58 ,Xl) € ; then Pi(g,Xl) N Xi is interpreted

N e

to be the set of all (g,xl) € Xy which consumer i prefers to (g,xl).

(Note that x' denotes only the consumption of private goods of individual i,
while X, denotes his consumption set of both private and public goods.)
s e : i
An economy is fully specified by: 4 = (Gk,gk,xi,w ,Pi,Yj;yj,B). We

now define the admissable tax functions. Denote the price simplex (for

the private goods) by: A = {p & R} | zp ;= 11.

K K -~ _4n Y o
Definition 1: Let e = (g,2,X,y) € E = Ri X Rﬁ ®x R x R, &nd
let pec A. A feasible tax system for e under p is

n
a vector o = (al,...,@n) € R such that:
(i) for all i e N,

o < pw1+ Max[0, 2 0..py



Pz, 2 v > pzk
iGBk
(ii) for all Bk € B, Z o, =
. i
1€Bk
.; = k

Ivik, 3 V< pz
léBk 1GBk

Condition (i) assures that each individual can survive in the economy

with his after-tax income (as (g,0) ¢ Xi)‘ Since pyJ does not
necessarily maximize profits in firm j (in which case, by (b.2) py:l > 0)
the second term in (i) 1is introduced. Note that if we assumed, as in

[ 2,51, that 'yj(g) is a convex cone containing the origin for all

. qK i i
j=1,...,3 and for all g¢ R, Wwe could replace v~ by pw .

Condition (ii) guarantees that whenever possible each jurisdiction

k finances its own public goods with a balanced budget. If pzk > 2 vl,
i 1€By
a; =V for all 1i ¢ Bk’ and the government has a deficit in its

budget. Clearly, this will not be the situation in equilibrium.

Definition 2: A tax scheme for § 1is a continuous function o: E X A - Rn such

that for all e € E and p ¢ A;%(e,p) 1is a feasible tax system for e under p.

The continuity of « reflects the consistency of the governments,
since when allocations and prices are "close'", the taxes levied on the
individual should not "considerably differ."

Examples for tax schemes are: (to simplify notation we assume that pwi

can be substituted for v1 and that z wl>>()for all Bke B.)
icB
Tk



(o.1l) Proportional taxation:

k

—pz

% (e,p) = n
P w

k
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For 1i ¢ Bk’

(We consider only the case in which pzk < Z pwl. Otherwise, for all tax

. i .
schemes, «, = PV Y 1i¢g Bk)'

1EBk

(a.2) Arbitrary after-tax income distribution: Let

n
(Bl,...,Bn) € R such that z Bi =1, k=1,...,K. TFor ieg Bk’

@i(e;p) = pWi - Bi(

1€Bk

i k
pv - pz ) .

Note that («.l) is the special case where Bi = B2

The after-tax income is pw1 - ai(e,p) =B.( = pw1 - pzk). For complete

equity in jurisdiction Kk,

(x.3) Dictatorial taxation:

generality, i, = ¢

£

defi
efine Bi

1}
\s

L
M
o

Let By = {il,...,inﬁ. Without loss of

. k1
a;(e,p) = Min [pz ,pw"]

. k 2
&, (e,p) = Min [pz = - a;(e,p),pw ]

sz (e,p)

Min [pzk -

2-1
Z ai(e;P);PWz] .
i=1



Definition 3: An attainable allocation is a wvector

gk

2K n - _0J
(g,2,%,y) € R+ X R+ X R+ X R

2
such that
(1) (g,x) € X, forall igN.
(2) yij<g> j=1,...,d.
k k
(3) (g, -2z)€EH(E k=1,... K

i X k J .
(%) 2 x + oz - I y< ozow.

ieN k=1 i

The set of all attainable allocations is denoted by A.

Definition 4: Let o be a tax scheme for the economy &. A public

competitive quasi equilibrium (p.c.q.e) relative to (E,a) consists of

an attainable allocation (g,z,x,y) and a price system p &€ A such that:

~ .

