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CARDINAL UTILITY
AND THZ PRCBLiEM OF SOCIAL CROICI

By
Antenio Camacho

1. INTRODUCTION

In this paper we will argue that it 1Is necessary to consider
cardinal utility indexes, i.e., utility indexes which are constant
up to positive linear transformations, if we want to develop a useful
theory of social choice.

The literature on social choice usually considers a finite group
cf individuels, say n, each of them possessing a preference ordering
defined on a finite set A of m alternative actions or social states.
Then it tries to construct (Arrow [1]) a soclal welfare function, i.e.
a function that assigns a social ordering to each n-tuple of individ-
ual preference orderings, satisfying certain desirable conditions;
or it tries to construct (Sen [7]) a social decision function, i.e.

a function that assigns to each n-tuple of individual preference
orderings a soclal preference relation which generates a choice
function, satisfying also certain desirable conditions.

During the last two decades the main efforts to solving the
problem of social choice have been concentrated on these two approaches
with the main results expressed in the form of impossibility theorems
which state: in Arrow's approach, the no existence of a social wel-
ffate~function satisfying the required conditions; in Sen'’s approach,
the no existence of a social decision function satisfying also cer-
tain desirable conditions.1

It seems to this author that when we think of a soclel decision

mechanism operating In a soclaty, we Jdo not think of It as dectding
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once and for all the action or actions that society is going to take.
Rather, we view the decision mechanism as a kind of social strategy
~or rule that determines under each possible set of circumstances
what action society should take when each particular set of circum-
stances occurs. Certainly this is the case of any social decision
mechanism that we can think of in the real world. But if this is
the case, then the virtues or defects of the mechanisms should be
determined by judging its overall performance, i.e. by judging the
desirability or no desirability of the sequence of actions that it
genérates when any possible sequence of '"different sets of circum-
stances' ccmes along, and not by judging in isolation the action that
the mechanism assigns under each different set of circumstances.

It appears to us that when we consider the unanimity rule as
a bad mechanism because it immobilizes the system, we are not think-
ing of an isolate instance in which a single individual could block
a movement; after all if an individual blocks a movement under the
unanimity rule it is because he prefers the status quo to the pro-
posed change. We are ratlier thinking of the poséibtlity
that, under different sets of circumstances, different individuals _
might block the proposed movements and force society to remain .
forever without undertaking any change at all, and that this long-
run performance could be less desirable from the point of view of

-every individual in the soclety than the sequence of actions gener-

ated by other mechanisms, say a majority rule.
Thus, when we consider as unacceptable a mechanism as the
unanimity rule, it scems that we are dolng that more on the basis

of its lack of long-run or overall efficiency or Pareto optimality,
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as defined by us later, than on the basis of fairness considerztions
as appears tc be the case when we reject a soclal mechznism which
is a dictatorship.2

Both the social welfare function and the social decision function
approaches mentioned above are not appropriate for this type of over-
all analysis of the social choice problem because , although they
allow in their models for changes in the preferences of the individ-
uals with regard to the possible actions, they do not specify the
overall preferences of the individuals, Thus, if in a situation a
person prefers, say, action a; to action a, (a1 > az) and then his
preferences change and in a new situation he prefers a, to a;
(a2 > al), we should also know, in order to make an overall analysis

of the soclal mechanism, whether he prefers the sequence 8y in the

first situation and a; in the second" to the sequence "

a, in the
first situation and a, in the second" or if he is indifferent between
them, etc.,... And this information is not specified in either of
the social welfare or social decision functions models,

In a previous paper this author [2) developed a model for
analyzing the overall performance of social decision mechanisms. We
developed there a rather attractive set cf axioms regarding the
preferences of the individuals that lead to the existence of a kind
of cardinal utility indexes. Then by using these utility indexes
Qe constructed a class of soclal decision mechanisms, ali of whose
members are Pareto-optimal over the class of societies considered in
the paper 1n the sense that any finite sequence of actions generated

by any mechanism of the class is such that no other finite sequence

(of the same length, of course) of actions could have been generafed
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that had made at least one individual tetter off and no one eligs
worse off. We proved also there (Theorem 5) that no social décision
mechanism exists which is Pareto-optimal in the sense described above
over the class of socleties considered by us, that is based only on
the local orderings of actions by the individuals, and that csatis-
fies a rather mild 2nonymity condition.

In this paper we will prove a theorem which 1s stronger than
Theorem 5 presented in {2). And on the light of this new theorem
we will argue that 1t is necessary to consider cerdinal utility
indexes to develop a useful theory of sccial choice.

Any acceptable argument defending the use of cardinal utility
has to be, it seems to us, convincing on two grcunds, First, it must
be shown that the set of axioms with regard to the preference
orderings of the individuals that lead to the existence of cardinal
utility indexes is reasonable enough in the sense that they {(the
axioms) do not impose unrealistic restrictions on the possible
preference orderirgs of the individuals. Second, that there are
definite advantages in adopting the use of cardinal utility indexes.

The axioms presented in [2], and which we will reproduce in
this paper, and their economic interpretation appear to us rather
appealing and we think that they willi indeed pass the first test
required by our argument. We should note here that our axioms do not
involve directly the use of utility differences as in Frisch 3],
and Suppes and Winet [8], or the ordering of uncertain prospects as
in the expected utility theory of Morgenstern and von Neumann [5].

