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TESTING FOR FIRST ORDER SERIAL CORRELATION IN
TEMPORALLY AGGREGATED REGRESSION MODELS

Pedro I.. Valls Pereira!
INPES - IPEA

ABSTRACT '
This paper shows that the LM statistic for testing first order serial correlation in

regression models can be computed using the Kalman Filter.
Tt is shown that when there are missing observations, the LM statistic for this test is
equivalent to the test statistic derived by Robinson {1985) using the likelihood conditional

on the observation times.
The Kalman Filter approach is preferable because the test statistic for first order serial

correlation in temporally aggregated regression models can be obtained as an extension of
the previous case.

KEYWORDS: First Order Serial Correlation; LM test; Regression Models; Missing
Observations; Temporal Aggregation; Kalman Filter.
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1 INTRODUCTION

The most common test against autocorrelated errors in regression models is the bounds
test of Durbin & Watson (1950, 1951, 1971). Many authors - Breusch (1978) and Godfrey
(1978) among others- observed that the Durbin’s h statistic ( see Durbin (1970)) can be
derived from the general theory of the LM test procedure.

When observations are missing in regression models, a modified Durbin - Watson
statistic was proposed by Savin & White (1978) d Dufour & Dagenais (1985).

In a recent paper Robinson (1985) applied the LM principle and derived two test
statistics, where one is obtained using an unconditional form of the likelihood and the
other using the likelihood conditional on the observation times. Asymptotic distributions
of the test statistics are established and analytic comparison of efficiencies are made.

The motivation for using the LM approach is that it produces an asymptotically locally
most powerful test and the X2 asymptotic approximation to its distribution is robust to
departures from normality.

This paper follows Robinson’s approach and a LM statistic for testing serial correlation
in regression models with missing observations is obtained. This test statistic is obtained
as a by - product of the Kalman Filter recursions. It is shown that a reparametrization of
the parameter space is useful in obtainig this test statistic. '

This approach is nsed because the extention to temporally aggregateds regression
models can be done very easily. .

The structure of this paper is as follows. In section 2, the LM statistic for testing
serial correlation in regression models with missing observations is obtained.

Section 3 extends the results to temporally aggregated regression models,

Concluding remarks are made in Section 4.

2 THE LM STATISTIC FOR TESTING FIRST ORDER SERIAL CORRELATION

IN REGRESSION MODELS WITH MISSING OBSERVATIONS

Consider the regression mode} with autocorrelated errors, i. e.:
gy =2 {H)p+uft) t=1,..,T (2.1)

ult) = pu(t — 1) + €(t) (2.2)

where x(t) is a kx1 vector of nonstochastic regressors, independent of u(t),  is a kx1
vector of unknown parameters and «(t) is i.i.d. N( 0, o2).

It is assumed that y(t) is observed each m time periods (sometimes called "skip sam-
pling” ), i. e. y, = y(mt) 7=1,...,[Z] is the observed endogenous variable and x(t) is
observed for each time period.

The proposition below proves that the regression model for the observed data has
parameters f, g = p™ and 0% = (1 + p2 + ... + p3(m=1))g2, Therefore the log like-
lihood function for this regression model will be a function of the new parameter set
¥ = (ps, §',03) and the LM statistic for testing Hy : p=0 vs Ha: p # 0 will be
obatined using this reparametrization, because testing p = 0 is equivalent to test p, = 0.

INPES, 101/86 2



Proposition L

Consider the regression model with autocorrelated errors given by (2.1-2). If the
endonegous variable y(t} is observed only for t = 0 ( mod m ), the observed model isgiven
by:

T
yr=af+e r=1..,[>] (2.3)
Ur = Patir—1 + f: (2.4)

and ¢ isi. i. d. N (0, 02) where 0% = (1 + g% + ...+ p3("~1))o? and p, = p™.
Proof: see Appendix I

In order to obtain the log likelihood function for the model (2.3-4) the Kalman Filter

“recursions will be used.
The state space representation of the model {2.3-4) is given by the measurement

equation, 1. e.:

gr = (1,0)ar 7= 1,...,[-:—‘] ' (2.5)
S Y= Zfaf ‘ .