@.1) For all firms j=1,...,J, yJ maximizes pyJ over
yJ E'yj(g)-
. . J .
(8.2) For all individual i € N, px < pw + 3 eijpyJ - o, (8,2,%,5,p) -
j=1

(8.3) For all ie N, (g,x) € Pi(g,xl) N X, dimplies

i i i
px > px and/or &, (8,2,%X,y,p) = V (g,2,%,Y,p)

(8.4) TFor every jurisdiction k = 1,...,K, z ai(g,z,x,y,p) = pzk
i€B,



J

(&.5) For every k =1,..,,K, with 3. pwl + % z Q..pyj > 0. there does not

i€B, ieB, j=1

. _k _k _1i . _k k i
exist (g ,Z J{x }iFB ) with (g8, -%2) € gk(g)J PEk < 2 Pwl +
Tk iéBk

R, § i
and (8% € P, (g,x) N Xy, for all i ¢ B (vhere Z° = g* for 4 # k.

Definition 5: A public competitive equilibrium (p.c.e.) relative to

(6,0) 1is a p.c.q.e. relative to (&,e) such that for all i € N,

(g,%) € Pi(g,xl) N X, implies p% " >px, and (£.5) holds for all

. J .
k =1,...,K, including those with 3 pwl + Z 2 9..pyJ = 0.
. . - i
1 EBk 1 EBk 'fl

Definition 6: (i) An attainable allocation (g,z,x,y) 1is called a

Pareto optimum for By if there is no other attainable allocation

(8,2,%,5) with y=y, 2> =2z, 8 =g v 4 #k such that

i, . i
Y ie .
(X)) € P (gx)NX ¥ ié€B
(ii) Let B = {Bl,...,BK} be a jurisdiction structure.

An allocation (g,z,x,y) 1is called a Pareto optimum relative to B if it

it Pareto optimum for each Bk € B.
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Since jurisdiction k controls only the production of its public goods
(gk,zk) and the taxes it levies on its residents (and thus {iﬁ}, i‘€ Bk)’
we required y =y and for g # k, 7 = ZZ, §£ = gz. As the preference
ordering Py is not necessarily either transitive or complete we cannot
have a stronger notion of Pareto optimality. However, if the preference

. i
ordering of each i € N can be represented by a utility function u’,

we can define:

Definition 7: (i) An attainable allocation (g,z,x,y) is a strong

Pareto optimum for Bk if there exists no other attainable allocation
(8,2,%,5) with y=y, 3¢ =2, g =g v 4 #k such that
i

u (E;El) Z,Ul(g;xl) Y i¢€ Bk and ul(g,gl) > ul(g,xl) for some
ie By -

(ii) Let B = {Bl,...,BK} be a jurisdiction structure. An

allocation (g,z,Xx,y) 1is a strong Pareto optimum relative to B if it is

a strong Pareto optimum for each Bk € B.

By '"(strong) Pareto optimum" we shall mean Pareto optimum and
strong Pareto optimum if each individual's preferences can be répresented by
a utilicy function defined over his consumption set. From Definition 5,
using (£.5) -and Assumption (aJ3) every p.c.e. allocation is a

(strong) Pareto optimum relative to B.

Assumptions:

For each agent i ¢ N,

(a.l) Xi is a closed and convex subset of Rig x'Kivdth (g,0) € Xi

for all g € RqK. 4/
* )
(4.2) Pi has an open graph in Xi X Ri , and
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(a.3) Pi(g,xi) is convex and (g,xl) € Bdry {Pi(g,xl)ﬁﬁXi}

for each r(g,xi) € Xi' (I.e., local non-satiation).
For each firm j ='1,...,J [and for each jurisdiction k'=1,,, .KX],
(b.1) Yj[Gk] is a closed and convex set of Rz[Ri’x R%],
(5.2) yj(g)L&k(g)] is a closed convex set containing O for each
5/

gqr 2.
g € R+ .

(c) The attainable set A is beounded.

[Note that (a.1) and (b.2) imply that O € A, hence A 1is nonempty.]

The Main Result:

s i
Theorem: Let B be a partition of N, and @& = (Gkh&k,Xi,W ,Pi,Yj;yj,B)
be an economy which satisfies assumptions (a), (b) and (c). Then,

for any tax scheme «, there exists a p.c.g.e. relative to (&,a).

Proof: We apply the theorem of the existence of a quasi equilibrium
in abstract economies [ 4 ] to our economy §. Except for the local
governments, and the fact that we consider quasi-equilibrium rather than

an equilibrium, the application is closely related to that in [ 6 1.
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By (c), there exists a compact and convex set

K K J
D C,Ri % Rﬁ foﬁn x'RZ which contains A in its interior. By

interecting the respective projections of D with the sets: Xi’Gk and Yj

we may assume, using (a.1l) and (b.1), that these sets are compact and convex.