- They involve the use of notions such as ''rate of substitution,"

"independence,'" etc., that seem more natural from an economic point



of view.

We will present our argument defending the advantages of using
cardinal utility indexes in constructing and operating sccial de-
cision mechanisms in the last section of this article. We want to
mention here however that our argument is similar to that used in
the debate on centralization versus decentralization by those favor-
ing a decentralized approach in the organization of the economic
activity. The construction and operation of social decision mech-
anisms which are Pareto-optimal, in a sense that we will make precise
below, and thet satisfy the rather mild requirement of anonymity,
can be accomplished in a very simple way bty using our cardinal utility
indexes. To accomplish the same goal by using an ordinalist approach
becomes extremely complicated,

This paper is organized as follows: In Section 2 the axioms
on the preferences of the individuals that lead to the existence of
cardinal utility indexes are presented; a soclety S is precisgely
described and the class CS of socleties to be considered
by us is defined. 1In Section 3 a class 7 of social decision
mechanisms which are Pareto-optimal is determined and the generali-
zation of Theorem 5 of [2] proved. In Section 4, by using the
conclusions of the theorem proved in Section 3, we will discuss the
advantages of utilizing our cardinal utility indexes in the con-
“struction and operation of Pareto-optimal social decision mechanisms
in comparison with the use of a pure ordinalist approach to accoﬁplish

‘the same goal,
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2. DESCRIPTION OF A SOCIETY

A society is a group of a finite number cf n individuals or
members and two types of variables: one type over which the members
of the society do have control and that we will call actions;-
another type over which the individuals do not have control, and that

constitutes what we will call the environment? Thus in our model the

individuals of a society do not control the environment, they react
to the enviromment bty taking actions. And we assume that the dif-
ferent environments that may occur will affect, in general, the
preferences of the individuals with regard to the possibie actions
that can be taken,

A society will then be preclsely defined if we describe: the
class of all the environments that may occur; the actions that can
be taken when the different environments cccur; the memters of the
society and how their preferences are affected when the different

environments occur,.

2.1. The Space of Environments

We represent by E the collection of gall possible environments
and by e a generic element of it. Ve assume that the occurrences
of the different environments follow a probability law. Thus,the
space of environments is defined by the triple (E,s,P) where  is
a o~-field on E and P a probability measure on ..
- Remark. We assume that the space of environments (E,«,P) is
tich enough for any application that we need to make in this paper.
We want to note also that, although it helps our intuition to think
of the environment as something concrete like weather conditions, etc.,

which may affect the preferences of the individuals, and we used
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illustrations of this type in [2] for that purpose, there is no need
to do that, As it will become clearer later, we can look ait the
edvironment only as an auxiliary variable which 1s convenient in
describing changes in the preferences of the individuals. These
changes in preferences may be due to changes in things as concrete
and visible as weather conditicns, or they may be due to changes

in less visible things as the blood pressure of the individuals, or
even to changes as subtle as the state of mind of the individuals.
Wwhat 1is important for our model is the assumption that each member
of society has certain perceptior of the occurrence of these en-

vironments and of how these occurrences will affect his preferences.

2.2, Actions
There is a set of m actions A = [al,...,am] from which society

can choose when different environments occur.

2.3, Members of a Society

Each society has a finite number n of members. A member i of
a soclety is well defined for our purposes if we describe how the
different environments affect his preferences with regard to the
different actions that can be taken and the properties of these
preferences. This we will do now.

For each member i (i=1,...,n), let ); be a function from E onto
the finite set Ki = {1"“’ki}’ where ky is a natural number greater
than or equal to 1, such that the inverse images xil(l) =

1 kg

k
-1, <
= Ei,n-o,)\i (ki) = Ei

are all members of . Let 6i = [Ei,...,Eii}.
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Preference Orderings. Consider the two sets of infinite se-

quences

A® = {(am1,...,awh,...): awh € A for h=1,2,...,} and
» j b k|
6y = {(Eil,...,Eih,...): Eih €6y for h=1,2,...,}.

Let a° represent a generic element of the set A% and E;, a generic

element of 6; .
j iy

We assume that to each member of 6;, (Eil""’Ei yece), COr-
responds an ordering relation gi.e. a relation that is transitive,

J J
reflexive and connected), Qi(Eil,...,Eih,...) = Qi(E:), of the

elements of A”,
We will write a”|Ef 2, 8" |E] to mean a® Q (E]) 2°. If we want
to be more explicit we may also write

3 In - j -
amilsil,...,a%}zi bees 24 acpllEih,...,acp IE" ...

amlE; >y §°|E; means a"[E; 2 EQIE; and not-EmlE; 24 amlE; ;

a”|E] ~ 8 |E; means ale; > 8 |E{ and 3" |E 3y a

-
0

Lli °

a:l’_,

In the language of the social sciences Qi(E;) is the relation
'"{s at least as good as' and a"bi(E:) a” means: that the member i

of the soclety preférs society to take action a_ when the event

3 j

1 .
E;” occurs,..., action a_ when Eih occurs, etc.,..., than to take

action a_ when Eil happens,..., a_  when Eih happens, etc.,.¢., ;

or that he is indifferent between the two sequences of actions.
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)

Let li = {Qi(E;) P Ey € 8I , 1.e. li is the collection of all
preference orderings of the elements of the set A” that correspond
to infinite sequences of events of the outside world.