and the transition equation, i. e.:

Qe = [g ﬁ:] Qe—1 + [Z‘;,]ﬂ] + [i] € (2.6)
¢ ar =O®ar—; + ¢ + R

where Var(¢}) = 02@Q.
The log likelibood function can be obatined using the prediction error decomposition
(see Harvey (1981)) and is given by:

— ' g2 = — L _T
(%)=t Lip.,f'0%) = 2m!n 27 %In o2
(£l &2
IZ 1 z
= * =377

where v, is the prediction error and o2 f; is the variance of the prediction error and they
are obtained by the Kalman Filter recursions (see Harvey (1981) pages 107 - 111). These
. recursions are given by two sets of equations: the prediction equations and the updating
equations. In order to start these recursions, the mean, ao, and the variance - covariance
matrix, 02 Py, of the state space vector at time ¢ = 0 are needed. The log likelihood (2.7)
is obtained when these staring values are given by:

ap =0
=¥
-2
3

INPES, 101/86
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where « is a large number, e. g. & == 108, which is equivalent to use a diffuse prior for the
initial condictions (see Ansley & Kohn (1985)).
It is easy to see that

n=yp-=p (2.8)
by = (gr = 28) = pulyrt —2hsf) T=0ye. ] (29)
and
= 'i"-'-l"'p‘g (2.10)
fr=1 r=2.05 (2.12)

Tn order to derive the LM statsitic for testing for fifst order autocorrelation, the
first derivatives of the log likelihood function ard the information matrix are needed.
Pagan (1978) or Engle & Watson (1931) have shown that the informattion matrix can
be computed using only first derivatives of the likelihood function. These derivatives are
computed using auxiliary recursions (see Appendix II).

By Breusch & Pagan (1978), the LM statistic for testing for first order autocorrelation

is given by:
o~ ~ ~ ~ -1 A
LM = Dy (IP*P* - Tp*ﬁfgﬁl Iﬁﬁw) ‘Dl (2'12)

where al

and
~ Iﬁwﬂt Iﬁ*ﬂ I.v*aa ~
I={1Ig, 1Igg Igo3 |(¥)
030, loap lozos

is the Fisher information matrix evaluated at ¥ = ¥, = (0, §,52) and

B=[x"x)] 7 (ey v
X* = (2{m), 2{2m),...,2(T))
Y* = (y(m), y(2m),..., 9(T))

|l 2]

z2 1
5= yr -2 f) = W
MLl IO
From Appendix Il it follows that:
LM = = (1) (2.13)

T
m
INPES, 101/86 4



where

18] 0.
f; s

which is exactly the s; statistic derived by Robinson (1985).

3 THE LM STATISTICS FOR TESTING FIRST CRDER SERIAL CORRELATION

IN TEMPORALLY AGGREGATED REGRESSION MCDELS

Now it is assumed that the endogenous variable y(t) in (2.1) is a flow variable and
instead of observing y({t) every time period, is yr which is observed, i. e.:

_m-—l . _ g\-
¥r = ; ymr —j5) 1=1,..., [m] (3.1)

Given that model (2.1-2) is the disaggregated model, i. e. for times ¢ = 1,...,,
Proposition II below derives the aggregated model, i. e. for 7 = 1,..., [£] and the
endogenous variable is given by (3.1).

Proposition II.
Given model (2.1-2) and assume that y; is given by (3.1). Then the aggregated model
is given by:
_ T .
Yr =218+ 4 f=1,...,[-g-n-1-] (3.2)
U = Patir—1 + € + 0060 (3.3)

where
M1 _
g=73 o(mr-j)
=0
P =™
€ ~ N (0: 02)
and 0, and o2 are given by the solutions of the following equations:

(1+8)02=[1+({1+p2 +(A+p+/PA) 7+ ..+ (L+p+...+p" )4
+pz(l+p+...+p’“'2]2+p‘!(1+p+.“+pm-3)2+
+ ...+ pPm=1)jg? (34)
002 =[p(l4p+...+ ™3+ (14 )P +p+... + 9™
ot (+p+.. o331+ o)+
+(1+p+...+pm )" o? (3:5)
J6.]<1 (36)