For each d = (g,z,x,y) €D and p € A define:

For all i € N,

2,0 = {x & & | (g,xD) & %)

i

7,(d,p) = {x' e & | x' e%,(d) and

~

px~ < pw  + Max [O,

|

i .
A 8;5py1 - a;(4,p)]
(@) ={x €’ |(&:x) &P (gx)NX])
For all j =1,...,J,
7.(d) =7,
...‘.J( ) 'yJ(g)
Pj(d,p) = {y’ eyj(g) \pyJ > py '}
For all k = 1,...,K,
“k “k + “k “k
7 (&P = {20 € R T|(g s - 2°) € & (g) and

pzk < pw™ + Max [0, 3

1¢_Bk 1€Bk j=1

Mo

j
8 5PY 1

“ “k “k + _i ~ i

Voien, (' =¢ 4+1), s



And,

0

7 ,(d)

' d
Po( sP)

Lemma 1: Under assumptions

For all i € N,

o
3

*q * %
L) x ez,

(L.2) Pi(d“)ﬂ<7i(d",p“) =0 and/or ai(aﬁ,p“)

For all j=1,...,J7

(L.3) yJe 7, @

For all k = 1,...,K

(L.4) ﬁj @,p)n .rzj<d")

(@),

-12-

(b) and (c), there exists a

d =(g,2,%,y)€eD anda p €A such that:

i, % %
v (d ,p

0.

*k *k * %
(L.5) (g »z ) €7.(d,p)

A% % * % * i
(L.6) P (d,p)Nn7z@,p) = O and/or % pw + Z

And

1€B, i€B j

)



-13-

L.7) p €4, dp)
and

(L.8) <7o(d*,p*) N Po(d*:P*) =0

We shall present the proof of this lemma after completing the proof of
the theorem. We shall now show that (L.1) - (L.8) imply that
(d*,p*) is a p.c.q.e. relative to (§,a).
By (L.3) and (L.4), (€.1) holds. Using assumption (b.2), we
have p*y*j >0 for all j=1,...,J, hence by (L.1), (§.2) is satisfied.
(#.3) 1is implied directly by (L.2). By (L.5) and the definition

of a tax scheme (£.4) holds. Using (L.l) and summing over all i € N,

we get:

which together with (L.8), (L.1), (L.3) and (L.5) imply that a is an
attainable allocation (i.e., d € A). It is left to be shown that (§.5)

holds as well.

Suppose,

Moy

(*) S pw o+ 3
icB, ieB

6.. > 0
h 1P Y
k

By (1.6) if @F) € (6,x DNX  YieBE=gt vy, and

~k —k %
(g ,-2z)F &k(g ), then:
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To establish (§.5) we have to show that equality in (**) cannot

—k _k * *
prevail. By (b.2), for all 0< A< 1 (Ag , »2 ) €7 (d,p ). By (a-1)and

-1 -k ] 1 % %4
(a.2),for A < 1 large enough, (g ,...,\g ,...,gK,Xif') € Pi(g ,X 1) N Xi

Y i¢ B . Using again (L.6), together with (%):

k
J
* _k % 3 % _j * %4
PpArz > 5% (p wio- P xxl) + = 2 eijp y ]
1€Bk 1@Bk3=1
* *_i J * %
> A [ T (pw -px)+ 2 z eijp y J ]
1(5Bk 1€Bkj=1
Hence,
*—k * i Eo | J * *® j
pz > ¢ (pw -px )+ 32 2 ei.p y
i€B, icB, j=1 J

By the standard technique ¢f adding plausible assumptions every p-c.q.e.
is a p.c.e.; however, the proof of existence of such equilibria cannot
be derived directly but rather via the existence of quasi equilibria. In
all the above three examples, (a.l) - («.3), it is possible (at least
a-priori) that o, = pWi. " Moreover; = even if we assume that an individual
must have a positive after tax income, (so that he may be in the interior

of his consumption set), there can be no direct proof for the existence
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of a proportional tax system (example (a.l)) since, though the
proportion must be less than 1, it can be arbitrarily close to 1.

On the other hand, there exists no 0 <¢ <1, such that the

solutipn can be restricted to lie in [0,e].