Properties of the Class of Orderings 24 We assume that the

class of orderings 24 satisfies the following axioms:

Permutation Axiom.4 Let v be any natural number greater than 0,

Let ", be any one to one function from the set of natural numbers
{1,2,...) onto itself such that ﬁv(h) = h for all h > v. Then we

have: for any finite natural number v and any ™

(acpl,...,acph,...) Qi(zil,...,aih,...)(chl,...,s yeel) <>

Imy(1) I (h)

<=> ( ,...) Qi(Ei . ,.--,Ei ""))

A

a yeeond
P (1) P S0

(aw yeoosd yeo
ﬂv(l) cpﬂv(h)

Before we present in a formal way the independence axiom we

need to develop some notation. Consider the infinite sequence

3 j .
(1] aml\Eil,...,awhlEih,..., = (am,Ei) and take from it the terms
In j
h
acph IEi 1,...,& |24 r.
1 thr

Call this finite subsequence F(h h ;ar;Ei) and the remainder

1,-0-, r

o= eo-r) .

infinite subsequence C(hl,...,hr;a ;Ei We will represent

the infinite sequence [1] by

F(hl,...,hr;ar;Ei) C(hl,...,hr;am'r;E;-r).
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Suppose we obtain new sequences from the sequence (1] by
changing in the finite part F of it: some, all or none of the a's;
some, all or none of the £'s; some, all or none of the a's and some,
all or none of the E's. The new resulting sequences will be repre-~

sented, respectively, by F(h,,...,h ET;Ei) C(hl,...,hr;a“'r;E;-r);

r;
F(hl,...,hr;ar;ff) C(hl,...,hr;am"r;E;-r);
F(hl,ooo,h a

.Zr;Ei) C(Hl’oco,h

m-r_ o=
r? Ei ).

r?
The corregponding changes in the part C of sequence [1] will be

represented in a similar way.

Independence Axiom, F(hl"“’hr;ar;E:) C(hls'--,hr;aw-r;zz'r) Ei
Ei F(hl"..’hr;sr;Ei) C(hlx---shr;am-r;E”-r) <=>

r .r ==L =~1\ >
<=> F(hy,...,h 587 5E)) Clhy,.en,h 5@ HETT) <

S .
51 F(hl,o-o,hr;;r;Ei) C(hl,o.o,h

—o~T =o-T

£a ,E1 ).

Remark. The class of preference orderings 24 satisfying the
Permutation and Independence axioms defines a class of preference
orderings, which satisfies also the corresponding Permutation and
Independence axioms, on the Cartesian product AT = A, ...xA(r times; r
being any finite natural number) as follows:

J 3 r
acpllEil,...,aq)r\Elr - F(l,...,r;ar;Ei) 21

o

- 3 - : -
2y 8, |8 5...,8, [E5 = F(l,...,r;ar;Ei) if and only if there

Pr

is a C(1,...,r;a°-r;E;.r) such that
F(1,...,r;a73E]) C(L,...,r;8" F3ETT) 24 F(L,...,758 ;E))

C(l’ s s ,r;a”-r;'E;-r) .
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35 I
We represent these preference orderings by Qi(Eil,...,Ei‘). in

k
particular we have the preference orderings Qi(E%L...,Qi(Eii).
k k
a_ |E; and a__|E; >
i i
n icpq cpai
>4 a¢r|Ei » then there exists a real and non-negative number (that

Rate of Substitution Axiom. If a¢p|E§ >

q
depends on i, k, k, s Bqo

that the following is true:

"\05’ Vq')’ Ri(k, E, ch’ qua CP'I;" CPa) such

A J

(a) If in a sequence a¢1\Eil,...,a¢hlEih,..., we substitute

a(p for a_ r times (r > 0) when the event E? occurs and a for
q

aw_ s times (s > 0) when the event EE occurs, then the resulting
q

sequence 1is >gs Sq» OF ~, with regard to the original one if and

8 r
only if T - Ri(k’ k, Ppr Pq> CPI')" CFE[.)’ %< Ri(k’ k, q»)p’ ch, CPE’ CP(T), ©

S o ), respectively.
T Ri(ka E: prs cpq, CD’Ea q?a' ’

j j
(b) If in a sequence a@llEil,...,a¢h\Eih,..., we subsgtitute
acp for am r times when the event E? occurs and a for a s times
p q %q )

when the event EE occurs, then the resulting sequence is >:5 <y, OF

~y with regard to the original one if and only if

< Ri(k: Es ch’ q)qs WE’ (Pc'l‘)s ‘Sf> Ri(k, E: CPp, Cpqs Cpf;s CP&'): or

S
T
% = Ri(k, k, wp, ¢h’ w;, wa), respectively.