INPES, 101/86
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Proof® : see Appendix IV

The LM statistic for testing first order serial correlation will be derived using the
Kalman Filter recursions. In order to use these recursions the state space representation

of model (3.2-3) is needed.
This representation is given by the measurement equation, i. e.:

¥r= (0,0, )y 7=1,. [g:]
& Yy = Zyay

and the transition equation, i. e.:

/10 0 1
=10 0 0lar—1+| 0 [+]0:]|€
p» 1 0 2B 1

& 0y = Qotrwy + 07 + R

where Var{e}) = 02Q.
The Kalman Filter recursions are started by

0
dg = 0
0
- “’21‘-’-‘-'5;“3 g, 0
Po= O 2 0
! 0 0 =
and the log likelihood function is given by (2.7).
It is easy to see that:
n=y—zp

Vy = (y” - z:ﬂ) - P*(yf-l - Z:--]ﬂ) - ﬂ*f;.-_l‘yf—j T=
and

1+2p*9*+09
h= )

f,.__1+0’(1 r—l 722""’[1"]

2! "’[%]

(3.7)

(3.8)

(3.9)
(3.10)

(3.11)

(3.12)

It is easy to see that under Ho ( and under some conditions on the x(t})), i

p=06p.=0:
(i} the OLS estimate of ﬁ,x e. f is given by:

ﬂ - (ZIZ)HIZIY*

INPES, 101/86 | 6
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where Z = (z""»"z[ﬁl)’ 2= E?.:ﬁl z(mr—j);

(ii) the prediction error is given vy = yr — A8 ¥r;
(iii) the variance of the prediction error is given by fy =1 Vr;

(iv) and 2 = m? = 4 TIE| (g - 2B = L DI 2
From Appendix V, it follows that: "

LM =2 ()’ (3.14)

(2] 5 5
= Eglruﬁﬂ (3.15)
Ef; Ur

4 CONCLUDING REMARKS

It was shown that the LM statistic for testing first order serial correlation can be
derived as a by - product of the Kalman Filter recursions.

In order to use the Kalman Filter recursions to derive the LM statistic a reparametriza-
tion was necessary. :

It was shown that the LM statistic for testing first order serial correlation in regression
models with missing observations, is equivalent to the s, statistic derived by Robinson
(1985). This statistic is obtained from the likelihood conditional on the observation times.
The LM statistic can be interpreted as [ L] times R2, the coefficient of determination of the
regression of &y in %,—1, where &, = yr — 27, i. e. the residuals, under Ho, of model (2.1)
for every m time period. An extension for regression models where the endogenous variable
is observed at every time period fort = 1,...,poT (1 € po < !)and fort = poT+1,...,T
is observed at every m time period, is given in Pereira {1985).

Using the Kalman Filter recursions, it was possible to extend this result to temporally
aggregated regression models. As before the LM statistic can be interpreted as [ L] times
RZ coefficient of determination of the regression of #, in #,..;, where &, = y, — 2} and
7 = 0 2(mr — §), i. e. the residuals under Hy of model (3.2-3).

where

APPENDIX I
{2.1-2) can be rewritten as follows: .
(1- pL)y(t) = (1 - pL)2" ()8 + e(t (AL1)

Multiplying both sides of (A.L1) by (1 + pL +...+ pm—1L™=1), it follows:
(L= L™)y(t) = (1 - I QOB + (L4 gL+t L 0)elt)  (AL2)

{ 7 INPES, 101/86
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Now define

B=[m
P =P
& = (L4 pL+...+p™1L"N)eft) 7=1,..., [%]
then (A.L2) can be rewritten as follows:
(1-pBlyr = (1~ pB)2t B+ € (A.L3)
¢

yr =270+t (AL4)
Uy = Patir—1 + & (AL5)

Using the results of Tiao{1972) or Pereira{1986) it follows that € ~ NID(0, 03) where
02 = (14 p2 +... + p2m—1))g3,

APPENDIX IT
Taking derivatives of (2.8) with respect to the parameters, it follows that:

(%] v:of, 1 [&] vr vy

%’%:2_‘];?% fﬂ—%*?ﬁm Jr 0¢s
1 & 1ay, .
-§,= 7,90 fi=1...,k+1 (AJL1)
a 1T 1 Bl |
= + e A (A.J1.2)

INPES, 101/86 8



and the information matix is given by:

r=1
aBlepan oL (AIL3)
72 T 3 905 J=L..., L
[Z] [Z
_ANnwbe 1NNV L
Iazéj_b_:f= f73¢i F‘5'1'..--:1 frm '_l’.“’k-'.l (A.HA]
T
Iazoa - 2m0’t (A.H.5]

In order to obtain {A.IL1-4), it is needed auxiliarly recursions for the derivatives.
‘They are:

Prediction Equations
861-[1-_1 — 8@ 381-..1 381
P T TS T (AIL)
OPfr—y _ 09 as\’

oY —3¢s
QR‘+R8QR’+RQ(8R) i=1,....k+1 (ALY

Proi® 4+ @%‘__‘.@' +OPy (?ﬂ?)
L3 t

W o Oy
Prediction Error
8f-r 2 OP -1 . '
50; = 2] s Zr i=1,...,k+1 (A.H.S)
Variance of the Prediction Error
v _ _z190rim1 iy k41 (ALL9)
a¢i T a¢‘ R |
Updating Equations

9 INPES, 101/86
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da, = aar/-r—l + anjr-l
ot ot aY; )
)] .
-P,If-lsz;2-a%yf+Pflr-i.sz‘;-l a;’;‘ t= 1,..-,k+ 1 (A.H.IO)

Ze [ty

dF, — an!r-—l 3Pfl1"—] —1 =1
azp‘. - 6!/); - Bw z-rff z Pr/r«-l.
+ Pr/r-i szr 5£ Z'Pflf—l

~ Prje—1 2y ;-l.z"—-—‘iﬁ,)’rL i=1,... k41 (AIL11)

and the initial conditions are given by:

v

Py _

2

oR _[0 0

ap, |0 -_...2,,“

'.-' ﬂ*'i' §w+ * 8g 1-- E +2 bl 1432 *a*‘l‘ﬂg
oF, 2002+ (latep )lﬁ]){ssgja pe(1425 ) %g%_a g
o : e
e % " o
APPENDIX III

It is easy to see that
dvy _ [Ov, Ovy ol = (0,—=},0) r=1 (AIL1)
opi |00’ 907 —(¥r—1 = 2418, 2% - pum_1,0) 7>1 (ATILI)

8f _10fr 8Jy ol = (fgﬁé:‘);o) r=1 (A3
0% [Bp*’ ap’ 0 >1 (AIL4)

INPES, 101/86 10



Substituting (A.IIL.1-4) and (2.8-11) into (A.IL1), it follows that:

Al _ ~pulys — 24 )
8ﬂ* 02

[(yr 2:8) ~ pe(gr—1 f’r-lﬂ)] (Y51 — 771 5)

d'* f_

tiig
A= LB -p)
e
- (zr = puzt) [(yr - 24 0) - pu(ypr—1 — 7 _1;3)] (A.[IL6)

*r

(AJIL5)

Substituting (2.8-11) into (A.IL.2), it follows that:

g T
¥oZ = " 2mo?

+ ‘;fzum )

2
+57 3 [0 )= paor-s — 2P

Substituting (2.8-11} and {A.IIL1-4) into (A.IL3), it follows that:

IJ.‘.