Corollary: Let & be an economy which satisfies assumptions (a), (b),

(¢) and either:

(d.1) monotonicity of preferences: For all i € N and (g,xl) € Xi’

qX+g

i i
Pi(g)x ),3 Pi(g)x ) + R+

or —
(d.2) For all k=1,...,K, 2 w >>0.
iEBk
Then, every p.c.q.e. allocation, for any tax scheme, is a (strong) Pareto

optimum,

Proof of Lemma 1:

Lemma 1 is a direct application of the Theorem in [ 4 ]. The

following lemma guarantees the continuity of _z&,i € N:

Lemma 2: Let H = {(a,b)} be a compact convex subset of Rs+t such that

HS is a polytope, <Then, the correspondence h:R® —>> Rt, defined by:

t
h(a) = {be R |(a,b) € H} 1is a continuous correspondence in H°.

(HS denotes the projection of H on Rs).



Proof:

(1)

~16-

Since H 1is closed, h(a) is upper semi continuous .

KoL o A
(ii) Let a - a,b ¢ h(a). We have to find a sequence b  such

that bk - E,bk € h(ak) for all k. Let R(E,ak) denote the
- k

ray originating at a and passing through ak, and let r be
the furthest point on this ray which belongs to HS, i.e., for

— _ . s
all r e R(a,ak): either r e[a,rk] or else r & u°. (Since H
. ko, . k -k
is compact r is well-defined.) Clearly, a ¢la,r ],

thus ak = Kﬁ a + (1—K§) rk, 0 5;}% <1, and as 4% is a polytope.

. _ x -
ak + a if and only if Kg -+ 1. (1f rk = a3, them a =a and

we choose Kﬁ = 1. Tn this case, the proof of (ii) is trivial.)

s .
Let {al,...,aﬁﬁbe the extreme points of H~, hence there exist

k m  k
non-negative numbers {Si} i=1,...,m, = <éi = i, such
x m k i=1
that r = 3 6i a. (These numbers need not be unique.)
i=1
. k k K,
Defining . = (L ~-X)H8&,, i=1,...,m, we have:
1 o 1
m .
ak = Kk a+ 7 x% at
o . i
i=1

ot e u® implies (¢',8%) € H,i = 1,...,m. By the convexity of H,

m .. m ,
& =k@m + 3 K@l pl) en.  efine, b% = AT + 3z A F
© i=1 * ° i=1 *
k-
then, xk = (ak,bk) and hence bk E h(ak). As a - a,

xk -+ 1 and therefore bk + b.

o QsE.D.
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To conclude that Zi(d) is continuous, we choose the compact set D (which
contains the attainable set in its interior) to be a cube, and using
assumption (a.1), namely that for all g ¢ D,(g,0) ¢ X5 u° corresponds

to the ¢K-dimensional cube.

o

Remark 1;:/ The condition that HS is a polytope is necessary. Let u®

2 — — 3
be the unit sphere in R, & = (1,0), 5 =1, and H = conv {(8",0),(1,0,1)} c R".
. k 1 1+ 1
Define a = ((1- EZ)Z: ) k=1,2,... . Clearly, a* 4 a, ak e B°.

However, h(ak) =0 V¥ k, therefore bk 0+h5b.

il

H

—' This example was suggested to me by E. Kalai.
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Denote: T ={k=1,...,K; j=1,...,3; 1 € N; 0}. By (a.1) and
the definition of a tax scheme, ﬂi(d,p) # p i € N. Assumption (b.2)
implies that ~qk(d,p) and dj(d,p) are nonempty. Thus (7t(d,p) # 0
v(@,peDxA and V¥ t ¢ T. Clearly, ﬂt(d,p) and ll;t(d,p) are convex
for all (d,p) € Dx A and ¥ t ¢ T. Since (]j(d,P) and ﬁo(d;P) are
continuous correspondences, in order to apply the result in [ 4 1 it

is left to be shown that:

For all i € N [k=l,...,K], ﬂi(d,p) [dk(d,p)] is a continuous
correspondence for all (d,p) € D' x A with 'vl(d,p) > a, (d,p)
i

. J £
[ = pw1 + Max [0, Z 2% QiijJ]';}O] and is upper semi-continuous for all
i€B - ie, j=1
k k 3
(d,p) €D x A with v (d,p) <o (d,p) [ % pw + Max[0, % 3
1€B, 1B, j=1

3y
eijpy 1=01.