We will represent sometimes a finite sequence containing c1 times

3 3
the term aml‘Eil""’cp times the term 2, lEip, where the ch's

P
(h=1,...,p) are integer and positive numbers, by c;«

3 b
z, ! x & |Eip.
“p
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We now turn to our last axicm, the

Repetition Axiom. For any integer end positive numbers p and

c 3
j j J
l |Eip 2 a *|E; 1,...,a *]E.P <>
p " 9 ®
J J b J
<=> ¢, lE.l,.. ,C x |E i Z ¢ x a *IE 1 .,c x a *|g,P
N p ~g (pp L

Utility Indexes. Ve try to determine now, if they exist, utility

indexes for the different actions when the different events occur,
i .
u (arlEi) = ui(r,j) (r=1,toc,m; J=1,aoa,ki)’

that satisfy the following condition:

J j J j
(¢] a lEil,...,a |Eip Z a IEil,...,a *IEip <=>

S *
% i 9 “p
P4 > P 1 %
<=> Z u(p,,j ) 5 T u(wy,j.), where p is any finite
hel RSl 7 T¥heTe T
natural number greater than 0.

("ui(l,l),...,ui(l,ki)“

Write u =

ui(m,l),...,ui(m,ki),J

We will call the matrices ui, utility matrices.

Theorem 1.
(i) There exists a class Ut of utility matrices u' whose entries

satisfy condition {«]. Two matrices
S ' = = .
T (1,1),..., 5 (1K) G, D, B k)
gt : : , 5t e | : :
Gi(m,l),...,ﬁi(m,k ) ! Gi(m;l),,;g,ﬁ?(m,k

— 4

1)
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belong to the class U™ if and only if 3t € vl and ﬁi(r,j) = cﬁi(r,j)
+ bj’ (r=1,...,m; j=1,...,ki), where ¢ is a positive constant; each

of the bj's is a positive, null or negative constant.

(11) If the entries of a matrix ol satisfy condition [«],

then ul € Ul.

We will omit the proof of Theorem 1. The reader interested in
finding out how this theorem can be proved may look at [2].

We can now define precisely a society S, its different states
3, and the class éi of socleties that we are going to consider in
~his paper,

A Society. Let X = (kl,...,ki,...,kn), 2= (21,...,21,...,2h),
W= (5,/,P). We define S by the quadruple W, A, A, 2 and write

S = (W, A: A, 2).

States of a Society S. Each of the functions Xi(i=1,...,n)
k, n
determines a partition gy = {Ei,...,E.ll on E. Letéd=n §&,.
i j=1 1

equivalence classes of the partition 4§ are the states s of S. Thus,

The

each state is the intersection ©of n events, and society S has

J 3
klx...,kn different states. Write Sjl""’jn = 311 Nevae Enn’ ji € Ki
for i=1,.,.,n; and represent by (s, ) the vector of Kyx...xk

31""Jn 1 n

different states of S.

The class of societies 5; . We are interested in thils article

in the class of all societies S that have: a finite set of actions,
a finite set of possible different states, and a finite number of

members whose preferences satisfy our set of axioms and can, conse-
quently, be represented by matrices of utility indexes as those of

~

Theorem 1 gbove., We will designate this class of societies by ~) .
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3. SOCIAL DECISION FUNCTIONS

Definition 1. A social decision function or social decigion

mechanism M, is a function that assigns tc each state s of each society
S a subset of the set of actions A available to the scciety.

To indicate that the set of actions A corresponds to the socilety
5, we will write A(S). By @(S) we will represent the power set of

A(S), excluding the empty set.

Let & = U8 a(S), and & = {(S,s) : s is a state of S and S€ & ].
Se¢

vilth this notation we can define a social decision mechanism M as a

Zunction from .# into ¢ such that for any (S,s) € B, M(S,s) € a(S).

Definition 2. A finite sequence of actions A, se-e5d is said

1 p
to be Pareto-optimal for a society S when the states Sl""’sp of §
prevail if
(1) a. € A(S),...,a € A(S); and
1 r'p
(1i1) there is no other finite sequence 3% ,...,Er satisfying (i)
1 P

and such that |

3¥1lsl,...,§r |sp 2; a8, Isy;hee,a) lsp for all i=1,...,n,
and
a_ |S75+.05a_ |s_ > a_ |sy...,a_ |s_ for some i=h.
ry 1 ’ rp p "h ry 1’ ? L p

Definition 3. A social decision mechanism M is Pareto-optimal

over the class f; of societies if for each § € » and every finite

sequence sl,...,sp of states of S, we have

a. ¢€ M(S,sl),...,ar € M(S,sp) => a_ |sl,...,a |s

rl p 1 rp

is Pareto-optimal for S when the states sl,...,sp prevaii,
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Pareto-Optimal Mechanisms., We will try to determire now a class

of social decision mechanisms ! whose members M are Pareto-optimal
over the class of societies o in the sense of Definition 3.

Since for each state s of S we have e € s and e’ € 8 =>
=> ) (e) = r;(e?), for i=1,...,n, we can write Ay (8) = A4 (e) for
some e € s, Let Ui(S) be the class of matrices of utility indexes
corresponding to the member i of S whose existence we stated in
Theorem 1.

We can now determine a social decision mechanism M of the class
7 as follows: For each society S € é; and every member i of S pick

a matrix of utility indexes ui from the class Ui(S) and calculate

n
= ui

wlap) = 1=1

[r,Xi(S)J .

M(S,s) 1s then defined by the following condition:

a,. € M(S,s) <=> a_ maximizes w(ar).

By picking for each S ¢ @ and every member 1 of S matrices ui
from the class Ui(S) in all the possible ways, we obtain the class 7

of social decision mechanisms that we are trying to define.

Theorem 2. Every M € 7 is Pareto-optimal over Qr in the sense

of Definition 3.