¥

Ipm—;— (!Ir-—l f-1ﬂ)2

2 |
+i (AIL7)
Z|

Lop = 2 3 (20 = 1) (g1 = 241 f) (ATIL8)

&)
Z ~ pu2y)(2r — prZret)

"2 2 (2:2%) (ATIL9)

1 INPES, 101/86
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Sunstituting (A.JIL1-4) and (2.8-11) into (A.IL4), it follows that:

Ipuo = 51 = 41f)

(%]

B Elf ; [(yr — 218) = pultr—1 ~ #_1 )] (yr—1 — 271 8)  (AJILIO)
Tooy = 54 11— i)
L
) 313 (2r = pu2) {(4r ~ 228) = peltr-1 ~ 221 )) (ATILLY)

Under Hp : 9 =0 <> Ho; p» = 0, it follows that:

gjg'('pﬂo) =0

3%%‘(':{’30] =0

ol 1 [%I ~ o~

3;('!’30) = gg;“ruf—l (A.III.12)

Taking plim’ s in {A.JI1.7-11), and under appropriated regularity conditions on the
2'(t), it follows that:

1 [%:.]m
phm Ip*p* s Ur-1 =0
03 &
18]
plim Igg — =z ¥ Tpar| =0
a‘* ru=

It follows that
, -1
& y & &
LM = oy z; Uplra1 | (=7 Z?‘g-l oz 2“1‘%—1
T f= 0% §= * r=

INPES, 101/86 12



but
I

| ["‘],..2 _T

’g.;i,“ W} = a’
then N »

we= (2] 5] =[]

m m m

where

APPENDIX IV
Proof of Proposition II:
Multiplying both sides of (A.1.2) by E"‘" L, it follows that:

m—1

1-p™B)yr = (1=p"N S 2t —-5)B+wr
(p)y(p)(é(J w

where
m-1 m=1

ae = (LAY PL)e)

=0 =1
Now (A.IV.1) can be rewritten as:

Yr =20+ u,
Uy = Patis—y + Wr

where

m-—1

=) z(mr—j)
1=0

pr=p"

and w, is given by (A.IV.2).
13

(AIV.1)

(AIV.2)

(AIV.3)
(AIV.4)

INPES, 101/86

| _ages.sig



R A T I

ey T

e v Ty L

Using the results of Tiao (1972) or Pereira {1086), (A.IV.4) follows an ARMA(L,1),
the expression (3.3), where the AR parameter is p, and the MA parameter, 0, and the
variance of the error term, o2, are given by the solution of equation (3.4-6).

APPENDIX V
Derivating {3.9-12) with respect to §, it follows that:
e _ —z} (A.V.1)
. 6;6 - [Zr - p*zf...l] - e*ggﬁ"l'f;:.ﬁlyr—] - gﬁf;,li 29 r>1 (A.V.2)
and
%.fﬁt = (A.V.3)
Now ueing (A.V.3) into {A.V.2), it follows that:
dur _ [ -4 (AV.1)
08~ Y =t — prtr—a] = 0S5 %5t 7> 1 (AVY)
Now derivating (3.9-12) with respect to g, it follows that:
0 - : 7=1{AV.4)
g%i— = { - [y'r-l - z:--lﬂ] - g%ffr-—ll”r-l
Hu 2=t [y - 0 7L = 7> 1(AV)
and 138,420, §2x+30, §28] (1p2) ~ 20, [14+32484+02]
afr _ D T =1 (A.V.6)
0 | 20,801~ 74 + 02 %= 178 r>1(AV.T)
Derivating (3.9-12) with respect to 0%, it follows that:
do2  Oo?

Then under Hy, it follows that:
8, (41) 0 7=1(A.V.8)
Bpr 1 7| 2t [yra —2aB] T>1(AV)

INPES, 101/86 14



o) =0 vr

BV,W }__‘ -z 1=1{AV.11)
PP T L w2y 1>1(AVIY)

Lrwn) =0 vr
Substituting (A.V.8-13) into {A.IL1), it follows that:

B‘ﬂ'(?”ﬂo =0

m(’r”ﬂo) =0

d m+1 IT-]
m('pﬂo) = m09 Urlir—1

r=

(A.V.10)

(A.V.13)

(A.V.14)

Taking plim’ s in the expressions fot the information matrix and under appropriated

regularity conditions on the 2/(f), it follows that:

m+ 112
m

i1, [

It follows that

but

INPES,

101/86



then - - T
— x4 o (2] p2?
me= [ 5] =[5

-ﬂ-l ~ A

r*’ e 2zl Bptipay

i - i
Zr: u?

and @, =y, — 2! f and j is given by (3.3):

where

INPES, 101/86 16
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