Ca

This is an immediate corollary of

Lemma 3: Let D be a compact subset of R_::_ and Q:D —> R_'S_ be acortirucus

correspondence such that for all d € D, Q(d) is nonempty compact and

convex. Denote: S = {1,.,.,s},§cs, and I = {y €R ZAﬁi=1, ﬂ-i=0Vi$

igs
Let f be a continuous function f£: DX 1 » R+ such that £(d,n) > 0 implies
that 4 ¢ € Q(d‘) with ¢ c < £(d,7). Then the correspondence 7: D X T Ri

given by: 7(d,m = {c ¢ Rf_ | c € 0(d) and nc < £(d,m}
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is upper semi continuous in D y¥'II and is lower semi-

continuous for all (d,p) € D x I with £(d,n) > O.

Proof:

k k - —, Kk k
(i) Upper semi continuity: Let (d ,m ) =+ (d,m),c € 7( ;ﬂk); and
ck-+ c. I.e., ﬂkck < f(dk,ﬂk) and ck € Q(dk), k=1,2,... . Since

D 1is closed and Q is upper semi continuous, c € ¢(E), and since f is

continuous,
mc< £(d,m). Hence c € 7(d,n) .

T N
(ii) Lower semi continuity: ©Let (d ,m ) = (d,m),c € 7(d,rm).
. k
We have to find a sequence ¢ such that

K4 T and Kes@ X for all k=1,2,... .
cem(d,m)=ceP(d and pc < £(d,m). Distinguish the two

cases:
I. T?E < f(H){T_)’

k - .
Since " 1is lower semi continuous, # c¢ -+ ¢ with K € Q(dk).

As ck-+ ¢ and E-E.< f(ﬁ}ﬁ), for k large enough, ﬁkck < f(dk,ﬂk).

k k k
Hence, c¢ €& 7(d ,m ).
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II. Tc = £f(d,7) > 0.
By assumption, there exists c¢ € Cp(?l) with:

~ ~

(1) e < f(d,7) and thus gec <gc

Since q) is lower semi continuous, there exist:

(a) {ck} s.t. ¢+ ¢ and cke dp(dk) and,

~ ~

(b) {Zk} s.t. PN c, K € q}(dk).

By (1),(a) and (b), for k large enough: (k ZE)

~ % ~
(2) ﬁkc < f(dk,ﬁk) and ﬁkck<ﬁkck.

For k < k, define K=k By (2) and ) ce 7¢d%, 75y
For k > E, define ck = ?\kck + (1- Xk)ck, where
A= Max AR+ (- afEF < £ @01,

<A< 1

(By (2), >\k exists and is unique).
. k, "k _ k
By (a), (b) and the convexity of Q(d Y, ¢ € Q(d ). Moreoever,
- — k
mc = f(@,7) and f 1is continuous, A -+ 1. By (a), therefore

~

KT, Clearly, K € ﬂ(dk,nk) for all k.

Q.E.D.
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FOOTNOTES
In particular:
+ .
For all i €N, X; = Ri 4 and W >> 0,

The preference ordering can be represented by a strictly
concave utility function which is strictly monotonic
increasing ,

The (unique) technology set is a convex cone containing the
origin and is 'round" (i.e., '"the supportung plane through

any boundary point is unique up to a constant of proportionality').

The usual definition of local public goods is: ''goods which cannot
readily be supplied and priced on a variable unit-of-service basis, but
which are best provided communally at the same level to all members of
the association, in such a way that nonmembers are excluded from
enjoying them altogether." (M. McGuire, "Group Segregation and

Optimal Jursidictions,' Journal of Political Economy, 82, (1974),

112-132.) This is the definition used by Richter. We, however,
allow for the case where nonmembers cannot be excluded from
consumption . The "locality" of these goods is, therefore, defined
only via the production (and financing) and not necessarily via

their consumption, as well. 1In other words, in this paper spillovers

of local public goods are allowed.

In particular:

+
For all i ¢ N, X = Ri_z (no spillovers are allowed),
The preference ordering can be represented by a continuous

utility function which is strictly monotonic increasing
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in each coordinate,

The (unique) technology set is a convex cone containing the
origin, and public goods do not enter into production of
private goods,

i
For all k = 1,...,K, T w >> 0.
icB

k
4/ Note that x' = REK+£ implies (a.l).
5/ Assumptions (b.1) and (b.2) are implied by:
, . gk 2
b.2") Yj[Gk] is a closed convex set of R* ¥ R
qK q ., b . K

[R™ x R, X R.], with (g,0) ¢ v, [G] forall ge R .

For a proof see lemma 2.
6/

Foley as well as Richter assume both (d.1) and (d.2) (see

footnotes 1 and 3 above).