Proof. Very easy, taking into account condition [e] that the
. entries of each matrix of utility indexes ui of the class Ui(S) must

satisfy.

As we have claimed above, every social decision mechanism of
the class 7 1s Pareto-optimal over >§ 1in the sense of Definition 3.

To select a partlicular M from the class 7 some ethical principle can
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be added. To illustrate how this can be done, we now choose a par-
ticular mechanism that we will call M, from the class %, by picking

for each society S and every member i of it a matrix of utility

indexes at from the class Ui(S) in such a way that: if S were to

adopt for each of its states s a most preferred action from the

th

point of view of the i member, then his expected utility would

ba 1, if S were to adopt for each of its states a least preferred
action from the point of view of i, and there were no states in S
for which the ith member is indifferent with regard to the actions

to be taken, then his expected utility would be 0. More explicit:
Let B
e ui(l,l),...,ui(l,ki)

: : |

ut(m,1),...,ut(m,k )J

be any given matrix of the class Ui(S).

Let ui(rj,j) and ui(r.,j) be a greatest and a smallest, respec-
utility thJ

ively, /indexes of the j  column of the matrix ul,
= i, .
The matrix ( u (r,j)) = (Fu (r,j) + bj> to be used in the

mechanism M is then uniquely determined by the following relations:
(i) 1If for some column j, ui(rj,j) = ui(rj,j), take
E(rj,j) = cui(rj,j) + bj =1,

(i1) 1If ui(rj,j) > ui(ri,j), take Gi(rj,j) = cui(rj,j) + bj = 0,

(1i1)

n
S

R .
[;ui(rj,j) + bj} P(Ei) =1,

j=1

Remark. It is interesting to note that the only information

with regard to a society S and the state s of it that prevails, that
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the mechanisms of the class 9 use to determine the action to be
adopted 1is given by the utility indexes of each member i of S that
correspond to the different actions when s prevails.

We will show that, if for each point (S,s) of the domain of
the social decision mechanism each individual i reveals cnly (i) his
event lil(s) that corresponds to the state s and (i1) how he orders
all the possible corresponding sequences of actions given a sequence
of events in which each different event Ei,...,Ei repeats itself

a finite number of times h, no matter how big h 1s, this information

i8 insufficient (in a sense that we will make precise in Theorem 3

below) to allow society to select actiong that are Pareto-optimal
in the sense of Definition 3.5

Let us now introduce the notion of impersonality that will be
used in Theorem 3.

Impersonality. The intuitive idea of impersonality or

anonymity or neutrality of a social decision mechanism is that the

action that it assigns to socilety(in each situation) is irdependent
of who 1s who. That is, the action assigned by the social decision
mechanism depends only on the information conveyed by the individuals
of the society without consideration to who conveyed what information.
Thus, 1f in a soclety composed of two individuals, Mr. 1 and Mr. 2,

in one situation Mr. 1 conveys a certain information, say Yl, and

Mr, 2 conveys YZ’ and the decision mechanism assigns an action a,

the same action must be assigned by the mechanism if a situation
comes where the person that we call Mr. 1 in this new situation
conveys Y2 and the person designated as Mr. 2 conveys Yl‘

To formalize this notion we need to develop new notation.
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k
Let Qi(hi’ ..,hii) be the preference ordering of sequences of

1 1
actions, that correspond to the sequence of events Ei,...,Ei,...;

ks k k
.;Eil,...,Ei1 containing h% times the event E%,...,hii

. ky
the event Ei .

times

k | k 3
1 1 J1 1 n In
Write M[Ql(hl,...,h1 ), El Seee) Qn(hn""’hn ), En ] to
represent a social decision mechanism in which each individual
k
i (1=1,...,n) reveals only his preference ordering Qi(h1 . ,hii)
and the event Eii that obtains for him, We can state now
1 ky
Definition 4. A social decision mechanism M[Ql(hl,...,h1 ),
j j
Eil;e,.;Qn(hi,...,hin),E "] is said to be impersonal if,

k j kg
(a) MQ,(ni,..., h 1y Ejl,...,Q (h b bLE L e, el 05,
1Vl 1 i i i £ ,

Je kn ]
1 n
E, ;...;Qn(hn,...,hn ),E ]

(1) . 1 ﬂ(i)
= M[Qn(l)(h"(l),oo.,hn(l) )ETT?].) ;...,Qn(i)(hn(i),.n. TT(i) )
In() Kn(2) Im(e) 1
Eﬂ(i) ;.'.;Qﬂ(ﬁ)(hﬂ(ﬁ)’...’hTT(Z) ) ETT(E) ;Qn(n)(hn(n),.o.,
() In(n)

»+eesn(ny VoEn(ny )

where m is any one to one function from the finite set {1,.00,i,000,2

.,0}  onto itself, l.e., m(1),...,m(1),...,m(L),...,m(n) is any

permutation of the ordered set {1,...,i,...,£,...,n}; and

k
(b) M[ol(hl,.'.’h ) EJl,QQQ,Qi(hi’ .’hii)’ il,ooo;
k ?(3g) k.o 3
;...;Qz(hi,...,hlz), Ez £ ;...;Qn(hi,...,hnn) E "

ky b

k
1, J
- M[Ql(h}:,CO"hl )’Ell,cco,Qi(h ,0..,h )’u z

l,..l;

@(J.) 1 kn jn

k
;...;Q,(h%,...,h,‘), E, * teee:Q (B ,....h Y. E .
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whenever,

(1) k; =k, ,

(i1) there is a one-to-one function ¢ from the set {1""’kz}

k k.
onto itself such that hf(l) = h},...,hf( 2) h,t,

ke
(111) Q (b}, ...,n. D) = %D, . o) 6

Part (a) of the definition of impersonality does not need
additional explanation, Part (b) is somehow more difficult to in-
terpret, It captures the idea that if two individuals labeled, say,
i and £ in a society reveal ''similar' preferences, in the sense
rhat conditions {i), (ii) and (iii) of (b) are satisfied, then if
tso situations occur which are the same from the point of view of
the rest of the individuals and Mr. i 1is in situation 2 (event Eiz
obtains for him) in an ''equivalent' position to that at which Mr, 2
was 1in situation 1 (event Ef(jz) obtained for him) and vice versa,
society should adopt the same action in both cases.

Part (b) of our definition of impersonality could be seen
as a formalization of a type of interpersonal comparison which
according to Arrow7 it 1s exemplified by the following inscription
supposedly found in an Znglish graveyard.

""Here lies Martin Engelbrodde,
Ha'e mercy on my soul, Lord God,

As I would do were I Lord God,
And Thou wert Martin Engelbrodde."8

lle are now ready to present the generalization of Theorem 5 of

[2] that we announced in the introduction.
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For any natural number h guveater than 0, let i7(h) be th: class

. 1 ki, _J1
of social decision mechanisms M[Ql(hl,...,h1 ) By 5eees
' k k
Qn(hi,...,hnn),Enn] which are impersonal in the sense of definition
1

4, and where h% = L., = h:l = ,,, = hn = ,,, = h:n = h, Thus for
the mechanisms of the class 7(h) each individual i reveals the
event that obtains for him together with his preference ordering,
of sequences of actions, that corresponds to the sequence of events
containing h times each of the different events Ei,...,E:i that
can obtain for him.

Theorem 3. For any fixed h, no matter how big, there is no
social decision mechanism in the class $(h) which is Pareto-optimal
in the sense of Definition 3.

Proof. It will suffice to exhibit two societies S and S’ of
the class d; and show that there is no social decision mechanism

in 7(h) that is Pareto-optimal over S and S’.

Both societies S and S’ have two members, 1 and 2; and the set

of actions from where they can choose is the same {al,a23.

In society S two different events E%, E% can obtain for indi-
vidual 1,and two E%, Eg for individual 2; similarly in S', Eil, Eiz
can obtain for individual 1 and Eél, Eéz for individual 2. Thus,
in society S we have the following states:

_ o1 .1 | 2 o gl .1 _ pl 2
S91 = El N EZ’ 819 El N E2, 51 E1 N EZ’ Sp9 = El n E2 .
In society S':
4 — 17/1 -—1'1 4 ™ ﬂll -|12 / = 3?12 I1 7 — 'ﬂlz 7
S11 7 51 N Eys Sy =™ BT N EyT, 8y = & N Eyn, 8y, = By NE
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c.
i)

It remains to specify now Ql(h,h) and Qz(h,h) in

Qj(h,h) and Q,(h,h) in 5. This is done below. Let:
. . - -1 nl 2
(1) for individual 1 of S, allui > az\al, az‘sl > a11El;

. 1 2 2
(11) for individual 2 of S, a;|Ey >, a,|Ey, a,|E5 >, a, [E5;

. . 1 2 2,
(i’) for individual 1 of S’,allhl1 > aZIEi ’ azlEi >1531|E£ ;

. ...1 “1 2 —
(ii’) for individual 2 of S, allué >y azlué > azlEé >9 allbz -

In view of the definition of the Rate of Substitution
Ri(k’E’wp’¢h’wﬁ’¢€)’ we clearly have that: R1(1,2,1,2,2,1) and (1)
“atermines Ql(h,h); R2(1,2,1,2,2,l) and (ii) determines Qz(h,h);
1{(1,2,1,2,2,1) and (i’) determines Qi(h,h); Ré(1,2,1,2,2,1) and

{i1’) determines Qé(h,h).

Remark. Observe however that the knowledge of, say, Ql(h,h)
does not suffice, in general, to determine R1(1,2,1,2,2,1).

Take R1(1,2,1,2,2,1) and R2(1,2,1,2,2,1) in such a way that:
Ry(1,2,1,2,2,1) < R2(1,2,1,2,2,1) and, for any two natural numbers

w

and r, R;(1,2,1,2,2,1) < % < R,(1,2,1,2,2,1) only if both s and
r are greater than h.

Now take R{(1,2,1,2,2,1) = R,(1,2,1,2,2,1) and Rj(1,2,1,2,2,1) =
= R1(1,2,1,2,2,1). Thus, Ré(1,2,1,2,2,1) < Ri(1,2,1,2,2,1) and
R,(1,2,1,2,2,1) < % < R{(1,2,1,2,2,1) only if both s and r are greater
than h, It is easy to see, taking into account the Rate of Substi-
tution Axiom, that, given the values assigned to R1(1,2,1,2,2,1),
R2(1,2,1,2,2,1), R{(1,2,1,2,2,1) and Ré(1,2,1,2,2,1), Ql(h,h) =

= Qz(hsh) = Qi(hsh) - Qé(h’h)-
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Tne possible values of a social decision mechanism M € 7{h)
. -1 2 : .
at the point [Q(h,h),Ey; Q,(h,h),3;] are: {alJ, fa,}, {al,azl.
Assume that M[Ql(h,h),zi; Oz(h,h),Egj = {al). Then, since M is
impersonal in the sense of Definition & above, we have:

. - - -1

N{Qq (h,h) 375 Qy(h,h), 251 = MO0, (h,h),E3; Q2(h,h),5323 -

= MrQl(h h):-‘l > Qz(h h),ﬂ’ ]l = M[Ql(h h):-'l 5 Qz(h h): J = {a]_]‘
Jow suppose that a sequence of states comes along in society S
~ontaining r times the state S1925 and s times the state S91°

. -r times ~ —~s times —
- ~

\

Zie corresponding sequence of actions generated by M is

—~ r times . s times~
-~ Vs ~
Ve \._ g \

R T L R L

Thus we obtain the sequence

~ r times s times —
(]-) // 4\\ - ~
allslz,o . . . Q,allslz; allszl” . . . ,allszl .

Sequence (1) is viewed from Mr. 1's point of view as the sequence

~ -~ r times — __ _—s times - __

\1 Pt \2
allEl,. " e e ..,al|E1; allEl,. e .. .,allE1

from the point of view of Mr. 2 as the sequence:

1) ~ T times __ _ s times
2 re ~ ~ ~

-1
aplEy,. « . . "’all‘Z’ a;le, .o .,allnz.
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Now consider the sequence

P .~ r times .__ _~ s times —
(1*) ~ -~ ™~

a,ls a ]2‘ ; | >
23192 + -8y 12° 3.2 521,. o e e .,3.21821,

vhich from Mr. 1's view becomes,

_-r times — _ - s times —

~ P

‘ ~
(lf) é;lEi,. .. ,,,azlEi; a;]E%,. .o . .,azlE%
and from Mr. 2's view is
P times -~ __ _~— s times — __
awy 72 2 o1
5 a2|E ye e ..,a2|m2, a2|E2,. N LY

Since R;(1,2,1,2,2,1) <2 < R,(1,2,1,2,2,1), we have:

(1) (lf) >1 (11), by part (a) of the Rate of Substitution Axiom;
(ii) (1;) >, (12), by part (b) of the Rate of Substitution Axiom.

From (1) and (ii) it follows that M is not Pareto-optimal, in
the sense of Definition 3, on S.
1f we take M[Ql(h,h),E}; Q2(h,h),E2] = [azl, we can show in a
zimilar way that M is not Pareto-optimal on S, Finally, if we
-t 2
take M[Ql(h,h),ul; Qz(h,h),Ez] = {al,az), we can see that the

mechanism M is not Pareto-optimal either on S or on S’. Q.E.D.
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4. CARDINALITY ViiRSUS ORDINALITY
IN THE PROBLEII OF SOCIAL CHOICE

As we mentioned in the introduction to this article, any satis-
factory argument defending the use of cardinal utility has to be
convincing on two grounds. First, the set of axicms on the preferexnce
srdering of the individuals must be plausible in the sense that th:y
{the axioms) do not impose unrealistic restrictions on the individ:zi
cieference orderings. Second, it must be shown that there are
definite advantages in using cardinal utility indexes.

We believe that the axioms presented in this article, and that
v2re extensively illustrated in {2], do not impose unrealistic r:-
ftrictions on the preference orderings of the individuals. We will
>3t discuss this matter further here. We will concentrate rather
cn showing the advantages that exist in using our cardinal utility
indexes to construct and operate Pareto-optimal decision mechanisms
taat satisfy also the mild requirement of impersonality.

Consider the class of societies 5‘ and let us try to describe
how the mechanisms of the class /7 can be put into operation to de-
tarmine the action that any society of CY should take whenever any
of its possible states comes along. Pick the mechanism M of 7,
cbtained in Section 3, which is impersonal. To operate M on any
society S of dr we need only ask each member i of S to calculate
his matrix of utility indexes Gi, and then to reveal, when each
state of society comes along, the utility indexes that correspond
to the different actions when that state of society prevails. For
instance, each individual might be instructed to feed to a computer

these utility indexes. Then the computer can be programmed to add
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up, for each action, the utility indexes of the different i:dividuals
of the society and to select one action with the highest sum. Hcuw
cuppose that after society S, having gone through a finite numter
oI states, changes to a new society, say S’ (some people of S may
cisappear and some new people may join the remaining members of S)}.
-2 only thing we need to do is to instruct the new members (the ¢l.d
.25 slready know how to proceed) to feed to our computer, when each
state of S’ comes along, their utility indexes that correspond to
the different actions. This mechanism, since it is a member of 7, is
Jareto-optimal in the sense of Definition 3. Consequently, after
vacleties S and S’ have gone through any finite number of states,
va can be sure that the actions generated by M are such that no
c’her actions could have been generated that had made any individual
of S or S’ better off without having hurt somebody else at the same
time.

In Section 3 we proved (Theorem 3) that if for each point (S,s)
of the domain of the social decision mechanism each individual 1
reveals only (i) his event X;l(s) that corresponds to the state s

aind (11i) his preference ordering, of sequences of actions, that

tszrespondsto a sequence of events containing a finite number of
times h, no matter how big h is, each of his different events

k
! Eii, this information is insufficient in the sense that among

™

Eiyes
1! .
the class of mechanisms 7((h) that are based only on this information,
znd that are impersonal, there is no one which is Pareto-optimal over

Lyﬁ. Thus, if we want decision mechanisms which are impersonal

and Pareto-optimal over ¢S., and ve do



not wznt to use the cardinal utility indexes derived in this poner,
we have to requirc that for each (S,s) of the domain of the izechzrism
cach individual i reveal, together with the event Xgl(s) that

cbtaing for him, how he orders infinite sequences of actions, given
an infinite sequence of events containing infinite many of each cf
hic possible different events. Ve consider that this is operaticn-
a1ly infeasible and hence our claim regarding the inadequacy of the
wrdinalist approach in finding solutions to the problem of social
cioice.

It is worth noting the similarity between the argument pre-
ccnted here and that developed by the advocates of decentralizatizn
curing the controversy regarding centralization and decentralization
as alternative ways of organizing the economic activity. In that
centroversy, it was argued by the advocates of decentralization
that: you can achieve an allocation of resources that is Pareto-
optimal (in the static sensa, of course) through the, operationally
rather simple, decentralized price mechanism; or alternatively, in
a centralized and computationally very complicated way, by asking
consumers, producers, and resource owners, to transmit to a central
zaency, respectively, their preference orderings, their production
functions, and the amounts of resources owned, and havgyﬁge central
agency calculate a Pareto-optimal allocation of resources. In our
case we have argued similarly that you can achieve Pareto-optimality
{in the sense of our Definition 3) in a very simple way by using our
cardinal utility indexes; or alternatively, by going through the
mther complicated procedure of requiring that each individual commu-

vnlcate to a kind of central agency,together with the event that

prevails for him,how he orders infinite sequences
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of actions, given an infinite sequence of events containing infinite
many of each of the different events that can obtain for him.
Several authors have argued (e.g. Frisch (4], Shapley [6]), in
different contexts, for the need to consider cardinal utility. Tk~
argument presented in this article 1s new to the best of our

knuowiedge.
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Footnotes

For a nice summary of the main results of these two approaches,

see the paper by Andreu Mass-Colell and Hugo Sonnenschein,

"General Possibility Theorems for Group Decisions,'” The Review of

Economic Studies, Vol. XXXIX (2), No. 118, (April 1972),pp.185-92.

This seems to be the spirit of the argument contained

in the paper by Duncan Black, '"On Arrow's Impossibility Theorem,'

the Journal of Law and Economics, Vol. XI1 (2) (October, 196%2),

pp. 227-48.

1

Waat we call in this paper ''the environment,' was designated

in [2] as "state of the outside world."

Fer illustrations regarding the meaning of the axioms presented
in this paper and other clarifying examples, see [2].

We should note here that in Theorem 5 of [2], for each point
(S,s) each individual i was required to reveal only how he
ordered the different actions given the event x;l(s).
Qz(hf(l),...,hﬁ(kl) represented obviously the preference
ordering of Mr. £, of sequences of actions, that corresponds

to the sequence of events Ef<1), ,Ef(l); Ef(kz) Ef(k‘)

. 0 o 00y g0 ey

containing hf(l) times the event Ef(l),...,h%(kz) times the
event Ef(kz).

See Arrow (1], p. 114.

The difficulty with this type of interpersonal comparison is
that to be applicable, as formalized in part (b) of our defini-
tion of impersonality, the individuals neced to have ''similar"
preferences in the sense stated by conditions (1), (ii) and
(iii) of (b). This author wonders if the troubles of certain

societies in the real world in reaching social decisions do not
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lie on the fact that different groups of these societies have
so different preferences that the type of interpersoral
comparison formalized in part (b) of Definition 4 cannot be

applied. They simply cannot understand each other!



[1]

(2]

3]

(4]

(5]

(6]

(71

(8]

- 30 -

Referznces

Arrow, K. J., Socisl Choice and Individual Values, 2nd ed.,

New York: John ¥iley and Sons, Inc., 1963.
Camacho, A., "Social Decision Functions,' (Northwestern Univer-
sity,Graduate School of Management), mimeo, March 1972,
Frisch, R., "Dynamic Utility," Zconometrica, Vol. 32, No. 3
(July, 1964), pp. 418-24,

~ Ve Y
Frisch, R., "Sur un probleme d'economie pure,' Norsk Matematisk

Forenings Skrifter, Serie 1, No. 16, 1926, pp. 1-40.

Morgenstern, 0., von Neumann, J., Theory of Games and Economi:

Rehavior, Second Edition, Princeton: Princeton University
Press, 1947.
Shapley, Lloyd S., "Utility Comparisons and the Theory of

Games,' LA DECISION: agregation et dynamique des ordres

7 Vd
de praferences, Colloques Internationaux du Centre National

de la Recherche Scientifique, No. 171, Paris (France) 1969,
.pp. 251-63.

Sen, Amartya K., Collective Choice and Social Welfare,

San Francisco: Holden-Day, 1970.

Suppes, P. and M, Winet, "An Axiomatization of Utility Based
on the Notion of Utility Differences,' Management Science,
Vol. 1, 1655, pp. 259-70.




